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Shock waves and shock-induced phase transitions are theoretically and numerically studied on the basis of
the system of Euler equations with caloric and thermal equations of state for a system of hard spheres with
internal degrees of freedom. First, by choosing the unperturbed state �the state before the shock wave� in the
liquid phase, the Rankine-Hugoniot conditions are studied and their solutions are classified on the basis of the
phase of the perturbed state �the state after the shock wave�, being a shock-induced phase transition possible
under certain conditions. With this regard, the important role of the internal degrees of freedom is shown
explicitly. Second, the admissibility �stability� of shock waves is studied by means of the results obtained by
Liu in the theory of hyperbolic systems. It is shown that another type of instability of a shock wave can exist
even though the perturbed state is thermodynamically stable. Numerical calculations have been performed in
order to confirm the theoretical results in the case of admissible shocks and to obtain the actual evolution of the
wave profiles in the case of inadmissible shocks �shock splitting phenomena�.
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I. INTRODUCTION

Shock waves, which are characterized by the steep and
rapid changes in physical quantities such as mass density,
velocity, temperature, and pressure at a shock front, are typi-
cal nonlinear waves that have been studied from many as-
pects experimentally, theoretically, and numerically. From a
theoretical point of view, because of their highly nonlinear
and nonequilibrium features, the study of shock waves af-
fords us with fundamental and wide variety of knowledge in
the theories of nonlinear wave propagation �1,2� and of non-
equilibrium thermodynamics and statistical physics �3–5�.

Compared to shock waves in gases �6�, shock waves in
condensed matters, namely, liquids and solids, have been
given much less attention. In recent years, however, shock
wave phenomena in condensed matters have attracted much
interest of researchers in various fields. See, for example, the
review paper �7� and books �8–16� and references cited
therein. Among the various phenomena, dynamic phase tran-
sitions induced by shock waves are worthy of special atten-
tion because these phenomena are not yet well understood
although their potential importance in various applications is
evident. Material synthesis, for example, sometimes makes
use of such dynamic phase transitions �17�.

Several studies of the shock-induced phase transitions
were made by experiments �18–22� or by computer simula-
tions of microscopic models �23–28�. Some theoretical stud-
ies were also made by using the models with realistic inter-
atomic potentials �7,29–31�. However, most of the previous
works are based on more or less qualitative models. There-
fore, quantitative study of the shock-induced phase transi-
tions is highly expected for the deeper understanding of the
phenomena.

In a previous paper �32� �hereafter referred to as paper I�,
dynamic phase transition induced by a shock wave was stud-
ied quantitatively on the basis of the system of Euler equa-
tions with caloric and thermal equations of state for a hard-

sphere system in which the first-order phase transition �Alder
transition� can be observed �33–35�. Rankine-Hugoniot �RH�
conditions were analyzed in detail and the classification of
Hugoniot types in terms of the thermodynamic quantities of
the unperturbed state �the state before a shock wave� and of
the shock strength was made. The admissibility �stability� of
a shock wave was discussed from the viewpoint of the math-
ematical theory of hyperbolic systems. The importance of a
hard-sphere system resides in the fact that it is a suitable
reference system for studying shock wave phenomena in-
cluding the shock-induced phase transitions in more realistic
condensed matters with both attractive and repulsive parts of
interatomic potential by using the perturbation theory of
liquid-state physics �36–38�. In paper I, for simplicity, any
internal motion in the constituent hard-sphere particles was
neglected.

In the present paper, which is the sequel to paper I, we
extend our study by introducing internal degrees of freedom
in hard-sphere particles. It is well known that the ultimate
compression ratio, i.e., the ratio of mass densities before and
after a shock in the strong shock limit, depends strongly on
the internal degrees of freedom. In order to show the crucial
importance of the internal degrees of freedom on shock-
induced phase transitions, we may consider the possibility of
shock-induced gas-liquid phase transitions. In Sec. 132 of
Ref. �6�, the authors expressed their negative opinion about
this possibility by saying that “�the compression of gas in an
ordinary shock wave� cannot lead to condensation, since the
increase of pressure in the shock wave has less effect on the
degree of supersaturation than the increase of temperature.”
Shock-induced gas-liquid phase transitions, however, can be
observed in some materials if unperturbed states are suitably
chosen �39,40�. Existence of shock-induced gas-liquid phase
transitions can also be shown theoretically in a real gas
model such as van der Waals gas, if the constituent molecules
have suitably many internal degrees of freedom and if unper-
turbed states are suitably taken �41�. Roughly speaking, be-
cause of the energy flow into the internal motion, the in-
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crease in temperature of such a gas due to a shock
compression is comparatively small, and then a gas-liquid
phase transition may occur more easily. We naturally expect
that the internal degrees of freedom have similar effects also
on liquid-solid phase transitions, especially on Alder transi-
tion in a hard-sphere system. We will see below that our
expectation is quite relevant.

The purpose of the present paper is to study shock wave
phenomena in a hard-sphere system with internal motion
both theoretically and numerically. To be more specific, we
will study the following three points in detail: �i� the depen-
dence of the solution of RH conditions on the internal de-
grees of freedom of a hard-sphere system, �ii� the admissi-
bility of shock waves, and �iii� the effects of the internal
degrees of freedom on shock-induced phase transitions.

