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Stability of rolls in rotating magnetoconvection in a layer with no-slip electrically insulating
horizontal boundaries
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We consider the onset of Boussinesq convection in a horizontal layer of electrically conducting fluid rotating
about a vertical axis with an imposed vertical magnetic field. Rigid electrically insulating horizontal boundaries
are assumed. Our goal is to identify the region of parameter values, for which rolls emerge at the onset of
convection. The following conditions are necessary for convective fluid motion to set in as stable rolls:
instability of the trivial steady state is monotonic; the rolls bifurcate supercritically; they are stable to pertur-
bations of the form of rolls rotated by any angle (without an imposed magnetic field this is called the
Kiippers-Lortz instability). For each of the three conditions we derive equations for respective boundaries in
the parameter space and determine the boundaries numerically.
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I. INTRODUCTION

We consider an electrically conducting fluid in a plane
horizontal layer heated from below, rotating about a vertical
axis. A vertical magnetic field is imposed. The onset of
Rayleigh-Bénard convection in this system is a classical
problem of magnetohydrodynamics. At present it is a subject
of intense investigation because of its importance for astro-
physical and geophysical applications. The system in a di-
mensionless form is characterized by the following param-
eters: the Rayleigh number, R (measuring the amplitude of
thermal buoyancy forces), the Prandtl number, P (the ratio of
kinematic viscosity to thermal diffusivity), the magnetic
Prandtl number, P,, (the ratio of kinematic viscosity to mag-
netic diffusivity), the Chandrasekhar number, Q (propor-
tional to the square of the amplitude of the imposed magnetic
field), and the square root of the Taylor number 7=Ta!?
(proportional to the speed of rotation). Instead of the mag-
netic Prandtl number we employ the Roberts number ¢
=P,/ P. Rigid electrically insulating horizontal boundaries
held at constant temperatures are assumed.

For small Rayleigh numbers, i.e., for a small difference of
temperatures at the horizontal boundaries, the fluid is at rest
and heat is transported by thermal diffusion only. When the
Rayleigh number exceeds the critical value, a fluid motion
sets in. Without rotation or an imposed magnetic field, the
instability is monotonic and the flow takes the form of stable
rolls. In a rotating layer or in the presence of an external
magnetic field, the onset of convection can be oscillatory. If
the onset is steady, the emerging convective rolls can be
unstable, and then the flow exhibits other types of behavior.

In this paper we address the question for which parameter
values rolls are observed at the onset of convection in a
rotating fluid layer with an imposed magnetic field. Only
stability of rolls of the critical wave number is examined.
Bifurcating rolls are stable near the onset, if the following
conditions are satisfied: the mode, becoming unstable the
first, is steady; rolls bifurcate supercritically; they are stable
to perturbations of the form of rolls rotated by an arbitrary
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angle. We derive inequalities characterizing each of the three
conditions and identify numerically regions in the (P,7)
plane, where they are satisfied, for several fixed values of ¢
and Q.

Without both rotation and an imposed magnetic field, in-
stability of the trivial steady state is monotonic [1]. In a
rotating layer, the instability is oscillatory for small values of
P and large enough 7. The boundary in the (P, 7) plane be-
tween the monotonic and oscillatory onset of convection was
computed by Clune and Knobloch [2]. In a layer with an
imposed vertical magnetic field, the instability is oscillatory
for large Roberts numbers [1]. Weeks and Zhang [3] com-
puted the critical Rayleigh number for various boundary con-
ditions for magnetic field for several sets of other parameter
values. Roberts and Zhang [4] explored the limit of small
viscosity and magnetic diffusivity.

The combined effect of rotation and an imposed magnetic
field on the linear stability was not investigated in such de-
tails. Eltayeb [5] studied analytically the asymptotics of the
critical Rayleigh number in the limit of large Ta and Q. Criti-
cal Rayleigh numbers as a function of 7 for P=0.023, P,,
=1.5X 107 and four different values of Q were computed by
Zhang et al. [6]. Their results agreed well with the experi-
ments of Aurnou and Olson [7]: the critical mode is steady
for small and moderate 7, and oscillatory for large 7. The
competition between steady and oscillatory modes at the on-
set of rotating magnetoconvection was considered by Podvi-
gina [8]. Boundaries on the (P, 7) plane between the regions
of monotonic and oscillatory onset were computed ibid. for
several pairs of Q and ¢. In the present paper, we consider
different sets of parameter values.

Weakly nonlinear stability was studied in detail only for
nonmagnetic rotating convection. In the limit P— o, rolls
are stable at the onset of convection in a layer with stress-
free boundaries for Ta<<2285 [9]. Stability of rolls in a layer
with rigid boundaries was examined for several finite P by
Clever and Busse [10]; they found that a strong reduction of
the domain of stable rolls in the (k,R) plane (here k is the
wave number of rolls) occurs, as the rotation rate is in-
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creased. They also showed that a subcritical finite-amplitude
convection is possible for P<1. Clune and Knobloch [2]
computed a bifurcation diagram in the (P, 7) plane for rotat-
ing convection; in particular, they determined the boundary
between subcritical and supercritical bifurcations of rolls.
According to their diagram, subcritical bifurcations of rolls
are also possible for P>1. This contradicts the results of
[10], which were, however, confirmed by Bajaj et al. [11]:
according to [11], subcritical bifurcations of rolls are pos-
sible only for P<<0.33.

Stability of flows near the onset of convection in a layer
with an imposed vertical magnetic field was first studied by
Lortz [12], who derived a necessary condition for stability of
small-amplitude solutions. Stability of rolls for boundary
conditions on horizontal boundaries, different from those
considered in present paper, was investigated by Clune and
Knobloch [13], see also a review by Proctor [14].

In this paper we compute bifurcation diagrams for rotat-
ing convection [in the (P, 7) plane], magnetoconvection [in
the (P,Q) and (g,Q) planes] and rotating magnetoconvec-
tion [in the (P,7) plane]. We find that if rolls bifurcate su-
percritically and they are unstable, the convective system
does not necessarily exhibit the behavior, typical for the
Kiippers-Lortz instability, that involves domains of small-
amplitude rolls incessantly replacing each other. Such behav-
ior is related to existence of heteroclinic cycles connecting
the roll states. Other possibilities are: stable patterns that are
sums (in the leading order) of two rolls rotated by a finite
angle (e.g., squares); unstable patterns (of the same structure)
observed during some stages of the temporal evolution, be-
cause they are involved into heteroclinic cycles together with
rolls; or finite-amplitude regimes emerging near the onset.

To calculate the critical Rayleigh number R., we follow
the approach that Pellew and Southwell [15] employed for
calculation of critical values in a layer without rotation and
magnetic field, also employed by Clune and Knobloch [2],
Weeks and Zhang [3] and Zhang et al. [6]. A mode is a finite
sum of products of trigonometric functions and exponential
functions with unknown coefficients. Substituting the sum
into the boundary conditions and linearized equations defin-
ing a critical mode, and solving numerically the resultant
system of equations in the coefficients and exponents, we
obtain, for a given horizontal wave number of the mode, k,
the critical Rayleigh numbers R*(k) and R°(k) for the onset of
monotonic and oscillatory instabilities. (P, P,,, 7, and Q are
supposed to be fixed in these computations.) Calculating the
minima of R%(k) and R°(k) over k and comparing them, we
determine the type of the first instability and the respective
critical values, R. and k.. {Following a long established
tradition—see, for instance [10]—we call indiscriminately
all the three values, R,, R*(k), and R°(k), the critical Rayleigh
numbers. }

We determine the direction of bifurcation of the rolls
branch and its stability from amplitude equations, as was
done by Clune and Knobloch [2,13]. The equations are de-
rived by the center manifold reduction. In order to study
stability of a roll to the same pattern rotated (relative the roll
under examination) by angles *a, we impose a rhombic
periodicity cell in the horizontal directions with the angle «
(varying from O to 7/2) between the sides of the rhomb.
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In experiments, layers infinite in horizontal directions
cannot be implemented, and the onset of convection in a
rotating layer often occurs in the form of traveling waves
attached to vertical sidewalls [16-18]. In a sufficiently large
container, nonlinear patterns related to both modes can coex-
ist independently in different parts of the container (bulk
modes in the middle and sidewall modes near the vertical
boundary) [17,18]. The onset of convection via a traveling
sidewall mode in the presence of a vertical magnetic field for
a variety of boundary conditions for temperature on the ver-
tical boundary was reported in [19]. We do not consider side-
wall modes here.

