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Semiconservative quasispecies equations for polysomic genomes: The general case
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This paper develops a formulation of the quasispecies equations appropriate for polysomic, semiconserva-
tively replicating genomes. This paper is an extension of previous work on the subject, which considered the
case of haploid genomes. Here, we develop a more general formulation of the quasispecies equations that is
applicable to diploid and even polyploid genomes. Interestingly, with an appropriate classification of popula-
tion fractions, we obtain a system of equations that is formally identical to the haploid case. As with the work
for haploid genomes, we consider both random and immortal DNA strand chromosome segregation mecha-
nisms. However, in contrast to the haploid case, we have found that an analytical solution for the mean fitness
is considerably more difficult to obtain for the polyploid case. Accordingly, whereas for the haploid case we
obtained expressions for the mean fitness for the case of an analog of the single-fitness-peak landscape for
arbitrary lesion repair probabilities (thereby allowing for noncomplementary genomes), here we solve for the

mean fitness for the restricted case of perfect lesion repair.
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I. INTRODUCTION

The quasispecies theory of evolutionary dynamics was
originally introduced in a now-classic paper by Manfred
Eigen in 1971 [1]. In this paper, Eigen developed a system of
ordinary differential equations that were meant to describe
the evolutionary dynamics of replicating polynucleotide or
polypeptide chains. The goal was to develop a mathematical
framework that would be suitable for modeling the evolu-
tionary processes relevant to the origin of life. Much of the
subsequent work by Eigen on quasispecies theory was done
in collaboration with Peter Schuster, which is why the qua-
sispecies equations are often referred to as the FEigen-
Schuster equations [2].

In brief, the quasispecies model considers a population of
genomes, defined as single-stranded sequences, taken to be
of length L. A given sequence, denoted o, may be expressed
as o0=s,5,...57, where each s; represents a “letter” or “base”
that is chosen from an alphabet of size S (for all known
terrestrial life, S=4, though many phenomenological studies
work with §=2 for simplicity) [2-5]. It has been shown that
the size of the alphabet can have a nontrivial effect on the
quasispecies dynamics of the population [6].

With each o is associated a first-order growth rate con-
stant, denoted by «,. The mapping K: oc— k,, defines what is
known as the fitness landscape. During replication, it is as-
sumed that a daughter strand is produced from the template
parent strand. Replication is not necessarily error free, which
gives rise to a transition probability p,,(o,0"), denoting the
probability that parent strand o produces the daughter o”’.
The quasispecies equations may then be expressed as [2-5],

dx,

; = E Kgpm( T, 0)x 0 — K(£)X,. (1)

o

Here, x, denotes the fraction of organisms in the population
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that have genome o, and k(1) =2 kX, is the mean fitness of
the population.

The central result of quasispecies theory is a phenomenon
known as the error catastrophe. The error catastrophe refers
to a localization to delocalization transition over the genome
sequence space once mutation rates have crossed a critical
threshold, naturally termed the error threshold. Below the
error threshold, natural selection is sufficiently strong to lo-
calize the population distribution to a “cloud” of related
strains, termed a quasispecies. Above the error threshold,
natural selection is no longer able to counteract mutation
accumulation, and the result is evolutionary dynamics gov-
erned by essentially random genetic drift. Over time, the
population distribution completely delocalizes over the se-
quence space, and no identifiable quasispecies emerges.

Although the origin-of-life problem was the original mo-
tivation for the development of quasispecies theory, the qua-
sispecies concept has found broad application in the field of
virus evolutionary dynamics. The reason for this is that many
RNA viruses, such as Human Immuno-Deficiency Virus
(HIV), have sufficiently high-mutation rates that they exhibit
a fairly broad distribution of genotypes, so that the quasispe-
cies concept is highly relevant for these systems. However,
because the quasispecies equations may be readily adapted
toward modeling evolution in more complex systems, in re-
cent years there have been efforts to develop quasispecies
theory into a useful framework for modeling the evolution of
cell-based life. Understanding evolution at the cellular level
will have applications in areas such as antibiotic drug resis-
tance in bacteria, immune system function, stem cells, and
the somatic evolution of cancer.

Some of the work that has been done in quasispecies
theory to make it suitable for modeling biological systems
more complex than molecules and viruses includes the fol-
lowing: (1) developing a formulation of the quasispecies
model that is appropriate for double-stranded, semiconserva-
tively replicating DNA genomes [7]. (2) Analysis of qua-
sispecies dynamics for multigene genomes, which, among
other results, revealed that the error catastrophe is a special
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case of a more general phenomenon that was termed an “er-
ror cascade” [8]. (3) Using quasispecies theory to model evo-
Iution in dynamic environments, and to study the coevolu-
tionary dynamics that arises from the immune response to a
viral infection [9,10]. (4) Modeling mutation propagation in
stem and tissue cells [11]. (5) Modeling genetic repair and
repair-deficient strains known as mutators [12—15]. (6) Incor-
porating horizontal gene transfer and recombination into
quasispecies theory [16—18].

Additionally, other recent work on quasispecies theory
has included developing quasispecies equations appropriate
for describing polysomic genomes [19] (by “polysomic,” we
mean genomes with more than one chromosome). Given that
cellular genomes are generally composed of several chromo-
somes, such a formulation of the quasispecies model is a
necessary extension for developing realistic models of the
evolutionary dynamics of cellular populations. However, the
work on polysomic genomes only considered haploid ge-
nomes. Here, in this work, we generalize the quasispecies
equations for polysomic genomes to allow for polyploid ge-
nomes. We do not use our equations to model a specific
biological system in this paper. Nevertheless, we obtain ana-
lytical results for the polysomic analog of the single-fitness-
peak landscape, which is the simplest and most commonly
studied fitness landscape in quasispecies theory. These ana-
Iytical results are in agreement with results obtained from
stochastic simulations, suggesting that the equations devel-
oped here may be suitable for modeling evolutionary pro-
cesses in real systems. It should be mentioned that the ana-
Iytical results are based on the assumption of an infinite
population, while the stochastic simulations are carried out
using finite populations. It is well known that a finite popu-
lation size can lead to significant differences from the infinite
population results, where these differences become more
pronounced as the fitness landscape becomes smoother. In
our simulations, we work with population sizes that are suf-
ficiently large to give good agreement with the infinite popu-
lation results.