II. BASIC EQUATIONS

In this section, we summarize the basic equations of the
hard-sphere system model. We consider hard spheres in a
three-dimensional space, but we study shock-induced phase
transitions and shock admissibility focusing on one-
dimensional waves �plane waves� traveling only along the x
direction. Therefore, the system of equations that we study is
written in the one-dimensional case but the equations of state
are written assigning to the hard spheres three degrees of
freedom connected to the translational motion.

A. Caloric and thermal equations of state

We adopt the following caloric equation of state:

e =
D
2m

kBT , �1�

where e, D, m, kB, and T are the specific internal energy, the
degrees of freedom of a hard-sphere particle, the mass of a
particle, the Boltzmann constant, and the absolute tempera-
ture, respectively. The degrees of freedom, D, is the sum of
the space dimensionality �3 in our analysis�, corresponding
to the degrees of freedom of the translational motion of a
particle and the internal degrees of freedom of a particle, f ,
so

D � 3 + f . �2�

Note that the internal degrees of freedom, f , corresponds to
the number of excited eigenmodes of internal motion in a
particle and it is assumed to be constant. In the derivation of
Eq. �1�, we have assumed that all the excited modes satisfy
the equipartition law of energy in classical statistical me-
chanics. Although these assumptions are very strong, we be-
lieve that they are appropriate as a first step in our analysis.
The results obtained below will show us a sound direction
for the next steps of this study.

As in paper I, the thermal equation of state is given by

p�

kBT
= �����, ���� � 1 + ���� , �3�

where p is the pressure, ���� is the deviation from the ideal
gas law, and � is the packing fraction related to the mass
density � by

� �
��

m
,

with � being the volume of a hard sphere ��=��3 /6, where
� is the diameter of a hard sphere�. We adopt the Padé ap-
proximation �P�3,3�� for the liquid phase �42� and the re-
sults from the free volume theory for the solid phase �36� as
follows:

�L��� =
4� + 1.016 112�2 + 1.109 056�3

1 − 2.245 972� + 1.301 008�2 ,

�S��� =
1

��2�

6�
�1/3

− 1

,

where superscripts L and S stand for the liquid and solid
phases, respectively. Hereafter we also use these superscripts
for the quantity � as follows:

�L��� � 1 + �L���, �S��� � 1 + �S��� .

As seen in Fig. 1, the curve p� /kBT-� has two branches:
one is the liquid phase branch and the other one is the solid
phase branch. Both branches have thermodynamically meta-
stable parts �ML and MS� as well as stable parts �L and S�.
The packing fractions �L and �S are, respectively, the values
of � at the freezing point and at the melting point. In the
range between �L and �S, there can be liquid-solid coexist-
ence states �CO� with a common temperature T� and a com-
mon pressure p�. According to the simulation data �35�,

6
�2�

p��

kBT� 	 8.27,

and the values of �L and �S are given by

�L 	 0.4946, �S 	 0.5564.
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FIG. 1. Liquid phase and solid phase branches of the p� /kBT-�
curve for a hard-sphere system �L: stable liquid branch; ML: meta-
stable liquid branch; S: stable solid branch, MS: metastable solid
branch; CO: liquid-solid coexistence branch�. �L and �S are the
packing fractions at the freezing and melting points, respectively.
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As we have seen in this section, the only difference be-
tween the basic equations adopted here and those introduced
in paper I is in the expression of the caloric equation of state
�Eq. �1��. This seemingly small difference, however, leads to
some profound differences in shock wave phenomena as
seen in the following.

B. System of Euler equations

The system of Euler equations describing the conserva-
tion of mass, momentum, and energy for a compressible fluid
in the one-dimensional case can be expressed as

ut + Fx�u� = 0, �4�

where the subscripts �time t and position x� denote partial
differentiation. Here, the density u and the flux F are given
by

u =

�

�v

�e +
1

2
�v2�, F =


�v

�v2 + p

��e +
1

2
�v2 + p�v� , �5�

with v being the velocity. The characteristic velocities of the
hyperbolic system �4� and �5� are given by

	1 = v − c, 	2 = v, 	3 = v + c ,

where c=���p /���s represents the sound velocity and s is the
specific entropy.

III. RANKINE-HUGONIOT CONDITIONS

The system of Euler equations �4� and �5� admits a plane
shock wave provided that the jump of the physical quantities
between the states before and after the shock front satisfies
the well-known RH conditions,

− Us�u
 + �F�u�
 = 0, �6�

where Us is the propagation velocity of the shock front and
�

=
1−
0 represents the jump of a generic quantity 

across the shock front, with 
1 being the quantity in the state
after the shock �perturbed state� and 
0 in the state before
the shock �unperturbed state�. Conditions �6� are explicitly

written by using the packing fraction � instead of the mass
density � as follows:

