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This is the first of two papers investigating the mechanical response of cemented granular materials by
means of contact dynamics simulations. In this paper, a two-dimensional polydisperse sample with high-void
ratio is constructed and then sheared in a simple shear numerical device at different confinement levels. We
study the macroscopic response of the material in terms of mean and deviatoric stresses and strains. We show
that the introduction of a local force scale, i.e., the tensile strength of the cemented bonds, causes the material
to behave in a rigid-plastic fashion, so that a yield surface can be easily determined. This yield surface has a
concave-down shape in the mean:deviatoric stress plane and it approaches a straight line, i.e., a Coulomb
strength envelope, in the limit of a very dense granular material. Beyond yielding, the cemented structure
gradually degrades until the material eventually behaves as a cohesionless granular material. Strain localization
is also investigated, showing that the strains concentrate in a shear band whose thickness increases with the
confining stress. The void ratio inside the shear band at the steady state is shown to be a material property that
depends only on contact parameters.
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I. INTRODUCTION

Cementation, a common property among geomaterials,
often results from the precipitation of minerals such as clay,
calcium carbonate, and iron oxides at the contacts between
grains �1�. Examples of cemented geomaterials frequently
encountered in nature are volcanic ash soils and sandstones.

The effect of cementation on the stress-strain response of
soils and rocks is of special interest in fields such as geotech-
nical engineering and geology, frequently concerned about
the stability of structures such as road slopes and founda-
tions. However, the mechanical behavior of cemented geo-
materials differs from that observed in cohesionless soils, for
which classical soil mechanics was developed �2–6�. In par-
ticular, the behavior of cemented geomaterials changes dras-
tically if a certain “yield” stress is attained. Beyond this yield
stress, the material begins to “destructurate” and its behavior
gradually approaches that of a cohesionless soil. Two main
features control yielding in cemented geomaterials: �1� the
magnitude of the local force scale introduced by cementa-
tion, i.e., the tensile strength of the cemented bonds; and �2�
the peculiar geometrical arrangement of grains �microstruc-
ture� that can be achieved because of local adhesion; e.g., it
is common to find cemented soils in much looser states than
those that can be reached by a cohesionless granular mate-
rial, regardless of the preparation method.

Some constitutive models have been developed which in-
troduce the effect of cementation at the scale of a represen-
tative elementary volume �7–9�. Most of them are extensions
of the elastoplastic models proposed for clays since 40 years
ago �10,11�. These models can be implemented in a finite

element framework and succeed to reproduce the major
trends of the macroscopic behavior observed in laboratory
experiments. This “continuum” approach is thus useful when
applied to some practical engineering problems. However, it
often involves parameters that cannot be clearly related to
local interactions, grain characteristics, or microstructure;
and it is based on experimental measurements that are diffi-
cult to obtain, e.g., the yield surface.

On the other hand, discrete element simulations provide a
suitable tool to investigate the behavior of model granular
materials, drawing connections between the local and global
scales. Some works with discrete element methods have been
devoted to the behavior of partially saturated granular mate-
rials, in which cohesion between grains results from capillar-
ity �12–14�. Are also to be mentioned some numerical inves-
tigations on the mechanical response of cohesive powders, in
which the cohesive interactions are due to van der Waals
forces �see, for example �15,16�, and references therein�.
However, few numerical studies using discrete element
methods have been devoted to the behavior of cemented
granular materials �17–21�.

The aim of this work is to investigate the strength and
strain properties of a two-dimensional cemented granular
material sheared in a simple shear numerical device. The
idea is to determine the yield surface and to study strain
localization in this simplified system. Our results provide
insights on the behavior of cemented granular materials,
guiding various modeling choices such as the shape of the
yield surface, the direction of the plastic strains at yielding,
and the thickness of the shear band. Alternatively, the mac-
roscopic description of the system is an obliged step before
studying the role played by local interactions, particle char-
acteristics, and micro-structure on the global mechanical re-
sponse of the material; this issue is treated in the companion
paper, hereafter referred as paper II.*n.estrada22@uniandes.edu.co
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We first present the numerical method as well as the
model of cementation in Sec. II. In Sec. III, we describe the
method used to construct the granular samples and the device
used to investigate their mechanical response, i.e., the simple
shear numerical device. In Sec. IV, we present our results
focusing on the initial yielding of the material, its behavior at
the steady state, and strain localization. Finally, in Sec. V, we
conclude with a summary of the main results and a brief
discussion.

II. CONTACT DYNAMICS-CEMENTATION MODEL

The simulations presented in this paper were carried out
using the contact dynamics method, which is suitable for
simulating large assemblies of rigid particles �22–26�. This
method has been widely applied to simulate cohesionless
materials with frictional interactions at their contacts. In or-
der to simulate cemented granular materials, two additional
elements must be introduced: tensile strength and torque
transmission at the contacts. In the following subsections, we
present a brief description of the method for frictional cohe-
sionless disks as well as the modifications that must be
implemented in order to introduce these two new elements.