II. MODEL
A. Finite sequence length equations

We consider a population of asexually replicating organ-
isms, each of which is characterized by a genome consisting
of N chromosomes. Unlike our previous paper [19], we do
not assume that the chromosomes are necessarily distin-
guishable, so that we do not impose any kind of chromosome
ordering. Thus, a given genome, denoted &, may be written
as ={{o|, 01}, ... .{oy, o\}}, where {0}, 07} denotes the pair
of DNA strands of the ith chromosome. We also assume that
the organisms replicate at a rate characterized by a genome-
dependent first-order growth rate constant k.

Furthermore, we let p((¢”;”),{co,c’}) denote the prob-
ability that strand ¢”, as part of a chromosome that is part of
genome G”, becomes, after daughter strand synthesis and
postreplication lesion repair, chromosome {o,c’}. We also
let p((0”;6”),(0,0")) denote the probability that strand o,
as part of a chromosome that is part of genome 6", becomes,
after daughter strand synthesis and postreplication lesion re-
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pair, strand o, with daughter strand ¢’. It should be noted
that,

p((d";6").{o,0"})
_1p((0":6").(0.0")) + p((0":6").(d",0)) if o # o
p((0”;6"),(0,0")) '

if o=0¢’

2)

1. Random chromosome segregation

We first consider the case of random chromosome segre-
gation. Given a population of replicating organisms, we let
X4 denote the fraction of the population characterized by the
genome §. Our goal is to develop an expression for dxg/dt.
To do so, we note that the expression for dx;/dt consists of
three separate terms: (1) A destruction term, corresponding to
the effective destruction of the parent genome as a result of
semiconservative replication [19]. (2) A mean-fitness nor-
malization term, that arises when converting the dynamical
equations expressed in terms of population numbers into dy-
namical equations expressed in terms of population fractions.
(3) A mutation contribution term, summing the contribution
to x4 from the various genomes in the population. From Ap-
pendix A, we have that

dxg 1
— =~ [R(1) + kglxs+ 3 > KgnXgn
dt 2 AN "o noom
a ={{O’1 0 b .,{O'N,O'N}}
N
x X (064000 o)
myemy(a) i=1
+p((a7":6") o7 00 D] (3)
where my denotes a permutation of the indices 1,...,N,

and (&) denotes the subset of all such permutations that

gives rise to distinct vectors of  strand-pairs
({O'WN(]),O';N(I)}, ,{O'WN(N),O';N(N)}) obtained from the ge-
nome d={{o,0(},....{oy,o0}}

We may switch from an unordered chromosome represen-
tation of the genome, to an ordered one, as follows: given a

genome {{o},01},....{oy,0}}, let m denote the number
of distinct strand pairs. Then we may write that this genome
consists of the m distinct strand-pairs

{o-,-l,ai’l}, ,{U'[m,O'i,m}, where the strand pair {a,-k,(ri’k} ap-
pears n; times, so that n,+---+n,,=N.

Note that there are N!/(n;! X - -+ X n,,!) distinct permuta-
tions of ({o, 01}, ... {oy, 00}, so define,

nl X oo X,

m
x(?:({(r] ,(r{},. . .,{(rN,O'I'V}) = NI x{{(r] ,(r{},. . .,{(rN,o'I'V}}'

(4)

We obtain, again following the derivation provided in Ap-
pendix A,
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dxz 1
—7 == RO+ kx5 + >

KgnXgn
dt —p_p mom "oom
o —({U'ls("] b {U'N N}

N
x [Tlp((o};6").{0:,011) + p((a]':6) {0 7 D],
i=1

(5)
where p((07;0”"),{0;,07}) denotes the probability that parent
strand o”/, as part of the genome defined by the vector of
strand-pairs ¢”, becomes, after daughter strand synthesis and
lesion repair, chromosome {o;, 0 }. We introduce this prob-
ability because we are now dealing with an ordered vector of
strand pairs, as opposed to a genome defined by a set of
strand pairs, and so strictly speaking we cannot use the prob-
ability p((o?,6"),{0;,0!}). This being the case, we have that
p((a7;0"), {o-,,cr N=p(0?;6") {0;,0!}), where &" is the
genome defined by the vector of strand-pairs .

Proceeding as with the case of haploid genomes, we may
define a vector of ordered strand-pairs population fraction
via the definition,

1
X5 = X (a0 (o) = Si¥e (6)
where k denotes the number of chromosomes for which o;
# 0. As with the case for haploid genomes, we obtain from
Appendix A that

dx

d_tg == (k(t) + kg)Xg+ Sy 21\/—

E KgnXgn

X H [p((0;0"), (0, 0)) + p((o]36"), (0, 0))],

()

where, as with the vector of strand pairs, we have that
pl(d?;0"),(0;,0])]=pl(0];6"),(0;,07)], where ¢ is the
genome defined by the vector of ordered strand-pairs ¢”.

2. Immortal DNA strand cosegregation

Immortal DNA strand cosegregation is a chromosome
segregation mechanism whereby one of the daughter cells
receives all of the chromosomes containing the oldest DNA
template strands of the previous replication cycle. It is a
chromosome segregation mechanism that was hypothesized
to be at work in adult stem cells [20], as a way to reduce the
accumulation of mutations in stem cells. Immortal DNA
strand cosegregation has been experimentally confirmed
[21,22]. Interestingly, there is evidence to suggest that even
unicellular organisms, such as Saccharomyces cerevisiae,
may exhibit immortal DNA strand cosegregation [23]. As a
result, we will develop the quasispecies equations for immor-
tal strand segregation as well.

To derive the equations for immortal DNA strand coseg-
regation, we first note that a given DNA strand in a genome
is either newly synthesized, or it has gone through a previous
replication cycle where it was a template strand. Once a
DNA strand is a template strand, then it remains a template
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strand throughout all successive replications. Given a strand
o, we let o™ denote a strand that is “new,” that is, it has
never been a template strand, and we let o'” denote a strand
that has been a template strand at least once. Since a chro-
mosome that was produced in a replication cycle must con-
sist of exactly one template and one new strand, a given
chromosome is either of the form {o™, o’ ™} or {7, ¢’ M)},

We also note that a given genome consists entirely of
chromosomes containing only new strands, or entirely of
chromosomes containing one template and one new strand.
For if one chromosome contains a template strand, then that
strand must have come from a parent cell in a previous rep-
lication cycle. This parent cell must have had N-1 other
parent strands coming from N—1 other chromosomes that
segregated into the daughter cell. Therefore, the other chro-
mosomes of the genome must contain a template strand as
well.