− Us��
 + ��v
 = 0,

− Us��v
 + ��v2 +
p�

m
� = 0,

− Us��e +
1

2
�v2� + ���e +

1

2
�v2 +

p�

m
�v� = 0. �7�

The Mach number in the unperturbed state, M0, is defined by

M0 �
Us − v0

c0
,

where the quantities with the subscript 0 are the so-called
unperturbed quantities, i.e., the quantities evaluated in the
unperturbed state �analogously, the quantities with the sub-
script 1 are evaluated in the perturbed state and are called
perturbed quantities�. In the present case, we have
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FIG. 2. Hugoniot loci, represented in the p̂-�1

and T̂-�1 planes, for three different values of the
internal degrees of freedom f �f =0,10,100�. In
the case f =100, the Hugoniot loci cross the co-
existence region, going from the liquid phase re-
gion to the solid phase region, as the shock
strength increases �case P-2�. The unperturbed
packing fraction is �0=0.2. Vertical dashed lines
are asymptotes, �1=�1

�, for f =0,10.
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FIG. 3. Hugoniot loci, represented in the p1� /kB-T1 plane for
three different values of the internal degrees of freedom f
�f =0,10,100�. In the case f =100, the Hugoniot loci cross the co-
existence line, going from the liquid phase region to the solid phase
region, as the shock strength increases �case P-2�. The unperturbed
packing fraction and temperature are given, respectively, by �0

=0.2 and T0=300 K.
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c0 =�kBT0

m
��0 +

2

D
�0

2 + �0�0�� ,

where �i and �i� �i=0,1� are defined by

�i � ���i�, �i� � �d����
d�

�
�i

.

Without loss of generality, we hereafter assume for the Gal-
ilean invariance that v0=0 and we will focus on the fastest
shock wave propagating in the positive x direction.

We summarize in the following how the RH conditions
appear after introducing the equations of state, Eqs. �1� and
�3�, into Eq. �7� �the details are essentially the same as
in paper I� and we discuss some related subjects. Through-
out the present paper, we study only the case in which the
unperturbed states are in the region of liquid phase �i.e.,
�0��L�.

A. Liquid-liquid and liquid-solid RH conditions

Since the equations of state for both liquid and solid
phases have the same form �see Eqs. �1� and �3��, although
the expressions of the function ���� are different, we write
down the RH conditions in a unified way. The ratios of the
pressure and temperature in the perturbed and unperturbed
states, and the velocity in the perturbed state divided by the
unperturbed sound velocity c0, are given by

p̂ �
p1

p0
= 1 +

M0
2��̂ − 1���0�D + 2�0� + D�0��0�

D�0�̂
,

T̂ �
T1

T0
=

p̂�0

�̂�1

,

v̂ �
v1

c0
= M0�1 −

1

�̂
� , �8�

where �̂��1 /�0 and M0 is expressed as

M0 =� D�̂�− D�0 + �1�D�̂ + 2��̂ − 1��0��

��̂ − 1���1�1 − �̂� + D��D�0 + 2�0
2 + D�0�0��

.

�9�

Since we will be focusing on the fastest wave traveling in the
positive x direction, we define a dimensionless characteristic

velocity 	̂ as follows:

	̂ �
	3

c0
= v̂ +� T̂��1 +

2

D
�1

2 + �1�1��
�0 +

2

D
�0

2 + �0�0�

.

Note that, in all the above expressions,

�0 � �L��0�, �0� � �d�L���
d�

�
�0

,

and

�1 ���L��1� ,
for �1 on the liquid branch; L and ML—

liquid-liquid RH conditions,

�S��1� ,
for �1 on the solid branch; S and MS—

liquid-solid RH conditions,
�

�1� ���
d�L���

d�
�

�1

,
for �1 on the liquid branch; L and ML—

liquid-liquid RH conditions,

�d�S���
d�

�
�1

,
for �1 on the solid branch; S and MS—

liquid-solid RH conditions.
�

B. Liquid-coexistence Rankine-Hugoniot conditions

We summarize the RH conditions in the case in which the
perturbed state is a coexistence state �L-CO RH conditions�.
The total packing fraction ��
� of a coexistence state is
given by

1

��
�
=

1 − 


�L
+




�S
,

with the parameter 
 running from 0 to 1 as the coexistence
state moves from the freezing point to the melting point on

the horizontal line in Fig. 1. The pressure p� is common to
both phases and it is related to a common temperature T� as
follows:

p��

kB
= T��L�1 + �L��L�� = T��S�1 + �S��S�� .

The following relations are obtained:
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p̂ = 1 +
M0

2��̂�
� − 1���0�D + 2�0� + D�0��0�

D�0�̂�
�
,

T̂ =
�0��0�̂�
� + M0

2��0 + 2�0
2/D + �0�0����̂�
� − 1��

�L��L��L�̂�
�
,

v̂ = M0�1 −
1

�̂�
�
� ,

M0 =� D�̂�
�2��L��L��L − �0�0�

�̂�
� − 1
+ 2�0�̂�
��L��L��L

��0 + 2�0
2/D + �0�0����

L��L��L�1 − �̂�
�� + D�0�̂�
��
,

	̂ = v̂ +� 2

D
T̂��L��L��L�2

�̂2�
��0
2��0 +

2

D
�0

2 + �0�0�� .

