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Poisson-noise-induced escape from a metastable state
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We provide a complete solution of the problems of the probability distribution and the escape rate in
Poisson-noise driven systems. It includes both the exponents and the prefactors. The analysis refers to an
overdamped particle in a potential well. The results apply for an arbitrary average rate of noise pulses, from
slow pulse rates, where the noise acts on the system as strongly non-Gaussian, to high pulse rates, where the

noise acts as effectively Gaussian.
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I. INTRODUCTION

Escape from a metastable state underlies a broad range of
phenomena, chemical reactions, diffusion in solids, and
population extinction being examples. A classical theory of
escape was first developed by Kramers [1]. For a Brownian
particle in a potential well, see Fig. 1, he obtained the escape
rate W in the form W=\, exp(-AU/kgT) and found the
prefactor A in a broad parameter range. The understanding
of the prefactor is important not only for completeness of a
theory of escape, but also for interpreting the experiment, cf.
Refs. [2—4]. Therefore much effort has been put into extend-
ing the Kramers theory, see Refs. [5-7] for a review. Most of
the obtained results refer to generalizations of the Kramers
model to other types of Brownian motion, for example, to
Brownian motion in a three-dimensional potential [8] or a
periodically modulated potential [9-15].

In the last few years escape from a metastable state has
attracted much interest as a means of detecting non-Gaussian
noise and potentially determining its statistics [16-24]. The
proposed noise detectors are continuous systems; in the ex-
periment there have been used Josephson junctions [20,23]
and nanomechanical resonators [24]. It is important therefore
to have a full theory of escape induced by non-Gaussian
noise, which will include both the exponent and the prefactor
in the escape rate.

In this paper we study the probability distribution and
escape induced by Poisson noise. Such noise is often en-
countered in photon statistics and in the statistics of current
through tunnel junctions. The noise can be far from the
Gaussian limit, which happens if the noise pulses are infre-
quent, with the rate of the order of the reciprocal relaxation
time of the system in the absence of noise t;l (a more precise
condition is specified later). This parameter range was stud-
ied in the experiment [24] in particular. In the opposite limit
of frequent small pulses the noise becomes close to Gauss-
ian. This range is often of interest for experiments with Jo-
sephson junctions.

The random motion of the system is very different de-
pending on whether the system has time to relax between the
pulses or they are too close in time to change the state be-
tween them. Respectively, the probability distributions of the
system have very different shapes and the expressions for the
escape rate have very different structures. At the same time,
in the both cases the noise has the same statistics. One might
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expect therefore that the noise-induced fluctuations can be
studied within a single approach that would apply for an
arbitrary pulse rate. Developing such an approach and dem-
onstrating how the fluctuations change from the well-
understood Gaussian limit to the opposite limit of well-
separated pulses, along with the escape problem, provide the
major motivation for this paper.

We model the system by a particle in a potential well,
with the local minimum of the potential corresponding to the
metastable state in the absence of noise, see Fig. 1. Escape
occurs if a sufficiently large outburst of noise drives the par-
ticle over the potential barrier. We further assume that the
particle is overdamped, it has no inertia. For infrequent noise
pulses the probability distribution is singular in this case
[21,25]. As a consequence, the Kramers approach cannot be
applied and a different technique has to be used.

Our analysis is based on the kinetic equation. We develop
an asymptotic method of solving this equation in the case
where the Poisson noise is weak on average, so that escape is
a rare event, the escape rate W<t;1. This technique applies
for an arbitrary relation between the two parameters that
characterize a Poisson noise, the appropriately scaled noise
intensity and pulse rate. We find the probability distribution
near the minimum of the potential well (point ¢, in Fig. 1)
and near the top of the potential barrier (point gs) as integral
transforms of different types. The obtained expressions are
then matched to the distribution in the intermediate range,
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FIG. 1. A sketch of a metastable potential. The barrier height is
AU=U(gs)-U(q,). In the time range t,<t<W~! the probability
current from the metastable state j is independent of time and the
escape rate W= [1]. The probability distribution for Poisson noise
is found by matching the asymptotic solutions in regions I-III.
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which is found using the WKB-type approximation. This
gives the full probability distribution, and both the exponent
and the prefactor in W.