The paper is organized as follows. In Sec. II the basic
equations governing convection and the boundary conditions
are reminded. In Sec. III we solve the linear stability problem
for the trivial steady state, and in Sec. IV the weakly nonlin-
ear problem. In Secs. III and IV the cases of rotating con-
vection, magnetoconvection, and rotating magnetoconvec-
tion are considered in separate subsections. Each subsection
is comprised of two parts: a mathematical derivation of equa-
tions for the critical parameter values, and numerical results
on the regions of stability and patterns of convection emerg-
ing at the onset. These two, mathematical and physical, parts
can be read separately.

II. STATEMENT OF THE PROBLEM

The fields obey the Navier-Stokes equation

av
— =V X (VX v)+Prv X e, +PAv+PRbe, - Vp

+PQq '(VXB)XB, (1)
the heat transfer equation

a0
E=—(V‘V)9+UZ+A9 (2)

and the magnetic induction equation

B
E:VX(VXB)+L]—1AB. (3)

The fluid is incompressible and magnetic field is solenoidal,

V.v=0, V- B=0. )

Here v denotes the flow velocity, B the magnetic field and 6
the difference between the flow temperature and the linear
temperature profile.

The equations involve the following dimensionless pa-

rameters,
v v agd’ 204 oBid®
P==, P,=—, R=——0¢T, 7=——, Q= :

K M VK % pv

In the dimensionless form, the units of length and time are d
and d*/k, respectively; 6 is measured in the units of the
temperature difference oI between the lower and upper
boundaries of the layer, and B in the units of Vuypk/d. Here
d is the width of the layer, « is thermal diffusivity, wg is
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vacuum magnetic permeability, p is mass density, v is kine-
matic viscosity, « is volumetric expansion coefficient, g is
gravity acceleration, and 7 is magnetic diffusivity.

Denote b=B-e,, the difference between the magnetic
field B and the imposed field e,. Equations (1)—(3) can be
represented as

d
2 o Lw+ N(w,w), (5)
ot

where
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w=(v,6,b) (6)
is a seven-component vector field,
_ _,b
PAvV + PROe,— Vp + PQq ﬁ—+P7—v X e,
Z
Lw=| v, +Af
ov
-1
—+q 'Ab
0z 7

)

Vi ><(VXV2)+V2X(VXV1)+PQq_1[(VXb1)Xb2+(VXb2)Xb1]—Vp

N(wy,wy) = 5l (vi-V)6, = (v,- V)6,
VX (Vl Xb2)+VX (VZXbl)

The flow satisfies the no-slip conditions on the horizontal
boundaries, kept at constant temperatures,

1
v,=v,=v,=0, 60=0 atz:ti. 9)
The medium outside the layer is perfectly insulating,
1
b(x,z) =- qu(x,z)(z == 5)
1
Ap(x,z) = 0<|z| > E)’ B(x,2) = 0(|z| — ).
(10)

In the case of convection without magnetic field, we con-
sider the system [Eq. (5)] restricted onto the space of four-
component fields

W= (v,6). (1)
The restrictions of the operators L and N are

PAv+ PROe.-Vp+PrvXe,

v.+A¥6 )’ (12)

chwrc = (

Nrc( rc rc)_l(le(VXV2)+V2X(VXV1)—VP>
=\ v e - (v, )8, '
(13)

The system [Egs. (5)—(10)] [as well as Egs. (5), (11)-(13),
and (9) in the case of rotating convection in the absence of
magnetic field] has a trivial steady state w=0 (w"=0, re-
spectively), whose stability is determined by the dominant
eigenvalues of Eq. (7) [or Eq. (12), respectively]. The steady
state becomes unstable when an eigenvalue crosses the
imaginary axis. In the next section we determine when this
happens.

(8)

III. LINEAR STABILITY OF THE TRIVIAL STEADY
STATE

We study eigenmodes depending on two variables, x and
z. In each linear problem we consider the operator of linear-
ization L [Eq. (7)] [or L™ Eq. (12), if a magnetic field is
absent] restricted onto an invariant subspace of vector fields
with a prescribed periodicity in the horizontal direction. Be-
cause of the structure of these operators, their domains can
be decomposed into direct sums of vector fields proportional
to sin kx and cos kx (where the wave number k is compatible
with the imposed periodicity). Furthermore, the operators
have constant coefficients; substituting the ansatz

E (f} sin nkx + f;, cos nkx) (14)

n=0

into the eigenvalue equation for Eq. (7) we find that each
fi(z) and f5(z) are eigenfunctions of a second order (ordi-
nary) differential operator with constant coefficients. Conse-
quently, generically f3(z) and f5(z) are sums of exponents in
z. Note that these arguments are not affected by the require-
ment to satisfy whichever boundary conditions at the hori-
zontal boundaries.

A. Convection with rotation

1. Derivation of the equation for the stability boundary: The
steady onset of convection

The critical mode satisfies the equation
LW =0 (1 5)
for monotonic instability and

LW =10w", w#0, (16)

for oscillatory instability.
Following the arguments in the preamble of the present
section, we employ four-component vector fields
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- Ze”z sin kx
k
fi(k,y) = 0 >
e cos kx
0
0 0
ten=| <) b= 0

0 0
0 e cos kx

(17)

Note that the solenoidality condition for the flow forces us to
join the x and z components of the flow into a single vector,
f,. The linearity of the problem and the structure of the op-
erator of linearization imply that it suffices to consider a
single term in the sum [Eq. (14)].

For y# *k, the subspace F(k,y) spanned by f,(k,7), j
=1,2,3, is L™-invariant. The matrix of L™ acting on F(k,y)
is

TvkP PRK?

P(’yz_k2) _,yZ’y_kZ _,yZ_kZ
—%5 P(Y-k) 0 18

1 0 (V=K%

L™ possesses a nontrivial kernel in F(k, y), if the determinant
of Eq. (18) vanishes, i.e.,

X+ X+ Pk*+RK*=0, (19)
where X=1?—k>. If y= +k, then
L[, (k, y) = Rf5(k, )] =0. (20)

Therefore, a solution to Eq. (15) is sought in the form

0 1
O V3 tanh ')/3/ 2
1
det T

7-e

Ty; tanh y3/2
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38
we= 2 Ak 7)., (21)
Jil=1
where
=k, ==k Vo1 =— Vasa = (X, + k)2,
s=1,2,3, (22)

and X, are roots of Eq. (19). By virtue of Egs. (18) and (20),
Eq. (21) is a solution to Eq. (15) if the coefficients A satisfy

R R
A =Ap=0, Ay=- ;A31’ Ay = ;A32’

™
Ay=———>"5Ay,

1
op-e T e

(23)

We seek an eigenmode [Eq. (21)] satisfying boundary
conditions [Eq. (9)]. Substitution of Eq. (21) into Eq. (9)
yields a system of linear homogeneous equations in A, [
=1,...,8,

8
i=1,2,3, E%eiwl,:o. (24)

8

/2
> e, =0,
=1 =1

Let the eigenmode [Eq. (21)] be even in z (understanding
even and odd in the sense of Chandrasekhar [1]),

v (2)=-v(-2), -v,(2)=vy(-2),

0(z) = 6(-z).

If Eq. (21) is an even eigenmode and v, satisfies Eq. (22),
then A21=—A22 and A1,2S+1=A1’25+2, S=1,2,3. Hence, Eq
(23) implies that Eq. (24) is a system of four homogeneous
equations in four unknown quantities: A,;, A3, A5, and A ;7.
It has a nonzero solution if

v,(2) =v,(-2), (25)

1 1
Vs tanh ')/5/2 Y7 tanh ')/7/2
1 1

e e

Tys tanh ys/2 7y, tanh y,/2

(26)

— Rk tanh k/2

7R

For a given k (and a fixed 7), the critical value R*(k) is a
solution to Eq. (26), where vy, [=3,5,7, are defined by Egs.
(19) and (22). Evaluating the minimum of R*(k) over k, we
determine the critical Rayleigh number R} and the critical
wave number k. for monotonic instability.

R

We have carried out similar calculations for an odd mode,
and found that the respective critical Rayleigh number is
always larger than for the even mode. This remains true for
the oscillatory instability, as well as for convection with an
imposed magnetic field. Therefore, only even modes are im-
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FIG. 1. Critical Rayleigh numbers as functions of k in rotating convection for (a) 7=0, 500, 1000, 2000, 5000; (b) 7=500 and P
=0.01, 0.05, 0.1. Solid line: R*(k) (stationary mode); dashed line: R°(k) (oscillatory mode).

portant near the onset of convection and only even modes are
discussed in this paper.

