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Rheology of a dilute suspension of liquid-filled elastic capsules in linear shear flow is studied by three-
dimensional numerical simulations using a front-tracking method. This study is motivated by a recent discov-
ery that a suspension of viscous vesicles exhibits a shear viscosity minimum when the vesicles undergo an
unsteady vacillating-breathing dynamics at the threshold of a transition between the tank-treading and tumbling
motions. Here we consider capsules of spherical resting shape for which only a steady tank-treading motion is
observed. A comprehensive analysis of the suspension rheology is presented over a broad range of viscosity
ratio �ratio of internal-to-external fluid viscosity�, shear rate �or, capillary number�, and capsule surface-area
dilatation. We find a result that the capsule suspension exhibits a shear viscosity minimum at moderate values
of the viscosity ratio, and high capillary numbers, even when the capsules are in a steady tank-treading motion.
It is further observed that the shear viscosity minimum exists for capsules with area-dilating membranes but
not for those with nearly incompressible membranes. Nontrivial results are also observed for the normal stress
differences which are shown to decrease with increasing capillary number at high viscosity ratios. Such
nontrivial results neither can be predicted by the small-deformation theory nor can be explained by the capsule
geometry alone. Physical mechanisms underlying these results are studied by decomposing the particle stress
tensor into a contribution due to the elastic stresses in the capsule membrane and a contribution due to the
viscosity differences between the internal and suspending fluids. It is shown that the elastic contribution is
shear-thinning, but the viscous contribution is shear thickening. The coupling between the capsule geometry
and the elastic and viscous contributions is analyzed to explain the observed trends in the bulk rheology.
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I. INTRODUCTION

Blood is a multiphase suspension of deformable particu-
lates. Erythrocytes or red blood cells constitute the primary
particulate component of blood. They are easily deformable
by fluid shear, and responsible for complex rheological be-
havior of blood. Understanding rheology of blood is a fun-
damental problem of immense biological importance and has
been a subject of in vivo and in vitro studies over nearly a
century �see, e.g., �1� for a review�. These studies have ad-
dressed blood rheology on a macroscale and demonstrated
several non-Newtonian behaviors, such as, the shear-thinning
viscosity and the Fahraeus-Lindqvist effect �2–5�. In con-
trast, there have been relatively fewer studies which seek to
connect the macroscopic rheology with the microhydrody-
namics of individual erythrocytes.

Individual erythrocyte structurally resembles a sac of liq-
uid �hemoglobin� enclosed by a lipid bilayer overlying a
two-dimensional network of protein filaments �6,7�. At typi-
cal length scales of the cells, the bilayer-cytoskeleton com-
plex can be modeled as a zero-thickness elastic membrane.
Such simplified models of erythrocytes include capsules and
vesicles which are viscous drops of an incompressible liquid
surrounded by two-dimensional elastic membranes. The me-
chanical properties of the membrane are usually character-
ized by its resistance against shear deformation, surface-area
dilatation, and formation of high curvature. Unlike a capsule,
a vesicle membrane exhibits resistance against surface-area

dilatation and bending, and lacks any resistance against shear
deformation.

When subject to a simple shear flow in a dilute suspen-
sion, erythrocytes, capsules, and vesicles may undergo a sig-
nificant shape deformation while exhibiting primarily two
types of motion: a tank-treading motion in which the particu-
late maintains an inclination angle with the flow direction
while the interior liquid and the membrane make a continu-
ous rotation, and a tumbling motion in which it flips like a
rigid body �8–13�. These two types of motion can be pre-
dicted analytically by the Keller-Skalak �KS� theory �14�.
For a shape-preserving ellipsoidal particulate made of a vis-
cous internal fluid and an inextensible membrane, the tank-
treading motion is predicted when the viscosity ratio ��� is
less than a critical value �c, and the tumbling motion is pre-
dicted when ���c.

In addition to the tank-treading and tumbling motions, a
swinging or oscillatory motion of red blood cells �12,15�,
nonspherical capsules �16–21�, and vesicles �22–24� have
recently been discovered. Recent studies have also shown a
vacillating-breathing �or trembling� motion of the vesicles in
the vicinity of the critical viscosity ratio �c at the onset of the
transition from the tank treading to the tumbling motion
�23–35�. The vacillating-breathing motion is characterized
by a large periodic shape deformation accompanied by a
large angular oscillation about a nearly zero-mean inclination
angle. Similar vacillating-breathing motion has been pre-
dicted numerically for nonspherical capsules �21�.

