
Brownian dynamics of emulsion film formation and droplet coalescence

Jhoan Toro-Mendoza* and Dimiter N. Petsev†

Department of Chemical and Nuclear Engineering, University of New Mexico, Albuquerque, New Mexico 87131, USA
�Received 30 December 2009; revised manuscript received 24 February 2010; published 18 May 2010�

We analyze the evolution in thickness and radius of the film formed during the collision of two deformable
emulsion Brownian droplets. These variables exhibit random fluctuations due to thermal disturbances from the
continuous liquid phase. As a result, the system probes a random trajectory in the configurational space until it
reaches a critical film thickness, at which point the droplets coalesce. Therefore, the film is modeled as a disk
with thicknesses and radi that can fluctuate. Our analysis is based on a Langevin-Brownian dynamics approach,
which accounts for the thermodynamic and hydrodynamic interactions in the lubrication approximation. We
examine the effect of parameters such as droplet size, interfacial mobility, and electrolyte concentration on the
coalescence of small Brownian droplets. The results suggest that the coalescence times depend on a complex
interplay between the thermodynamic and hydrodynamic interactions.
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I. INTRODUCTION

Emulsions are colloidal dispersions consisting of droplets
suspended in another liquid. The droplet size may vary from
tens of nanometers to millimeters or more. These systems are
thermodynamically unstable due to the unfavorable free en-
ergy contribution associated with the large interfacial area
between the droplets and the continuous phase. That is why
emulsions tend to phase separate. The addition of surfactant
may slow down the phase separation by lowering the inter-
facial free energy through adsorption and providing addi-
tional electrostatic or steric stabilization at the interface �1�.
Emulsions are usually kinetically stable, and the average life-
time is an important characteristic that determines their po-
tential use for different applications. The specific phase-
separation pathways involve collision between the droplets,
subsequent flocculation, and coalescence. Droplet coales-
cence is the first step that leads to macroscopic phase sepa-
ration. It is a rather complex event and is an object of a
significant fundamental interest in addition to its great prac-
tical importance.

The phase-separation kinetics for large droplets �larger
than a few micrometers� is dominated by gravity since the
two liquids usually have different densities �2�. In contrast,
the dynamics of smaller droplets is dominated by Brownian
motion. Therefore, the coalescence kinetics is that of a
diffusion-controlled reaction. The kinetics of such reactions
was first analyzed by Smoluchowski, who investigated the
coagulation rate of solid colloidal particles in suspension
�3–5�. His analysis was later subject to a number of refine-
ments and improvements �6–14�, some of which included
density and correlation effects �15–17� or lack of thermal
equilibrium �18�.

The dynamics of droplet coalescence is more complicated
than that of solid particle coagulation �19–21� due to the fact

that the droplet interfaces are deformable and may also have
tangential mobility. Because of these two features, two col-
liding deformable droplets may first flocculate, forming a
thin liquid film that then thins and finally breaks, leading to
merging �22,23�. Sometimes, a liquid bridge may form be-
tween the two droplets �24,25�. All these stages contribute to
the overall coalescence time. There is experimental evidence
which shows that droplet deformability and film formation
indeed affect the kinetic stability of emulsions �26–29�. The
physical reason for this is that both the direct and hydrody-
namic interactions are sensitive to the shape of the approach-
ing droplets �30–38�. In addition, the interfacial mobility of
the droplets also has an effect on the hydrodynamic resis-
tance upon approach �39�.

The random nature of the coalescence of large droplets
has been demonstrated by experiments �40–42� and studied
theoretically �29,43,44�. The surface waves produced by the
momentum exchange with the surrounding molecules, the
hydrodynamic instabilities, and the gradient in surface con-
centration of surfactant �Marangoni effect� are the major
mechanisms responsible for the film rupture �45,46�. New
experimental developments allow for the observation of the
surface shape fluctuations in large films �47,48�. These varia-
tions become more important at high volume fractions be-
cause the close packing increases the contact surface due to
the deformability of the particles �49–51�. Most of the stud-
ies referred above are for large drops with diameters within
the range of tens of micrometers to millimeters.

In order to account for the deformability and interfacial
mobility effects on the coalescence kinetics of small Brown-
ian droplets, one needs to generalize the Smoluchowski ap-
proach �3–5� by including the variations in interaction energy
and hydrodynamic resistance coupled to the droplet deforma-
tion. The film between such small droplets will be much less
prone to surface instabilities and corrugations like those dis-
cussed above. The reason is the greater capillary pressure
inside the smaller droplets. Also, the smaller the formed film,
the shorter the wavelengths of the allowed surface waves
�52�. This leads to a greater energy penalty for local defor-
mations. The latter also may include the “black spot” forma-
tion and subsequent film thinning mechanism suggested by
Derjaguin et al. �45,53�. Thus, the film evolution and
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breakup pathways that are valid for large films are not likely
to work for Brownian droplets that form small films.