2. Derivation of the equation for the stability boundary: The
oscillatory onset of convection

A critical mode for oscillatory instability is also sought in
the form Eq. (21). As in the case of monotonic instability, the
eigenvalue equation (16) has a nontrivial solution in F(k, y),
where

Va1 == Yoy = X+ KD, 5=1,2,3.4, (27)

and X, are roots of the equation
(PX-iw)’(X —iw)X + PPP(X —i0)(X + k%)
+ PRK*(PX —iw) =0. (28)

The coefficients A; of the eigenmode [Eq. (21)] satisfy the
relations

A= Pty "
TP - K —iw) "

1
Ay
(% - 1) —iw

Together, relations (27)—(29) are equivalent to the eigenvalue
Eq. (16) for the critical mode [Eq. (21)] restricted to the
subspace F(k, y). The mode satisfies the boundary conditions

[Eq. (9)] if

Ay = I=1,....8. (29)

det A=0, (30)

where the entries of the matrix A are

Al,.v = 17 'AZ,S = Yos-1 tanh ’)/2‘9—1/2»
A = 1 _ Y251 tanh yp (/2
357 . > 45— . ’
1w—(y§s_1 - k%) 1w—P(y§s_1 -k
s=1,2,3,4. (31)

The determinant of A is a complex-valued function of two

real variables, R and o (note that y, and X, are complex).
Consequently, Eq. (30) determines R°(k) and (k). Mini-
mizing R°(k) over k we find R? and k{. Comparison with R
yields the critical Rayleigh number R, and the critical wave
number k. for the onset of convection.

For an individual k, we solved Eq. (26) in R°(k) by bisec-
tion; convergence was so fast, that no more efficient methods
were required. Broyden’s method (see [20]) was used to
solve Eq. (30) in two variables, R°(k) and w°(k); conver-
gence was fast for good initial approximations, usually ac-
quired by continuation in parameters. These methods were
also employed to make computations for the problems of
magnetoconvection in the absence and presence of rotation,
which are discussed in subsequent subsections. In total, the
computations presented in this paper consumed about two
weeks of CPU time of a single Pentium III processor.

3. Numerical results

The critical values R*(k) are shown for several values of 7
and a range of k in Fig. 1(a); R*(k), R}, and the critical wave
number increase with 7. The critical values R°(k), R and k¢
decrease with P [see Fig. 1(b); R*(k) is independent of the
Prandtl number]. Oscillatory branches terminate on the
steady-state branch; the frequency of oscillations vanishes at
the junction.

B. Convection with magnetic field, no rotation

We denote by L™ the operator L for 7=0. The domain of
L™ splits into a direct sum of invariant subspaces spanned
by vector fields (v,0,b), where v and b are toroidal, and by
(v,0,b), where v and b are poloidal. Eigenvalues of L™
associated with eigenvectors from the former subspace are
always strictly negative [14]. We consider, therefore, only
eigenvectors from the latter subspace. The critical modes for
monotonic and oscillatory instabilities satisfy

L™w™ =0 (32)
and
L™wW™ =iow™, w+#0, (33)

respectively.
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1. Derivation of the equation for the stability boundary: The
steady onset of magnetoconvection

Let k be the horizontal wave number of a critical mode. In
this subsection we denote by f;(k,y), where j=1,3,
7-component vector fields defined by Eq. (17) and having
zero magnetic components. We also define a vector field
f,(k,y) by the relations

- Ze”z sin kx
(ky =0, £7ky=| = (34)
e’ cos kx
Here £ denotes an (n—m+1)-component vector

("™, ....f"), comprised of the components of f. Conse-
quently, fﬁM) is the flow and temperature part and ff*ﬂ the
magnetic part of the field f,.

The subspace F(k,7y) spanned by fi(k,v), j=1,3,4, for
v# *k is L™ -invariant. The matrix of L™ in this subspace
is

P-k) R pgy
7@ q 'y

1 (y?-K%) 0
y 0 g (V=)

The operator L™ possesses a nontrivial kernel, if the deter-
minant of Eq. (35) vanishes, i.e.,

35)

X - O0X(X+ k> +Rk*=0, (36)
where X=7?—k%. For y= *+k,
L™, (k, * k) = 0. (37)

Consider a critical mode of the form

8
w= 2 DAk ), (38)
j=1,3,4 =1
where
72s—1:_Y2s=(X.y+k2)1/2’ §= lv2’3’ 77:k’ 78=_k’
(39)

and X are roots of Eq. (36). Coefficients of the critical mode
[Eq. (38)] satisfy

1 Y49

=— ,y]z_kz

All’ l=1,...,6,

A1[=A3[=O, l=7,8. (40)
Relations (36), (39), and (40) together are equivalent to the
eigenvalue equation (32) for the critical mode [Eq. (38)] re-
stricted to the subspace F(k,y).

An even critical mode [Eq. (38)] satisfies the boundary
conditions [Eq. (9)], if the system

PHYSICAL REVIEW E 81, 056322 (2010)

6

> en?4,=0, j=13,

6
S Yewra =0 (41)
=1 =1 k

has a nontrivial solution, i.e.,

1 1 1
v tanh y/2 73 tanh y3/2  ys tanh ys/2
1 1 1 -

e g e

(42)

This equation determines R*(k).

The boundary condition for magnetic field [Eq. (10)] has
not yet been considered. It can be satisfied by adding
f,(k, = k) with an appropriate coefficient [note Eq. (37)]. In
view of the structure of the operator L™ [Eq. (7)], the sym-
metry relations [Eq. (25)] for the flow velocity and tempera-
ture in an even mode are compatible with the following sym-
metry of the magnetic component of an even mode [Eq. (6)]:

b(z)=b(=2), b(2)=by(-2), bz)==b(-2).
(43)

For an even or an odd mode it suffices to satisfy the
condition on one boundary. The potential of magnetic field
[Eq. (10)] in the dielectric half-spaces *z>1/2 is ¢
=Ce " cos kx, and hence

6
1 Y
A47=_W2A41<1+5)”ﬂ’ Ag=-Ay. (44)
=1

2. Derivation of the equation for the stability boundary: The
oscillatory onset of magnetoconvection

We proceed as in the case of rotating convection, consid-
ering the eigenvalue equation (33) for an oscillatory mode
restricted to the invariant subspace F(k,y) of L™ spanned by
vector fields f;(k, y). We start by expressing [Eq. (33)] in the
terms of relations of coefficients in the expansion of the
mode in this basis (not presented here). Considering after-
wards the boundary conditions, we find that R°(k) and (k)
for oscillatory instability can be determined from the condi-
tion det A=0, where the matrix A has the following entries:

Aiy=1, A=y, tanh /2,

1
Ciw— (3, -k
72s—1(k tanh 72s—1/2 + 72s—1)
A4s = . 2 >
iwg—(v5,_| — k)

where 5., 1=—V2s0=(X,+k*)"2, and X, are roots of the
equation

(PX -—iw)(X —iwg)(X —iw)X — PO(X —iw)(X + k*)X
+ PRIX(X - iwg) = 0. (46)

ASs

(45)

Weeks and Zhang [3] considered linear stability of the
trivial steady state in magnetoconvection for various bound-
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FIG. 2. Critical Rayleigh numbers as functions of k in nonrotating magnetoconvection for (a) Q=0, 500, 1000, 2000, 5000; (b) Q
=500 and ¢=10, 20, 100. Solid line: R*(k) (stationary mode); dashed (P=0.5) and dotted (P=50) lines: R°(k) (oscillatory mode).

ary conditions for magnetic field. They decomposed velocity
and magnetic field into poloidal and toroidal parts. Their
equations determining the critical values for perfectly insu-
lating boundary conditions are equivalent to our Egs. (30),
(36), (42), (45), and (46), and we have checked our code
against several critical Rayleigh numbers and frequencies
presented ibid. For horizontal boundaries of finite electrical
conductivity, the authors ibid. expanded an eigenmode of Eq.
(48) in an infinite sum of Chebyshev functions in z and em-
ployed a finite number of terms in computations. This is
unnecessary, since for these conditions the neutral oscillatory
mode can be sought as a finite sum [Eq. (38)], and our analy-
sis remains applicable [with A,, in Eq. (45) replaced by an
appropriate expression].