Studies that connect the bulk rheology with the microhy-
drodynamics of individual cell are relatively scarce. Follow-
ing Batchelor’s theory of suspension �36�, Barthes-Biesel
and Chhim �37� derived expressions of shear viscosity and*Corresponding author; pbagchi@jove.rutgers.edu
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normal stress differences of a dilute suspension of spherical
capsules undergoing small deformation. The salient features
of their result are: �i� the suspension exhibits a shear-thinning
behavior; �ii� normal stress differences, to the leading order,
depend linearly on shear rate �̇ but independent of viscosity
ratio �. Using boundary integral simulations, Pozrikidis �38�
and Ramanujan and Pozrikidis �17� computed dilute suspen-
sion rheology for spherical capsules undergoing large defor-
mation. Pozrikidis �39� also briefly addressed time-
dependent rheology of a dilute suspension of biconcave
capsules.

For a dilute suspension of vesicles, a remarkable result is
recently discovered by Misbah and co-workers �30,40,41�. In
the limit of small excess area of the vesicles, they theoreti-
cally predict that the shear viscosity of the vesicle suspension
first decreases reaching a minimum, and then increases with
increasing �. Thus the shear viscosity is higher when the
vesicle is either in a pure tank-treading motion, or in a pure
tumbling motion. The pronounced minimum of the shear vis-
cosity �hereafter, referred to as shear viscosity minimum� oc-
curs in the vicinity of the critical viscosity ratio �c, and,
hence, it is associated with the onset of the vacillating-
breathing motion as the vesicle makes transition between the
tank-treading and tumbling motions. This theoretical result is
later supported by viscometric experiments using erythrocyte
and vesicle suspensions �42�.

In this paper we address the rheology of a dilute suspen-
sion of capsules. We focus exclusively on initially spherical
capsules for which only a steady tank-treading motion is
observed. Using three-dimensional numerical simulations of
capsules in large deformation, we present a detailed and in-
depth analysis of the suspension rheology over a broad range
of viscosity ratio and shear rate for both strain-hardening and
strain-softening membranes. In course of our analysis, we
investigate �i� whether a shear viscosity minimum exists for
the capsule suspension, similar to that found for a vesicle
suspension as noted above �30,40–42�, �ii� whether the shear
viscosity minimum is a result of the onset of the vacillating-
breathing mode, or it can occur even when the capsules are
undergoing a steady tank-treading motion, and �iii� how the
viscosity ratio of the interior and exterior fluids, and the elas-
tic stresses on the capsule membrane individually contribute
to the bulk rheology.

We find that a capsule suspension exhibits a shear viscos-
ity minimum even when the capsules make a steady tank-
treading motion. We then show that the viscosity minimum is
a result of nontrivial contributions coming from the capsule
membrane stresses and the viscosity ratio of the interior and
suspending fluids.

II. METHODOLOGY

Three-dimensional numerical simulations using front-
tracking methods �43–46� are performed to simulate capsule
dynamics and rheology. The numerical methodology has
been described and validated in details in our previous pub-
lications �21,47,48� and briefly described here for the pur-
pose of completeness. We consider an initially spherical cap-
sule of radius a suspended in a linear shear flow u�

= ��̇y ,0 ,0�. The liquids interior and exterior to the capsule
are assumed to be incompressible and Newtonian with dy-
namic viscosities given by ��o and �o, respectively, where �
is the viscosity ratio. The capsule membrane is assumed to
be a thin two-dimensional �2D� elastic sheet having resis-
tance against shear deformation, and area dilatation, but not
bending. We consider both strain-hardening and strain-
softening membranes. For the former, we use the strain en-
ergy function developed by Skalak et al. �49� �hereafter re-
ferred to as SK model�,

W =
Es

8
���1

2 + �2
2 − 2�2 + 2��1

2 + �2
2 − �1

2�2
2 − 1�� +

Ea

8
��1

2�2
2 − 1�2,

�1�

where �1 and �2 are the principal stretch ratios in the mem-
brane and Es and Ea are the moduli of shear deformation and
area dilatation, respectively. For a strain-softening mem-
brane, we use the neo-Hookean law �hereafter referred to as
NH model�,

W =
Es

6
��1

2 + �2
2 + �1

−2�2
−2 − 3� . �2�

We scale all lengths by a, and time by 1 / �̇. The dimension-
less time is denoted by t�= t�̇. The three major dimensionless
parameters are the capillary number Ca=�oa�̇ /Es, the vis-
cosity ratio �, and the ratio of the area dilatation to shear
deformation moduli C=Ea /Es.