A. Contact dynamics method for frictional
cohesionless materials

The contact dynamics method can be seen as the combi-
nation of three main ingredients. The first ingredient are the
equations of motion for each particle, which, integrated over
a small time step �t, relate the impulsion to the change of
momentum of each particle over the time step. These equa-
tions can be written as

�t��
c�p

fc + mg� = m�vp,

�t��
c�p

fc � rc� = I�wp, �1�

where fc is the force exerted on particle p at contact c, m is
the mass of the particle, g is the gravity �which is set to zero
for all the simulations presented in this paper and in paper
II�, �vp is the change of velocity of the particle during the
time step, rc is the position vector of the contact, I is the
moment of inertia of the particle, �wp is the change of an-
gular velocity of the particle during the time step, and the
summations run over all the contacts c on particle p.

The second ingredient of the method is a set of contact
laws, which relate the impulsions exerted at each contact
with the change of relative velocity during the time step. The
method supposes that grains are perfectly rigid, and the usual
contact laws are perfect volume exclusion and Coulomb fric-
tion. At a given instant, these two laws can be expressed as
complementary relations between the forces and the relative
velocities at the contacts. In the normal direction, the condi-
tion of impenetrability of the grains at a contact �i.e., when
the gap �=0� implies the following complementary relation:

un = 0 ⇒ fn � 0,

un � 0 ⇒ fn = 0, �2�

where un is the relative normal velocity at the contact and fn
is the normal component of the contact force �we attribute
positive values to compressive forces and diverging relative
normal velocities�. This relation, called the Signorini’s con-
dition for velocities, is shown as a graph in Fig. 1�a�. In the
tangential direction, the Coulomb friction law can be de-
scribed by the following complementary relation:

ut � 0 ⇒ f t = − �sfn,

ut = 0 ⇒ − �sfn � f t � �sfn,

ut � 0 ⇒ f t = �sfn, �3�

where ut is the sliding velocity at the contact, f t is the tan-
gential component of the contact force �i.e., the friction
force�, and �s is the coefficient of sliding friction. Figure
1�b� shows the Coulomb friction law as a graph.

At the scale of a time step, the formulation of the contact
laws involves two coefficients of restitution �normal and tan-
gential� controlling the amount of energy dissipated during
collisions. In all the simulations presented in this paper and
in paper II, the coefficients of restitution are set to zero. In
fact, it has been shown using numerical simulations �32� that
the quasistatic behavior of sheared granular systems is al-
most independent of the coefficient of restitution unless this
parameter is set to very large values �say over 0.8�.

Note that the contact laws are nonsmooth in the sense that
they cannot be reduced to �mono�valued functional depen-
dences between the impulsions and the change of relative
velocities at the contacts. Instead, these contact laws are de-
scribed as complementary relations between these two quan-
tities, avoiding the introduction of regularization or damping
parameters. This fundamental ingredient is an advantage of
the method, since it allows the utilization of bigger time
steps and greater numbers of grains in comparison with other
discrete element methods.

The third ingredient of the method is an algorithm of so-
lution. The system of equations to be solved is of implicit
type, since, strictly speaking, the solution for a given grain
depends on the solutions for all the grains in the system in
the same time step. The impulsions and changes of momen-
tum of each grain are thus determined using an iterative al-

(b)(a)

FIG. 1. �a� Signorini’s condition relating the normal force fn and
the relative normal velocity un at a contact. �b� Coulomb friction
law relating the tangential force f t and the relative tangential veloc-
ity ut at a contact.
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gorithm similar to a Gauss-Seidel scheme. For specific
implementation of the contact dynamics method for cohe-
sionless frictional materials see �26,27�.

B. Cementation model

Our cementation model considers that intact cemented
bonds resist, up to certain thresholds, tensile forces, shear
forces, and torques. The rupture of a bond leads to an irre-
versible loss of tensile strength and torque transmission, and
the contact turns to purely frictional behavior; see Fig. 2.

In the following subsections, we present the implemented
contact laws accounting for tensile strength and torque trans-
mission. Subsequently, we introduce the contact parameters
that control the kinetics of bond creation and rupture.

1. Tensile and shear strength

We consider that bond rupture along the normal direction
is controlled by the force threshold fa, which represents the
largest tensile force that can be supported by a cemented
bond. The force threshold fa is given by

fa = h�	a, �4�

where h is the width of the cemented bond normalized by the
mean diameter � of the two grains in contact, and 	a is the
tensile strength of the cementing material.