3. Numerical results

The critical values R*(k) for several values of Q and a
range of k are shown in Fig. 2(a); R*(k), R} and the critical
wave numbers increase with Q. The values R°(k) for oscil-
latory instability depend on P, ¢, and Q [see Fig. 2(b)];
R°(k), R, and the critical wave number decrease as ¢ in-
creases. Oscillatory instability is possible only for g> 1. De-
pendence on P is visually undetectable for large ¢; for mod-
erate ¢, R, slightly decreases as P increases.

C. Rotating convection with magnetic field

The critical modes for monotonic and oscillatory instabili-
ties satisfy the equations

Lw=0 (47)

and

Lw=iow, wF0, (48)

respectively, with the operator of linearization L [Eq. (7)]
acting in the space of seven-component vector fields [Eq.

©6)].
1. Equation for the stability boundary: The steady onset of
magnetoconvection in the presence of rotation
The subspace spanned by f,, j=1,...,4 [see Egs. (17) and
(34)] and
0
1,y =0, £57(k,y) = * sin kx
0

is L invariant. The matrix of the operator L restricted to this
subspace is

Pyk RPK?

POP-K) -525 — POdly 0

TPy 2 1
-—  P(yY-k 0 0 P
(V=K% Qq 'y (49)

1 0 (Y - k%) 0 0
y 0 0 4¢'(¥Y-K) 0
0 Y 0 0 (V¥ -K)
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FIG. 3. Critical Rayleigh number R*(k) (stationary mode) as a function of k in rotating magnetoconvection for (a) Q=1000 and 7=0,

2000, 4000, 6000, 8000; (b) 7=2000 and Q=0, 500, 750, 1000, 1500.

We consider critical modes for monotonic and oscillatory
instabilities of the form

5,10

Jil=1

Proceeding as in Secs. IIT A and III B, we find that for mono-
tonic instability R*(k) is a solution to the equation det A=0,
where the matrix A has the entries

1

A=1, —_,
: ’ygs—l_kz

Ao = Yoy tanh yy /2, Az =

A, = Yoo tanh y,, /2 _ Vaoei

4s — s - s
’ygs—l - k2 (’ygs—l - k2)2 - Q’ygs—l

s=1-5, (51)

ASS

725_1=—723=(Xs+k2)1/ 2, and X, are roots of the equation

[X3— OX(X + k) + RK*][X* - O(X + kD) ]+ PX2(X +k*) = 0.
(52)

2. Equation for the stability boundary: The oscillatory onset of
magnetoconvection

For oscillatory instability, R°(k) and w°(k) satisfy the

equation det . A=0, where the matrix .4 has the entries

Als = 1’ AZS = Y2s-1 tanh 725—1/2?

1 Yas-1 tanh yy, /2
ASS = ) A4s = )
(ygx_l - -iw P()és_l - -iw

Yas-1(k tanh y_1/2 + y5_4)
ASS = . 2 5
iwg — (7’%5—1 - k%)

-AGS ’y%S—l
1

(PR~ ) = i) (B~ k) —iwg) - POV,
s=1-6, (53)

YVas_1 =—v>,=(X,+k?)"? and X, are roots of the equation
[(PX —iw)(X —iog)(X —iw)X - POX —iw)(X + k)X

+ PRI(X — iwg) ](PX - iw)(X — iwg) — PQ(X + k?))

+PPP(X+E) (X —iw)(X —iwg)*=0. (54)

3. Numerical results

Dependence of R*(k) on 7and Q is shown in Fig. 3. For a
fixed Q, R*(k) increases with 7. For Q and 7 large enough,
the curve R*(k) has two local minima; on increasing 7, the
global (over k) minimum jumps from the local minimum at a
lower k to the minimum at a larger k. For a fixed sufficiently
large 7, initially R, decreases on increasing Q [see Fig. 3(b)];
when Q is large enough (not shown in the figure), R, grows
together with Q. Chandrasekhar [1] found a similar depen-
dence of R*(k) on k, 7, and Q for rotating magnetoconvection
with stress-free horizontal boundaries.

For oscillatory instability, R°(k) and w’(k) depend not
only on 7 and Q, but also on P and ¢g. For some parameter
values there exist two branches of oscillatory modes (see
Fig. 4). Modes constituting the branch for larger k are ob-
tained by continuation in 7 from the oscillatory mode of
magnetoconvection without rotation (modified Alfvén
waves). Modes from the other branch are obtained by con-
tinuation in Q from the oscillatory mode of nonmagnetic
convection with rotation (thermal inertial waves). We call
modes from these two branches magnetic and rotational os-
cillatory modes, respectively. The magnetic oscillatory
modes exist for sufficiently large ¢; R°(k) decreases as ¢
increases, as in nonrotating magnetoconvection. The rota-
tional oscillatory modes exist for small P. R°(k) grows with
P, as in nonmagnetic convection with rotation.

Another interesting feature of oscillatory modes is nonu-
niqueness of the critical value R°(k) within a single branch
(parametrized by k) for some parameter values, i.e., for some
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FIG. 4. Critical Rayleigh numbers as functions of k in rotating magnetoconvection for 7=200, Q=200 and (a) g=50, (b) g=500. Solid
line: R*(k) (stationary mode); dashed (P=0.1) and dotted (P=0.05) lines: R°(k) (oscillatory mode).

k the trivial state is unstable to oscillatory modes only at a
finite interval of Rayleigh numbers. If either rotation, or im-
posed magnetic field are absent, for a given k and a varying
R (other parameters being fixed) there exists at most one
neutral oscillatory mode, and then R°(k) <R°(k). Typically,
for a varying R and other parameters fixed, neutral oscilla-
tory modes exist at a finite interval of k. At the extreme
values of k the branch R°(k) terminates on the R*(k) branch
and at the junction w’(k)=0 (unless the left boundary of the
interval of existence at k=0 is considered). If both rotation
and magnetic field are present, then the curve R°(k) on the
(R,k) plane can also turn back at an extreme k; neutral os-
cillatory modes reside to the left of the turning point, such as
plots of critical Rayleigh numbers for rotational oscillatory
modes shown in Fig. 4.

Figure 5 illustrates the dependence of R°(k) on Q. For
0=10, the nonuniqueness of R°(k) is visible in the Figure
only for P=0.15. For Q=20, the nonuniqueness is also seen
for P=0.1, and for P=0.15, the two ends of the R°(k) branch
are linked and produce a closed curve.

The regions on the (P, 7) plane where the first instability
is monotonic or oscillatory are shown in Fig. 6 for several
values of Q and ¢g. For comparison, the similar region for
rotating nonmagnetic convection is shown. Without magnetic

field, the onset of convection is oscillatory for small P (P
<0.677 according to Clune and Knobloch [2]) and suffi-
ciently large 7. With an imposed magnetic field, for small P
and sufficiently large 7 the onset of convection is also oscil-
latory. On increasing Q, the boundary of this region of oscil-
latory instability moves toward larger 7. In this region of
parameters, the modes are rotational oscillatory modes.

In another region of oscillatory instability [see Fig. 6(b)
for g=50], for large P and small 7 the modes are magnetic.
The region grows on increasing g or Q. For sufficiently large
Q and g the two oscillatory regions intersect with formation
of two disconnected regions of monotonic onset of convec-
tion.

The boundary 7’(P) between the monotonic and oscilla-
tory onset of convection on the (P, 7) plane (for fixed Q and
q) was computed for rotation modes by the following steps:
tabulation of R:(7)=min; R°(k,7) on a nonuniform grid 7,;
for a given P, determination of 7,, such that

RZ(P7 Tn) = Ri(Tn) and Ri(Tn-f-l) = RZ(P’ Tn+1)’ (55)
evaluation of 7(P) by interpolation of R%(P,7)—R:(7). The
same algorithm was applied for magnetic modes, except for
both signs = in Eq. (55) were replaced by =.

FIG. 5. Critical Rayleigh numbers as functions of k in rotating magnetoconvection for 7=200, Q=200 and (a) g=10, (b) g=20. Thin line:
RS(k) (stationary mode); bold line: R°(k) (oscillatory mode) for P=0.15, 0.1, and 0.05.
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FIG. 6. Boundaries on the (P, 7) plane between the steady and oscillatory onset of (a) rotating nonmagnetic convection and rotating
magnetoconvection for (b) 0=5, (¢) =50, and (d) @=500. Dotted line: g=0.01, dashed line: g=3, solid line: g=5, dash-dotted line: ¢
=50. The region where the onset of convection is steady for g=5 is shaded.