The first attempt for theoretical analysis of Brownian
droplet coalescence was performed by Danov et al. �22�.
They considered the case of steady-state approach of two
droplets that can deform and form a thin film at small sepa-
rations. The shapes of the deformed droplets were approxi-
mated with those of truncated spheres that were separated by
a plane-parallel liquid film. This approximation was analyzed
in detail by comparing its results for the interaction energies
with those obtained using the actual interfacial droplet shape
�54�. It was demonstrated that the error in the energies intro-
duced by the model shape is less than a few percent. The
truncated sphere model was later used to obtain various ther-
modynamic properties of emulsions �30,31,55,56�. Another
assumption adopted in Ref. �22� implies that the film be-
tween the droplets forms at a certain distance and does not
change its radius during the subsequent stages of thinning
and coalescence. This hypothesis was not supported by rig-
orous arguments but was employed as a simplification of an
already difficult mathematical problem �22�. In fact, it is very
likely that small films between Brownian droplets will be
subjected to thermal disturbances due to the finite tempera-
ture of the system. As a result, both the film radius and
thickness will fluctuate. The concept of a fluctuating cylin-
drical surface has been previously used in the study of car-
bon nanotubes �57�.

In this paper, we offer a more general approach that does
not limit the film radius to a constant value during the droplet
approach and coalescence. Instead, the film radius and thick-
ness variations are traced by employing Brownian dynamics
analysis using the Langevin equations �58�. This method pro-
vides detailed insight into the film time evolution. There is
no current experimental technique that allows to directly ob-
serving the film formation and time change for small �mi-
crometer and submicrometer� Brownian droplets. Conse-
quently, the proposed analysis presents a convenient and
unique tool for examining the dependence of the droplet coa-
lescence kinetics on parameters such as size, interfacial ten-
sion and mobility, charge, electrolyte concentration, etc. The
obtained results have not only fundamental significance but
are also relevant to industrial applications that involve for-
mulation and processing of emulsions.

The stochastic nature of the film formation between two
Brownian droplets requires a probabilistic description. The
focus of the paper is on oil droplets in water, but the ap-
proach can be easily modified to include water droplets in
oil. The next section briefly outlines the Fokker-Planck-
Smoluchowski formalism that defines a time-dependent con-
figurational probability for two approaching Brownian drop-
lets. The cases of large and small interdroplet separations and
the transition between them are discussed. A set of Langevin
equations that correspond to the Smoluchowski probability
differential equation are derived. They are used to trace the
film radius and thickness time evolution. The numerical pro-
cedure for the Brownian dynamics simulation is described in
Sec. III. In Sec. IV, we discuss results and Sec. V concludes
with a summary.

II. THEORETICAL BACKGROUND

A. Smoluchowski analysis of two approaching droplets

The Smoluchowski equation is a special case of the more
general Fokker-Planck equation �59�. It applies to the situa-
tion when the Brownian particle experiences high viscous
friction with the solvent �60�. It also applies to systems that
have almost reached thermal equilibrium, but not the con-
figurational equilibrium and there are fluxes due to the gra-
dient diffusion. Hence, if the Brownian dispersion is almost
in thermal equilibrium Fokker-Planck equation for N par-
ticles suspended in a viscous solvent can be reduced to the
Smoluchowski equation �61�. For two Brownian droplets in
viscous solvent moving relative to each other, the Smolu-
chowski equation is

�P�r�
�t

= � · D�r� · ��P�r� +
1

kBT
P � W�r�� , �1�

where P�r� is the configuration probability function in Car-
tesian space and time t, and kBT is the thermal energy. The
direct thermodynamic interactions between the two droplets
are included in the force term F�r�=−�W�r�, while the hy-
drodynamic forces are taken into account by the diffusion
tensor D�r�.

At large separations the droplets are spherical; and, if
their interfacial mobility is negligible, the diffusion tensor
can be expressed in the form �63�

Dii = D0�ii + D0 �
j=1,j�i

�Asr̂ijr̂ij + Bs��ii − r̂ijr̂ij�� , �2�

Dij = D0�Acr̂ijr̂ij + Bc��ii − r̂ijr̂ij�� , �3�

where r̂ij = �rj −ri� / �rij� is the radius vector between the cen-
ters of the two spheres and �ii are the components of the unit
tensor. Dii refers to the self-diffusion, while Dij accounts for
the effect of the hydrodynamic interactions between particles
i and j. The functions As, Bs, Ac, and Bc depend on the
distance between the particles �62�. Different forms of these
functions were suggested by Felderhof, Oseen, Rotne-Prager,
and Batchelor �62–64�. This method was utilized in Ref. �65�
to calculate the time for droplet approach. However, the
analysis showed that it fails at short separations and/or when
many particles are involved in the collision. In the former
case, one needs to account for the droplet deformation and to
consider the hydrodynamics in the lubrication limit. Such an
analysis was performed in Ref. �23�. In this case, the Smolu-
chowski equation describes the probability for the existence
of a disk-shaped thin liquid film with radius r and thickness
h at moment t between the two droplets �see Fig. 1�a��,

�P�r,h,t�
�t

= � · 	D�r,h� · 
�P�r,h,t�

+
P�r,h,t�

kBT
� W�r,h��� . �4�

Note that Eqs. �1� and �4� refer to two different processes.
The former describes the relative motion of two spherical
particles �or droplets� in three-dimensional Cartesian space.
The droplet deformation is not taken into account and the
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phase space does not include the film radius. Equation �4�
was derived to analyze the approach of two droplets along
the line connecting their centers �i.e., the z coordinate�.
Hence, it does not take into account the full relative droplet
motion in three-dimensional space, but instead traces the
evolution of the thin liquid film when both its thickness h
and radius r can exhibit random variations in the r-h plane
�see Fig. 1�b��. The phase space for Eq. �4� is two dimen-
sional and consists of the film radius and thickness.