C. Two possibilities of shock-induced phase transitions

In paper I, the Hugoniot loci for the unperturbed states u0,
H�u0�, i.e., the loci of the perturbed states satisfying the RH
conditions for a given unperturbed state u0 �also known as
RH curves�, in the two possible cases P-1 and P-2 of shock-
induced phase transitions were analyzed in detail. Case P-1
is the phase transition with a jump between a metastable
liquid state and a stable solid state, and case P-2 is the phase
transition through coexistence states when the shock strength
changes. We concluded that case P-2 is to be chosen, instead
of case P-1, by adopting the selection rule in terms of the
maximum entropy production rate: the relevant case, from a
physical point of view, is the one that involves the largest
specific entropy production rate at a shock front as a func-
tion of the unperturbed Mach number.

Therefore, it is an interesting problem to study whether
the conclusion drawn in paper I is still true for a hard-sphere
system with internal motion. We will study this problem in
the next section and will conclude that case P-2 is still to be
chosen for any value of the internal degrees of freedom f .

Before applying the selection rule to cases P-1 and P-2
�Sec. IV�, we summarize the relations concerning the specific
entropy production rate �,

� = �0c0M0�s
 ,

where the jump of the specific entropy �s
 for liquid-liquid,
liquid-solid, and L-CO Hugoniot is given, respectively, by

�s
L−L =
kB

m �D
2

ln T̂ − �
�0

�1 �L���
�

d�� ,

�s
L−S =
kB

m �D
2

ln T̂ − ��
�0

�L �L���
�

d� + �
�S

�1 �S���
�

d��
+ �S��S� − �L��L�� ,

�s
L−CO =
kB

m �D
2

ln T̂ − �
�0

�L �L���
�

d� + 
��S��S� − �L��L��� .

For details of these derivation, see paper I.
As a typical example, the dependence of the Hugoniot

loci, H�u0�, on the internal degrees of freedom, f , in case P-2
with the unperturbed state �0=0.2 is shown in Figs. 2 and 3.
For the sake of brevity, the Hugoniot loci in case P-1 are
omitted. Noticeable points are summarized as follows:

�i� As the strength of a shock wave increases �that is, as �1

increases from �0�, the quantities p̂ and T̂ increase, but their
increasing rates decrease with the increase in the internal
degrees of freedom, f . Moreover, the decrease in the increas-

ing rate of T̂ is larger than that of p̂.
�ii� From Eqs. �8� and �9�, it may be seen that the RH

conditions have real solutions only when the denominator of
the right-hand side of Eq. �9� is positive, i.e., when �0��1
��1

�, with �1
� being the perturbed packing fraction satisfy-

ing the relation

0 3 6 9 12 15

0.2

0.3

0.4

f

η 0

η
L

A

B

X η
01

η
02

FIG. 4. Dependence of the characteristic packing fractions �01

and �02 on the internal degrees of freedom f . For each given value
of f there are three distinct regions: A, B, and X.
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���1
���1 − �1

�/�0� + D = 0.

When �1 tends to �1
�, p̂ and T̂, along with M0, have a vertical

asymptote �see Fig. 2�; for this reason we call �1
� the strong

shock limit. It may be proved that �1
� increases with the

increase in the internal degrees of freedom, f .
�iii� From a physical point of view, we can understand that

a considerable portion of the energy supplied by a shock
compression goes into the internal motions of the system,
and therefore the temperature cannot rise so much. This fact
indicates that a shock-induced phase transition has a high
possibility to take place in a hard-sphere system with large
degrees of internal motion. In the figures, we can indeed
observe a shock-induced phase transition when f =100.

D. Characteristic quantities

In paper I, some quantities useful in the classification of
shock wave phenomena were introduced. Since those quan-
tities will be useful in the following, we recall their defini-
tions in this section.

The quantity �01 ��02� is defined as the unperturbed pack-
ing fraction that leads to a perturbed packing fraction equal
to �L ��S� in the strong shock limit. In other words, �01 ��02�
is the largest unperturbed packing fraction for which the
liquid-coexistence �liquid-solid� shock-induced phase transi-
tion never occurs, no matter how the shock is strong.

These characteristic packing fractions, �01 and �02, may
be expressed as follows:

�01 = �L
�L��L�

D + �L��L�
, �02 = �S

�S��S�
D + �S��S�

. �10�

It is easily seen from Eqs. �10� and �2� that �01 and �02 are
decreasing �approaching zero� as f increases. This behavior
is in agreement with the above-mentioned fact that the larger
is f , the easier to obtain are the shock-induced phase transi-
tions. As a consequence of the given definitions of �01 and
�02, we may define three distinct regions—graphically rep-

resented in Fig. 4—over which the unperturbed packing
fraction �0 can vary: region A= ��f ,�0� : f �N ,0��0��01�,
region B= ��f ,�0� : f �N ,�01��0��02�, and region X
= ��f ,�0� : f �N ,�02��0��L�. The dependence of �01 and
�02 on the internal degrees of freedom, f , and the consequent
effect of changing f on the extension of these three regions,
may be appreciated in Fig. 4. A description of these three
regions may be given as follows:

�1� Region A. When the unperturbed packing fraction �0
is in this region, the perturbed states on the Hugoniot locus
never have a packing fraction equal or larger to the packing
fraction of the freezing point, �L, even in the strong shock
limit �i.e., �1

���L�. Therefore, only a thermodynamically
stable liquid state can be observed after a shock front, that is,
shock-induced phase transition never occurs.

