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We study the statistical topology of folding configurations of hand folded paper balls. Specifically, we are
studying the distribution of two sides of the sheet along the ball surface and the distribution of sheet fragments
when the ball is cut in half. We found that patterns obtained by mapping of ball surface into unfolded flat sheet
exhibit the fractal properties characterized by two fractal dimensions which are independent on the sheet size
and the ball diameter. The mosaic patterns obtained by sheet reconstruction from fragments of two parts
�painted in two different colors� of the ball cut in half also possess a fractal scale invariance characterized by
the box fractal dimension DBF=1.68�0.04, which is independent on the sheet size. Furthermore, we noted that
DBF, at least numerically, coincide with the universal fractal dimension of the intersection of hand folded paper
ball with a plane. Some other fractal properties of folding configurations are recognized.
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Crumpled configurations of thin materials are very com-
mon in nature, ranging from the microscopic level-folded
proteins �1� and nanoparticle membranes �2�—to the macro-
scopic level−folded paper �3,4� and fault-related geological
formations �5�. In mathematics, Riemann has used a
crumpled ball of paper with bookworms to explain the hid-
den dimensions in non-Euclidean geometry �6�. Accordingly,
the mechanical and topological properties of folding configu-
rations have attached much interest from both fundamental
and applied points of view �1–11�.

It was found that a set of balls folded from thin sheets of
different sizes L under the same force �F=const� obeys a
fractal scaling law M �RD, where M =�hL2 is the sheet mass,
� is the material density, R is the ball diameter, and D is the
global fractal dimension of the set �4,12�. For elastic mem-
branes with thickness h�R�L the global fractal dimension
D is expected to be universal �13–15�. Specifically, theoreti-
cal considerations and numerical simulations suggest that a
set of balls folded from the phantom membranes is charac-
terized by D=8 /3. For balls folded from self-avoiding elastic
membranes numerical simulations performed in �13,14� lead
to somewhat different universal values D=2.3 and D=2.5,
respectively �16�. In the case of balls folded from elastoplas-
tic materials, such as a paper, the ball diameter increases due
to strain relaxation after the folding force is withdrawn �17�.
Accordingly, the global fractal dimension of the set of balls
folded from elastoplastic sheets of different sizes is found to
be the material dependent �4,15,17�. Here it should be
pointed out the difference between experiments with hand
folded papers �4,15,17� and the numerical simulations of
elastoplastic sheets folding performed in �14�. In contrast to
experiments with hand folded paper, in numerical simula-
tions �14� the stress relaxation leads to the decrease of the
ball diameter under a fixed folding force. Because of re-
stricted relaxation, the compactification of elastoplastic
sheets under crumpling is less effective than in the elastic
case �14�. Accordingly, the difference arises from the lack of
similarity of the elasto-plastic ridge patterns �14�. On the
other hand, in experiments with hand folded papers it was
found that the internal structure of paper balls after strain
relaxation obeys the fractal scale invariance m�rDl, where m
is the mass of sheet within the box of size r�R and Dl is the

fractal dimension of the folding configuration, which is ex-
pected to be the material independent �4,15�. Specifically,
in experiments with different kinds of paper it was found
that Dl=2.64�0.05 �4�. In contrast to this, the local fractal
dimension of folding configurations of predominantly plastic
sheets, such as aluminum foils �18�, is found to be a func-
tion of the compaction ratio k=R /L �19�. This is easy to
understand taking into account that Dl=3, when k=kmin
�1.25�h /L�1/3, whereas Dl�3, if k�kmin. Furthermore, the
authors of �20� have observed a spontaneous symmetry
breaking in folding configurations of randomly crumpled
aluminum foils as k decreases. The fundamental differences
in the folding behavior of elastic, elastoplastic, and predomi-
nantly plastic sheets were pointed out in �15�.