All the direct thermodynamic interactions are incorpo-
rated in the potential W. These may include van der Waals,
electrostatic, steric, and hydrophobic forces. The direct inter-
actions are shape dependent and, for deformed droplets ap-
proximated by truncated spheres, they are functions of the
film radius r and thickness h �32,56,66�. The two-
dimensional diffusion tensor in Eq. �4�, in the lubrication
limit, depends on r and h and is given by

D�r,h� = kBT��r,h�−1, �5�

where the components of the friction tensor � are �23�

�rr�r,h� =
6��r2

h�1 − �s�
, �6�

�hh�r,h� =
3��a2

2h
�1 +

r2

ah
+

r4

a2h2� , �7�

�hr�r,h� = �rh = −
3��r3

h2 . �8�

These components also depend on the droplet radius a and
the solvent bulk dynamic viscosity �. �rr is also a function of
the parameter �s, which accounts for the tangential mobility
of the droplet surfaces �22�. The values of this parameter
may vary between 0.001 and 1, depending on the surfac-
tant �44�. Low values for �s mean high mobility, while �s
=1 corresponds to tangentially immobile droplet surfaces.
We should stress that � ·D�0 �see Eqs. �1� and �4�� and

therefore the probability function will experience an addi-
tional force that is due to the variation of the hydrodynamic
forces within the film �62,64�.

If the film formed between the droplets thins down to a
critical value hcr, it will break and the droplets will coalesce
�56�. Then the coalescence problem is reduced to finding the
mean escape time � from a domain with an absorbing bound-
ary at h=hcr �60,67�. Equation �4� can be transformed into an
equation for the escape time � �23�,

� · �Peq�r,h�D�r,h� · ���r,h�� = − 1, �9�

where Peq=exp�−W�r ,h� /kBT� is the equilibrium configura-
tion probability function. Equation �9� can be used to find the
time necessary to reach h=hcr. It accounts for the fact that
the film radius can fluctuate along with the film thickness
and potentially contribute to the escape time �. Below, we
derive the set of Langevin stochastic differential equations
which are amenable to computer simulation and offer a dif-
ferent route to obtain detailed information about the dynam-
ics of droplet collisions, film formation, thinning, and coa-
lescence.

B. Langevin dynamics of droplet collision

Langevin dynamics presents an alternative treatment of
Brownian systems. Usually, there is a set of Langevin equa-
tions that correspond to any master differential equation for
the time-dependent probability �60,67,68�. According to our
analysis in the previous section, two approaching deformable
droplets probe a two-dimensional configuration space de-
fined by the film radius r and thickness h. The probability
function for r and h is a solution of the Smoluchowski equa-
tion �Eq. �4��, which is a very good approximation for
Brownian movements in the high friction limit. Our ap-
proach is based on the method developed by Ermak and
McCammon �58� and is modified explicitly to account for
the droplet surface fluidity and deformability. The represen-
tative coordinates for our system are the radius and thickness
of the film formed as the droplets approach each other. The
Langevin equations corresponding to Eq. �4�, in the absence
of inertial effects, read �see Fig. 1�b��

dr

dt
= �1

r

�

�r
rDrr +

�

�h
Drh� −

1

kBT
�Drr

�W

�r
+ Drh

�W

�h
� + v̂r�t� ,

�10�

dh

dt
= �1

r

�

�r
rDrh +

�

�h
Dhh� −

1

kBT
�Dhh

�W

�h
+ Drh

�W

�r
� + v̂h�t� .

�11�

The first two terms on the right-hand side of Eqs. �10� and
�11� originate from the fact that � ·D�0. They represent the
directional drift velocities. The h component of directional
forces opposes the droplet approach due to the increasing
hydrodynamic resistance with the decreasing film thickness.
The second terms on the right-hand sides of Eqs. �10� and
�11� account for the thermodynamic direct interactions be-
tween the droplets �van der Waals, electrostatic, etc.� and can
be positive or negative, depending on the position on the

FIG. 1. �a� Truncated sphere model adopted to emulate the de-
formation process during the collision of two emulsion droplets.
Note the cylindrical geometry exhibited by the film of radius r and
thickness h. �b� Schematic representation of the random configura-
tions which may adopt the film parameters r and h during a particu-
lar stage in the process of thinning. Film parameters shown were
exaggerated for a better visualization.
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energy surface in the r-h space �see Fig. 2�. The third terms,
v̂r�t� and v̂h�t�, represent the random velocities due to ther-
mal fluctuations. The solvent is considered as a viscous con-
tinuum. Its effect on the process is included in the diffusion
tensor components �through the viscosity� and the thermody-
namic forces �through the dielectric permittivity and back-
ground electrolyte concentration—see below.�

The film configuration space is limited by the following
boundary conditions. As the film thickness decreases, it may
eventually reach the critical value hcr where it breaks leading
to droplet coalescence. Consequently, h=hcr defines an ab-
sorbing boundary. It can be estimated by means of the Vrij
formula �69�

hcr = 0.243�AH
2 a2h0

2��2 �1/7

, �12�

where AH is the Hamaker constant, h0 is the distance at
which the droplets start to deform, � is the interfacial ten-
sion, and a is the droplet radius. According to Eq. �12� all
films with thicknesses less than or equal to hcr will be un-
stable and collapse due to an overwhelmingly strong van der
Waals attraction �see also Ref. �22��.

The film radius cannot physically reach negative values.
Therefore, r=0 is a reflecting boundary. On the other hand,
values of the radii that are too large lead to an increasingly
unfavorable extension energy and, hence, Peq�r→��→0. If
the droplet attraction is insufficient, they may move apart at
the boundary h→�. Our primary interest is to calculate the
time necessary to reach the boundary h=hcr defined by Eq.
�12�.

C. Direct interactions between the droplets

The direct surface interactions between particles and
droplets are due to electrostatic, van der Waals, depletion,
hydration, or hydrophobic forces �70�. They are shape depen-
dent and were analyzed in detail for the particular case of
two deformable emulsion droplets. The model shape of two
truncated spheres �see Fig. 1� allowed for the derivation of

analytical expressions for the different possible contributions
�56,66,71�. The film formation also leads to the appearance
of interfacial tension �extension� and, in some cases, bending
�local curvature change� energy contributions �66�. The over-
all interaction energy is a function of both the surface sepa-
ration distance and the radius of the film formed between the
droplets. Therefore, it is represented by a two-dimensional
surface �see Fig. 2�.

The droplets may �or may not� be stabilized with adding
surfactant. In both cases the van der Waals attraction is �56�

WvdW�r,h� = −
AH

12
� 4a2

�2a + h�2 +
4a2

h�4a + h�
+ 2 ln
h�4a + h�

�2a + h�2 �
+

128a5r2

h2�2a + h�3�4a + h�2� . �13�

Electrostatic repulsion is usually due to the presence of an
ionic surfactant that adsorbs at the droplet interface. At mod-
erately high �	25 mV� and constant surface potential 
0,
the electrostatic energy between two truncated spheres is
given by �56�

Wel�r,h� = ��0��
0
2��1 − tanh��h/2��r2

+ 2a�−1 ln�1 + exp�− �h��� , �14�

where �−1= �2e2z2Cel /�0�kBT� is the screening Debye length
for symmetric �z :z� electrolyte �z being the ionic charge
number�, e=1.602 10�10−19 C is the electron charge, �0
=8.85�10−12 F m−1 is the vacuum permittivity, and �
=80.4 is the relative dielectric constant of water at room
temperature. Higher surface potential �or charge� leads to
more stable droplets. This is due to the increased electrostatic
repulsion. The effect of the surface potential and/or charge
on the interaction energy between deformable droplets has
been extensively studied in the past �22,32,54–56,66�.

The energy due to the surface extension is given by �56�

Wext�r� =
1

2
��

r4

a2 , �15�

where � is the interfacial tension. Thus, the total energy of
interaction is W�r ,h�=WvdW+Wel+Wext. Other energy contri-
butions such as depletion, structural, and steric could be eas-
ily incorporated if present �66�. The expressions for the elec-
trostatic and extension energies as well as the friction tensor
were derived assuming moderate droplet deformation �r /a
0.3� �22�.

III. NUMERICAL PROCEDURE

The Langevin equations �10� and �11� have to be written
in a finite difference form,

�r = �1

r

�

�r
rDrr +

�

�h
Drh�0

�t −
1

kBT
�Drr

�W

�r
+ Drh

�W

�h
�0

�t

+ R��t� , �16�

FIG. 2. Contour curves of interaction potential of two equal
droplets �a=500 nm�. The electrostatic surface potential is 15 mV
and the interfacial tension is 4 mN/m. The separation between the
lines is kBT. The full lines correspond to negatives values of the
energy while the dashed lines shown are for positive energies. �a�
Cel=0.1 M and �b� Cel=0.2 M. As the droplets approach the en-
ergy surface may exhibit a far minimum which is better visible in
�a�. Further approach requires overcoming a saddle barrier before
falling into the deep energy minimum at very short distances.
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�h = �1

r

�

�r
rDrh +

�

�h
Dhh�0

�t −
1

kBT
�Dhh

�W

�h
+ Drh

�W

�r
�0

�t

+ H��t� . �17�

Equations �16� and �17� describe the dynamics of a thin liq-
uid film formed between two droplets in the configurational
space of the radii and thicknesses. They can be solved fol-
lowing the procedure proposed by Ermak and McCammon
�58�. The time step �t�mDii