�2� Region B. When the unperturbed packing fraction �0
is in this region, the perturbed states on the Hugoniot locus
never have a packing fraction equal or larger than the pack-
ing fraction of the melting point, �S, even thought it can be
larger than the packing fraction of the freezing point, �L �in
other words, �L��1

���S�. If the shock strength is large
enough, we can observe a coexistence state after a shock
front.

�3� Region X. When the unperturbed packing fraction �0
is in this region, the perturbed states on the Hugoniot locus
may have a packing fraction larger than the packing fraction
of the melting point, �S �i.e., �1

���S�. Therefore, if the
shock strength is large enough, we can observe a stable solid
state after a shock front. There can exist shock-induced
liquid-solid phase transitions.

Other quantities, already introduced in paper I, that turn
out to be useful in the present analysis are the following. The
quantity M01 �M02� is defined as the unperturbed Mach num-
ber that leads to a perturbed state with a packing fraction
equal to �L ��S�. In other words, M01 �M02� is the smallest
unperturbed Mach number for which a liquid-coexistence
�liquid-solid� shock-induced phase transition occurs, if ever.

The characteristic Mach numbers M01 and M02 may be
expressed as follows:

M01 =� D�̂L�− D�0 + �L��L��D�̂L + 2��̂L − 1��0��

��̂L − 1���L��L��1 − �Lˆ � + D��D�0 + 2�0
2 + D�0�0��

,

M02 =� D�̂S�− D�0 + �S��S��D�̂S + 2��̂S − 1��0��

��Sˆ − 1���S��S��1 − �Sˆ � + D��D�0 + 2�0
2 + D�0�0��

.
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FIG. 5. Characteristic Mach numbers M01 and
M02 versus the unperturbed packing fraction �0

for several values of the internal degrees of free-
dom: f =0 �left�, f =10 �center�, and f =100
�right�.
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The dependence of M01 and M02 on the internal degrees of
freedom, f , is shown in Fig. 5.

IV. ADMISSIBILITY OF SHOCK WAVES

From the theory of hyperbolic systems, it is well known
that some conditions �a selection rule� have to be satisfied in
order for a shock to be allowed to propagate. Such a shock
satisfying the proper selection rule will be referred to as an
admissible shock. Since an admissible shock is a shock that
does not change its wave profile during its propagation,
while the wave profile of an inadmissible shock breaks into a
combination of shocks, rarefaction waves and constant states
evolving in time, an admissible shock is sometimes called a
stable shock in the literature concerning hyperbolic system.

In the case of a genuinely nonlinear field, i.e., if the fol-
lowing condition is satisfied:

�	 · r � 0 ∀ u ,

where 	 is an eigenvalue of the hyperbolic systems, � is the
gradient made with respect to u, and r is the corresponding
eigenvector, the selection rule is given by the well-known
Lax conditions �43�, stating that a shock is admissible if its
velocity of propagation, Us, is such that

	0 � Us � 	1,

with 	0 and 	1 being, respectively, the eigenvalues evaluated
in the unperturbed and perturbed states. In the case of a
locally genuinely nonlinear field, i.e., when the genuine non-
linearity fails for some values of the field,

�	 · r = 0 for some u ,

the Lax conditions have to be replaced with the more general
Liu conditions �44–46� asserting that a shock is admissible if
and only if its velocity of propagation is not decreasing as we
move on the Hugoniot locus starting from the unperturbed
state u0 toward the given perturbed state u1,

Us�u0,ũ� � Us�u0,u1� ∀ ũ

� H�u0� between u0 and u1.

First of all, let us consider two typical cases. In the first
case �Figs. 6 and 7� the unperturbed packing fraction �0 is in
region B �see Fig. 4�; in the second case �Figs. 8 and 9� the
unperturbed packing fraction �0 lies in region X. From Figs.
6 and 8, we see that in both the two cases, both possibilities
P-1 and P-2 guarantee that the Liu conditions are satisfied.
From Figs. 7 and 9, we can see that both possibilities P-1 and
P-2 satisfy also the thermodynamical requirement of the
positivity of the entropy production rate � in both the two
cases. Therefore, shock waves of both possibilities P-1 and
P-2 are stable.

The problem to be solved now consists of understanding
which of the two possibilities is the physically relevant one.
It can be proved that the entropy production rate � of possi-
bility P-2 is larger than that of possibility P-1 for any value
of the internal degrees of freedom, f , although the difference
between possibilities P-1 and P-2 decreases with the increase
in f . Here, for the sake of brevity, we omit the proof. There-
fore, if we use the selection rule in terms of the maximum

0.4 0.5 0.6

5

10

η1

M0

M01

ηSηL

P−1

f = 0
η0=0.43

λ

1

^

η0
0.2 0.4 0.6
0

10

20

30

η1

M0

M01

ηSηL

P−1

f = 10
η0=0.255

λ

η0

^

1

0 0.2 0.4 0.6

0

100

200

η1

M0

M01

ηSηL

P−1
f = 100
η0=0.0535

λ

1

^

η0

0.4 0.5 0.6
0

5

10

η1

M0

M01

ηSηL

P−2
f = 0
η0=0.43λ̂

1 η0
0.2 0.4 0.6
0

10

20

30

η1

M0

M01

ηSηL

P−2
f = 10
η0=0.255

λ̂

η0
1

0 0.2 0.4 0.6

0

100

200

η1

M0

M01

ηSηL

P−2
f = 100
η0=0.0535λ̂

η0
1

(b)(a) (c)