Tensile strength is easily introduced in the contact dynam-
ics method by shifting downwards the Signorini’s condition
�see Fig. 3�a��, so that the complementary relations 2 and 3
must be modified as follows:

un = 0 ⇒ fn � − fa,

un � 0 ⇒ fn = − fa, �5�

and

ut � 0 ⇒ f t = − �s�fa + fn� ,

ut = 0 ⇒ − �s�fa + fn� � f t � �s�fa + fn� ,

ut � 0 ⇒ f t = �s�fa + fn� . �6�

The Coulomb friction law for a cemented bond is shown as a
graph in Fig. 3�b�.

2. Torque transmission

Torque transmission results from the nonuniform distribu-
tion of normal stresses in a cemented bond, which exerts a
torque around the middle contact point between two grains.
In our model, we assume that the contact torque M transmit-
ted by a cemented bond cannot exceed a threshold Mmax.
This threshold is reached when the maximum tensile stress in
the bond equals the tensile strength 	a. For example, for a
linear stress distribution �see Fig. 4�, the maximum torque
Mmax that can be supported by a cemented bond is given by

Mmax =
�h��2

6
��		 + 	a� =

h�

6
�fn + fa� , �7�

where �		= fn / �h�� is the mean normal stress in the bond.
In the contact dynamics method, torque transmission can

be introduced through a “rolling resistance” law analogous to
the Coulomb friction law. The rolling resistance law relates
the torque M to the relative angular velocity 
r=
i−
 j,
where 
i and 
 j are the angular velocities of the two grains,
i and j, in contact. This law can be described by the follow-
ing complementary relation:


r � 0 ⇒ M = − �r��fa + fn� ,


r = 0 ⇒ − �r��fa + fn� � M � �r��fa + fn� ,


r � 0 ⇒ M = �r��fa + fn� , �8�

where �r is the coefficient of rolling friction, and the scaling
of the rolling threshold with � is meant to make �r dimen-
sionless. Figure 5 shows the rolling resistance contact law as
a graph.

(b)(a)

FIG. 2. Schematic representation of the cementation model. �a�
Intact cemented bonds support tensile forces, shear forces, and
torques. �b� Post-rupture contacts are only frictional.

(b)(a)

FIG. 3. �a� Signorini’s condition for a cemented bond. �b� Cou-
lomb friction law for a cemented bond.

(b)(a)

FIG. 4. �a� Cemented bond bearing a normal force fn, a tangen-
tial force f t, and a torque M. �b� Normal 	 and tangential � stress
distributions in the cemented bond.

FIG. 5. Rolling resistance contact law, relating the torque M and
the relative angular velocity 
r at a contact between two grains.
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3. Kinetics of bond creation and rupture

Our cementation model considers that the kinetics of bond
creation and rupture is governed, respectively, by a creation
length �c and a circular zone � of weak extension located
between the grains �Fig. 6�. The first condition allows for the
creation of cemented bonds between particles such that the
gap �, i.e., the distance between their two closest material
points Pi and Pj, is below �c. This is also observed in real
cemented geomaterials, since minerals can precipitate in the
interstice between two particles if the gap between them is
small enough. The second condition states that a cemented
bond persists as long as the point Pj remains inside a small
circular zone � fixed to disk i. Once the point Pj exits �, the
cemented bond is considered to be broken. This small zone
represents in a way the local strain associated to the rupture
of a cemented bond. The parameter �c and the size of the
circular zone � are small compared to the average diameter
of the disks in contact �i.e., �c and �=0.005��. These param-
eters simply control the “brittleness” of the material, and
they do not influence the results presented in this paper.

III. SIMULATIONS

A. Sample construction

The purpose of the sample construction procedure is to
construct fully cemented loose arrangements of grains. For
this reason, all contacts created during this procedure are
considered to be cohesive with a tensile threshold fa
=3� kPa, a coefficient of sliding friction �s=0.3, and a co-
efficient of rolling friction �r=0. As explained in Sec. III B,
once the construction procedure has been completed, new
contact parameters reflecting the behavior of cemented bonds
are assigned to the sample. In particular, a coefficient of
rolling friction is assigned to the cemented bonds during the
shear test. The introduction of this parameter strongly in-
creases the strength of the system. In the following, we
present the two phases of the sample construction procedure,
termed as aggregation and densification.

1. Aggregation

Our numerical samples are composed of 10 000 disks
with diameters uniformly distributed between 0.4�d	 and

1.6�d	, where �d	=0.01 m is the mean diameter. The grains
are randomly placed in the nodes of a square grid of 100
�100 elements. The length of the grid elements is 1.6�d	;
thus, at the beginning of the aggregation phase, the grains do
not overlap. The sample is placed inside a semiperiodic
square box, and a random velocity between 0 and 0.01 m/s is
assigned to each grain. Next, the grains gradually aggregate
forming cohesive clusters, until their velocity finally van-
ishes as a result of inelastic collisions. Figure 7 shows two
snapshots of the sample at the beginning and at the end of
the aggregation phase.