0 /kBT is selected in accordance
with the Brownian dynamics analysis procedure for friction
dominated systems. The superscript 0 refers to the value at
the previous step. Ermak and McCammon �58� considered
the relative motion of two spherical particles at large separa-
tions. Hence, they used the Oseen and Rotne-Prager diffu-
sion tensors to account for the hydrodynamic interactions at
large separations. Both Oseen and Rotne-Prager tensor have
zero divergence, � ·D=0, and the diffusion drift terms dis-
appear from their equations. In contrast, we have to keep the
first terms on the right-hand sides of Eqs. �16� and �17� be-
cause the diffusion tensor defined by Eqs. �5�–�8� has a non-
zero divergence, � ·D�0.

The displacements R��t� and H��t� are random variables
that have to be obtained using a multivariate Gaussian dis-
tribution �58�. Because of the symmetry of the film between
the droplets, the three-dimensional Gaussian distribution
transforms into a combination of a Rayleigh and one-
dimensional Gaussian distribution �72� �see also Appendixes
A–C�. Following the procedure described in Appendixes
A–C, we generate random deviates that conform to the two
distributions. They are then used to obtain the actual physical
displacements in radial and normal direction using the ex-
pressions �see Refs. �58,73� for details�

Li��t� = �
j=1

i

�ijXj�t1/2. �18�

Here, L1=R and L2=H, X1=Xr and X2=Xh are dimension-
less Rayleigh or Gaussian random deviates �see Eq. �C3� in
Appendix C�, and �ij represents the weighting factors calcu-
lated from

�ii =�Dii − �
k=1

i−1

�ik
2 , �19�

�ij = �Dij − �
k=1

j−1

�ik� jk�� j j
−1, i � j . �20�

Equations �19� and �20� follow from the relationship be-
tween the covariance matrix and the diffusion tensor matrix
�see Eq. �A3� in Appendix A�. This procedure accounts for
the hydrodynamic coupling between the random fluctuations
in the film thickness and radius �58,73�.

IV. RESULTS AND DISCUSSION

This section presents results obtained by using the above
procedure. The parameters used for the computations are

0=15 mV, �=80.4, �0=8.85�1012 Fm−1, �=4 mN /m,

�=8.91�10−4 kg m−1 s−1, T=298 K, and AH=4�10−21 J.
The mean coalescence times are obtained by averaging over
a hundred independent numerical experiments with different
initial values of seeds used to calculate the random displace-
ments. The above parameters give a critical film thickness
hcr between 1 and 2 nm depending on the droplet radius �see
Eq. �12��. We use a value of 1 nm for all cases. The time step
used for all calculations was �t=1�10−8 s. The initial
droplet separation was selected to fulfill the lubrication ap-
proximation �h0=10 nm�. The selected initial film radius is 1
nm. Hence, we consider the final stages of film thinning and
coalescence in the presence of complex surface interactions
which depend on the electrolyte concentration. In addition to
that, we examine the effect of tangential mobility on the
coalescence time for two colliding Brownian droplets. This
approach is complementary to the analysis previously done
for large separations between the droplets �65�. Below we
focus on the effects of interfacial mobility and droplet size
on the film evolution and coalescence.

Figure 3 shows the configurations of the thin liquid film
formed between two droplets in the r-h space. Figure 3�a�
corresponds to Cel=0.1 M and �s=0.01 �see also Fig. 2�a��.
The system remains trapped in the vicinity of the energy
minimum around h /a=0.008 and is kinetically stabilized
against coalescence. Given enough time, the system would
eventually cross the saddle point shown in Fig. 2�a� and will
coalesce. However, for 5�106 iterations �i.e., 50 ms� no
coalescence was observed. Figure 3�b� corresponds to the
same parameters of Fig. 3�a� but lower interfacial mobility
��s=0.9�. For droplets with radius a=500 nm and lower
electrolyte concentration, the electrostatic repulsive barrier
provides kinetic stability for the system. Increasing Cel de-
creases the electrostatic repulsion through screening and the
preferred configurations correspond to lower film thick-
nesses. In the absence of an energy barrier �see Fig. 2�a�� to
prevent coalescence, the main force resisting film thinning is
due to viscous hydrodynamic resistance. The average coales-
cence time for this case �Fig. 3�c�� is ��15 ms. Lowering
the surface mobility �see Fig. 3�d�� further increases the coa-
lescence time by allowing the system to probe more configu-
rations at larger separations. In this case, about 40% of the
runs end with droplet coalescence with typical time �
�30 ms. The remaining 60% do not reach coalescence
within 50 ms. The surface mobility is more important for
high electrolyte concentrations where the electrostatic inter-
actions are screened and the droplets can get closer. Smaller
separation between the droplets leads to greater shear
stresses and, hence, greater viscous resistance to further ap-
proach. Increasing the surface mobility and allowing the in-
terfaces to flow decrease these stresses. As a result, the vis-
cous force also decreases and the droplets may approach
even further. The hydrodynamic resistance plays an impor-
tant role in the possible configurations of the film because it
might “force” the system to spend more time in regions
where the direct interaction energy is not necessarily mini-
mal. The hydrodynamic effect is included in the term � ·D.
Note that it depends not on the local values of the diffusion
�or friction� tensor components, but on their spatial deriva-
tives. Increasing the surface mobility lowers the viscous re-
sistance, but at the same time increases the variations in the
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stress with position, which may lead to greater values of
� ·D.