(d) (f)(e)

FIG. 6. Dependences of the unperturbed
Mach number M0 �solid curve� and of the dimen-

sionless characteristic speed 	̂ �dashed curve� on
the perturbed packing fraction �1 for three differ-
ent values of the internal degrees of freedom f
�f =0,10,100� according to the possibilities P-1
�above� and P-2 �below�. The unperturbed pack-
ing fraction �0 is in region B.

1 2 3 4
0

2

4

3 3.25
4

4.5

M0

M01

ζ ’ f = 0
η0=0.43

MLCO

L

10 20
0

200

400

15 15.1 15.2
292.5

295

M0

M01

ζ ’ f = 10
η0=0.255 MLCO

1

L

100 200
0

15000

30000

45000

150 150.01
42261

42262

42263

M0

M01

ζ ’
f = 100
η0=0.0535

ML
CO

1

L

(b)(a) (c)

FIG. 7. Dependence of the dimensionless en-
tropy production rate �� �=�� /�0c0��m /kB�� on
the unperturbed Mach number M0 for three dif-
ferent values of the internal degrees of freedom f
�f =0,10,100� according to the possibilities P-1
�dotted curve� and P-2 �solid curve�. The unper-
turbed packing fraction �0 is in region B.

SHOCK-INDUCED PHASE TRANSITION IN SYSTEMS OF… PHYSICAL REVIEW E 81, 066307 �2010�

066307-7



entropy production rate mentioned in the last section, we
may adopt the coexistence Hugoniot �possibility P-2� as the
physically relevant solution for a hard-sphere system with
internal motion. According to this, hereafter, we will confine
our analysis to the study of only possibility P-2.

V. CLASSIFICATION OF SHOCK-INDUCED
LIQUID-SOLID PHASE TRANSITIONS

In Sec. III D, we stated that, for any given f , a shock-
induced liquid-solid phase transition may occur only when
the unperturbed packing fraction lies in region X �see Fig. 4�.
In this section, we study the fine structure of this region: we
divide it into three subregions and we motivate this subdivi-
sion pointing out the different features of these three subre-
gions in terms of shock admissibility. Let us pay attention to
the following three cases, covering all the possible relations
between the unperturbed Mach number M0 and the perturbed
packing fraction �1 in region X:

�i� The unperturbed Mach number M0 is a monotonically
increasing function of the perturbed packing fraction �1.
Therefore, the characteristic Mach numbers M01 and M02
satisfy the inequality M01�M02 �cf. case �
� in Fig. 10�.

�ii� The unperturbed Mach number M0 is not a monotoni-
cally increasing function of the perturbed packing fraction
�1, and there is a packing fraction �c ��L��c��S� such
that M0=M01 when �1=�c. The inequality M01�M02 still
holds in this case �cf. case ��� in Fig. 10�.

�iii� The unperturbed Mach number M0 is not a monotoni-
cally increasing function of the perturbed packing fraction
�1, as in case �ii�, but the packing fraction �c satisfies, in this
case, the inequality �c��S. The inequality M01�M02 holds
in this case �cf. cases ��� and ��� in Fig. 10�.

We can prove that the boundary between cases �i� and �ii�
is characterized by the condition that the characteristic un-
perturbed Mach number M01 is equal to the characteristic

speed estimated by using the L-CO Hugoniot conditions 	̂CO

at the freezing point �L,

M01 = 	̂CO��L
. �11�

The boundary between cases �ii� and �iii� is given by the
condition

M01 = M02. �12�

By using conditions �11� and �12� we realize that region X
may be divided into three distinct subregions C, D, and Y,
which correspond to cases �i�, �ii�, and �iii�, respectively, as
shown in Fig. 11. In fact, for any f �0, there exists an un-
perturbed packing fraction �03, for which condition �11� is
satisfied and, analogously, there exists an unperturbed pack-
ing fraction �04, for which condition �12� is satisfied; all the
unperturbed packing fractions such that �02��0��03 be-
long to case �i�, all the ones such that �03��0��04 belong
to case �ii�, and all those such that �04��0��L belong to
case �iii�. When f =0, it turns out that condition �12� is never
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satisfied; in this case any unperturbed packing fractions
such that �03��0��L belong to case �ii�. So, region
C= ��f ,�0� : f �N ,�02��0��03�, region D= ��f ,�0� : f
�N+ ,�03��0��04�� ��f ,�0� : f =0,�03��0��L�, and re-
gion Y= ��f ,�0� : f �N+ ,�04��0��L�.