2. Densification

After the aggregation phase, the samples are densified by
applying a vertical stress 	wall to the upper wall. This in-
duces the downward displacement of the wall until the stress
	wall is finally equilibrated by the contact forces.

It is convenient to quantify the relative importance of the
imposed stress by means of a dimensionless parameter com-
paring 	wall to the local stress scale. To do so, let us intro-
duce the dimensionless vertical stress 	wall

� given by

	wall
� =

	wall

�fa	/�d	
=

	wall

h	a
, �9�

where �fa	 is the largest tensile force that can be supported
by a cemented bond between two grains of mean diameter
�d	.

The compactness of the sample at the end of the densifi-
cation phase can be represented by the void ratio e defined
by

e =
Vv

Vp
, �10�

where Vv is the volume occupied by the voids and Vp is the
volume occupied by the particles. The void ratio e is related
to the solid fraction  by the simple expression e= �1 /�−1.

Figure 8 shows the void ratio at the end of the densifica-
tion phase as a function of the dimensionless vertical stress
	wall

� . The dashed line represents the void ratio obtained for a
reference cohesionless material �i.e., with the same polydis-
persity and the same sliding friction coefficient� densified
with this procedure. The polar distribution of contact orien-
tations for three of the obtained samples is also displayed in
Fig. 8, showing that they are almost isotropic.

(b)

(a)

FIG. 6. Kinetics of bond creation and rupture: �a� creation
length �c and �b� circular zone � controlling bond rupture.

FIG. 7. Snapshots of the sample and zooms of a portion of the
sample at �a� the beginning and �b� the end of the aggregation
phase.
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B. Simple shear test

Once constructed, the samples are sheared in a simple
shear numerical device in a two-phase procedure. These
phases are termed as confinement and shear.

Table I shows the contact parameters used during the
simple shear test. The initial parameters are assigned to all
the contacts at the beginning of the test, while the residual
parameters are assigned to the broken bonds and to the new
contacts created during the test. Note that this set of param-
eters mimics cementation, since all contacts at the beginning
of the shear test resist tensile forces and torques, while their
post-rupture behavior is only frictional.

1. Confinement

First, a vertical stress 	wall is applied to the upper wall. As
it will be shown in Sec. IV A 2, in a loose sample, the ver-
tical stress 	wall may be strong enough to break some ce-
mented bonds inducing considerable deformations in the
sample.

2. Shear

Second, the sample is sheared by imposing to the upper
wall a horizontal velocity vwall while maintaining the vertical
stress 	wall; see Fig. 9. To avoid strain localization along the
boundaries, relative movement between the walls and the
grains in contact with them is inhibited. The samples are
sheared at different dimensionless vertical stresses 	wall

� up to
a large cumulative shear strain �=xwall /ywall
2.5, where

xwall is the horizontal displacement of the upper wall and
ywall is its vertical position. This allows to study the behavior
of the material in the initial and steady states.

IV. RESULTS

In this section, we first identify the stress states at which
the undamaged cemented system initially yields �Sec. IV A�.
For this purpose, we analyze the system at the confining
phase and at the beginning of the shear phase at low confine-
ment levels �i.e., at confining stresses that did not damage the
system during the confinement phase�. Then, in Sec. IV B,
we study the mechanical response of the material as it is
sheared, at both low and high confining levels, until it even-
tually reaches the steady state characterized by constant void
ratio and shear strength. All results presented in Secs. IV A
and IV B were obtained using only one of the samples con-
structed with the procedure described in Sec. III A; this is,
the sample densified with a dimensionless vertical stress
	wall

� =0.01. Finally, in Sec. IV C, we investigate the effect of
the initial compactness of the system on the shape of the
yield surface.

A. Initial yielding

1. Macroscopic stresses and strains

Let us introduce the dimensionless mean and deviatoric
stresses, p� and q�, respectively defined as

p� =
	1 + 	3

2h	a
, q� =

	1 − 	3

2h	a
, �11�

where 	1 and 	3 are, respectively, the major and minor prin-
cipal stresses, i.e., the eigenvalues of the stress tensor �. The
stress tensor can be calculated at any stage of the simulation
from particles’ positions and contact forces. We first compute
the internal moment tensor Mp of each grain defined by
�28,29�

M��
p = �

c�p

f�
c r�

c , �12�

where � and � represent the components in an orthonormal
reference frame. The average stress tensor � in a volume V
of the granular assembly is given by

	�� =
1

V
�
p�V

M��
p . �13�

FIG. 8. Void ratio e at the end of the densification phase as a
function of the dimensionless vertical stress 	wall

� . A portion of the
sample and the polar distribution of contact orientations are also
displayed for three of the obtained samples.