Given a genome &, we let G signify that the genome
consists entirely of new strands, and we let ¢’V signify that
the genome consists of chromosomes containing exactly one
template and one new strand. We then have, from Appendix
A,

dx sy
dt

=—[&(1) + kslxsmm,

dx g(rivy

dt

=—[K(2) + kgzlxzmm)

1
ﬁ E K 51X 511(NIN)
&"(N/N)z{{o',l/(N),(TI]”(N)},. . "{UXI(N)’O—X;(N)}}

+

x > Il

(TIN) i=1

6).( T )

e mN(5)
+P(( = OJ,)a(O-‘ITN(i)’O-;-N([)))]
+ >

61'(T/N)={{0',|’(T),0',1”(N)},. ) "{le(T)

K 51X 51(TIN)
,UX,'(N) 1

N
x X | TTp(6:8"), (0 0l )
)(T/N) i=1

mye (0

+HP((U'W OJ,)’(O-WN(i)’O-;rN(i))) . (8)

As with the random segregation equations, we can define
an ordered chromosome formulation of the dynamics for the
immortal DNA strand equations. We obtain, from Appendix
A3

dxzvin
dt

=- [I?(l) + K&]X&(N/N),
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dxz1n
dt

=— [E(t) + K&]X&(T/N) + W

X > Kuﬂxmmﬂ [p((o};5"), (0, 0)))

~rr(N/N

+p((a?;0"), (0, 00)) ] + > KgnX n(TIV)

&N(T/N)

N
X [ I FICATORCRD)
i=1

+ H A (CARCON N U{))} . )

i=1

Now, define an ordered strand-pair formulation of the dy-
namics as follows: define

YN = %x F) (10)

and
YVGTIN) = XGTIN) (11)

and
Y= YNy + Y HTIN), (12)

where k denotes the number of chromosomes with distinct
strands in the genome. We then have, from Appendix A,

e _
E =—[k(1) + kglys+ 2 Ky g
'

N
x 9\ I pl(a}:d, (0,,0)]+Hp[(0”' d").(0;,07)]
i=1
(13)

3. Complementarity symmetry

It is interesting to note that even when we do not assume
that the genomes are necessarily haploid, it still follows that
it is possible to derive an ordered strand-pair formulation of
the dynamics that is identical to the haploid case [19]. We
should therefore note that in the case of haploid genomes, we
made an additional assumption regarding the fitness and er-
ror landscapes that allows for a convenient representation of
the dynamics. We make the identical assumption in this pa-
per, and obtain a similarly convenient representation of the
dynamics for the general case.

Following [19], we begin by defining two operations 7
and 7, acting on ordered strand-pairs, as follows: {o,o”)
=(¢',0), and y(o,0')=(7,7"), where & denotes the strand
complementary to o (because DNA is antiparallel, then if

o=b,...b;, and if E,- denotes the base complementary to b;,
we then have &=b, ...b,. Furthermore, given some vector of
ordered strand-pairs a=[(oy,07),...,(oy,0p)], and a vector
§=(sy,...,sy), with each s,=0,1, we make the following
definitions:

PHYSICAL REVIEW E 81, 061915 (2010)

‘a=[71(0y,00), ..., Noy, 0],

Y=y ay,0), ..., yMNoyon)]. (14)

Now, note that the fitness landscape is symmetric under 7,
that is kysz=x; for all §e{0,1}". We also assume that the
fitness landscape satisfies a complementarity symmetry, that
is, kyz=Kg for all §e{0,1}". The idea behind this assump-
tion is that because taking the complement of a strand essen-
tially amounts to a relabeling of the bases and a change in
the order in which those bases are read, without any kind of
specific sequence information there is no reason a priori to
assume that a complementarity symmetry does not hold.
Note that for a strand pair of the form (o, ), we have that
Y(o,0)=1(0,d). Therefore, for genomes consisting of en-
tirely of chromosomes comprised of perfectly complemen-
tary strands, we have that y*6=7'G, and so the complemen-
tarity symmetry automatically holds.

We further assume that the transition probability
pl(d?;6”),(0;,0])] obeys a complementarity symmetry, that
is, pl(yia):¥'6"). yilay,01)]=p[(0”:).(0;,0")]. Such a
condition can be accomplished if we assume that mutations
are due to a base-independent mismatch probability e,
which obeys the complementarity symmetry.

It may be shown that a population distribution that ini-
tially obeys the complementarity symmetry will obey this
symmetry for all time, assuming that the fitness landscapes
and transition probabilities obey this symmetry. Because this
derivation was already done in [19], we will not repeat it
here. Furthermore, if the population distribution, along with
the fitness landscape and transition probabilities, all obey a
complementarity symmetry, then we may express the qua-
sispecies equations in a more convenient form. Again, the
derivation has been previously worked out in [19], so we
simply present the final results here. For random segregation,
we have

dys _
; =—[k(1) + kslys+ 2N_ 2 Ky g

x X Hp[(o” ),

se{O,l}N i=1

).(yD)'i(ey,0))]. (15)

For immortal DNA strand cosegregation, we have

Ve _
E =—[k(1) + kslys+ 2 Kgny g
6_”

X Hp[(o" ') (0,,0)]+Hp[(0"’ d"),(:,5;)]

(16)

B. Infinite sequence length equations

We now proceed to determine how the random segrega-
tion and immortal strand cosegregation equations look in the
limit of infinite sequence length. In doing so, we will con-
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sider fitness landscapes that have certain properties that will
allow for a considerably simplified version of the equations.
The assumption of infinite sequence length is a common one
in quasispecies theory [3], and is simply a mathematical for-
malization of the assumption of very long genome lengths.