The fluid motion interior and exterior to the capsule is
governed by the continuity and Navier-Stokes equations

� · u = 0, �3�

�� �u

�t
+ u · �u� = − �p + � · ���u + ��u�T� , �4�

where u and p are the fluid velocity and pressure. The vis-
cosity variation is expressed in terms of an indicator function
I�x , t� as

��x,t� = �0�1 + �� − 1�I�x,t�� , �5�

where I=1 and 0, in the interior and suspending fluids, re-
spectively �43,44�. The entire flow domain, including the in-
ternal and suspending liquids, is discretized using a fixed
�Eulerian� mesh, and the capsule surface is discretized using
a moving �Lagrangian� mesh. Using the principle of virtual
work, the elastic force f generated in the membrane is com-
puted from the strain energy function W as

f�x�,t� = − �W/�v , �6�

where v is the displacement of a Lagrangian point x� on the
capsule surface. The membrane stretching is coupled to the
bulk flow by adding a source term 	Af	�x−x��dx� to the
Navier-Stokes equations where A implies capsule surface,
and 	 is the three-dimensional Delta function �43–46�. The
membrane is advected using the Lagrangian points whose
velocity u� is obtained by interpolating the fluid velocity
from the surrounding Eulerian nodes using the Delta func-
tion as
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uA��x�,t� = 




u�x,t�	�x − x��dx , �7�

where 
 is the flow domain �43,44,47,48�. The viscosity
��x , t� is updated by solving a Poisson equation for the in-
dicator function I�x , t� �see �44� for details�. Note that the
capsule is moved by moving the marker �Lagrangian� points
on the surface. Once it is moved to a new position, the indi-
cator function is computed to distribute the viscosity. Indeed
one can use an advection equation for viscosity. But we find
that over long time, viscosity advection introduces erroneous
distribution and deviate from the exact location of the cap-
sule.

The computation domain is a cube having lengths 2�
times the capsule radius. The flow is periodic in the x and z
directions, and wall-bounded in the y direction. The Navier-
Stokes equations are spatially discretized by a second-order
finite difference scheme in x and y, and Fourier expansion in
z, and temporally by a second-order time-split scheme. A
velocity field that is not divergence free is first predicted
using an advection-diffusion equation. Then a Poisson equa-
tion for pressure is solved. Using the new pressure, the pre-
dicted velocity is made divergence free. For details, see our
previous publications �47,48�. Though the inertia terms are
evaluated during time marching, the Reynolds number Re
=�a2�̇ /�o�10−2, and hence, the effect of inertia is negli-
gible. The singularity of the Delta function is avoided nu-
merically by a smooth representation using cosine functions
spanning over four Eulerian grids �43,44�. The flow domain
is discretized using 803 Eulerian points, and the capsule sur-
face is discretized using 5120 triangular elements.

The bulk stress of a dilute suspension, in dimensional
form, is written as

�̃bulk = �̃� + �̃ , �8�

where �̃�=2�oE is the contribution due to the imposed lin-

ear flow u�, E is the strain-rate tensor, and �̃ is the particle
stress tensor that accounts for the contribution from the cap-

sules �36�. The symbol ˜ is used to indicate dimensional
stress, whereas the dimensionless stress will be written with-
out the symbol. For M number of identical capsules in a
volume V, the particle stress tensor in dimensional form is
given by

�̃ij =
1

V
�
M



A

�iknkxj� − �o�uinj + ujni��dA , �9�

where ik is the stress in the suspending fluid at the capsule
membrane, n is the unit vector normal to the capsule surface
and directing outward, x� and u are the position and velocity
on a capsule surface, and the integral is taken over the sur-
face A. In the front-tracking method, we find it convenient to
use an alternative expression for the dimensional particle
stress tensor as

�̃ij =
1

V
�
M



A

�f ixj� + �o�� − 1��uinj + ujni��dA , �10�

where f is the elastic force in the membrane �17,38�. The
particle stress tensor is made dimensionless by �o�̇� where
� is the capsule volume fraction. Then, the dimensionless
particle stress tensor is given by

�ij =
�̃ij

�0�̇�
=

M

V�0�̇�



A

�f ixj� + �o�� − 1��uinj + ujni��dA .

�11�

All results are presented in this dimensionless form.
It is of interest to study the individual contributions of the

membrane stress and viscosity ratio to the particle stress.
Hence we introduce the elastic and viscous contributions in
dimensionless form as

�ij
el =

M

V�0�̇�



A

fixj�dA �12�

and

�ij
vis =

M�� − 1�
V�̇�



A

�uinj + ujni�dA , �13�

respectively, so that,

�ij = �ij
el + �ij

vis. �14�

The elastic contribution �el arises due to the stresses devel-
oped in the capsule membrane, while the viscous contribu-
tion �vis arises due to the viscosity ratio of the internal and
suspending fluids.

Quantities of interest are the particle shear stress �xy, the
first normal stress difference N1=�xx−�yy, and the second
normal stress difference N2=�yy −�zz, all expressed in di-
mensionless form. The dimensionless shear viscosity is re-
lated to the dimensional and dimensionless shear stresses as
follows:

�s

�o
= 1 +

�̃xy

�o�̇
= 1 + ��xy . �15�

Thus �xy can be readily used to indicate the trends of the
dimensionless shear viscosity �e.g., shear-thinning behavior,
etc.�. For the present simulations, �=0.017.