II. MODEL

The dynamics of an overdamped particle, with coordinate
g, driven by a Poisson noise fp(f) is described by the Lange-
vin equation

Gg==U"(q) + fp(t) = {fp(1)),
frlt)=g> 8t—1,). (1)

Here, U(q) is a metastable potential. In the absence of noise,
the particle has a stable state at the local potential minimum
q, and an unstable stationary state at the local maximum gg,
see Fig. 1. The characteristic relaxation time is t,=)\;1, where
N.=U"(q,). An important class of systems described by an
overdamped one-dimensional particle in a metastable poten-
tial are systems near bifurcation points. Their dynamics dis-
play model-independent features, and their noise-induced
switching has found applications in various areas of physics,
see Ref. [26] for a recent review. In this case g is the slow
variable, g, is the position of the attractor along the g axis,
and g is the position of the saddle point.

Poisson noise fp(f) is chosen in Eq. (1) to be of the sim-
plest type, a sequence of unipolar pulses of area |g| that
occur at independent instants 7,,. We assume that the sign of g
is such that the noise pushes the system from ¢, to ¢gg, i.e.,
(¢s—q.)/g>0. The parameter g is small, which means that
many pulses are required for pushing the particle over the
barrier,

(gs—q.)/g> 1.

We note that (¢s—¢,)/g is not necessarily the largest param-
eter of the theory, i.e., the scaled area of the noise pulses,
even though it is small, is not necessarily the smallest param-
eter.

The noise-driven dynamics very strongly depend on the
average rate v at which the noise pulses are repeated. If vz, is
not large, the discreteness of the pulses is of primary impor-
tance, the state of the system changes between the pulses
when they come at the average rate. On the other hand, in the
limit of high mean pulse rate, v#,> 1, the noise is effectively
a white Gaussian noise with intensity D=wvg?/2.

For a high pulse rate, (f»(1))=vg does not have to be
small, it can exceed the characteristic dynamical force |gg
—q,|/t. even for small |g|. On physical grounds, we incorpo-
rate the average bias from the noise —¢{fp(¢)) into the poten-
tial U(g) and study fluctuations induced by the deviations
from the mean, i.e., by a zero-mean random force fp(z)
={fp)-

There is a similarity between Poisson-noise driven dy-
namical systems and reaction systems. The latter are charac-
terized by a large but finite number of elementary units, for
example, molecules in a stirred chemical reactor or individu-
als in a population. The dynamics is controlled by reactions
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between them. The elementary reactions are short events,
which are uncorrelated with each other and are characterized
by rates; these events present a Poisson process. A system
may have a metastable state, which is approached as a result
of the most probable reaction sequence. However, an un-
likely yet possible reaction sequence can drive the system far
away from this state, leading to switching to a different
stable state. For one-species reaction systems, the prefactor
in the escape rate can be studied using the Kramers technique
[27,28] (the prefactor in the probability distribution was
missed in Ref. [27]).

As in reaction systems, in our system the noise leads to a
finite increment of the system coordinate. However, our sys-
tem is continuous, and in addition it is subject to a regular
force —U’(q). This leads to a qualitative distinction of the
escape problem from that in reaction systems and to the
aforementioned inapplicability of the Kramers technique.

We will study escape using the kinetic equation for the
probability distribution of the system p=p(g,f). It has a
form [29]

a,p(q.t) = 9, (U'(q) + vg)p(q.0)] + v p(q - g.1) — p(q.1)]
(2)

(for completeness, we give a derivation in the Appendix).