Figure 4 provides further insight in the combined effect of
direct surface and hydrodynamic interactions on the coales-
cence time discussed above. It depicts the h and r compo-
nents of the deterministic velocity �� ·D−D ·�W /kBT� �see
also Eqs. �10� and �11��. Figures 4�a� and 4�b� correspond to
electrolyte concentration of 0.1 M. The positive regions of
the surfaces �above the horizontal planes� correspond to a
deterministic increase in film thickness and/or radius. Coa-
lescence would be possible only if the random term vh in Eq.
�11� is negative and large enough to overcome the positive
velocity shown in Fig. 4�a�. If the film radius r /a�0.08, the
directional forces in the h direction will favor the coales-
cence. However, the forces in r direction try to reduce the
film radius in this region �see Fig. 4�b��. Therefore, this route
also requires a large velocity fluctuation, this time in the r
direction. This leads to a lower overall coalescence probabil-
ity for salt concentration equal to 0.1 M monovalent electro-
lyte.

Increasing the electrolyte concentration to 0.2 M does not
substantially change the deterministic velocity in the r direc-
tion �see Fig. 4�d��. However, it has a strong effect in the film
thinning velocity �see Fig. 4�c��. The velocity of spontaneous
film growth due to the deterministic term in Eq. �11� is much
slower and can be easily overcome by a velocity fluctuation
�vh� in the opposite direction. Hence, the film evolution and
coalescence is governed by the combined effects of the com-
plex interaction energy and hydrodynamic resistance.

The interplay between the direct interactions and surface
mobility is also evident for smaller droplets. Figure 5 shows
the coalescence times vs electrolyte concentration for four
different interfacial mobilities and droplet radius a
=100 nm. The curves show that the coalescence times sig-
nificantly increase as the salt concentration and interfacial
mobilities decrease. Low salt concentration leads to greater
electrostatic repulsion, while low mobility of the droplet in-
terfaces enhances the hydrodynamic drag upon approach.

Smaller droplets are “harder” due to the higher internal cap-
illary pressure. That is why they are less prone to deforma-
tion and film formation. The interaction energy surface for
small droplets does not exhibit a minimum above a saddle
barrier, like the one shown in Fig. 2�a�. Therefore, the system
is less likely to be trapped in metastable states similar to
those in Figs. 3�a� and 3�b�. The comparison of the different
cases in Figs. 5�a�–5�d� shows that the effect of the salt is
greater for droplets with less surface mobility. High surface
mobilities reduce the hydrodynamic resistance, and the coa-
lescence time depends mostly on the direct interactions. The
repulsive part of these interactions is mainly due to the elec-
trostatic energy. The addition of electrolyte screens the repul-
sion and decreases the coalescence time. Lower surface mo-
bility leads to greater change in the coalescence times with
the background salt concentration. Hence, for smaller and
less deformable droplets, the lower the surface mobility the
sharper the drop in the coalescence times with the increasing
amount of electrolyte. This can be attributed to the fact that
for too small separations �due to screened electrostatic repul-
sion� the van der Waals attraction becomes strong enough to
overcome the friction resistance and reduces the film thick-
ness to its critical value given by Eq. �12�. The friction re-
sistance is greater for deformable droplets. Therefore,
smaller and harder droplets will experience weaker hydrody-
namic interactions compared to larger and softer ones.

Replacing the ionic surfactants with nonionic ones may
lead to droplets with no surface charge. In this case, there
would be no electrostatic repulsion and energy barrier. The
attraction will monotonously increase as the distance h be-
comes smaller. If the surfactants are soluble in the droplet
phase, they can further reduce the hydrodynamic resistance
by lowering the value of �s and destabilize the emulsion �44�.
Figure 6 presents data for the film radius and thickness evo-
lution with time for different combinations of interfacial ten-
sions and mobilities. In principle, these can be controlled by
selecting appropriate surfactants and their concentrations.

FIG. 3. Film configuration in r-h space. The
particle radius is 500 nm, interfacial tension is 4
mN/m, and surface electrostatic potential is 15
mV. �a� Cel=0.1 M and �s=0.01; �b� Cel

=0.1 M and �s=0.9; �c� Cel=0.2 M and �s

=0.01; �d� Cel=0.2 M and �s=0.9.
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The plots represent typical examples of single Brownian dy-
namics runs. However, the coalescence times, shown in the
figures, are very close to the average values that have been
obtained from a hundred independent runs. Lower surface
tension leads to greater average film radius, while higher
interfacial mobility leads to greater amplitudes of the film
fluctuations. Changing the interfacial mobilities from ex-
tremely mobile to almost immobile leads to an approxi-
mately twofold increase in the coalescence time. Interest-
ingly, the film radius for the case of �=1 mN /m and �s
=0.9 reaches a plateau value, which is reproducible for al-
most all the cases that were studied. The lower amplitudes
observed in the case of �S=0.9 are due to the fact that the
surface is less susceptible to fluctuations because of the low

surface mobility. On the contrary, the more mobile the sur-
face is, the more sensitive it is to large amplitude fluctua-
tions. According to these results, the film growth is not mo-
notonous. The film radius exhibits random fluctuations
around a mean value. As the interfacial tension increases, the
mean value of the film radius decreases. This is expected
since the interfacial tension opposes surface flattening of the
droplets.