IV. WEAKLY NONLINEAR STABILITY

A. Amplitude equations

To study stability of rolls to a similar pattern rotated by
angle a, following Clune and Knobloch [2] we consider vec-
tor fields, periodic on a rhombic lattice, where the acute
angle of the rhomb « varies from 0 to 7/2. The lattice is
defined by two horizontal vectors, (x,y)=€(0,1) and (x,y)
={(sin a,—cos «). For €=27/(k, sin ), rolls with horizon-
tal wave vectors k.(1,0) and k.(cos a,sin @) are compatible
with the lattice. The center eigenspace is spanned by mono-
tonic neutral modes of L (or L™, or L™), rolls, calculated in
Sec. I C 1 (Sec. I A 1 or Sec. I B 1, respectively). For a
slightly supercritical Rayleigh number, truncating at the third
order the equations governing the dynamics of the system
restricted to the center manifold, we obtain

=\ +dlzy |+ by|zP)z,

2=\ +alz* + balz, )z, (56)

The symmetries of the system are translations in the two
horizontal directions and inversion z— —z. The mapping z;
— 7, 1S not a symmetry of the system, but it is a symmetry of
the layer without the imposed periodicity and as a result two
pairs of equal coefficients emerge in Eq. (56).

The roll solution (x,0) emerging in a bifurcation at A=0
satisfies

N+ax?=0.

For a<<0 the bifurcation is supercritical, the branch of the
roll solutions exists for A >0; they are stable to perturbations
of the form (y,0). For a>0 the bifurcation is subcritical and
the emerging solutions are unstable to such perturbations.

Eigenvalues of the linearization of [Eq. (56)] near the
steady state (x,0) are

-2\, 0, x*(by—a) (twice).

The double eigenvalue is associated with eigenvectors
(0,z,). Therefore, the rolls (x,0) bifurcating subcritically are
stable, if

by—a<0. (57)
The rolls are stable to rolls rotated by the angle —¢, if
bl —-a<0. (58)

To examine stability of rolls, we checked numerically the
two inequalities for all 0 <a = /2. Together, the two con-
ditions imply stability of rolls to any perturbation of the form
of a roll.
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B. Different types of instabilities

We prove in the Appendix that if rolls bifurcate supercriti-
cally then generically the system [Eq. (56)] restricted to R?
exhibits four different types of behavior. Hence, we distin-
guish four respective types of instabilities of rolls which can
lead to different types of behavior that can be observed in the
fluid layer, if rolls bifurcate supercritically (below, numbers
i—iv refer to the four types considered in the Appendix):

(I) For 0<a=/2, the case i takes place, i.e.,

max max[b(a) — a,b,(a) —a] <0, (59)

and rolls are stable at the onset of convection.
(I) For 0< a= /2, the cases i or ii take place, i.e.,

max max[b(a) — a,b,(a) —a] >0,

max min[b,(«) — a,b,(a) —a] < 0. (60)

“Domain chaos” typical for Kiippers-Lortz instability is ob-
served in experiments. The pattern consists of patches of
rolls incessantly replacing each other. Such behavior is at-
tributed to the heteroclinic connections in the dynamical sys-
tem [Eq. (56)] [21].

(IIT) For 0< a= /2, cases i, ii, or iii occur, i.e.,

max min[b,(«) — a,b,(a) —a] >0,

max min[b,(a)by(a) — a*,b,(a) — a,by(a) —a] <O.

(61)

Recall that Ss() is only potentially stable, since [Eq. (A7)]
guarantees stability of S;(«) only with respect to perturba-
tions belonging to the central manifold, namely, to linear
combinations of rolls with horizontal wave vectors k.(1,0)
and k.(cos a,sin a). Stability of S5 to all perturbations is an
open problem which we do not consider here. Consequently,
depending on whether for some « there exist stable steady
states S3(a), two types of behavior can be distinguished:

(ITa) S5(a) is stable; therefore, it can be observed in ex-
periments.

(ITIb) S5(e) is unstable. The behavior observed in experi-
ments can be more complex than the “domain chaos,” with
intermittant patches of rolls and “rhombic” patterns in-
volved.

(IV) For some «, iv takes place, i.e.,

max min[b,(a)by(a) — a*,b,(a) — a,by(a) —a] > 0.

(62)

This condition implies that there exist a small perturbation of
rolls, whose amplitude increases indefinitely. Consequently,
the flows can escape from the neighborhood of the trivial
steady state where the CM reduction is valid, and at the onset
finite-amplitude flows will be observed.

We stress that the above results only suggest possible
types of behavior. They are insufficient for a reliable predic-
tion of what is observed in experiments. This is due to the
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limitations of the problem that we consider: Our study is
restricted to R asymptotically close to R.. and k=k,., however,
the values of R—R, are finite in experiments and thus insta-
bility modes of the trivial steady state with k # k. exist; they
can give rise to emergence of convective regimes (still rolls)
with different stability properties. Multiple attractors are
typical for convective systems [21], hence the behavior at
large times can depend on the initial conditions. Even if the
initial conditions are carefully set as rolls, the instability will
follow the mode with the largest growth rate; this dominant
mode is a roll rotated by an angle, which does not necessar-
ily coincide with the angle between the two constituent rolls
in S3(@) in area (II). A new investigation is desirable to
determine the angle, by which the instability mode associ-
ated with the dominant growth rate is rotated. When these
two angles are different, this instability can, in principle,
prevent the formation of S;(a). In areas III and IV the
Kiippers-Lortz instability is possible and its growth rate can
be larger than the one of the instability mode resulting in
formation of the S5 patterns in area III, and in the escape of
the convective regime from a neighborhood of the rolls in
area I'V. Finally, we consider an idealized system—an infinite
layer—thus excluding the possibility that instabilities near
sidewalls are significant. In the three subsections that follow
we compute the coefficients a, b, and b, for different di-
mensionless parameters of the convective system.

C. Convection with rotation
1. Calculation of coefficients in Eq. (56)

Consider the operator L™ [Eq. (12)] acting in the space
'y of four-component vector fields [Eq. (11)] periodic on a
rhombic lattice (see Sec. IV A) and satisfying the boundary
conditions [Eq. (9)]. At the steady-state bifurcation of w'™
= (v, 0)=0, considered in Sec. IIT A 1, the operator possesses
a four-dimensional kernel called center eigenspace and de-
noted by X... Consider the basis {X,,X,,Y;,Y,} in X, where
X is the center eigenvector found in Sec. IIT A 1. [t is de-
fined by relations (17), (21), and (23) with exponents v, sat-
isfying Egs. (19), (22), and (24).] X, is X rotated by the
angle « about a vertical axis; Y, are X shifted by 7r/k, along
the directions e, and cos ee,+sin ae, for j=1 and j=2, re-
spectively. (x;,x,,y;,y,) denote coordinates in this basis.

The center manifold is an invariant manifold tangent to
X.. Near a point of bifurcation the local behavior in the vi-
cinity of w=0 is determined by the dynamics on the center
manifold. Locally the center manifold can be represented as
a graph of the mapping ¢:X.—X,, where X, is the
L'*-invariant complement to X. in H}. The second-order
Taylor expansion is

2 2 2
Wx,y) = 2 §2;Xixj+ E izjxiyj"' 2 g?jyiyj’ (63)

ij=1 ij=1 ij=1

where ¢ € X,
Denote by L'™* the operator adjoint to L' for the scalar
product
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Wl'W2=V1'V2+PR61‘02. (64)

L™ coincides with L' derived for convection with rotation
in the inverse direction. The dual basis {X],X5,Y],Y5}, can
be obtained by changing 7— —7 in Egs. (23) and (24).

The center manifold coefficients ﬁ ; satisfy the equations

chf%l +N“(X, X)) =0, chf}z +2N"(X,X,) =0
(65)

(they are obtained setting w=0 in the equations derived in
Sec. 2.2 of Podvigina [22]); the remaining &; can be found
applying the symmetries of the system. A solution to the
second Eq. (65) can be found as a sum

En=m+ M. (66)
where
ch7]1 + NrC(Xl,Xz) = O, (67)

77, does not necessarily satisfy the boundary conditions [Eq.
(9)], and this is compensated for by 7, satisfying

L7, =0. (68)

Solutions to these problems and all quantities that are of
interest for us can be derived as finite sums involving the
exponents y; and coefficients A, calculated in Sec. IIT A 1.
Since the expressions are bulky, we do not present them here,
but discuss how this might be accomplished. The depen-
dence on the Prandtl number is quite simple, and we explic-
itly consider it in the remaining part of this subsection.