We summarize in the following the characteristic features
of regions C, D, and Y in detail by studying the case f =10,
pointing out that the results are qualitatively valid for any
f �0:

�1� Region C. The dependence of the unperturbed Mach
number M0 and of the dimensionless characteristic speed 	̂
on the perturbed packing fraction �1 in a typical case ��0
=0.28� is shown in Fig. 12. We notice that, from the Liu
conditions, any compressive shock wave ��1��0� is admis-
sible. In other words, by using a single compressive shock,
we can obtain any stable perturbed state in any phase �liquid
phase, coexistence, and solid phase�. The same property of
the admissibility for a single shock was already found in the
case of f =0 presented in paper I.

�2� Region D. The dependence of the unperturbed Mach
number M0 and of the dimensionless characteristic speed 	̂
on the perturbed packing fraction �1 in the case with �0
=0.35 is shown in Fig. 13. The intersection point between

M0 and 	̂ in the coexistence region is the local minimum
point of M0. A noticeable point is that, from the Liu condi-
tions, a shock wave with a perturbed packing fraction such
that �0��1��L and �1��c is admissible, while a shock
wave with a perturbed packing fraction such that �L��1
��c is not admissible. That is to say, it is impossible to
reach a perturbed state with the packing fraction in the part
of the coexistence region �L��1��c through a stable
shock. In the next section we will study the stability of a
shock wave numerically and will confirm the above results.

If an initial shock is in the above-mentioned inadmissible
region, such a shock eventually splits into several waves
composed of shock waves, rarefaction waves, and constant
states in the course of its propagation. Some typical numeri-
cal examples of the shock splitting and composite waves
occurred thereby will be shown also in the next section.
Shock splitting phenomena in a gas �47–49� and in a solid
�28� have already been studied.

�3� Region Y. Let us discuss region Y that is characteristic
of a hard-sphere system with internal degrees of freedom f
�1. Typical dependence of the Mach number M0 and the

dimensionless characteristic speed 	̂ on the packing fraction
�1 is shown in Figs. 14 and 15 �see cases ��� and ��� in Fig.
10�. The unperturbed Mach number M0 has a local minimum
point in the coexistence region �see Fig. 14� or it is mono-
tonically decreasing, as �1 increases, all over the coexistence
region �see Fig. 15�. As far as a stable single shock is con-
cerned, we can study both cases simultaneously.

From the Liu conditions, a shock wave with a perturbed
state in the region �0��1��L and �1��c is admissible,

while a shock wave with a perturbed state in the region �L
��1��c is not admissible. As in region D, it is impossible
to reach a perturbed state with the packing fraction in the
region �L��1��c through a single stable shock. However,
it should be noticed that the unstable region in this case
includes the melting point �S and therefore includes a part of
the Hugoniot locus in thermodynamically stable solid phase.
Therefore, a shock wave may be unstable even though the
perturbed state is in thermodynamically stable solid phase.
This is one of the remarkable features of the dynamic phase
transitions found in the present analysis. In material synthe-
ses, for example, this fact may become important because we
have now noticed that there are thermodynamic stable states
which cannot be reached by a single shock. In the next sec-
tion we will study numerically the stability of a shock wave
and the shock splitting.

VI. NUMERICAL ANALYSIS

In the previous sections, we have used the Liu conditions
in our analysis. Rigorously speaking, the Liu conditions re-
quire the constitutive equations to be smooth, so they are not
applicable when the Hugoniot loci cross neighborhoods of
perturbed states with packing fractions equal to �L or �S,
because the equations of state are not smooth when �=�L
and �=�S. In these cases, the numerical approach plays a
major role showing that the results concerning the shock
admissibility are the same as if the Liu conditions were ap-
plicable.

Numerical solutions of the equations for the hard-sphere
system described in Sec. II have been calculated in order to
check the theoretical results stated in Sec. V and to analyze
the admissibility of a shock wave when its unperturbed state
lies in one of the regions labeled as A, B, C, D, and Y. The
tool used for the computations is a MATLAB/C�� general-
purpose code useful for the numerical solution of hyperbolic
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systems of balance and/or conservation laws, which has been
recently developed by some of the authors �50,51�. The tool
allows the user to choose the suitable algorithm among a
wide variety of available algorithms. For this case, the se-
lected algorithm is based on a fourth-order central Runge-
Kutta scheme recently proposed by Pareschi et al. �52�,
which turned out to be stable and sound for a wide range of
hyperbolic systems of conservation laws, including the case
of locally linearly degenerate fields.

When the unperturbed state u0 belongs to one of regions
A, B, and C, the Liu conditions give the same results as the
Lax conditions and it turns out that all the states u1 lying on
the admissible branch of the Hugoniot locus passing through
the given state u0 are connected to u0 by an admissible shock
wave, i.e., all the compressive shocks are admissible. This
well-known theoretical result has been checked by means of
numerical calculations and some representative results are
shown in Fig. 16 for the cases of u0 belonging to regions

A–C. For each of these three cases, given an unperturbed
state u0���0 ,v0 , p0� /m�, we show the profile of � as a
function of x at t=0.2 which comes from a Cauchy initial
data of Riemann type in which the discontinuity between the
unperturbed state u0 and the perturbed state u1 is located at
x=0. The value of the internal degrees of freedom is set to
f =10.