These are important results because they show that film
formation between small Brownian droplets is different in
comparison with larger millimeter drops. In the latter case, it
was shown that the film evolves from zero radius up to
rmax=�ah0, where h0 is the distance where the deformation
starts �44�. While such a behavior was also assumed to be

FIG. 4. Velocity vector �� ·D−D ·�W /kBT�. vh is the h component �cases �a� and �c�� and vr is the r component �cases �b� and �d�� The
arrows show the direction of the velocity components. Top plots correspond to a electrolyte concentration of 0.1 M. Bottom plots correspond
to the case of Cel=0.2 M. The values above the planes are positive �the film thickness and radius tend to grow�. The values below the planes
are negative �the film thickness and radius tend to decrease�.
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valid for smaller droplets �22�, our results show that this is
not correct.

The average coalescence time vs droplet radius is shown
in Fig. 7. The interfacial mobility is high ��S=0.01�, and the
droplets are uncharged. Hence, the coalescence kinetics de-
pends on the van der Waals attraction and the hydrodynamic
resistance. Both interactions increase with the droplet size,
but the effect is stronger for the hydrodynamics. Larger drop-
lets are more deformable and form larger plane parallel films
at approach. The hydrodynamic resistance for squeezing the
fluid out of larger films is greater and, hence, the coalescence
time is longer. As a result, the coalescence times show a
nonlinear increase with the droplet size. In contrast, the
original Smoluchowski theory �3–5� does not account for
any size dependence of the coagulation kinetics because any
long-range thermodynamic and hydrodynamic interactions
are not taken into account.

V. CONCLUDING REMARKS

Emulsion film formation and its time evolution is a com-
plex event. It is strongly affected by the thermodynamic and
hydrodynamic interactions between the droplets in combina-
tion with the random Brownian disturbances from the sur-
rounding medium. Small droplets and liquid films can be
described using Langevin dynamics. This approach allows us
to account for all the forces acting on the colliding droplets
and to obtain the film formation evolution and coalescence
time. We have shown that the effect of the tangential mobil-
ity on the coalescence time is extremely important and is
coupled to the effect of the direct thermodynamic interac-
tions. The hydrodynamic interactions lead to an effective
force that pulls the droplets apart. This effect is stronger for
droplets with less tangentially mobile interfaces. High tan-
gential mobility facilitates the coalescence while low values
of mobilities oppose droplet fusion by increasing the viscous
resistance and slowing the film thinning time. Droplets with
lower surface mobilities are more sensitive to increasing the
background electrolyte concentration, which reduces the coa-
lescence time. The amplitude of the radial fluctuations is a
strong function of the surface mobility. Lower mobilities
lead to smaller amplitudes, and vice versa. Our analysis is
valid for small droplet separations �in lubrication approxima-
tion� and moderate deformations. Therefore, it is comple-
mentary to other models that consider droplet approach from
large distances �65� but ignore details in the hydrodynamics
and surface forces that dominate the process at close prox-
imity.
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APPENDIX A: CONFIGURATIONAL PROBABILITY IN 3D
CARTESIAN COORDINATES: A BRIEF OVERVIEW

The probability density for the distribution of random de-
viates associated with Brownian motion in three-dimensional

FIG. 6. Time evolution of the film thickness h �gray lines� and
film radius r �black lines� formed between two deformable droplets
�a=1 �m� in the absence of electrical surface charge. �a� �
=1 mN /M and �s=0.01, �b� �=1 mN /M and �s=0.9, �c� �
=10 mN /M and �s=0.01, and �d� �=10 mN /M and �s=0.9.

FIG. 5. Coalescence time � vs electrolyte concentration Cel for
different surface mobilities �a=100 nm�: �a� �s=0.01, �b� �s=0.1,
�c� �s=0.2, and �d� �s=0.4. The bars represent the standard devia-
tion for 100 numerical experiments. The error bars for the last two
data points in �d� are smaller than the point size.