1. Master genome and homologous groups

To begin, we assume that there exists a “master” genome,
G0=1{00.1,00.1}+ --- 100 N+ Oo n}}» that has the wild-type fit-
ness k> 1. This master genome consists of M distinct strand-
pairs, denoted {0y .50}, ---.{00,, 00, . Where the mas-
ter genome consists of 7, pairs of the kth strand pair, so that
N=n,+---+ny,. We define the k" homologous group of the
master genome to be precisely the n; copies of the kth strand
pair, {0y, 0,,}-

We also let L; denote the length, or the number of base
pairs, in {cro,,»k,c_roy,»k}. The total length, L, of the master ge-
nome, is then defined to be L=nL;+---+nyL,,. We then
define a;,=L;/L.

We assume that, during replication, daughter strand syn-
thesis is not error free, and is characterized by a per-base
mismatch probability of e. We then allow the total sequence
length, L, of the master genome to become infinite, while
keeping u= €L to be constant. Physically, this corresponds
to maintaining a constant replication fidelity in the limit of
very large genomes. This is a common assumption in qua-
sispecies models, and reflects the fact that the average num-
ber of mutations per genome per replication cycle, as mea-
sured by u, is generally far smaller than the size of the
genomes themselves [3-5].

In the limit of infinite sequence length, we may make the
following assumptions about the master genome: For any
two indices we have that

Dy(0,,,00,) =,

DH(O-O,ik’O-O,il) =, k # l7 (17)

where Dy(o,,0,) denotes the Hamming distance between
any two sequences (the Hamming distance is the number of
positions where the two sequences differ).

To understand the basis for these assumptions, we may
note that, in the limit of infinite sequence length, a given
sequence will, on average, differ from its complement at an
infinite number of positions [7]. Also, since we do not as-
sume any kind of correlation between the homologous
groups, we assume that the strands from distinct homologous
groups also differ from each other at an infinite number of
positions.

We now consider an initially clonal population consisting
entirely of the master genome that is allowed to reproduce
and evolve. After some time, consider some strand-pair
{o,0'} in some genome of some organism. Suppose that this
strand pair has the property that, for some k, both Hamming
distances Dy(0,0,;) and Dy(o',G;) are finite. In this
case, we say that {o,0'} belongs to the kth homologous
group. Then it follows that Dy(o,09,), Dylo,d;),
Dy(o',0y,), and Dy(o’,5y,) are infinite for /#k. It also
follows that Dy(o,dy,) and Dy(o”’,0y,,) are infinite, and
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that Dy(o, o) is infinite. As a result, a given strand pair can
only belong to at most one homologous group.

When {o, ¢’} replicates, both o and ¢’ act as templates
for the synthesis of the complementary daughter strand. Be-
cause u is finite, only a finite number of mismatches will
occur in both daughter strand syntheses. As a result, if o
produces oy, with daughter o, then we have that
Dy(oy, Uo,ik) and Dy(o, (70,ik) are both finite. A similar result
holds for the daughter strand pair produced by ¢’. Note then
that the daughters of {o, o’} also belong to the kth homolo-
gous group.

Consider a genome where, for k=1, ..., M, there are ex-
actly n, strand pairs belonging to the kth homologous group.
These n; strand pairs produce, upon replication, 2n; strand
pairs belonging to the kth homologous group, which then
segregate equally into two daughter cells, so that each of the
daughter cells have exactly n;, strand pairs belonging to the
kth homologous group. By induction, it follows that, if we
begin with a clonal population consisting entirely of the mas-
ter genome, then for all times all genomes in the population
will have, for each k=1,...,M, exactly n; strand pairs be-
longing to the kth homologous group.

2. Viable chromosomes and the fitness landscape

A given genome is taken to have the wild-type fitness of k
if each homologous group contains at least one functional, or
viable, chromosome. Otherwise, the fitness is taken to be 1.
To completely characterize the fitness landscape, we there-
fore need to properly define what we mean by a viable chro-
mosome. So, consider some strand pair, {o, o'}, that belongs
to the kth homologous group. Then we either have that
DH(O',O'OJk), DH(U’,E'OJI{) are finite, or DH(O'/,O'O!l-k),
DH(O',&OJk) are finite. Let us assume that the former case
holds, since the two cases are completely equivalent.

Then let [~ denote the number of base pairs where o and
o’ are complementary, but where o and ¢’ differ from 00,i,
and 00, respectively. Let /; denote the number of base-pairs
where o differs from T, but where ¢ is identical to To,i,-
Let Iz denote the number of base pairs where o is identical to
09,;,» but where o’ differs from T0.i,- Finally, let /; denote the
number of base pairs where both ¢ and ¢’ are noncomple-
mentary, and differ from To,i, and 0o, respectively.

Then the strand pair {o, ¢’} is said to be viable if and only
if [c=I3=0 and [+l =1, where [; is a function of the ho-
mologous group number. The idea here is that if either /- or
I are positive, then there are regions of the chromosome
where sequence information is lost, rendering the chromo-
some nonfunctional. However, where one strand differs from
the master sequence but the other strand does not, sequence
information is preserved. If there are not too many such mis-
matches, or lesions, then the cellular enzymatic machinery
can recover the master sequence information, rendering the
chromosome functional.

This fitness landscape is of course a great oversimplifica-
tion of actual fitness landscapes. Nevertheless, it is a useful
first approximation with which we can obtain analytical re-
sults from our evolutionary dynamics equations.
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3. Population classes, lesion repair, and the infinite sequence
length equations

The master genome gives rise to 2VN!/(n;! X -+ X ny,!)

ordered strand-pair vectors, given by
{TYI[O-O,WN(I) > &O,WN(I)] DR TYN[O-O,ﬂ'N(N) > &O,WN(N)]}’ where §
=(sy,...,sy) €{0,1}", and @y e my(6,). We may use this

ordering to group the ordered strand-pair vectors into classes,
as follows: first, we pick an ordering for the set of permuta-
tions wy(dy), and list them in some order my;,my5,....
Also, given a § e {0,1}", we define k to be the number that §
represents in binary notation, so that k=521 +5,2¥ 24 ..