For k=(k,,ky)=(k cos B,k sin B8), j=1,2,3, denote by
g;(k,y) the vector fields f;(k, y) [Eq. (17)] rotated by angle 8
about the vertical axis. Let G(k, ) be the subspace spanned
by g;(k,y), j=1,2,3. By virtue of Eqgs. (13) and (21),

38,8
N“(X,X;) = > C:ljgs(ml +my, Y+ )
s,0,j=1
38,8
+ 2 C;zjgs(ml —my, Y+ Yj)’ (69)
s,1,j=1
where m,=(k,,0) and m,=k_(sin a,cos ). Coefficients C_;,
can be easily calculated using Egs. (13) and (21); they are
independent of P.

For each pair (k, ), the subspace G(Kk, y) is L™ invariant,
and the 3 X 3 matrix [Eq. (18)] of L™ acting in G(k, y) can be
easily inverted numerically. The operator L™ involves multi-
plication by P:

L™(c18) + 28y + ¢383) = Pd\g, + Pdrg, + dsg;,

where ¢; and d;, j=1,2,3 do not depend on P. Hence, a
solution to Eq. (67) is n=n,0+P 5, with 7,y and 7,
independent of P. The solution to Eq. (68) [which is identical
to Eq. (15)] has been calculated in Sec. TIT A 1.

7, inherits the dependence on P from 7, (1=

+P~'9,,), and hence
Ela=Elrg+ P E - (70)

Note that §i2,m, m=0,1 can be calculated exactly and involve
a finite number of terms.
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FIG. 7. The bifurcation diagram on the (P, 7) plane for the onset
of nonmagnetic rotating convection. Solid line: the boundary be-
tween the steady and oscillatory onset of convection. Dashed line:
the curve a=0 separating the regions of the subcritical and super-
critical bifurcations of rolls. Dash-dotted line: the boundary of the
region of stable rolls max, min[b,(a)—a,b,(a)—a]=0 for the su-
percritical bifurcation. Dotted lines: the boundaries of the regions of
behavior of types II-IV for rolls bifurcating supercritically. The
region where the rolls are stable is shaded.

The normal form coefficients are derived from the CM
coefficients,

a= ZPXI[N(Xlsgl Dl
b= 2PX1[N(XI’§22) +2N(Xy, €)1,

by =2Px [N(X,,&11) +2N(X . €1))], (71)
where Px. is the projection onto X,
PxU=(U-X)(X; X)) (72)

By virtue of Egs. (64), (70), and (71) and since X; do not
depend on P, the normal form coefficients depend on the
Prandtl number as follows:

_apt a, P+ a2P2 (73)
- P(C0+C1P)

bio+byP+b,P?
__.LL.L, j= 1,2, (74)

I P(cy+cP)

where a, and ¢, are functions of 7 and b;, are functions of 7
and a (s=0,1,2).

We have applied the simplest strategy to find the bound-
aries, on the (P, 7) plane, of the regions of the types of be-
havior I-IV: using the expressions that we derived, we have
computed the coefficients a,(7), b;(7,@) and c,(7) (j=1,2,
s=0,1,2) for I =7=10 000 and 7 increased by factor 100004
at each step, and for 0 <a=/2 step /500, and analyzed
the values a and b; on this nonuniform grid.

2. Numerical results

The region where stable rolls emerge at the onset of con-
vection is shown in Fig. 7 (shaded). Note that the line a=0
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separating the regions of subcritical and supercritical bifur-
cations of rolls disagrees with the results of Clune and Kno-
bloch [2], but agrees with the ones of Ahlers and Bajaj [23],
Bodenschatz et al. [21], and Bajaj et al. [11]. (In [2] the
bifurcation of rolls is subcritical if P<<1.1 for some 7, while
in our study and the other cited papers a subcritical bifurca-
tion occurs only for P<<0.33.)

As discussed in Sec. IV B, if rolls bifurcate supercriti-
cally, the regions of four types of behavior can be identified;
the boundaries of the regions are described relations
(59)—(62) for the normal form coefficients. The respective
regions are labeled I-IV on Fig. 7. In region I, rolls are
stable. In region II, “domain chaos” typical for Kiippers-
Lortz instability is observed, i.e., the convective regime is a
sequence of events, in which patches of rolls are replaced by
rolls rotated by a finite angle. In region III two types of
behavior, different from the “domain chaos,” are possible:
there exist stable steady states which are (predominantly)
sums of two roll patterns (e.g., squares), or such a rhombic
pattern is observed in the temporal evolution intermittently
with rolls. (We cannot distinguish the regions of these sub-
types of behavior on the basis of our analysis.) In area IV,
there exists a small perturbation of the trivial steady state
increasing (in the linear and the subsequent nonlinear evolu-
tion) to infinity, and hence at the onset finite-amplitude flows
can be observed.

The regions, where the nonlinear behavior is of types III
and IV (i.e., rolls bifurcate supercritically and they are un-
stable, but the instability is not of the Kiippers-Lortz type)
are present in Fig. 7 for 7>800. In region III, the angle «
between the rolls comprising the potentially stable steady
state S5(«) is within the interval 8= o= 7/2, with B close to
7/2; thus, stable squares are not ruled out. Interestingly,
stable squares were unexpectedly observed in experiments
close to the onset of convection, which is not yet explained
[17,21,23]. They were reported for P=0.69 and P~35 for
140= 7=500. Rhombic patterns and squares near the onset
of convection in a rotating layer were observed in numerical
simulations in [18] for P=6.4 and 7=548. None of these
values agree with Fig. 7. However, we consider only patterns
of critical wave numbers, and for other wave numbers the
boundaries between different types of instabilities are
shifted. Thus, type IIla instability of rolls can, in principle,
furnish an explanation of emergence of stable thombs and
squares in experiments (but note the discussion at the end of
Sec. IV B).

D. Convection with magnetic field, no rotation

1. Calculation of coefficients in Eq. (56)

We proceed here as in Sec. IV C. The operator L™ [Eq.
(7) with 7=0] acts in the space Hpy° of seven-component
vector fields [Eq. (6)], periodic on the thombic lattice with
an acute angle « and satisfying the boundary conditions
[Egs. (9) and (10)]. At the steady-state bifurcation of w=0,
the operator possesses a four-dimensional kernel, the center
eigenspace is comprised of X calculated in Sec. III B 1, and
X, and Y;, j=1,2 obtained from X; as in Sec. IV C. The
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center manifold is sought in the form Eq. (63), its coeffi-
cients are calculated from

L™+ N(X,. X)) =0, L™, +2N(X,,X,)=0.
(75)

As an example, we solve here the second equation in Eq.
(75). The CM coefficient 5{2 is assumed in the form Eq. (66),
7, and 7, can be found from the equations similar to Eqs.
(67) and (68) (where we replace L™ — L™ and N**— N). For
k=(k;,ky)=(k cos B,k sin ), denote by g;(k,7y), j=1,3.4,
the vector fields f;(k, y) (defined in Sec. III B) rotated by the
angle B about the vertical axis. Due to Eq. (38), the nonlinear
term is a sum of the form

8.8
NX . X)= > X ijgs(ml Tmy,y+Y),
s=1.3.4 1j=1

+ + + o+ + +
Cuj=cup +Pqacip.  Cyj=cy;. Cyj=cypn +4qcy;,
(76)

*

where m,=(k.,0), my=k.(sin a,cos a) and cg;;, are inde-
pendent of P and g. The coefficients can be calculated using
Egs. (8) and (38).

For each pair (k,vy), the subspace G(k,vy) spanned by
g,(k,vy), g5(k,y) and g,(k,y) is L™ invariant; the action of
L™ in G(K,y) is described by the 3 X3 matrix [Eq. (35)].
Like in Sec. IV C, we will trace the dependence of the rel-
evant quantities on P and g. The operator L™ involves mul-
tiplication by P and division by ¢,

L™(c 8 + 383 + qca8y) = Pd g, + Pdsgy + dygy,

where ¢; and dj, j=1,2,3, do not depend on P and q. Hence,
the solution to Eq. (65) is sought in the following form:

J

| +
M= 2 2 Dgg,(m; = m,, ),
=134 j=1

where

+ _ * 1 4+ + + _ * —1 4% +
Dy;=dij+ P dijp+qdij3, D3j=dsj+ P dsp +qdys,

Dy = qdy;, +qP 'y, + q*dy s, (77)

J=72 (because 8 X 8 terms are involved in 7, and 8 in 7,),
m, =(k.,0), m,=k(sin a,cos a). d_; are independent of P
and q.