TABLE I. Contact parameters during simple shear test. The ini-
tial parameters are assigned to all the contacts at the beginning of
the test, while the residual parameters are assigned to the broken
bonds and to the new contacts created during the test.

Parameter Initial behavior Residual behavior

h 0.1 0

	a 30 kPa 0

�s 0.3 0.3

�r 0.0167 0

FIG. 9. Schematic representation of the simple shear test. The
dashed lines represent periodic boundaries.
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The volumetric and deviatoric strains, �p and �q, respec-
tively, are given by

�p = �1 + �3, �q = �1 − �3, �14�

where �1 and �3 are, respectively, the major and minor prin-
cipal strains, which at small strains are given by

�1,�3 =
�xx + �yy

2
����xx − �yy

2
�2

+ ��

2
�2

, �15�

where �xx and �yy are, respectively, the strains in the x and y
directions.

2. Confinement phase

Figure 10 shows the dimensionless mean p� and devia-
toric q� stresses measured in the sample at the end of the
confinement phase for 18 different dimensionless vertical
stresses 	wall

� ranging from −0.12 to 0.4. This is known as the
K0 compression trajectory in soil mechanics. The dashed line
represents the K0 trajectory for the reference cohesionless
material �please note that both axes in Fig. 10 are normalized
by h	a, which is not defined in the cohesionless system;
however, since both axes are normalized by the same value,
the slope of the dashed line remains unchanged�. As ob-
served in laboratory experiments �4,5�, two types of behavior
can be identified. Below a certain value of mean stress �i.e.,
p��0.2� the K0 trajectory for the cemented material is a
curve line. For higher mean stresses, the K0 trajectory of the
cemented material falls close to that of the reference cohe-
sionless material, showing that the dimensionless vertical
stress 	wall

� is strong enough to damage the cemented struc-
ture inducing a significant compaction of the sample. The
transition between these two types of behavior, controlled by
the stress level imposed to the sample �i.e., by 	wall

� �, is a
macroscopic manifestation of the local force scale introduced
by the tensile strength fa.

3. Shear phase

Figure 11 shows stress-strain and volumetric strain plots
for the sample sheared at four different dimensionless verti-
cal stresses �	wall

� :−0.1, 0, 0.1, and 0.2�. The dimensionless
mean stress p� �Fig. 11�a�� remains almost constant during
shearing, as it is expected in a simple shear test. On the other
hand, the dimensionless deviatoric stress q� �Fig. 11�b�� rises
to a peak in a rigid fashion and then, after a short plateau,

decreases with the deviatoric strain �q. This happens because
in any of these four tests the cemented structure was dam-
aged during the confinement phase; as it will be shown in
Sec. IV B 1, if the cemented structure is damaged during the
confinement phase, the material behaves as a loose cohesion-
less granular material.

Figure 11�c� shows the volumetric strain �p in the four
tests, showing that in the tests performed at low vertical
stresses �i.e., for 	wall

� :−0.1 and 0� the sample dilates, while
in the tests performed at high-vertical stresses �i.e., for
	wall

� :0.1 and 0.2� the sample contracts. Once again, the in-
fluence of the confinement level on the behavior of the ma-
terial results from changing the relative importance of the
local force scale when compared to the external forces ap-
plied to the system.

4. Yield surface and plastic strain vectors

Since the particles are perfectly rigid, the peak strength
and the plastic strains displayed in Fig. 11 can be considered

-0.1 0 0.1 0.2 0.3 0.4

0

0.1

FIG. 10. Dimensionless mean p� and deviatoric q� stresses at
the end of the confinement phase for 18 different dimensionless
vertical stresses 	wall

� ranging from −0.12 to 0.4. This is known as
the K0 compression trajectory in soil mechanics. The dashed line
represents the K0 trajectory for the reference cohesionless material.

(c)

(b)

(a)

0 0.0001 0.0002 0.0003 0.0004

0 0.0001 0.0002 0.0003 0.0004

0 0.0001 0.0002 0.0003 0.0004
-0.1

0

0.1

0.2

0

0.025

0.05

0.075

0.1

-0.0002

-0.0001

0

0.0001

FIG. 11. �Color online� Stress-strain response of the material at
the beginning of the shear phase: �a� dimensionless mean stress p�,
�b� dimensionless deviatoric stress q�, and �c� volumetric strain �p,
as functions of the deviatoric strain �q.
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as the yield stresses and strains. The dotted lines in Fig. 12
display the stress paths followed in eight tests performed at
different dimensionless vertical stresses 	wall

� ; as it was
shown in Fig. 11�b� the deviatoric stress rises to a peak and
then decreases. The line joining these peaks �i.e., the yield
stress states� defines the yield surface �dark gray stripe in
Fig. 12� of the material in the �p� :q�� stress plane. The
dashed line represents the Coulomb strength envelope for the
reference cohesionless material in the steady state, character-
ized by the angle of internal friction �. It can be seen that the
yield surface has a concave-down shape, as observed in labo-
ratory experiments with clays and cohesive soils.