+SN.
Given an ordered strand-pair vector g
=[(oy,09),....(oy,0)], we say that & belongs to class

(n,k) if, for each i=1,...,N, we have that DH(O'I-,O'O’WN’”(I-)),
Dy(o! ’O_-Og']TN,”(i)) are finite if s,=0, or DH(O-h&O,vTN,n(i))’
DH(O';,(TO‘WN,HO)) are finite if s;=1, where (s;,...,sy) is the
binary representation of k as stated above.

We make the following claim: If we start with a clonal
population consisting entirely of the wild type (i.e., the mas-
ter genome), then all genomes produced by the evolutionary
dynamics of the population give rise to ordered strand-pair
vectors belonging to a unique class. To prove this, we must
show that all genomes produced by the evolutionary dynam-
ics give rise to ordered strand-pair vectors belonging to some
class, and then we must show that a given ordered strand-
pair vector cannot belong to more than one class.

We have already shown that all genomes produced by the
evolutionary dynamics of the population give rise to ge-
nomes which have n; chromosomes belonging to the kth ho-
mologous group for each k=1,...,M. Let us then consider
some ordered strand-pair vector a=[(o,07),....,(oy,0})]
generated by some genome in the population. The ordered
strand-pair (o;,07) is generated from the strand pair {0}, 0} },
which in turn belongs to some homologous group as defined
above. We say that (03, 07) belongs to the same homologous
group as {0y, 07}

So, for each homologous group &, let iy i, ... sk, denote
the indices of the ordered strand-pairs belonging to the kth
homologous group. Consider then some ie{iyy.... ik}
and let us consider the pair of Hamming distances
DH(O-i P O-O,wN(i))a DH(O-Z', B a-(),frrN(i))? and DH(O-i b a-(),frrN(i))s
Dy(o] ,ooyﬂN(,‘)). If the first pair of Hamming distances are
finite, then the second pair is infinite, and vice versa. How-
ever, unless {0 5 (), 00,xyp) is equal to {og; .00}, the
master ordered strand pair of the kth homologous group, then
both pairs of Hamming distances are infinite. Therefore, in
order for each ordered strand pair (o;,0]), where i
ef{iy,....ixn) to have the property that either
DH(O-i’ UO,'n'N(i))v DH(O-I‘, > O_-O,WN(i)) or DH(O-h &O,WN(i))v
Dyl(o! »00,my()) are finite, it must follow that mmy must be a
permutation that sends the n;, master strand pairs associated
with the kth homologous group to the indices {iy ;. ....ix,,}-
In order for this to hold for all the homologous groups, it
follows that 7y must be the unique permutation that sends,
for each homologous group k, the n;, master strand pairs to
the indices {i ;,....it, }. We let my, denote this particular
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permutation, where n represents the position of this permu-
tation in the ordering of the permutations of y(dy).

Now, for a given i €{iz;,...,i, }, We have shown that
the pair of Hamming distances Dy(0;,04,,), Du(0.,).
and DH(O'i,&O,,»k), Dy(o! ,09,,) cannot be simultaneously fi-
nite. If the first pair of Hamming distances is finite, then we
have s;=0, while if the second pair is finite then we have
s;=1. If we let k denote the number that (s, ...,sy) repre-
sents in binary notation, then we have that ¢ belongs to the
class (n,k). Note by construction that (r,k) must be unique.

Let us now consider the random chromosome segregation
equations, and let us consider some vector of ordered strand-
pairs & belonging to class (n,k). If we look at the sum in the
equations, we notice that we have a product of terms, each of
which is either p[(o7;d"),(0;,07)] or p[(o7;d”"),(a],a7)].
For the first probability to be nonzero, we must have that
Dy(o”,0;) be finite. This implies that o/ must be a finite
Hamming distance away from the same master strand to
which o; is a finite Hamming distance away, and so the or-
dered strand-pair with which o’ is associated must belong to
the same homologous group as (oy,07). If we let (n',k')
denote the class to which ¢ belongs, and if we let (n,k)
denote the class to which ¢ belongs, then we must have that
n'=n and k' =k, and so ¢” belongs to the same class as &.

Now, for the probability p[(d;,d"),(d;,5;)] to be non-
zero, we must have that Dy(o”,a7) is finite. Since o is a
finite Hamming distance away from the complement of the
master strand to which o; is a finite Hamming distance away,
we have that 7 is a finite Hamming distance away from the
master strand to which o; is a finite Hamming distance away,
and so o7 is also a finite Hamming distance away from the
master strand to which o; is a finite Hamming distance away.
Following a similar argument as before, this implies that ¢”
belongs to the same class of .

As a result, for random chromosome segregation, we need
only consider contributions from ordered strand-pair vectors
that are in the same class as the daughter ordered strand-pair
vector.

Now let us consider immortal strand cosegregation. For
the probability p[(o?;3”),(0;,07)] to be nonzero, we have
that Dy(o”,0;) must be finite, and so, following a similar
argument as before, we obtain that ¢’ must belong to the
same class as ¢. For the probability p[(o";d”"),(5;,7;)] to
be nonzero, we must have that Dy(o7", ;) is finite, and so o7’
must be a finite Hamming distance away from the comple-
ment of the master strand to which o; is a finite Hamming
distance away. Therefore, o/ must be a finite Hamming dis-
tance away from the master strand to which o; is a finite
Hamming distance away, and so we obtain that ¢’ must be-
long to the same class as ¢. As a result, for immortal strand
cosegregation, we need only consider contributions from or-
dered strand-pair vectors that are in the same class as the
daughter ordered strand-pair vector.

At this point, the random and immortal strand segregation
equations for arbitrary genomes become formally identical to
the equations for haploid genomes. Since these equations
have already been derived in [19], we obtain, that the infinite
sequence length equations are, for random chromosome seg-
regation,
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(18)

where n is the number of strand pairs with /;> 0. Note that we do not use the a; symbol, but rather ;. The reason for this is

that «; refers to L;/L, where L; is the length of the master chromosome of the ith homologous group. Here,

a; refers to L,/ L,

where in this case L; is the length of the ith chromosome in the chromosome ordering associated with the given class of vectors
of ordered strand pairs. If the ith chromosome belongs to the kth homologous group, then a;=a.