Qualitative picture of large fluctuations

We assume that the noise is weak and that initially the
system is prepared well inside the potential well in Fig. 1.
Over time ~t,=)\;1 the system will approach the vicinity of
the potential minimum ¢, and will then fluctuate about g, for
a long time 7> t,. Eventually there will happen a sequence of
noise pulses that will cause the system to go over the barrier.
In the time range 7,<<t<W~' the probability distribution in-
side the potential well p(q) is quasistationary. It is maximal
near ¢, (but generally not exactly at g,, see below).

Of primary interest to us is the tail of the distribution,
which is formed by large fluctuations to states far from the
equilibrium position, (¢—¢,)/g>1. Such fluctuations are
rare and typically last for time ~¢,, which is the characteris-
tic time of the system dynamics. Because a single noise pulse
shifts the system by g, the number 7 of noise pulses required
for reaching a point g inside the potential well in time 7,
~t, is determined by expression

n—vty~(q-9q,)/g. (3)

Here, vt; is the average number of pulses in time 7 the
corresponding bias has been incorporated into the potential
U(q), cf. Eq. (1); the difference n—wt; characterizes the de-
viation of the noise from the average. In a rare fluctuation
|n—vtf|> 1, in agreement with the condition (¢—¢,)/g>1;
cf. Ref. [30] where the case vt,<1 was outlined.

The difference between the limits of small and large mean
pulse rates is that [n— th| may be large or small compared to
the average number of pulses vt The case n> vt; corre-
sponds to a comparatively low mean pulse rate. The case
vi;>|n—wvi>1 corresponds to the large mean pulse rate
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limit, in which the noise is essentially Gaussian. This is clear
from the expression for the probability to have n pulses in
time t

P, = (vty)"exp(- vty)/n!.

Indeed, the values of n in the two limiting cases lie, respec-
tively, on the non-Gaussian tail and in the Gaussian part of
the distribution P,,.

For n given by Eq. (3), we have In p(¢)~In P,. In the
limits of small and large pulse rate this gives, to leading
order in (g—q,)/g.

n plg) ~ (q—qa)ln(q—qa)’ v < 1= 9a
g gvif g
—_— 2 —_—
inplg) ~ UTIL s 4
2vgty 8

with z,~1, (see Sec. Il B). Equations (4) show that the tail
of the distribution is qualitatively different depending on the
mean pulse rate v.

Implicit in the estimate Eq. (3) was the assumption that,
during the fluctuation, the noise is much stronger than the
regular force. With an appropriate 7, this assumption gives
the right answer not too far from ¢, where the potential U(g)
is parabolic. The parabolicity of U(g) thus determines the
range of applicability of Eq. (4). Further away from ¢, Eq.
(4) still describes the leading-order term in In p(g) for a low
pulse rate, but becomes inapplicable for a high pulse rate.

Still further away from ¢,, where ¢ is outside the potential
well, for t,<t<W-! the distribution p(g) corresponds to a
quasistationary probability current j, which is equal to the
escape rate, W= [1]. One of our goals is to find j. This will
be done by solving Eq. (2) separately in the three regions
indicated in Fig. 1 and matching the solutions.

III. VICINITY OF THE STABLE STATE

We first consider region I in Fig. 1, where the system is
close to the attractor, |g—q,| <|qs—q,|- Here, the potential
U(g) can be expanded in g—q, keeping only the quadratic
term, with U'(q)=\,(¢—q,). This makes it possible to find
an explicit solution of Eq. (2). For an overdamped particle in
a parabolic potential driven by a unipolar Poisson noise with
random pulse area, the probability distribution was found in
Ref. [25]. In contrast, we consider the case of a constant
pulse area, which is relevant for many physical sources of
noise, including electron or photon noise; the method [25]
does not apply to this case and the distribution is different.
The standard eikonal approximation often used for white-
noise driven systems [31] also does not apply.

We seek the solution of Eq. (2) with U’ =\,(¢—¢,) in the
form of a Fourier integral,

p(q)=(2m)™! f dw exp[-io(g - q,)]p ().  (5)

Substituting Eq. (5) into Eq. (2), we obtain a linear differen-
tial equation for p,(w), with solution
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® igw _ a1 1
pw) = exp|: V)\(;lf dw'%] . (6)

0 w

Equation (6) gives p,(w) in terms of the exponential integral
[32]. A constant factor in p, is chosen so that to satisfy the
normalization condition [~ dgp(q)=1.