The bending deformations of paper are energetically more
favorable than stretching �11�. Topologically, in the limit h
→0, it is not possible to confine an unstretchable two-
dimensional sheet into a small three-dimensional volume by
only smooth deformations �21�. Such confinement necessar-
ily requires singular crumpling along sharp lines and vertices
�11�. In real sheets these singularities smoothen resulting in a
balance between stretching and bending energies �10�. The
energetically preferred configurations of crumpled thin
sheets consist of mostly flat regions �facets� bounded by an
almost straight folds �crumpling creases� that meet in sharp
vertices �developable cones� �10–17�. Folding singularities
leave the impression of crumpling network in the unfolded
paper sheet �17,22,23�. It was found that the crumpling net-
work patterns in unfolded sheets of different kinds of paper
are characterized by the same box fractal dimension DBN
=1.83�0.03 �23�. The roughness of hand folded paper ball
surfaces was studied in �17�. It was found that surfaces of
crumpled balls display self-affine invariance with the univer-
sal local roughness exponent �=0.72�0.04 �17�, whereas
the global roughness of set of balls folded from sheets of
different sizes is characterized by the material dependent glo-
bal roughness exponent 	=2 /D �17�.

In this work we study the statistical topology of randomly
folded paper balls. Specifically, we are interesting in the dis-
tribution of two sides of the sheet along the ball surface and
in the distribution of sheet fragments when the ball is cut in
half. A hand folded paper ball is a very ill-defined system,
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because the folding procedures appear quite haphazard and
the number of possible folding configurations is exponen-
tially large �24�. Nonetheless, experiments with hand folded
paper are rather well reproducible in the statistical sense �see
�3,4,9,15� and references therein�, because of the topology
and self-avoiding interactions are two most important physi-
cal factors when dealing with folding of thin materials
�15,24�.

The experiments in this work were performed with
hand folded sheets of the Biblia paper of thickness h
=0.039�0.003 early used in works �4,17,23�. We used
square sheets with edge size L=40, 80, 160, 320, and 640
mm. 20 sheets of each size were folded in hands into ap-
proximately spherical balls. As it was found in �17�, after the
folding force is withdrawn, the ball diameter increases with
time during approximately 6–9 days, due to the strain relax-
ation. Accordingly, in this work all measurements were per-
formed two weeks after the folding, when no more changes
in the ball dimensions were observed.

The mean diameter of each ball was determined from
measurements along 15 directions taken at random. Than
the surfaces of ten balls folded from sheets of each size were
painted with paint brush �see Fig. 1�a��. After unfolding, the
both sides of each sheet were scanned with the resolution
200 ppp �see Fig. 1�b�–1�f��. The rest ten balls of each size
were cut in half �see Fig. 2�a��. All fragments were weighted
to obtain the fragment mass distribution. Then the sheet frag-
ments from one ball half were painted in black, while the
fragments from another half were lived in white. After this,
the sheets were reconstructed, forming the black and white
mosaic patterns �see Figs. 2�b�–2�f��.

The painted area on the each side of sheet we measured
with use of scanned images �see Figs. 1�b�–1�f��. These areas
were labeled as SA and SB, such that per definition SA
SB.
Figure 3�a� shows the graph of the sample averaged total
area of folded ball S=SA+SB versus its sample averaged di-
ameter R together with the fractal graph M �L2 versus R.
One can see that the ball mass and the ball surface area
both obey the fractal relation M �RD and S�RDS, respec-
tively. We found that D=2.27�0.05 �see also �17�� and DS
=2.11�0.05 �see Fig. 3�a��, such that the scaling relation-
ship DS=3−2 /D �see �17�� is hold.

We also found that in balls folded from sheets of size L
�LC one side of the sheet is dominant on the ball surface
�see Fig. 1�. As the sheet size increases the panted areas on
both sides of sheet are increased in such a way that the ratio
SB /SA decreases �see Figs. 1 and 3�a��. The total painted area
�unscreened perimeter� scales with the sheet size as S=SA
+SB�L� �see circles and solid line in Fig. 3�b��, where the
scaling exponent �=2DS /D is found to be �=1.85�0.08.
This is consistent with the values of D and DS reported
above. Besides we noted that the dependences of the sample
averaged areas SA and SB can be also reasonably good fitted
with the power-law relations SA=saL	 and SB=sbL�, respec-
tively, at least within the bounded range of L tested in this
work �see Fig. 3�b��.