For immortal strand cosegregation, we have that

(U 1.0.01.0)....1¢ 5 0.15:.0)]

” = = K111 00,.00 e 0001+ KIOYZL 00,0, 1 0.0,0]

le leN ~ 4
1 (X . 1 (X LN
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12’1=O IZ,NZO
Here, we define 2i,, 1, |1y 15 ). (el ol polis ) 1O DE the

fraction of vectors of ordered strand-pairs in the population,
belonging to a specific class, characterized by the parameters
(easliastraslg)s > Uenslonslr s lsn) s where
lcislpislgi.lp; refer to the values of I¢,l;,lg,lp for the ith
strand pair, respectively.

The parameter \ is a lesion repair probability, and is the
probability that a given mismatch that survived all error re-
pair mechanisms associated with the replication process
(e.g., proofreading and mismatch repair) will eventually be
eliminated by the lesion repair machinery of the cell. Here,
because there is no longer any discrimination between parent
and daughter strands, if a given mismatch is eliminated, then
there is a 50% probability that the original base pair will be
restored, and a 50% probability that a mutation will be fixed
in the genome.

For random chromosome segregation, we are able to
show in [19] that vectors of ordered strand-pairs pairs with
;>0 cannot be produced through replication, hence we

111 =0 I =

).l n1] \ 01 WO FRL U =11 1.0.05 1.0)...

2 2

’

0 l,N!

—u(1-\/2)
len=l) 05 30 + e
ety 0L O gy
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e N—l1 N ZZNO lz,N’O)]Z[(lC,l_11,1_124,1’0’12,1’0) (ICN LN —L O’IZ,N’O)]

(19)

may assume that /g;=0. Furthermore, we can show that
l1;,lg; cannot be simultaneously greater than 0. We only
show the equations allowing for I ;> 0, since the equations
where we allow /; ;>0 are identical. For those values of i for
which [; ;>0 and I ;=0, we have that /; represents the value
of /; ;. The equations that follow are then identical to what is
written above.

For immortal strand cosegregation, we are able to show in
[19] that vectors of ordered strand pairs with [z ;>0 cannot
be produced through replication, hence, we may assume that
lg;/=0. Furthermore, we can show that /, ; must be 0 as well.

4. Perfect lesion repair

In contrast to the haploid case, solving for the steady-state
mean fitness of the general case turns out to be considerably
more difficult. We have therefore decided to solve for the
steady-state mean fitness for the specific case where A=1.
This assumes perfect lesion repair, so that we are dealing
with genomes where each chromosome consists of perfectly
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complementary DNA strands. In this case, it may be shown
that both the random and immortal strand cosegregation
equations reduce to

dzq,...1,)

P [kq,...0p + K(D]zq,.. 0

[ ~ ! Iy ~ I
420423 L(W) LS L(w) "
AN o !
1 N~
(20)

XKt U )T =1 D15

where we have changed notation so that 21,y in the no-
tation of the previous equation refers to 2[(1,.0.0,0).... .(1,,0.0.0)] of
the random and immortal strand segregation equations given
earlier.

III. RESULTS AND DISCUSSION

In this section, we will obtain the steady-state mean fit-
ness for the fitness landscape defined in the previous subsec-
tion. For populations within a given class, we begin by de-
fining Zfi,....iy to be the total fraction of vectors of ordered
strand pairs where the chromosomes with indices iy, ...,
are nonviable, while the remaining chromosomes are viable.
To define this population fraction more formally, we intro-
duce the following notation: we let é;,é,, ...,éy denote the
standard orthonormal basis of RM, so that ¢,
=(1,0,0,...,0),6,=(0,1,0,...,0),...,é5y=(0,0,...,0,1).
We then have that

Z{il,...,ik} = [g e lgl Zlflél+"'+likék' (21)
B
From Appendix B, we may then show that
dzp—ii...i .
% =— [+ &(1)]z; + e Ziclt, . Ny@ilw/2

X {H (1- e_aimz):|KI/JZl/J’ (22)

JCI | ieJ

where k; is defined as the fitness of vectors of ordered strand
pairs where the nonviable chromosomes are of indices
Lpy ooy lpe

Now, the fitness does not depend on the specific indices
that are knocked out, but rather the homologous groups to
which each set of indices belong. If we let I'; denote the
indices corresponding to the homologous group i, then given
a set of knocked-out indices I, we may define G,=INT; to
be the subset of knocked-out indices belonging to homolo-
gous group i. We then have that

dzg,u...uG
1Y--Yoy —
d == (kg,u...uc, + K(1))z,u.. ug,,

+ 28—(l—m1a1—~ s—mpgap) /2

M
2 H (1 —e ,,,u/Z)mn

! =
GMQGM n=1

>

’
G1CGy
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X KG,IGU... UGG 26 /GIU.. UGGl (23)

where m; is the number of indices in G;, so that m;=0(G;).

Now, define z(m;, ...,my,) to be the total population frac-
tion of genomes with m; knocked-out chromosomes from
the " homologous group. That is, z(m,,...,my)
=26.CT,. oGp=m, " 26y Ty, 0(Gy)=my TG, U...UG,- We then
have, from Appendix B,

dz(my, ...,my)

dt

=—[k(my, ... ,my) + &(0)]z(my, ... ,my)

+ 26_(1_ml ap— - —=mpygop) 2

my my
X E e E (1 _ e—alp,/Z)mi
mI’:O m;w=0
ny—mp+mj )

_ 2nm!
X"-X(l—e"‘Mﬂ/)mM< ,
my

Ny — My + M,
M~ My +ny,
><---><( )

li

my,

XK(ml —mi, ,mM_mjlw)Z(ml
=My, ... My —myy). (24)

Now, at steady state, let m" denote the smallest value of

my+---+my, for which there exists a z(mj,...,my)>0.
Then given my,...,my for which z(m,,...,my)>0 and
m*=m+--+m,;, we have, at steady state,
0=[(2e I=ma==mue)t2 _ 1\ (m,, ... ,my,) — K]
X z(ml, ,mM) (25)
which implies that k= k(m,, ... ,my)(2e” 17— —myay)u/2