III. RESULTS

A. Capsule shape and orientation

We consider capsules of spherical resting shape for which
only the steady tank-treading motion is observed. When
placed in a shear flow, the capsule deforms and eventually
attains a steady oblate shape, and aligns at a steady inclina-
tion angle with the flow direction. Figures 1�a� and 1�b�
show the final capsule shape for �=1 and 13, both at Ca
=0.6, for capsules with SK model �C=1�. Large deformation
resulting to an elongated shape is observed at �=1, whereas
a nearly spherical shape is observed at �=13. Figure 1�c�
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shows the time evolution of the Taylor deformation param-
eter D= �L−B� / �L+B� where L and B are the semimajor and
minor axes of the deformed capsule in the shear plane. Also
shown is the inclination angle � that the major axis makes
with the flow direction �x axis�. The inclination angle de-
creases with increasing �. We also note that the �=1 case
quickly reaches the steady state, whereas the �=13 case ex-
hibits damped oscillations before reaching a steady state.
Damped oscillations are typically observed for higher values
of Ca and �. Simulations are run for longer times �as shown
in Fig. 1�c�� to ensure that such oscillations become negli-
gible. Time evolution of �xy, N1, and N2 are presented in Fig.
1�d� showing that they also reach steady values.

The oscillations observed in Fig. 1�c� were also reported
in earlier numerical studies �e.g., �17�� using different nu-
merical methods. Given the very few experimental studies on
capsules relevant to the present work, we cannot make a
definite conclusion whether these oscillations are numerical
or physical. It would require further study that is beyond the
scope of this paper.

Steady-state values of D and � as functions of Ca for
various � are shown in Fig. 2 for SK model �C=1�. These
results agree well with previously published data �15,50,51�.
For more details on validations against previous numerical
works, experimental works, and small-deformation theory,
see our earlier publications �47,48�. Qualitative trends of D
and � should be borne in mind as they will be used later to
explain the trends of the rheology. Figure 2 shows that cap-
sule deformation increases and the inclination angle de-
creases with increasing Ca. In contrast, both deformation and
inclination angle decrease with increasing �.

B. Shear stress

We now come to the main focus of this article, which is
the particle shear stress �xy. The SK model with C=1 is
considered in Fig. 3. The variation in �xy with Ca presented
in Fig. 3�a� shows that �xy decreases with increasing Ca.
Hence, the capsule suspension exhibits a shear-thinning be-
havior.

The effect of � is shown in Fig. 3�b�. Two different trends
are observed at low and high values of Ca. Consider first the
low values of Ca in the range Ca�0.1. In this range �xy
decreases uniformly with increasing �. This result is coun-
terintuitive as capsule deformation is known to decrease with
increasing � �Fig. 2�, and a reduced deformation should re-
sult an increased �xy. This result suggests that the trend of
�xy cannot be explained by capsule geometry alone.

The above result of decreasing �xy with increasing � is
also in contradiction to that of a dilute emulsion of liquid
drops with constant interfacial tension �52�. For a liquid drop
emulsion, in the limit of small deformation, we have

�xy =
1 + 5�/2

1 + �
, �16�

which gives an increasing �xy with increasing �, unlike the
computed results for capsules. We however note that the
small-deformation theory of capsule suspension does predict
a �linear� decrease in �xy with increasing � �37�. A similar
trend is also predicted for emulsions of surfactant-covered
liquid drops �53�.

Consider now the trends of �xy versus � at higher shear
rates �Ca�0.1, Fig. 3�b��. We see a remarkably nonintuitive
result: �xy first decreases reaching a minimum, and then in-
creases with increasing �.

Hence, the capsule suspension exhibits a shear viscosity
minimum at moderate values of viscosity ratio, and at high
shear rates. In this respect, there is some qualitative similar-
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FIG. 1. �Color online� Sample results for spherical capsules with
SK model �C=1�. �a� and �b� show the final shapes for Ca=0.6,
�=1 and Ca=0.6, �=13, respectively. �c� Time-dependent Taylor
deformation parameter D �left axis, and continuous lines� and incli-
nation angle � �right axis, and dash lines� for two cases: Ca=0.6,
�=1 �thin lines�, and Ca=0.6, �=13 �thick lines�. �d� Time-
dependent particle stress components �xy �black lines, left axis�, N1

�red lines, left axis�, and N2 �blue lines, right axis� for two cases:
Ca=0.6, �=1 �continuous lines�, and Ca=0.6, �=13 �dotted lines�.
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ity between the present results and those for vesicle suspen-
sion as predicted and observed by Misbah and co-workers
�30,40–42�. However, since the capsules in our simulations
are in a steady tank-treading motion, the physical mecha-
nisms underlying the shear viscosity minimum are com-
pletely different, as will be shown later.