The vectors drawn in each yield point in Fig. 12 represent
the direction of the incremental plastic strains, ��p and ��q,
at yielding, following the convention shown in the inset.
Once again, it can be seen that the sample exhibits a dilatant
behavior �plastic strain vectors inclined to the left� at low
mean stress levels �i.e., p��0.02� and a contractant behavior
�plastic vectors inclined to the right� at high-mean stress lev-
els. Remark that the yield surface and the plastic strain vec-
tors can be easily determined from simulation data, in con-
trast to laboratory experiments with intact real materials, in
which they are often difficult to obtain.

B. Steady state

1. Stress-strain response

Figure 13 shows stress-strain and normalized volume
plots for the sample sheared up to the steady state at four
different dimensionless vertical stresses �	wall

� :0.02, 0.08,
0.15, and 0.3�.

As mentioned earlier, the dimensionless mean stress p�

remains almost constant during the test; see Fig. 13�a�. On
the other hand, the dimensionless deviatoric stress q� �Fig.
13�b�� shows two types of behavior, depending on whether
or not the dimensionless vertical stress 	wall

� is strong enough
to damage the cemented structure during the confinement
phase. If the sample is not damaged during the confinement
phase �i.e., for 	wall

� :0.02 0.08, and 0.15�, the dimensionless
deviatoric stress initially rises to a peak, then declines
abruptly, and then increases to a value of residual strength

which eventually stabilizes as the shear strain � increases.
On the other hand, if the sample is damaged during the con-
finement phase �i.e., for 	wall

� :0.3�, the dimensionless devia-
toric stress q� shows no initial peak, but it increases with �
and then stabilizes as observed in loose cohesionless granu-
lar materials.

The steady state is approached as the cemented bonds
gradually break inducing the contraction of the sample, even
for those tests that initially showed a dilatant behavior; see
Fig. 13�c�. After sufficiently large shearing, the volume of
the sample eventually stabilizes indicating that the steady
state has been reached. Note that the volume of the sample at
the steady state is larger in the tests performed with low
vertical stresses. However, it has been shown that the com-
pactness of the material at the steady state is a material prop-

-0.1 0 0.1 0.2
0

0.1

FIG. 12. Stress paths �dotted lines� in the �p� :q�� stress plane
followed in eight tests performed at different dimensionless vertical
stresses 	wall

� . The dark gray stripe represents the yield surface ys,
the light gray stripe represents the K0 compression trajectory, the
dashed line represents the Coulomb strength envelope for the refer-
ence cohesionless material at the steady state, and the arrows rep-
resent the plastic strain vectors, following the convention shown in
the inset.
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FIG. 13. �Color online� Stress-strain response of the sample
sheared up to the steady state: �a� dimensionless mean stress p�, �b�
dimensionless deviatoric stress q�, and �c� normalized volume
V /V0, where V0 is the initial volume of the packing, as functions of
the cumulative shear strain �.
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erty independent of the stress level �30,31�. Thus, the differ-
ences in the volume of the sample at the steady state
observed in our tests suggest that the strains are not homo-
geneously distributed in the sample. This aspect is treated in
Sec. IV B 2.

Figure 14 shows the stress paths followed in the four tests
presented in Fig. 13. The dashed line represents the Coulomb
strength envelope for the reference cohesionless material in
the steady state. This figure shows that, as the cemented
structure is gradually damaged, the behavior of the cemented
material approaches that of the reference cohesionless granu-
lar material in the steady state.

2. Strain localization

Figure 15 shows the normalized profiles of the average
horizontal displacement �x	 /xwall of the particles versus their
vertical position y /ywall at the end of the tests for the four
shear tests presented in Figs. 13 and 14. These profiles evi-
dence a different deformation pattern depending on the di-
mensionless vertical stress 	wall

� applied to the sample. In the
tests performed at low-vertical stresses �i.e., for 	wall

� :0.02
and 0.08� the strain concentrates in a narrow shear band,
while in the tests performed at high vertical stresses �i.e., for
	wall

� :0.15 and 0.3� the strain is homogeneously distributed
within the sample. Figure 16 shows the thickness H of the

shear band normalized by the mean diameter �d	 as a func-
tion of the dimensionless vertical stress 	wall

� for eight tests.
This figure shows that the thickness of the shear band in-
creases linearly with the vertical stress from a minimum
value of approximately 10�d	 for 	wall

� 
0 until it eventually
attains the thickness of the sample �
60�d	�. This behavior
is probably related to an increasing capability to “damage”
the cemented bonds located in the vicinity of the shear band,
linked to the magnitude of the stress fluctuations in the
steady state. As shown in Fig. 13, these stress fluctuations
increase with the stress level applied to the sample.