Strictly speaking, the power-law behaviors SA=saL	

and SB=sbL� are not consistent with the scaling relation
S=SA+SB�L�. Nonetheless, the apparent scaling exponents
	=1.69�0.08 and �=2.56�0.08 provide a rough approxi-

mates for the slopes of SA and SB for L�LC �see Fig. 3�b��.
So one may expect that in a ball folded from a sheet of
size

L 
 LC � �sa/sb�1/��−	� � 1 m, �1�

the areas of both sides of the sheet along the ball surface will
be statistically equal, i.e., SA�SB�0.5S�L
LC�. We noted
that the ratio h /LC�410−5, such that the graphs in Fig.
3�b� suggest that two sides of folded sheet become statisti-
cally equivalent at very large Föppl–von Kármán numbers

� = �YL2

�
� � �C � �LC

h
�2

� 109, �2�

where Y is the two-dimensional Young’s modulus of the
sheet and � is an effective bending modulus �10�. Notice that
for the virus shells and nanocarbon sheets the Föppl–von
Kármán number is in the range 102–104 �13� and so, the
surfaces of these systems are expected to be dominated by
one side of the folded matter. For macroscopic systems such

FIG. 1. �Color online� �a� Folded and unfolded ball of paper
painted in black; �c�–�f� patterns obtained by mapping of ball sur-
face into unfolded flat sheet of size: L=40 �b�, 80 �c� 160 �d�, 320
�e�, and 640 mm �f�. Back and gray areas correspond to ball surface
mapping to different sides of paper sheet.
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as paper, mylar, and aluminum foils 105���108 �13� is
also typically less than �C.

Furthermore, we found that the patterns obtained by map-
ping of ball surface into unfolded flat sheet exhibit the fractal
properties characterized by two box fractal dimensions:
DBP=1.8�0.1 at small scales �� lC and DBp=1.42�0.06 at
larger scales lC���L �see Fig. 4�a��, which are indepen-
dent on L and R �see Fig. 4�b��. The value of crossover
length is varied from experiment to experiment in the range
of 1.5� lC�4 mm with no systematic dependence on the
sheet size �see Fig. 4�b��. Accordingly, the ratio lC /h is of the
order of 100. While the scaling behavior at low scales may
be interpreted as an artifact, we assume the crossover behav-
ior of painted patterns, because the slope of the low scale
behavior N��� lC���DBP is found to be the same in all ex-
periments. However, the reason for the crossover at �= lC is
unclear.

Further, we found that the number of fragments of paper
ball cut in half scales with the sheet size as n�L�, where
the scaling exponent is found to be �=0.26�0.03 �see
Fig. 5�a��, while the standard deviation of the number of

fragments scales as �n�L0.3 �see Fig. 5�b��. The distribution
of sheet fragment mass after the ball is cut in half is best
fitted with inverse Gaussian distribution �see Fig. 6�a��, the
mean � and the standard deviation �� of which �see Fig.
6�b�� both increase with the sheet size L as

� � �� � L� �3�

where �=1.74�0.07 is the scaling exponent �see Figs. 7�a�
and 7�b��. Accordingly, the mean mass of fragments from
hand folded balls of paper cut in half obeys the scaling rela-
tion ��RD�/2�R2.

Besides, we found that the mosaic patterns of sheet frag-
ments �see Figs. 2�b�–2�f�� possess a fractal scale invariance
characterized by the box fractal dimension

DBF = 1.68 � 0.04, �4�

which is found to be independent on the sheet size �see Fig.
8�. We noted that the fractal dimension DBF at least numeri-
cally coincides with the fractal dimension of the intersection
of hand folded paper ball with a plane, DBI=Dl−1
=1.64�0.05 �4�. The later is expected to be universal, since
the experimental data suggest that the local fractal dimension
of paper ball after strain relaxation is independent on the
kind of paper, sheet size and thickness, and the initial com-
pression ratio �25�. Moreover, early �4�, it was noted that the
experimental value of Dl coincides with the universal mass
fractal dimension D=8 /3 of a set of phantom sheets of dif-
ferent sizes folded under the same force �F=const�. So, if the
equality

DBF = DBI �5�

FIG. 2. �a� A ball of folded paper cut in half; �c�–�f� sheets of
size L=40 �b�, 80 �c� 160 �d�, 320 �e�, and 640 mm �f� reconstructed
from fragments of paper ball divided in half �fragments from one
part of the ball are painted in black�.