We note again that the shear viscosity minimum cannot be
explained based on the capsule shape alone, as D and � both
decrease continually with increasing � �Fig. 2�. This anoma-
lous behavior was not predicted by the small-deformation
theory of suspension of capsules or surfactant-covered drops
�37,53�.

We now show that the shear viscosity minimum exists for
strain-softening membranes as well by considering capsules
with the NH model in Fig. 4. As before, the salient features
of Fig. 4 are: �i� a shear-thinning behavior with respect to Ca,
�ii� a uniform decrease in �xy with increasing � at low shear
rates �Ca�0.05�, and �iii� an initial decrease in �xy reaching
a minimum, followed by an increase with � at high shear
rates �Ca�0.1�.

The nontrivial behavior of �xy suggest that the bulk rhe-
ology is dictated not only by the capsule geometry �deforma-
tion and inclination� but also by the contributions coming
from the membrane stress and viscosity ratio. Hence, we
look at the elastic component �xy

el and the viscous component

�xy
vis in Fig. 5 as functions of Ca. First, in Fig. 5�a� we see

that �xy
el decreases with increasing Ca. Thus the elastic com-

ponent is shear thinning in nature. This result is nonintuitive
as an increased membrane tension at higher Ca should result
increasing �xy

el as one would expect from the definition in Eq.
�12�. The second observation in Fig. 5�b� is that the viscous
component �xy

vis increases with increasing Ca. Hence, the vis-
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cous contribution is shear-thickening. This trend is also un-
expected as Eq. �13� suggests that �xy

vis should be independent
of Ca.

To explore the origin of the shear viscosity minimum, we
plot �xy

el and �xy
vis versus � in Fig. 6. Surprisingly, we find that

the elastic contribution decreases with increasing �. As will
be seen later, this decrease is due to a reduction in the mem-
brane stresses. In contrast, the viscous contribution increases
with increasing �. This result can be used to explain the two
different trends of �xy at low and high values of Ca. At low
Ca, �xy

el ��xy
vis, and, hence, the total shear stress �xy follows

the trend of the elastic component �xy
el , and decreases with

increasing �. At higher Ca, �xy
el ��xy

vis for smaller values of �,
but �xy

el ��xy
vis for larger values of �. Thus, �xy follows the

trend of �xy
el for smaller values of �, but it follows the trend

of �xy
vis for higher values of �. And, hence, �xy exhibits a

minimum at the intermediate values of � resulting the shear
viscosity minimum. This analysis clearly shows that the op-
posite trends in �xy

el and �xy
vis are responsible for the shear

viscosity minimum in capsule suspension.
We now seek to explain the trends of the elastic and vis-

cous components. The elastic component �xy
el can be further

decomposed in to two contributions. The first one depends
on capsule shape and alignment alone and can be written as

�el,iso = − �

A
nn −

I

3
�dA , �17�

where the constant � represents an isotropic membrane ten-
sion. The second contribution arises from the anisotropic dis-
tribution of the membrane tension. For a liquid drop with a
constant surface tension, � becomes the surface tension, and
the anisotropic part vanishes. Then, �el=�el,iso which de-
pends only on the drop shape and alignment. For a capsule,
the anisotropic contribution is nonzero. We seek to address if
the above isotropic model can qualitatively explain the
trends of �xy

el as observed in Figs. 5 and 6.
Figure 7 shows �xy

el,iso evaluated using Eq. �17� for oblate
spheroids of aspect ratio �semimajor to minor axes� �=1,
1.25, and 1.67, as a function of the inclination angle �. The
results are shown in arbitrary units, and taking �=1. For the
stationary capsule dynamics, only 0���� /4 is of interest.
We see that �xy

el,iso=0 for �=1 at any inclination angle, as
expected from Eq. �17�. For ��1, �xy

el,iso is maximum at �

=� /4, and it decreases with decreasing � and �. This result
can completely explain the qualitative trends of �xy

el by re-
calling from Fig. 2 that � decreases with increasing Ca and
�, and D decreases with increasing �. Thus, �xy

el,iso should
decrease with increasing Ca and �. Thus, the qualitative
trend of �xy

el follows that of �xy
el,iso.