We can now verify if the compactness of the granular
material in the steady state depends on the confinement level
applied to the sample. Figure 17 displays the void ratio e
inside the shear band as a function of the cumulative shear
strain � for the four tests presented in Figs. 13–15. The
dashed line represents the void ratio of the reference cohe-
sionless material in the steady state. As expected, the void
ratio in the shear band at the steady state is the same for the
four tests, showing that this limit void ratio is a material
property that only depends on the contact parameters.

Once the thickness of the shear band is known, we can
also evaluate the average level of inertia in our simple shear
tests by evaluating the inertia parameter I defined as �32�

I =
�̇�d	

�	wall/�
, �16�

where �̇=vwall /H is the shear rate and � is the density of the
particles. A sheared system is in a quasistatic state if I�1. In

0 0.1 0.2 0.3 0.4
0

0.1

0.2

FIG. 14. �Color online� Stress paths followed in four tests per-
formed at four different dimensionless vertical stresses 	wall

� . The
dashed line represents the Coulomb strength envelope for the refer-
ence cohesionless material in the steady state.
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FIG. 15. �Color online� Normalized profiles of the average hori-
zontal displacement �x	 /xwall of the particles versus their vertical
position y /ywall in the sample sheared up to the steady state at four
different dimensionless vertical stresses 	wall

� .
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FIG. 16. Normalized thickness of the shear band H / �d	 as a
function of the dimensionless vertical stress 	wall

� . The dashed lines
are guides to the eyes.
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FIG. 17. �Color online� Void ratio e inside the shear band as a
function of the cumulative shear strain �, for four tests performed at
different dimensionless vertical stresses 	wall

� .
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all our tests we have vwall= �10−2 / �d	��	wall /�. Thus, I
ranges from I=6�10−4 for the tests performed at low verti-
cal stresses �i.e., 	wall

� =0, 02� to I=1, 6�10−4 for the test
performed at high vertical stress �i.e., 	wall

� =0, 4�, meaning
that our samples can reasonably be considered to be sheared
in a quasistatic regime.

3. Degradation of the cemented structure

An important feature for the conception and calibration of
constitutive models is how the cemented structure gradually
degrades as the material is deformed. While this is hardly
measurable in a real cemented soil, it can be easily obtained
from simulation data and represented by the proportion � of
cemented contacts inside the shear band. Figure 18 shows
the proportion � as a function of the cumulative shear strain
�. It can be seen that � decays with the shear strain and
eventually vanishes in the steady state. The decay rate in-
creases with the dimensionless vertical stress 	wall

� , as a re-
sult of increasing contact forces.

C. Effect of the initial compactness on the shape
of the yield surface

An interesting question is how the shape of the yield sur-
face depends on the initial compactness of the cemented ma-
terial. Let us thus consider the set of samples constructed in
Sec. III A. The difference between these samples is their
void ratio. Figure 19 shows a set of yield surfaces, each of
them corresponding to one of these samples. For loose

samples, i.e., for high values of e, the yield surface is a small
concave-down curve. In contrast, as e decreases, the yield
surface gradually grows approaching a straight line shifted
upward in the �p� :q�� stress plane. This shows that the initial
compactness of the material, here represented by the void
ratio e, controls a smooth transition between two limit shapes
of the yield surface: �1� a concave-down yield surface as
observed in clays and cohesive soils, and �2� a straight line
shifted upward, i.e., a Coulomb strength envelope for cohe-
sive materials, as observed in rocks.

V. SUMMARY AND DISCUSSION

In summary, by means of contact dynamics simulations,
we investigated the stress-strain response of a cemented
granular material subject to simple shear. For this purpose,
we implemented a model of cementation between grains, as
observed in soils and rocks. In this model cemented bonds
are modeled as the combined effect of tensile strength, slid-
ing friction, and rolling resistance; and their rupture leads to
an irreversible loss of tensile strength and rolling resistance,
turning the contact to purely frictional behavior. Two-
dimensional polydisperse samples composed of 10 000 disks
were constructed and then sheared in a simple shear numeri-
cal device. The macroscopic behavior of one of these
samples was analyzed at initial yielding and after large cu-
mulative shear strains, i.e., in the steady state.

We found that the cemented granular material exhibits
two types of behavior depending on the magnitude of the
applied stresses: �1� if the previously applied stresses have
not damaged the cemented structure, the material behaves in
a rigid-plastic fashion; and �2� if the previously applied
stresses have damaged the cemented structure, the material’s
behavior approaches that of a loose cohesionless granular
material. The yield stress states of the cemented granular
material define a yield surface in the �p� :q�� stress plane.
This yield surface has a concave-down shape, as observed
experimentally in clays and cemented soils �4,5,11�. This
nonproportional behavior, typical of loose cohesive granular
materials, results from the introduction of a local force scale,
i.e., the tensile strength of the cemented bonds, and differs
from that observed in cohesionless granular materials, for
which the limit load surface is well described by a Coulomb
strength envelope characterized by a single parameter: the
angle of internal friction.