—1). The reason for this is that, in the sum in Eq. (24), if

z(m;—my,...,my—my) >0, then by definition of m" we
have that (m;—m))+ - +(my—my)=m" =m*—(m;+---
+my)=m =mi+-+my=0=m|=-+-=m;,=0. Now, we
also have, from Eq. (24), for arbitrary values of m,, ...,m,,
that
dz(my, ...,my)
—— = [k(my, ...,m
- [ilm, ...y
X (26—(1—m1a1—~“—mMaM),u/2 _ 1)
= k(1) ]z(my, ... ,my) (26)
and so, for the steady state to be stable, we must have that
R=k(my, ... ,my)(2e17mar=—-mya)w2_1)  Combined
with the fact that equality holds for some set of values of
my,...,my, we then have that

K =max{k(m,, ... ,my) (2”7 a2 _ 1)L
= max{k(2e~ (@ a2 _ 1) 1} (27)

We compared the results of our analysis with results ob-
tained from stochastic simulations of replicating populations.
These are shown in Figs. 1-3. Note the excellent agreement
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10

FIG. 1. A plot of k versus u comparing both the analytical
expression for k (solid line) with the values obtained from stochas-
tic simulations (dots). We have M =2, n;=n,=1, and L;=L,=10.
We took a population size of 1000.

between the analytical expression for the mean fitness and
the numerical results obtained from the stochastic simula-
tions.

As a final note for this section, we should point out that
our solution method is not necessarily unique. In other qua-
sispecies models, analytical solutions were obtainable using
a maximum principle method [6], which could be useful for
the system considered in this paper.

IV. CONCLUSIONS

This paper developed the semiconservative quasispecies
equations for polysomic genomes. In contrast to previous
work [19], the quasispecies equations developed here are not
restricted to haploid genomes, but rather may applied to dip-
loid and even polyploid genomes.

By an appropriate transformation of variables, these gen-
eralized equations may be recast into a form that makes them
formally identical to the equations developed for haploid ge-
nomes. However, because of the existence of identical copies
of chromosomes in polyploid genomes, we were unable to

10

FIG. 2. A plot of k versus u comparing both the analytical
expression for x (solid line) with the values obtained from stochas-
tic simulations (dots). We have M=2, n;=n,=2, and L;=L,=10.
We took a population size of 1000.
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FIG. 3. A plot of k versus u comparing both the analytical
expression for x (solid line) with the values obtained from stochas-
tic simulations (dots). We have M=2, n;=n,=5, and L;=L,=10.
We took a population size of 1000.

obtain an analytical expression for the mean fitness for the
case of arbitrary lesion repair, as we were able to do for the
haploid equations. This of course does not mean that an ana-
lytical expression does not exist. It simply means that obtain-
ing an analytical expression for the mean fitness is consider-
ably more difficult for the polyploid case than it is for the
haploid case. We therefore solved for the mean fitness for the
case of perfect lesion repair (A=1), which was considerably
more tractable than the general case, leaving the case of ar-
bitrary lesion repair for future work.

The mean-fitness results obtained from stochastic simula-
tions were found to be in excellent agreement with the ana-
lytical results that we derived for the fitness landscape that
was considered in this paper. We find that beyond a critical
mutation rate, the population becomes entirely nonviable,
with a low fitness of 1. This signals the onset of the error
catastrophe, whereby natural selection can no longer localize
the population about the fast replicating genotypes, and the
result is dynamics governed by pure genetic drift.

In the end, we regard this work as a “methodology” paper,
in the sense that its purpose it to extend the quasispecies
formalism developed for haploid genomes to deal with more
complicated genomes. The analytical solution obtained for
our chosen fitness landscape and lesion repair probability,
along with the stochastic simulation results, are meant to
confirm the validity of Egs. (7) and (13). We must empha-
size, however, that, strictly speaking, we only checked our
model for a generalized single fitness peak landscape. For
other fitness landscapes, such as ones that exhibit a smoother
change in fitness as a function of Hamming distance from the
master sequence, it may be necessary to revisit some of the
assumptions in our model.

Future research will involve using these equations, along
with similar equations developed in [11,19], to model the
evolutionary dynamics in asexually replicating unicellular
populations. In particular, these equations could be highly
useful for modeling mutation propagation in stem cells and
tumors, and could therefore be relevant for cancer modeling
and aging. In this vein, an additional extension of our model
that will need to be considered is the incorporation of ge-
nomic instability into our framework.
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APPENDIX A: DERIVATION OF THE FINITE SEQUENCE
LENGTH EQUATIONS

In this appendix, we derive the finite sequence length
equations for both random segregation and immortal strand
cosegregation.

1. Random segregation

We begin with random segregation, and our goal is to
initially derive equations for the x; population fractions. Al-
though the chromosomes are formally indistinguishable, for
purposes of the derivation we can assign an arbitrary chro-
mosome ordering to every genome. The only requirement is
that once an ordering is chosen, we use that same ordering
for the given genome. Similarly, for each chromosome in a
given genome with an assigned ordering, we can tag one of
the strands with a “0,” and the other with a “1.” Again, this
tagging scheme is arbitrary; however, once chosen, must be
consistent. This chromosome ordering and strand tagging

PHYSICAL REVIEW E 81, 061915 (2010)

scheme allows us to appropriately keep track of the chromo-
somes during the replication process.

During the replication process, every strand of every
chromosome serves as the template for the synthesis of a
daughter strand, and therefore of a new chromosome. For
convenience of the derivation, we assume that each new
chromosome segregates into a left daughter cell and a right
daughter cell (relevant figures may be found in [19]). For a
given parent chromosome from the original cell, the chromo-
somes formed from the “0” strands and the “1” strands seg-
regate into opposite cells. Since chromosome segregation is
random, each chromosome has a 50% probability of segre-
gating into a given daughter cell

Note that parent genome

{ "(O), '1'(1 } {0'"(0) (1)}} a g1ven set of parent strands
”(sl) s Oy (on) , with each s,=0,1, can only produce the ge-
nome {{01 ,cr]} {O'N,O'N}} if the parent strands
(r’l’(sl o) respectively, produce

{a',TN(l) , O';TN(])}, ,{a',TN(N), O';_N(N)}, where 7y denotes a per-
mutation of the strand indices. Note that when considering
the set of permutations of the strand indices, we have to
consider those my € my(F), where () denotes the set of
all permutations of the strand indices so that all the ordered
strand-pair vectors ({O’WN(I (1>} {O'WN(N )}) are
distinct. If we consider all permutatlons then smce some
chromosomes are identical, we will be overcounting the total
contribution. We then have