Now we analyze the qualitative trends of the viscous con-
tributions �xy

vis. At steady-state, the shape of the capsule and
its alignment with the flow direction are fixed �for the un-
stressed spherical shape considered here� while the capsule
membrane undergoes the tank-treading motion. Then the
membrane velocity can be expressed as u�x� , t�= �u�x� , t��t,
where t is tangent to the capsule surface on the shear plane.
Approximating �u� by a /T where T is the tank-treading pe-
riod, we write from Eq. �13�

�vis �
aM�� − 1�

TV�̇�



A

�tn + nt�dA . �18�

Then, we introduce �vis,geom as

�vis,geom = �

A

�tn + nt�dA , �19�

which is the viscous contribution modeled based on the cap-
sule geometry, and neglecting the effect of T. Here � is ar-
bitrary. The integral in Eq. �19� is used to illustrate the trends
of �xy

vis. For this purpose, �xy
vis,geom is evaluated using Eq. �19�

for oblate spheroids for aspect ratios �=1, 1.25, and 1.67,
and plotted in Fig. 7 as a function of �. We see that
�xy

vis,geom=0 for �=1, as expected. For ��1, �xy
vis,geom is

minimum at �=� /4, and it increases with decreasing � and
increasing �. Recalling from Fig. 2 that deformation in-
creases and � decreases with increasing Ca, we see that the
trend of �xy

vis,geom can explain the trends of �xy
vis versus Ca.

Recalling further from Fig. 2 that inclination � decrease with
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increasing �, we see again that �xy
vis,geom can also explain the

trend of �xy
vis versus �.

C. Effect of area dilatation

Next we consider the effect of capsule surface-area dila-
tation. Figure 8 shows the steady-state deformation param-
eter D and inclination angle � as functions of Ca for five
cases: the NH model, and the SK model with C=0.1, 1, 50,
and 100. The viscosity ratio is fixed at �=1. For all cases, D
increases and � decreases with increasing Ca. In contrast,
increasing the values of C results in reduced deformation and
higher inclination angle. Reduced deformation at higher val-
ues of C is achieved via reduced surface area dilatation. The
area dilatation is maximum for the neo-Hookean membrane
for which the area increases by 4.5% and 29% of the initial
area for Ca=0.05 and 0.4, respectively. For the SK model at
C=1, the area increases by 1.5% and 14.1% for Ca=0.05
and 0.4, respectively. At C=100, the respective area in-
creases are only 0.16% and 1.8%.

The effect of area dilatation on �xy is shown in Fig. 9 by
considering four cases: the NH model, and the SK model
with C=0.1, 1, and 50. The shear-thinning behavior is promi-
nent for the NH model, and for SK model at high area dila-
tation �i.e., low to moderate values of C�. At C�50, the
shear-thinning behavior is nearly absent due to a reduced
capsule deformation.

Increasing the values of C also results in increasing values
of �xy. This can be understood based on the reduction in
capsule deformation with increasing C as observed in Fig. 8.

For the SK model with C=0.1 and 1, �xy first reaches a
minimum, and then increases with increasing �. For C�50,
�xy is observed to decrease continually with increasing �.
Thus, for a capsule suspension, the shear viscosity minimum
is observed for area-dilating membranes but not for nearly
incompressible membranes.

The absence of a shear viscosity minimum for the nearly
incompressible membranes can be understood again by de-
composing the shear stress �xy in to its elastic and viscous
components. Figure 10 shows that at a fixed value of �, the
elastic component is the lowest for the NH model, and it
increases with increasing C for the SK model. In contrast,
the viscous component is the maximum for the NH model,
and it decreases with increasing C for the SK model. For

C�50, the elastic component is mostly greater than the vis-
cous component over the range of �. Since the elastic com-
ponent decreases continually with increasing �, the shear vis-
cosity minimum is not observed for nearly incompressible
membranes.
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FIG. 8. Effect of area dilatation on �a� capsule deformation and
�b� inclination angle. Symbols represent NH model ���, and SK
models with C=0.1 ���, 1 ���, 50 ���, and 100 �� �. Here �=1.
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For the SK model, the membrane stresses develop due to
both area dilatation and shear deformation. Thus, one can
write �xy

el =�xy
sh +�xy

di where �xy
sh represents the contribution

from the shear elasticity Es, and �xy
di represents the contribu-

tion from the area-dilatation modulus Ea. We find that �xy
sh is

shear thinning, but �xy
di is shear thickening. For C�50 at

high capillary numbers, �xy
di exceeds �xy

sh by several factors.
Hence, for nearly incompressible membranes, the bulk rhe-
ology is chiefly dictated by Ea.

D. Normal stress differences

The normal stress differences N1 and N2 for capsules with
the SK model are shown in Fig. 11. Positive values of N1 and
negative values of N2, with �N2��N1, are observed for all
cases, as typical of emulsions. The dependence of the normal
stress differences on Ca and � is counterintuitive. At �=1,
both N1 and �N2� increase with increasing Ca indicating an
increasing elastic nature of the emulsion. At �=3, N1 and
�N2� first increase with increasing Ca, but attain constant val-
ues at higher shear rates. For �=5 and 7, N1 and �N2� first

increase to maximum values, but then decrease with increas-
ing Ca. For �=10, and 13, N1 and �N2� monotonically de-
crease with increasing Ca, thus completely reversing the
trend seen at �=1.