The operator L™* adjoint to L™ for the scalar product

sjm

W, Wy=V,-V,+PRO,- 6,+Pqg'b,-b, (78)

and the dual basis X; and Y;, j=1,2, are obtained from L™
and X; and Y; by inversion of the sign of Q. By virtue of Egs.
(72), (77), and (78), the coefficients of the normal form Eq.
(56) depend on P and g as follows:

ay+a\P + ayPq + a; P + a,P’q + asP*q* (79)
a= ,
P(co+c P+ cyPq)
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FIG. 8. The bifurcation diagram on the (P, Q) plane for the onset of magnetoconvection, (a) ¢g=3, and (b) ¢=10. Lines of different types

represent boundaries of the same kind as in Fig. 7.

b10+b]1P+b12Pq+b]3P2+bJ4P2q+b15P2q2

b.=
P(co+c P+ cyPq)

J

. j=1,2.

(80)

Here a, and c, are functions of Q, and b, are functions of Q
and a(s=0,...,5).

2. Numerical results

The regions on the (P,Q) and (g,0Q) planes where mag-
netoconvection sets in as stable rolls are shown in Figs. 8
and 9. Rolls are stable, if g<<1 or if Q or P are sufficiently
small, and for g>1 and large values of any of two other
parameters they are unstable. The regions of stable rolls are
bounded by the curves a=0 (i.e., the boundary between the
subcritical and supercritical bifurcations of rolls) and the
boundary between the monotonic and oscillatory instability.
This is in contrast with nonmagnetic rotating convection,
where the region of stability is bounded by the boundary of
the Kiippers-Lortz instability, the curve max, max[b,(a)
—a,by,(a)—a]=0.

10000.0 K
Q /
1000.0 £ J i
i { 1
100.0 ¢ \\ 9
10.0¢ 3
W.O? \\~\\\\; i
0.1L !
1 10 100
q
(a)

E. Rotating convection with magnetic field
1. Calculation of coefficients in Eq. (56)

Proceeding as in Secs. IV C and IV D, we consider the
operator L [Eq. (7)] acting on the space H, of seven-
component vector fields [Eq. (6)], periodic on the rhombic
lattice with an acute angle « and satisfying boundary condi-
tions [Egs. (9) and (10)]. The center eigenspace is spanned
by X, found in Sec. Il C 1 and X,, Y}, j=1,2 obtained from
X, as in Secs. IV C and IV D. Coefficients of the center
manifold [Eq. (63)] are calculated from [Eq. (65)] (where L
and N instead of L™ and N™, respectively, are assumed).

Like in the previous subsection, considering the mapping
N [Eq. (8)] and the action of L [Eq. (49)] on G(k, y) spanned
by g;(k,¥), j=1,...,5, we find that the dependence of a, b,
and b, on P and ¢ is determined by Egs. (79) and (80), where
a and ¢, are functions of Q and 7, and b, are functions of Q,
7, and a(s=0,...,5).

2. Numerical results

The regions on the (P, 7) plane where rolls are stable at
the onset of convection are shaded in gray in Figs. 10 and 11
for several values of Q and g. The regions have a different

10000.0F

1000.0 ¢

100.0 ¢

1 10 100

FIG. 9. The bifurcation diagram on the (g, Q) plane for the onset of magnetoconvection. (a) P=0.1 and (b) P=10. Lines of different types

represent boundaries of the same kind as in Fig. 7.
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FIG. 10. The bifurcation diagram on the (P, 7) plane for the onset of rotating magnetoconvection for Q=50 and (a) g=0.01, (b) g=2, (c)
q=2.5, (d) ¢=2.51, (e) g=2.55, (f) ¢=5. Lines of different types represent boundaries of the same kind as in Fig. 7.

shape for g=1 and ¢>1. For g=1 (similarly to nonmag-
netic rotating convection) the region of stable rolls is
bounded only from above by the line max,[b,(a)—a,b,(a)
—a]=0, and for sufficiently small 7 rolls are stable for all P.
The boundary of stable rolls moves up when Q increases.
Experiments and the interior of the Earth are characterized
by the values ¢<<1, which are therefore of special interest.
We have investigated numerically the dependence of the
critical angle a, on P for some Q and g=1 (see Fig. 12). For
small P, «. decreases with Q, possibly vanishing for Q
— 0, For large P, a, remains close to the critical value of
rotating convection.

For ¢g>1 the shape of the region significantly varies with
g. The middle parts (P~1) of the lines a=0 and
max, max[b,(a)—a,b,(e)—a]=0 bounding the regions of
stable rolls move down as ¢ increases. As a result, two dis-
connected components of the region of stable rolls at the
onset emerge for sufficiently large ¢: stable rolls exist either
for small P and 7 or for large P and small and moderate
values of 7.

Only a few experiments on rotating magnetoconvection
were carried out. Experiments by Nakagawa [24] and more
recent ones by Aurnou and Olson [7] were focused on inves-
tigation of the competition between the steady and oscilla-
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FIG. 11. The bifurcation diagram on the (P, 7) plane for the onset of rotating magnetoconvection for Q=500 and (a) ¢=0.01, (b) ¢g=2,
(c) g=2.3, (d) g=2.36, () g=2.4, and (f) g=5. Lines of different types represent boundaries of the same kind as in Fig. 7.

tory onset of convection, nonlinear regimes of convection
near the onset and dependence of the Nusselt number on the

Rayleigh number. The experimental results on linear stability
agree reasonably well with the theory (see discussion in
Zhang et al. [6]). The stationary onset of convection was
observed only exceptionally by Aurnou and Olson (for the
strongest employed magnetic field and the smallest aspect
ratio); this also conforms with our findings that rolls are
unstable for the parameter values for which the experiments
were conducted, and that on increasing strength of the im-
posed magnetic field the region of stable rolls grows.

V. CONCLUSION

We have considered the onset of convection in a horizon-
tal layer of conducting fluid rotating about a vertical axis
with an imposed vertical magnetic field. The first instability
of fluid at rest is steady or oscillatory, depending on param-
eters of the problem. Oscillatory instability occurs for small
P, providing the Taylor number is sufficiently large, or for
large P and Q if g>1 (where ¢ is the Roberts number). For
large Q and ¢, two regions on the (P, 7) plane of the oscil-
latory onset of convection merge, creating thus two regions

of the steady onset of convection.
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FIG. 12. The critical angle a, for instability of rolls in rotating magnetoconvection as a function of P for (a) g=1 and (b) ¢=0.01 for

Q=5, 50 and 500 (solid, dotted, and dashed lines, respectively).

We have shown that if rolls bifurcate supercritically and
are unstable near the onset, two types of weakly nonlinear
behavior of perturbations are possible in addition to the
Kiippers-Lortz instability. In rotating nonmagnetic convec-
tion, stable squares observed in experiments are apparently
related to this instability.

Stability of rolls at the onset of convection in a nonrotat-
ing layer with an imposed magnetic field that we have con-
sidered was not studied for the physical boundary conditions
before. Rolls are unstable at the onset of magnetoconvection,
if O, g, or P are sufficiently large. For two parameters fixed,
rolls are stable if the third one is small enough.

In rotating magnetoconvection for ¢<<1, stable rolls are
observed for all P, if 7is not large. For ¢> 1, dependence of
the region of stability on other parameters is more complex,
in particular, two disconnected regions, in which rolls are
observed at the onset of convection, can be present on the
(P, 7) plane.

Note that stability of rolls with the critical wave number
only was examined. It is well known (see, e.g., [10,25,26])
that rolls with other wave numbers have different stability
properties. To examine how stability of rolls depends on the
wave number is an important open problem that we leave for
the future investigation.
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APPENDIX: PREDICTIONS FROM BIFURCATION
THEORY

In this appendix we explore possible generic types of be-
havior of solutions to a system of the form

i=(\+Bx*+ By?)x,

y=(u+ C1y2 + szz))’, (A1)

assuming

A>0, w>0, B <0, C,<0. (A2)

B, and C, are arbitrary. The condition (A2) implies existence
of steady states S;=(x;,0)=(£y-\/B;,0) and S,=(0,y,)
=(0, = \—u/C,), which are stable along the directions (x,0)
and (0,y), respectively.