We also measured the direction of the plastic strains at
initial yielding, showing that the material dilates when
sheared at low confining stresses and contracts when sheared
at high confining stresses. These results show that the di-
latacy angle of cohesive granular media is not a material
property but that it depends on the confining stress. The di-
latancy angle of a cohesive granular material is independent
of the stress level only in the limit of very dense packings.

In the elastoplastic models developed to represent the be-
havior of granular soils, it is convenient to assume that the
material obeys the postulate of normality, which states that
the plastic strain vectors are orthogonal to the yield surface.
However, this hypothesis is inconsistent with experimental
measurements �see, for example �11�, � and simulations with
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FIG. 18. �Color online� Proportion � of cemented contacts in-
side the shear band as a function of the cumulative shear strain �,
for four tests performed at different dimensionless vertical stresses
	wall

� .
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FIG. 19. Set of yield surfaces and plastic strain vectors obtained
for nine samples with different void ratios e :0.213, 0.286, 0.287,
0.297, 0.330, 0432, 0.549, and 0.775.
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discrete element methods reported by Alonso-Marroquín et
al. �33�. Our results agree with those presented by these au-
thors. We found a deviation from normality of as much as
20° in the direction of the plastic strain vectors. Thus, for the
granular material investigated here, the assumption of nor-
mality would lead to serious overestimations, i.e., greater
than 20°, of the dilatancy angle �=sin−1���p /��q�.

It was shown that, beyond yielding, the cemented struc-
ture gradually degrades until the material eventually behaves
as a cohesionless material, whose shear strength is well de-
scribed by a Coulomb law through an angle of internal fric-
tion. In this state, the strain concentrates inside a shear band
whose thickness increases linearly with confinement until it
eventually attains the thickness of the sample. When the con-
finement level tends to zero, the thickness of the shear band
tends to a limit value of around 10 mean particle diameters.
Our results at low confinement levels are thus reminiscent of
those reported by Roscoe �34�, stating that the thickness of
the shear bands measured in sand samples is about 10�d	,
and of the theoretical predictions reported by Mühlhaus and
Vardoulakis �35� and by Bardet and Proubet �36�, suggesting
values varying from 15�d	 to 18�d	. We also measured the
void ratio inside the shear band at the steady state, finding
that it is a material property that only depends on contact
parameters. This finding is in agreement with those reported
by Desrues et al. �30�, obtained from laboratory measure-
ments, and with those reported by Rothenburg and Kruyt
�37� and by Fazekas et al. �31�, obtained from discrete ele-
ment simulations. These findings, together with the depen-
dence of the thickness of the shear band on the confining
level, question the physical relevance of the void ratios ob-
tained from global measurements in samples of granular ma-
terials with localized strain, e.g., in a soil sample with a shear
band.

We studied the effect of the sample’s compactness on the
shape of the yield surface, showing that in the limit of a very
dense material this surface approaches a straight line shifted
upwards in the �p� :q�� stress plane. This limit behavior cor-
responds to the Coulomb strength envelope for a cohesive

material and can be characterized by two parameters: an
angle of internal friction and a cohesive strength. This kind
of behavior is consistent with a geometrical constraint im-
posed by the void ratio of the sample: a very dense granular
material composed of rigid particles can hardly be com-
pacted under isotropic compression, which implies that its
yield stress under this load path would be infinite. Thus, our
results show that the Coulomb strength envelope for cohe-
sive granular materials is a particular case of a much broader
picture and that the systematic application of this model can
lead to serious misestimations of the material’s strength.

It is evident that the behavior of a real cemented geoma-
terial is much more complex than that presented in this work.
However, we think that some of the trends highlighted in this
paper, as the effect of the void ratio on the shape of the yield
surface, the non-normality of the plastic strains at yielding,
and the effect of the confinement level on the thickness of
the shear band, are robust features of the behavior of cohe-
sive granular materials. For this reason, we think that the
results presented here are relevant and can guide some of the
choices to be made when implementing macroscopic consti-
tutive models.

A natural extension of this work is a micromechanical
description of the cemented material, in order to relate mac-
roscopic yielding with local interactions. This study is pre-
sented in paper II. Another perspective is to determine the
shape of the entire yield surface, as well as the effect of
structural anisotropy and the degree of cementation on this
surface. This must be carried out using a different shear de-
vice, like a biaxial device, capable of imposing stress paths
such as isotropic compression and extension. The complete
study of shear banding in this kind of systems is another
question which merits further investigation. Some of these
issues are being currently addressed and will be presented in
a future paper.
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