N
SO I D D | (TG P
"ﬂ={{"'/1l(0)v0'11'(1)}’-~-’{0'XI(O)’UXJ(1)}} sl—O sy=0 myemy(a) L i=1
N
o | (AT ORT PR A
i=1
1 1
== [E(t) + K,}]X(}'f' E KgnXgn X 2N—1 E 2 2 HP( ”(Y) Oﬂ) {O-WN (i)» wN(z)})
6‘"={{0’I],(0),0',],(1)},-.-,{UX/(O),UX](I)}} TNE WN(U) 51—0 SN—O i=1
=—[Kk(t) + kglxs+ 7 > KgnXgn X > H [p((0] 7(0), ﬁ'),{UWN(,‘)AT;N(,')})
A"—{{(r" ’(1)},“.’{(;;(/(0),0;(/(1)}} myemy() i=1

+P(( (), ;67"), {‘TWN(z), WN(,)})]

which is equivalent to Eq. (3).

(A1)

We next derive the equations for the ordered chromosome representation. We obtain,
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(A2)

where EWN denotes the sum over all permutations of the indices 1,...,N. From these equations, which are equivalent to Eq.

(5), the passage to the vector of ordered strand-pairs formulation of the dynamics is identical to the derivation in [19].

2. Immortal strand cosegregation

For immortal strand segregation, we initially have

dxgm) B
Pl (rg+ K(2)xsmm),
dxgmn nisy).
= (kg RO+ 2 Kpgm 2 2 > H p((}°:6"),(0 T ()
dt GV sl—O SN=0 e my (6 TN))
N N
+ I p(@] 56, (0n, 0 @) |+ 2 kg 2 Tp(@}:6"). (0000
i=1 6'"(T/N) mye 71.N[O.(T/N 1 i=1
T 0, )
i=1
. N
== (kg + k() x50m + N7 > KgnX gn(NiN) X > IT [p(((T:-’(O);@’),(UWN(,'),(T;TN(Z')))
27 ———c e
N
+ (0736, (0 i T DI+ 2 kw2 | T p((0]:6), (0 0,07 ()
&"(TIN) P [O_(T/N)] i=1
N N

+Hp<<a"“ :6"). (0 T ) |

i=1

which is equivalent to Eq. (8).
Converting to the ordered strand-pair formulation of the dynamics, we have
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which is equivalent to Eq. (9). Following the derivation in [19], we may then obtain Eq. (13).

APPENDIX B: DERIVATION DETAILS FOR THE STEADY-STATE MEAN FITNESS

Using the definition for z; ;; provided in the main text, and from the infinite sequence length equations, we have that

li,
dZ(il,...,‘

. i 1 N\l
C == (kg + RO)zg, iy +26 wzz E E E I1 l_( M)
it

e
dt el St g ieline 2
X ; ; ; ;.
Ky =1 ), 0,006, D0 1106 44,16, (B1)

We now make use of the following identity:

I l ]
I E JL T SR SIS 5 [ e+ 416, (B2)
11=0 1'=0 {11,--~»J'k}g{1,-.-,ﬂ} zj]_ l./k_l

where the sum includes the empty set and contributes the term (0, ...,0).
So we obtain

dz....i0 AL
EE = (K, + KO)zg iy + 2€7 M/ZE 2 > 2 E I1 i
dr e ‘ - e 7\ 2
il_l l; —1 Yoo dd Slige i) ]j _ lj -1k vl in)
1 n
N L= - —ul2
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” ” a A= — . . K . . —p/2
X Kzie{jl“.A.jn}(li_li,)eﬁz:ie{il,.A.,ik}/{/’l,u.,jn}lieiZEie{jl“.A,j”}(li_li’)ei+2ie{i1,.“,ik}/{jl,.A.,jn}]iei (K{’l""’lk} + K(t))z{’lv-“v’k} +2e
e} o 1 — l-’
a;u i
x > oz gl
Ve add i sigb s Sl =g il s it 1; =1 zjf —p i€l ndnh bit
J1 n
oo o] feel oo
X 2 2 E 2 Kzie{j],u.,jn}([i_l,{)éi"'zie{il,,..,ik}/(jly.4,j”}liéizzie{j],.,.,jn}(]i_lil)éi"'zie{il,...,ik}/{jl“.,,j”}liéi
I; -1} =0 L -1l=0 =1 Iy =1
J1 T In Tn "
== (K, g+ KOz, gy +2eH2 IT (2 -1
Ut odd Sligoeligd i€ psn - din}
X D Kl g Ul il 8 Ul i (B3)
{glv“-»gp}g{/lv“'v/n}
Defining I={i,, ... ,i;}, we have that the sum in the final expression may be re-expressed as
&2 ) &2 )
E 2 H (e®it= — I)H (eite — 1)KHUI/(HUG)ZHUI/(HUG) = E E H (e®iH= — 1)1_[ (eit= — 1)KI/GZI/G
HCIGCIH ieH ieG HCIGCIH ieH ieG
&2 &2
= > I (%2 - Diygzpe 2 T1 (2 -1)
GClieG HCIIG icH
= >, eGrenc@i2| T (%2~ 1) | kygzy6
GClI ieG
=eCicr@r2 3 T (1 - e72) | k6246, (B4)
GCI | ieG

and so, substituting into Eq. (B3) we obtain Eq. (22) in the main text.

Now, to derive the dynamical equations for the z(m, ..
which gives us

dz(my, ...,my)
dt

my mpy N )
X E . 2 H (1 _e—an;dz)mn

mi:O 171;v=0 n=1

’ ’
z(my—my, ... ,my—my)

n n
=—[k(my, ...,my) + &()]z(my, ... ,my) + Ze_(l_’”lal_"'_mN“N)MQ( ! ) X oo X ( N)

n ny
( ,)X X( ,
my —my my — my

which gives Eq. (24) after some manipulation.

j

.,my), we start with Eq. (23) and take into account degeneracies,

my my

m my / ,
VX XU k(my = my, . my— my)
m my

(B5)
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