For case A, the packing fraction of the considered unper-
turbed state is �0=0.2; for case B, the packing fraction is
�0=0.255 and, finally, for case C we set �0=0.28. All the
calculations have been performed with v0=0 and p0� /m
=0.3. In all these cases the packing fractions of the perturbed
states, �1, for which numerical results are presented are
graphically shown in Fig. 16 �left column� by means of black
circles. From the corresponding � profiles, obtained numeri-
cally and given in Fig. 16 �right column�, we may claim that
the shock wave appears to be acceptable for any of the per-
turbed state that we have examined.
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The numerical analysis of the admissibility of shock
waves whose unperturbed state lies in region D is presented
in Fig. 17 for �0=0.35. In this case, the Lax conditions are
not applicable and the Liu conditions become necessary in
order to analyze the admissibility of shocks. The range of the
�1 values for which the Liu conditions allow to claim that
the shock is not admissible corresponds to the region under
the horizontal thin line in Fig. 17 �top right�, that is, �L
��1��c, while the values of �1 outside this interval ��0
��1��L and �1��c� give admissible shocks. The numeri-
cal solutions, presented here for a set of perturbed states
whose packing fraction spans all the regions of interest, con-
firm the theoretical results, as may be appreciated from the
profiles of the packing fraction � shown in Fig. 17 �second
and third rows�.

Numerical results concerning the case in which the unper-
turbed state u0 lies in region Y are presented in Fig. 18. In
this case, as pointed out in Sec. V, a shock wave with a
perturbed packing fraction �1 in the solid branch ��1��S�
may be not acceptable, as well as all the shock waves with
packing fractions in the coexistence region ��L��1��S�. In
fact, from the Liu conditions, we obtain that a shock is ad-
missible if �0��1��L or �1��c��S. This means that all

the perturbed states lying on the Hugoniot locus through u0
such that �S��1��c ��S�0.5564, �c�0.5576� are not ac-
ceptable. These results are confirmed by the numerical solu-
tions, as may be appreciated from Fig. 18 �second and third
rows�. It is worth noting that, in the presented cases of non-
admissible shocks �i.e., the cases in Fig. 17 �middle right and
bottom left� and in Fig. 18 �middle right and bottom left��,
the � profiles show the so-called shock splitting phenom-
enon, i.e., the wave profile is made up with a combination of
shock waves, rarefaction waves, and constant states, depend-
ing on the particular values of the unperturbed and perturbed
states.

VII. SUMMARY AND CONCLUDING REMARKS

From the analysis of the RH conditions, we have found
the distinct regions A, B, C, D, and Y in the plane of the
unperturbed packing fraction �0 and the internal degrees of
freedom f �Fig. 11�. It is interesting to note that region Y can
be observed only if f �1, that is, if there is an internal mo-
tion.

The characteristic features of regions A–C have already
been discussed through studying the cases of no internal mo-
tion �i.e., f =0� in paper I. Regions D and Y are essentially
unique findings in the present paper. By applying the Liu
conditions to the cases in regions D and Y we have made
clear the admissible condition for a stable single shock wave.
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as functions of �1 for an unperturbed state defined by �0=0.35,
v0=0, and p0� /m=0.3; �right� blowup of the boxed region in
the left side. Second and third rows: � profiles obtained numeri-
cally as solutions of the Riemann problem with unperturbed
states defined above and perturbed states indicated by the black
circles in the blowup: �from left to right, from top to bottom�
�1=0.49,0.5,0.515,0.56.
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Even if a perturbed state is thermodynamically stable, it is
not always stable dynamically, that is, it may be unstable
with respect to a dynamical perturbation. In such an unstable
case we can observe the so-called shock splitting phenomena
as shown in the numerical analysis in Sec. VI.

Lastly let us summarize the concluding remarks as fol-
lows:

�i� In the present analysis, our study is mainly limited
within analyzing stable shock waves. If we want to study the
time evolution of an unstable single shock in detail, we
should divide region Y into more subregions in order to clas-
sify such time evolutions properly �see, for example, cases

��� and ��� in Fig. 10 both of which belong to the same
region Y�. The subject is left for a future work.

�ii� Here, we have studied only plane shock waves. Study
of the other kinds of shock waves, for example, spherical
shock waves seems to be interesting.

�iii� Only shock-induced phase transitions from liquid
phase to solid phase can be observed in the present model.
Inverse transition can never be observed. It should be
emphasized that this does not mean that there are no
phase transitions in a solid under shock compression
�7,17,19,20,22,23,25–31�.

�iv� By using all the results obtained in paper I and the
present paper and by using the perturbation method devel-
oped in the theory of liquid-state physics �36–38�, we can
study physical systems with more realistic interatomic poten-
tial with both repulsive and attractive parts. In subsequent
papers, we will study shock wave phenomena and shock-
induced phase transitions by taking three phases �gas, liquid,
and solid phases� into account in a unified way.

�v� Shock waves in a system of fullerenes C60 afford us
with possible experiments to check the present theory. In
fact, we can expect to observe shock-induced liquid-solid
phase transitions in this kind of system. The experimental
data can be compared with the present results of a suitable
nonzero value of f . However, the success of such experi-
ments is not so much sure at present because the liquid phase
of the system has not been observed clearly until now
�53–55�.

�vi� A more general case, that is, nonpolytropic case
where f is temperature dependent is the subject of a recent
paper �56�.
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