It is worth mentioning that the trends of computed N1 and
N2 as observed in Fig. 11 are completely different from those
predicted by the small-deformation theories. As mentioned
before, the second-order theory of capsule deformation, and
the third-order theory for surfactant-covered liquid drops
predict that N1 and N2 depend linearly on Ca but independent
of � �37,53�. In contrast, the computed values show a non-
linear dependence on Ca and �.

It is also worth noting the differences with the theoretical
results for vesicle suspension. Similar to �xy, the theoretical
analysis for vesicle suspension predicts that N1 first reaches a
minimum and then increases with increasing values of �
�41�. In contrast, for a capsule suspension, our computations
show that N1 and �N2� decrease almost monotonically with
increasing �.

We note that in viscometric experiments, the shear rate is

readily available, and the results are presented for Ñ1 / �̇2.
Since the computations performed, and the input parameters
provided, are in dimensionless form, presenting the results in
terms of N1 and N2 as defined in Sec. II is justified. We also
note that N1 and N2 approach zero as Ca �or, �̇� goes to zero
�hard sphere limit�. Further, in agreement with polymer sus-
pensions, we see that N2�0, and much smaller than N1.

We now explain the trends of N1 and N2 by looking at the
viscous and elastic components. We recall from Eq. �14� that

N1 = N1
el + N1

vis �20�

and

N2 = N2
el + N2

vis. �21�

The elastic components N1
el and N2

el with Ca are shown in Fig.
12. We see that N1

el is positive and larger than N1, whereas N2
el

is negative, and its magnitude is larger than �N2�. This is
because, as will be seen later, the viscous component N1

vis is
negative, and N2

vis is positive. We also note that for �=1,
N1

el=N1 and N2
el=N2 since the viscous component is absent

and that N1
el and �N2

el� increase with increasing Ca following
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FIG. 11. �Color online� N1 and N2 for capsules with SK model
�C=1�. �=1 �thick red lines�, 3 �thin red lines�, 5 �dash red lines�,
7 �black dash-dot lines�, 10 �blue dotted lines�, and 13 �black dash-
dot-dot lines�.
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the trends of N1 and �N2�. For ��1, however, a remarkably
different behavior is observed. For �=3, N1

el and �N2
el� rapidly

increase but then become independent of Ca. For ��5, N1
el

and �N2
el� first increase to a maximum, but then decrease with

increasing Ca. This trend is completely different from that
observed at �=1. This behavior implies that at high viscosity
ratio, the elastic nature of the suspension diminishes with
increasing shear rates. Thus, the capsule suspension exhibits
elastic normal stress maximums at moderate viscosity ratio
and shear rate.

The anomalous trends of N1
el and N2

el are further explored
in Fig. 13 where they are plotted with respect to �. The
figure clearly shows that at smaller values of �, the magni-
tudes of the elastic components increase with increasing Ca,
while the trend is reversed at larger values. For Ca=0.05 and
0.1, N1

el and �N2
el� first increase, and then decrease with in-

creasing �. For Ca�0.6, N1
el and �N2

el� continually decrease
with increasing �.

We now investigate if the complex trends of N1
el and N2

el

can be predicted by the isotropic model given by Eq. �17�,
which accounts for capsule geometry only. Figure 14 shows
N1

el,iso and N2
el,iso computed using Eq. �17� for oblate sphe-

roids of aspect ratio �=1, 1.25, and 1.67, with varying �.
The results are shown in arbitrary units taking �=1. For �

=1, we see that N1
el,iso=N2

el,iso=0 at any �, as expected. For
��1, N1

el,iso, and �N2
el,iso� increase with increasing � and de-

creasing �. This trend is the same that was observed for N1
el

and N2
el for �=1, but not for ��1 �Figs. 12 and 13�. Thus,

the isotropic model fails to explain the trends of N1
el and N2

el

for ��1.
For ��1, it appears that the anisotropy of the membrane

tension contributes significantly to the elastic components.
This can be illustrated by looking at the distribution of the
membrane principal tensions

�1 =
1

�2

�W

��1
, �2 =

1

�1

�W

��2
. �22�

Figures 15 and 16 show the contours of �1 and �2 for �=1
and 7, respectively, for two capillary numbers, 0.05 and 0.4.
Consider first the �=1 case �Fig. 15�. We see that �1 is al-
ways positive, but �2 can be negative �which is indicative of
a compressive stress�. At Ca=0.05, �2�0 over a large area.
As Ca is increased from 0.05 to 0.4, we see that the magni-
tudes of �1 and �2 increase significantly, and that �2�0 over
a large area. Thus, the area-integrated effect of the membrane
tensions is to increase the magnitudes of N1

el and N2
el with

increasing Ca as observed in Fig. 12 for �=1.
Consider now the �=7 case �Fig. 16�. At Ca=0.05, the

contours of �1 and �2 are similar to those obtained at �=1.
But at Ca=0.4, we see that �1 has become negative, and �2 is
dominantly negative. The integrated effect of such negative
membrane tensions is to reduce the values of N1

el and �N2
el�.