The maximum of p(q) is located close to the equilibrium
position g,. The shape of p(q) near the maximum strongly
depends on the parameter vz, = v/\,. For a high rate of noise
pulses, v/\,> 1, one can expand the exponent in Eq. (6) to
the quadratic term in w, with the result

P(C]) = ()\a/zﬂD)l/Zexp[_ )\a(q - Qa)z/zD]s

D=vg’2, |U'(q)lvg|<1. (7)

Equation (7) is the familiar Gaussian distribution near the
minimum of a potential well for a particle driven by white
Gaussian noise of intensity vg?/2. The inequality in Eq. (7)
is the condition that |wg| <1 for the values of w that give the
main contribution to Eq. (5); it is necessary for the expansion
in w to work.

The shape of the distribution near the maximum is quali-
tatively different in the opposite limit of small mean pulse
rate, Y\,' <(gs—q,)/g, where we use gs—gq, as a typical
distance on which the potential U(g) becomes essentially
nonparabolic. From Eq. (6), for (g—q,+gv\,")/g<O0 the in-
tegrand in Eq. (5) has no singularities for Im wg>0 and
exponentially decays for Im wg — . Therefore, by closing
the integration contour over w in the appropriate half-plane,
we obtain p(q)=0 for (g—q,+gv\;')/g<0. We note that
q.—gv\," is still in the region where U(g) is parabolic for
small mean pulse rate; this is the equilibrium position of the
“bare” potential Uy(g), i.e., the potential without the noise-
induced bias, Uy(q)=U(q)+gvq. In contrast, in the
Gaussian-noise limit, Eq. (7), this point is generally beyond
the range where U(g) is parabolic.

The singular behavior of p(g) for small to moderate v/\,
is easy to understand: unipolar noise pulses push the system
only in the direction of positive [¢g—g,+g¥\,']/g. If the sys-
tem has no inertia, its quasistationary distribution should in-
deed be zero for (g—gq,+gv\,')/g<0 [21,25]. Because
|p(w)| decays as |w|™"*a or large |w|, if ¥<<\, distribution
p(q) displays a power-law divergence,

—_ _1_
p(q) = [(q—qq+gvh;")/g]™ !,

for (q—qa+gv)\;1)/g—>+0, as is also the case for exponen-
tially distributed heights of noise pulses [25]. This is very
different from the smooth Gaussian peak at the distribution
maximum for large v/\,, cf. Eq. (7).

A. Distribution tail in the harmonic region of the potential

Of significant interest for us is the tail of the distribution,
where p(q)<<1. It lies for (¢—¢q,)/g>1 and is still in the
harmonic region of U(g) provided the typical width of the
distribution peak is small compared to the typical distance
gs—q, on which U(g) becomes nonparabolic. The distribu-
tion tail can be obtained from Egs. (5) and (6) for arbitrary
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v/\,. On the tail, integration over w can be done by the
method of steepest descent. The extremum of the integrand is
reached for w lying on the imaginary axis, w=—ip with p
=p(q) given by equation

H(q,p)=0, H=wv(e"-pg-1)-pU'(q). (8)

In the range considered in this section U’(¢)=\,(¢—q,), but
the form in which Eq. (8) is written allows using the expres-
sion for H(g,p) where U’'(g) is nonlinear in g—g,, see be-
low. The result of integration over w can be put into the form

p(q) = (N p/2md,H)"*exp[- s(q)],

q
s(q) = J dq'p(q’). )
da

Function —s(g) is the Legendre transform of the exponent of
p.(w) for w=—ip(q). The method of steepest descent applies
if s(g)>1. We note that s(g) can be thought of as an action
of an auxiliary Hamiltonian system with coordinate g, mo-
mentum p, and Hamiltonian H(q,p). Equation (8) gives the
Hamilton-Jacobi equation for the auxiliary system,
H(q,d,s)=0.