FIG. 3. Log-log plots of: �a� the total area of folded ball surface
S in mm2 �1� and the normalized ball mass m=M /h�=L2 in mm2

�2� versus R in mm; �b� the total area of folded ball surface S in
mm2 �1� and the panted areas on two sides of unfolded sheet SA in
mm2 �2� and SB in mm2 �3� versus sheet size L �in cm�. Symbols—
experimental data averaged over ten sheets, lines—the power-law
fittings.
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is not accidental, the fractal dimension DBF is also
expected to be universal. It should be pointed out that the
universality of fractal dimensions DBI and DBF is not in the
conflict with the experimental fact that the global mass frac-
tal dimension D is the material dependent. In fact, D charac-
terizes the scaling properties of the set of balls folded from
sheets of different sizes, whereas DBI and DBF characterize
the scaling properties of the internal configuration of folded
sheet.

In summary, we present the results of experimental stud-
ies statistical topology of folding configurations of hand
folded paper balls. Some new fractal properties of folding
configurations are recognized. Specifically, we found that in
a ball folded from paper sheet of size L�LC one side of the
sheet is dominant on the ball surface, whereas in a ball
folded from paper sheet of size L�LC, the areas of both

FIG. 4. The fractal log-log plots of the number of boxes N���
covering the black patterns in unfolded sheets of size �a� L
=80 mm �circles�, �b� L=40 �squares�, 160 �rhombs�, 320 �tri-
angles�, and 640 mm �crosses� versus the box size � �in pixels�.
Symbols—experimental data obtained with the help of the BENOIT
1.3 software �26� averaged over ten sheets �to avoid the effect of
pattern anisotropy the grids were rotated with increments of 15°�,
lines–the power-law fittings.

FIG. 5. Log-log plots of the mean number n �1� and the standard
deviation �n �2� of fragments of paper balls cut in half versus the
sheet size L in mm. Symbols—experimental data, lines—the power-
law fittings.

FIG. 6. Statistical distributions of the mass of fragments of 10
balls folded cut in half for balls folded from square sheets of edge
size �a� L=40 mm �bins—experimental data, solid line—fitting
with the Gamma distribution with the help of @RISK software
�27�, p-value is 0.41� and �b� L=80 �1� 160 �2�, 320 �3�, and 640
mm �4� �the bins are not shown for clarity�.

FIG. 7. �a� Log-log plot of the mean mass M �in grams� of
fragments versus sheet size L �in mm�; �b� graph of the standard
deviation fragment mass �� �in grams� versus the mean fragment
mass � �in grams�. Symbols—experimental data averaged over ten
sheets, lines—the power-law fittings.
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sheet sides along the ball surface are statistically equal. In
a set of balls folded from sheets of different sizes, the total
area of the ball scales with the ball diameter as S�RDS

with the fractal dimension DS satisfying the scaling relation
DS=3−2 /D, where D is the mass fractal dimension of the set

of balls. The patterns obtained by mapping of ball surface
into unfolded flat sheet exhibit the fractal properties charac-
terized by two fractal dimensions, which are independent on
L and R.

We also found that the distribution of sheet fragment mass
after the ball is cut in half obeys inverse Gaussian distribu-
tion, the mean and the standard deviation of which are
power-law functions of the sheet size L. The mosaic patterns
obtained by sheet reconstruction from fragments of two parts
of the ball cut in half possess a fractal scale invariance char-
acterized by the box fractal dimension DBF=1.68�0.04,
which, at least numerically, coincide with the universal frac-
tal dimension of the intersection of hand folded paper ball
with a plane. If this coincidence is not accidental, fractal
dimension DBF is expected to be universal. In any case, we
found that DBF is independent on the sheet size.

These findings provide an insight into the nature of crum-
pling phenomena. The open questions are: �i� What is the
reason for the crossover in the scaling properties of un-
screened surface of folded sheet? �ii� Is the equality DBF

=DBI=Dl−1=5 /3 accidental, or it is an intrinsic property of
folding configurations? We are expecting that our findings
will stimulate further research in this area.
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