Lemma 1. The system [Egs. (A1) and (A2)] does not ad-
mit periodic orbits.

Proof. Changing variables x—x2, y—>y2, and t—1/2, we
transform Eq. (A1) into a two-dimensional Lotka-Volterra
equation

X=(\+Bx+Byy)x,

y=(u+Ciy+Cu)y, (A3)

which we consider in the quadrant x=0, y=0. By theorem
4.2.1 and Exercise 4.2.3 of Hofbauer and Sigmund [27], Eq.
(A3) does not have isolated periodic orbits, and it has a con-
tinuum of periodic orbits, if

B;+C;=0, B{(\NC;—uBy)+Ci(uB;—\C;) =0,

BICI —32C2 < O,

which is incompatible with Eq. (A2). The lemma is proved.
Theorem. The system [Egs. (A1) and (A2)] can exhibit the
following four generic types of behavior,
(i) If
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B \C
u<O, ,u——2<0,

A4
C, B, (A4)

then the steady states S; and S, are stable, there exist an
unstable steady state S;=(x3,y3), x3y;3 70, and heteroclinic
connections from S5 to S; and S,.
(ii) If
)\—M—BZ<O, ,u,—&>0,
G B,

(A5)

then the only steady states of the system are S,=(0,0), S,
and S,; §; is unstable and §, is stable, and there exists a
heteroclinic connection from §; to S,.

(ii") If

(A6)

then the only steady states of the system are S,=(0,0), S,
and S,; S; is stable and S, is unstable, and there exists a
heteroclinic connection from §, to §.
(iii) If
HB)

A-——">=-">0 ﬁ>0 B,C,-B,C,>0
c, M B, > 14 202 >

(A7)

then the steady states S; and S, are unstable, there exist a
stable steady state S;=(x3,y3), x3y37#0, and heteroclinic
connections from S; and S, to S;.

(iv) If
G

B )
A="2>0, p-—2>0,

B,C,-B,C, <0,
c, B, 161 =530,

(A8)

then the only steady states of the system are S;=(0,0), S,
and S,, and all the three are unstable. Any trajectory
[x(x0,¥0,1),y(x,¥0,2)] starting at any point (xq,yo), XoYo
# 0, escapes to infinity, i.e.,

lim x(xg, yq,1) =, (A9)

t—0

Proof. (i) Assume Eq. (A4). Conditions (A2) and (A4)
imply

lim y(xg,yg,t) = °°.
1—00

)\CI—IU/Bz>O, ,LLBI—)\C2>0, ClBl—Bzc2<0,
(A10)
hence S3=(x3,y3), where
ANC,— uB B, —\C
x%:I—’U/Z’ ygzu’ (All)
B,C, - B,C, B,C,-B,C,

is a steady state of Eq. (Al).

The matrix of linearization of Eq. (A3) near §3=(x§, ¥3)s
the respective steady state of Eq. (A3), is

(leg Bz.xg )
2 2/
Gz Cyy;s

By virtue of Eq. (A10), its determinant

(A12)

PHYSICAL REVIEW E 81, 056322 (2010)

x33(B1C, = BoC,) (A13)

is negative, implying that Eq. (A12) possesses two real ei-

genvalues of different signs. Thus, 53 and S3 are unstable
steady states of the respective systems. By virtue of Egs.
(A2) and (A4), all entries of the matrix [Eq. (A12)] are nega-

tive, and hence the unstable eigendirections for S; and §3 are
of the form (1,-h), h>0.

Consider Eq. (A1) in a rectangle [x5,X]X[0,ys] for X
>x;. On the side x=x3, x=0, because x is a product of a
linear function of y?, non-negative at both end points, (x3,y;)
and (x3,0), and of x=0. Similarly, x=0 on the side x=Xx and
y=0 on the side y=y3; y=0 for y=0. Thus, no trajectories
escape from the rectangle. An unstable half-manifold of S5
stretches into the rectangle, and in the limit — o it has no
other choice but to approach S;. Existence of a connection
from S5 to S; is proved. Existence of a connection from S; to
S, can be demonstrated similarly.

(ii) Assume Eq. (A5). Conditions (A2) and (A5) imply

NC,—uB, >0, uB —-NC,<0, (A14)
and hence no (x3,ys) can satisfy Eq. (All).

Consider Eq. (Al) in a rectangle [0,x]X[0,y], where y
>y, and ¥>max(x;,—(\+B,y%)/B,). The derivatives X and
y are negative on the sides x=Xx and y=3y, respectively, like in
case (i). Therefore, no trajectories escape from the rectangle,
and hence the unstable manifold of S, approaches §,. Exis-
tence of a heteroclinic connection is proved.

(ii") The proof is identical to the proof of ii with the
variables x and y interchanged.

(iii) Assume Eq. (A7). By virtue of Egs. (A2) and (A7),

)\CI—ILLBz<O, /.LBl—)\C2<O, B]C1—32C2>0

(A15)

implying existence of a steady state [Eq. (A11)]. Due to Eq.
(A7), the determinant [Eq. (A13)] of the matrix [Eq. (A12)]
is positive, and due to Eq. (A2) its trace is negative. Thus,
the matrix has either two real negative eigenvalues or a pair
of complex eigenvalues with negative real parts, and thus the
steady state S; is stable.

Suppose

A
C>max<1,——2,— ~ ), (J?,)_’)=C”2(x3,)’3).

Bixs Cyy;

Consider the rectangle [0,x] X [0,¥]. The derivatives x and y
in Eq. (A1) are negative on the sides x=X and y=5, respec-
tively, like in case (i). Thus, trajectories do not escape from
the rectangle. Conditions (A7) imply that S; and S, are un-
stable. Inside the rectangle, the only stable steady state is S.
By lemma 1, there are no periodic orbits. Hence, unstable
manifolds of S| and S, are attracted by Ss.

(iv) Assume Eq. (A8) and consider the system [Eq. (A3)].
Conditions (A2) and (A8) imply
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FIG. 13. Sketches of phase portraits of the system [Eq. (Al)] in

the cases (i)—(iv).

C])\—MB2<O, BIILL—)\C2<O, BICI—B2C2<0,

(A16)

and therefore the values [Eq. (A11)] are negative. Hence S,
S, and S, are the only steady states. Let €e>0 be a small

number such that
A
e< min(— —,—£>. (A17)
B, C

Denote

RZ={(x,y):x> €,y > é}.

The lines A+Bx+B,y—se=0 and u+C,;y+Crx—de=0,
where

PHYSICAL REVIEW E 81, 056322 (2010)

A B,
0 <s<min{ =, ——————], 0<d
€ B,C,-B,C,
C
<m1n<'“ —1>’ (A18)
€ B,C,-B,C,
divide the region Ri into three parts,
Cox+ p—de
Ri,:{(x,y):x> e,y>_L}’
: C.
2 )\+B1X—S6
R, ;=1 (xy)x>e€ max|le-——— | <y<
2
Coxt+ p—de
o ’
Byy +\ —s€
R§,111={(X,y):y> €, x>_B—}'
1

In R? ), the derivatives x and y in Eq. (A3) are bounded from
below,

i=x(\+Bx+Byy) >xse>se, y=y(u+Cpy+Chx)
> yde > dé. (A19)

If d satisfies Eq. (A18), then x/y>—-C,/C, on the line ©
+C1y+C2x de=0, and hence trajectories can pass from Re ]
to RE ,» but not in the 0pp051te direction. Similarly, no tra-
jectories leave from RZ o to RE - Therefore, any trajectory
starting in RZ, remains there, which due to Eq. (A19) im-
plies Eq. (A9) for any (x,yo) € Re -

In Ri ;» X is bounded from below [see Eq. (A19)].
Any trajectory starting at (xq,yq) € R either enters
Ri ;> Which implies [Eq. (A9)], or it stays in Re ;- In the
latter case lim,_,., x(xg,yq,7)= due to Eq. (A19). Since the
trajectory never crosses the line w+Cy+Crx—de=0,
lim,_,..y(xg,y9,1) =%. Equation (A9) holds for any (xg,yo)
e R2’ ;- Similarly, Eq. (A9) holds true for any (xq,yq)
€ R, ;- The theorem is proved. Sketches of phase portraits
of the system [Eq. (A1)] are shown in Fig. 13.
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