Applicability of the steepest descent method

The method of steepest descent applies, i.e., it is sufficient
to keep in the exponent of p,(w) in Egs. (5) and (6) only
terms quadratic in (w+ip), if the terms of higher order in
(w+ip) are small. A term (w+ip)" enters the expansion of
In p,(w) with coefficient K,/ n!,

Ky=10,1n p(@)]esy (10)

One can check that |K,/g"2K,| increases with pg monotoni-
cally from 2/n for pg—0 to 1 for pg—cc. Using that K,=
—)\glﬁpH/ p [this relation has been used in deriving Eq. (9)]
and taking into account the condition s(g)> 1, one finds the
applicability condition of Eq. (9)

1gU"(@)/3,H| < (pg)™", pU'(q)>|U"(q)l,  (11)

with p(q) given by equation H(g,p)=0. Formally, Eq. (11)
was obtained for U"(¢q)=\,, U'(q)=N,(q—q,), but the form
in which it is written makes it applicable also outside the
range of parabolicity of U(g), see below.

B. Limits of almost Gaussian and strongly non-Gaussian noise

The explicit form of the distribution on the tail can be
obtained in the cases of comparatively large and small noise
pulse rate. The limit of Gaussian noise corresponds to v/\,
>(g-q,)/g>1. We have from Eq. (8) p=~2\,(q—q,)/ vg*
<1/g and 9,H~ vg’p/2. The condition of being on the dis-
tribution tail [Eq. (11)] is met for \,(¢—q,)*/vg*>1. For
such ¢, Eq. (9) coincides with Eq. (7). The exponent of p(g)
coincides also with the estimate Eq. (4) for large v/\, pro-
vided the typical duration of a fluctuation to ¢ is set equal to
1= t,/2; however, this is essentially an artifact, the assump-
tion of the noise being much stronger than the regular force
in an optimal fluctuation does not apply in the Gaussian-
noise limit, see below.
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In the opposite limit, »/\,<(¢—q,)/g, and in particular
for v/A,=<1, on the tail of the distribution, where (g
—-q,)/g>1, we have from Eq. (8) exp(pg)>1. Then from
Eq. (9) we obtain for s(g) an expression in which the
leading-order term coincides with the right-hand side of the
first equation in Eq. (4) if we set #;=et,. We note that the
prefactor in the distribution p(g), Eq. (9), now explicitly de-
pends on ¢. To the leading order it is ~[27g(g—q,)]""*. The
first condition in Eq. (11) reduces to U'(q)/g> U"(g) and is
satisfied for (¢—q,)/g>1; clearly, the second condition in
Eq. (11) is then also satisfied.

IV. REGION AWAY FROM THE STATIONARY STATES

We now consider region II in Fig. 1, where coordinate ¢ is
far from the both stationary positions of noise-free motion,
l9.—4l, |gs—q|>|gl|. In the spirit of the WKB approxima-
tion, we seek the quasistationary probability distribution p(g)
in this range in the eikonal form,

>

p(g) =exp[-S(g)], S(g)> 1. (12)

We substitute this expression into Eq. (2) for p(g) and ex-
pand S(g-g)=~S(q)—gP+(1/2)g*P’, where P=S". The ex-
pansion is justified if S and P vary smoothly on the distance
~g, even though p(q) does not. Respectively, we will as-
sume that Pg is not necessarily small; however, as will be
shown later, g2|P'|<1.

We seek P in the form P~ P+ P with |PV]<|PO)|
and, respectively, S=~S©@+SM. To find the leading-order
term, P(O), we can disregard the term «P’ in the expansion of
S; we can also disregard U”"p compared to U’ P'”p. Then we
obtain from Eq. (2)

q
PO =p=p(g), S(°)=s(q)5f plg)dg, — (13)
q

a

where p(g) is given by equation H(g,p)=0 with H defined
by Eq. (8); note that here we do not assume that U'(g) is
linear in q.