Hence, N1
el and N2

el, unlike N1
el,iso and N2

el,iso, exhibit non-
monotonic trends with respect to Ca and � due to the non-
monotonic trends of the membrane tensions.
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The viscous components of the normal stress differences,
N1

vis and N2
vis, are shown in Fig. 17. The viscous components

have opposite signs than their elastic counterparts; N1
vis is

negative, and N2
vis is positive. Figures 17�a� and 17�b� illus-

trate the Ca-dependence of N1
vis and N2

vis. Interesting behavior
is noted when variations with respect to Ca at ��5 are con-
sidered. In this range, �N1

vis� and N2
vis first increase reaching

maximum values, and then decrease with increasing Ca. This
nonmonotonic trend is quite different from that observed for
�xy

vis which monotonically increases with increasing Ca.
The trends of �N1

vis� and N2
vis versus Ca can be partly ex-

plained based on the isotropic model. Using Eq. �19� we can
evaluate N1

vis,geom and N2
vis,geom for oblate spheroids for differ-

ent values of aspect ratio � and inclination angle �. It ap-
pears that �N1

vis,geom� and N2
vis,geom are maximum at �=� /4,

and they decrease with decreasing � and �. In the limits of
�→1 �i.e., Ca→0�, and �→0 �Ca→��, both N1

vis,geom and
N2

vis,geom vanish. Then, the maximum values of �N1
vis,geom� and

N2
vis,geom �and, hence, �N1

vis� and N2
vis� occur at intermediate

values of Ca. As a result, N1
vis and N2

vis exhibit nonmonotonic
trends with Ca.

Effect of area dilatation on the normal stress differences is
shown in Fig. 18 by considering three cases: the NH model,
and the SK model with C=0.1, and 50. For all cases, N1 and
�N2� increase nonlinearly with increasing Ca. As expected,
N1�0, N2�0, and N1� �N2�, for all cases. However, N1 and
�N2� decrease with increasing C due to reduced capsule de-
formation. Thus the elastic nature of the bulk suspension is
reduced with decreasing area dilatation of the membrane.

IV. SUMMARY

We present numerical results on the rheology of a dilute
suspension of elastic capsules in linear shear flow. We show
that a shear viscosity minimum exists for the capsule suspen-
sions. However, unlike a vesicle suspension, the capsule sus-
pension exhibits the shear viscosity minimum even when the
capsules are in a steady tank-treading motion. This anomaly
is explained by decomposing the particle stress into elastic
and viscous components. It is shown that the elastic compo-
nent is shear thinning, but the viscous component is shear
thickening. Such opposite trends are responsible for the shear
viscosity minimum in a capsule suspension. These trends are
qualitatively explained based on an isotropic model. The
shear viscosity minimum is observed for area-dilating mem-
branes but not for nearly incompressible membranes. This
result is in stark contrast to that of the vesicle suspension
because the vesicle surface is incompressible.

The normal stress differences N1 and N2 show much more
complex trends. At low viscosity ratio, their magnitudes in-
crease with increasing Ca. But this trend is completely re-
versed at high viscosity ratio. Further, N1 and �N2� decrease
uniformly with increasing �, in a stark departure from the
predictions of the small-deformation theory. The elastic and
viscous components of N1 and N2 are analyzed to explain the
observed trends. It is shown that the viscous components can
be described by the isotropic model, but the elastic compo-
nents depend strongly on anisotropic distribution of the
membrane tension.
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We note that no shape change is possible for a volume-
and surface-area preserving object with a spherical initial
shape. Thus, a vesicle has an excess area to start with. In
contrast, the area of an initially spherical capsule is allowed
to dilate in order for it to deform. However, a nonspherical
capsule can change its shape without area dilatation. Thus, it
would be of interest to extend our simulations to nonspheri-
cal capsules with nearly incompressible membranes. It
would be of interest also to study the effect of unsteady
dynamics of nonspherical capsules on the time-dependent

rheology of the suspension. Finally, it would be interesting to
consider dense or semidense suspensions of multiple cap-
sules.
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