FIG. 7. Dependence of the coalescence time on the droplet ra-
dius in the absence of surface charge ��s=0.01�; �=50 mN /m. The
error bars represent standard deviation on 100 numerical
experiments.
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Cartesian space is given by the normal Gaussian distribution
�67,74�,

f�r;t� =
1

�2�t�3/2�det�D�t�1/2exp�−
rt · D−1 · r

4t
� , �A1�

where r is the position vector, t is time, and D=kBT�−1 is the
diffusion tensor �see Eq. �5� in the text�. The denominator is
derived from the normalization condition

�
−�

�

f�r;t�dr = 1. �A2�

If hydrodynamic interactions are present, the random terms
in the Langevin equations for the different coordinates are
correlated. To account for the hydrodynamic interactions, Er-
mak and McCammon �58� used a Cholesky decomposition
�75� of the diffusion �or friction� tensor assuming the exis-
tence of lower triangular matrix � and its conjugate trans-
pose �T, which are defined by the variance

��T = D . �A3�

The procedure for generating normal deviates that are dis-
tributed according to Eq. �A1�, as well as their relationship to
the actual physical displacements �through the matrix ��, is
explained in detail in Appendix G, part 3 in Ref. �73� �see
also below�.

APPENDIX B: DIFFUSION AND FRICTION TENSORS IN
POLAR CYLINDRICAL COORDINATES

The starting point of our derivation of the diffusion and
friction tensors in cylindrical coordinates is the product

rT · D−1 · r = D =
rT · � · r

kBT
. �B1�

The expanded form of Eq. �B1� in Cartesian coordinates
reads

rT · � · r = �xxx
2 + �yyy

2 + �zzz
2 + 2�xyxy + 2�xzxz + 2�yzyz .

�B2�

The next step is to transform the coordinates and the tensor
matrix elements from Cartesian to cylindrical. The cylindri-
cal coordinates are defined by �76� �see also Fig. 1�

x = r cos �, y = r sin �, z = h . �B3�

For convenience, we will transform � instead of D according
to the expression �76�

�ij
cart = �

k
�

l

�qk

�qi�

�ql

�qj�
�kl

cyl, �B4�

where qk ,ql are the polar and qi� ,qj� are the Cartesian coor-
dinates �k , l=r ,� ,h ; i , j=x ,y ,z�. The superscripts “cart”and
“cyl” refer to the Cartesian and cylindrical components of the
friction tensor, respectively. Equation �B4� implies a covari-
ant transformation. Contravariant or mixed transformations
of the friction tensor from Cartesian to cylindrical will lead
to the same results. Introducing the results from Eq. �B4�

into Eq. �B2� and after tedious but straightforward calcula-
tions we obtain

rT · �cart · r = �rr
2 r2 + �hh

2 h2 + �rh
2 rh = rT · �cyl · r , �B5�

where

�cart = ��xx �xy �xz

�yx �yy �yz

�zx �zy �zz
� , �B6�

�cyl = ��rr �rh

�hr �hh
� . �B7�

Note that the cylindrical symmetry of the problem lowers the
matrix rank down to 2. The diffusion tensor in cylindrical
coordinates is then

Dcyl = kBT��cyl�−1 = �Drr Drh

Dhr Dzz
� , �B8�

which is the used one in Eqs. �16�–�20� . Both the friction
and diffusion tensors are symmetric, i.e., �rh=�hr and Drh
=Dhr.

APPENDIX C: PROBABILITY DISTRIBUTION AND
RANDOM NUMBERS IN CYLINDRICAL SYMMETRY

The elementary volume in cylindrical coordinates is

dr = 2�rdrdh , �C1�

then �see Eq. �B5��

f�r;t�dr =

r exp�−
�rrr

2 + �hhh2 + �rhrh

4kBTt
�drdh

�
0

� �
−�

�

exp�−
�rrr

2 + �hhh2 + �rhrh

4kBTt
�drdh

.

�C2�

This distribution is the basis that we use to generate our
random displacements in the Langevin equations. It implies
using a Rayleigh distribution for r and a Gaussian distribu-
tion for h �see Fig. 1�. Following the procedure outlined in
Refs. �58,73�, we generate random deviates using distribu-
tions with unit variances

f̃�Xr� = Xr exp�−
Xr

2

2
� ,

f̃�Xh� = exp�−
Xh

2

2
� . �C3�

The Gaussian random deviates were generated using a
standard Box-Müller algorithm �73,77,78�. The Rayleigh
random deviates were also generated following the Box-
Müller method �77� �see also Ref. �79��. The normal Gauss-
ian deviates are obtained from

Xh1 = �− 2 ln �1 cos�2��2� ,

Xh2 = �− 2 ln �1 sin�2��2� . �C4�
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The Rayleigh deviates are generated by using

Xr = � �− 2 ln � . �C5�

The variables �, �1, and �2 are uniformly distributed random
numbers between 0 and 1. The right-hand side of Eq. �C5�
can be positive or negative corresponding to positive or
negative contribution fluctuation contribution to the film ra-
dius. We select the sign by generating a uniform random
number in the range between 0 and 1. If the random number

is less that 0.5 the positive sign is selected. If the random
number is greater than 0.5 the then negative sign is chosen.

The generated random deviates Xr and Xh are not the ac-
tual displacements in the Langevin equations, although they
are related to them. To obtain the physical displacements, we
have to insert the obtained deviates in Eq. �18�. The correla-
tion between the r and h components, due to the hydrody-
namic interactions, is taken into account by Eqs. �19� and
�20� �see Refs. �58,73��.
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