The term P is given by a linear equation which follows
from Egs. (2) and (12) if we keep linear terms in
PW_ pO'=p' Using the relation

p' =dpldqg=U"(q)/3,H, (14)

which follows from Egs. (8), one finds after some algebra

d
PY(q)=(29,H)™ [gapH— U”(q)] (15)

From Egs. (12)—(15) we obtain
plg) = C(pla,H)"*e™@,  C=(\2m".  (16)

Here, s(g) is given by Egs. (8) and (9). The constant C is
chosen in such a way as to match the probability distribution
[Eq. (9)] in the region where U(g) is parabolic but (g
-q,)/g>1.

Applicability of the eikonal approximation

The condition of applicability of the eikonal approxima-
tion is more complicated than in the simple and well-known
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cases of white Gaussian noise or reaction (birth-death) sys-
tems, cf. Refs. [28,31]. This is because the system does not
have one small parameter: even though g/(gs—g¢,) is small,
we may still have ¥\;'>(gs—q,)/g. We now show that Eq.
(11) provides sufficient applicability conditions in the whole
range of interest.

It is immediately seen from Eq. (14) that, where Eq. (11)
holds, we have g2|P?"| <1, as assumed. To check that |P(V)|
is small and thus to justify the used expansion, one can re-
writt Eq. (15) as PW=pU'/2(d,H)* with =3 H
—2p"o7,,H. It follows from condition H(g,p)=0 that the ratio
I1/gd,H increases monotonically from 2/3 for 0=pg<1 to
1 for pg — . Therefore

D
P ~ pgU"1d,H.

From this relation one can see that Eq. (11) indeed leads to
|P|<|p|, 1/g; in fact, one should separately consider the
case pg <1, but the overall analysis is straightforward.

Limiting cases

The explicit form of the distribution p(g) is easy to find in
the limit of high rate of noise pulses, v>U’(q)/g, where the
noise is perceived by the system as Gaussian. In this case
from H=0 we find p=2U"/vg?, and then from Eq. (16)

p(g) = (\J27D) e Va-Ua@D, a7

This is the Boltzmann distribution for a particle in a potential
U(g); the effective temperature D=vg?/2 is equal to the
noise intensity. In the range where U(qg) is parabolic, Eq. (17)
coincides with Eq. (7) obtained in a different way.

In the opposite limit of low to moderate rate of noise
pulses, v<U’(q)/ g, we have

p(q) = [N J27gU" (q)]"*exp[- s(q)], (18)

where s(g) is given by Eq. (13) with p=~g '[In(U’/vg)
+In In(U’/vg)] [30]. In the range U’'=\,(g9—q,) Eq. (18)
goes over into the result obtained in Sec. III in a different
way.

For low pulse rate the value of s(g) is close to what fol-
lows from the simple expression Eq. (4) if one estimates the
duration of the fluctuation in Eq. (4) as t,~(g—q,)/U’'(q),
which is reasonable (the value of s depends on #, logarithmi-
cally). We remind that Eq. (4) was obtained assuming that
the optimal train of the noise pulses that bring the system to
a remote state g gives a much stronger force than the regular
force. As seen from Eq. (17), this assumption does not apply
to the case where the mean pulse rate is high and the noise is
perceived as Gaussian. For Gaussian noise, the optimal force
is known [33], for white noise it is equal to twice the regular
force.

V. VICINITY OF THE LOCAL POTENTIAL MAXIMUM

Near the local potential maximum, region III in Fig. 1, the
potential is parabolic, U(g)=~U(qs)—Ns(q—gqs)*/2. The
width of the region where the parabolic approximation ap-
plies largely exceeds |g|. In a part of this region deep inside
the potential well the distribution is described by Eq. (16).
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For a small mean rate of noise pulses, v/Ag=1, the distri-
bution has an important qualitative feature, the square-root
divergence of the prefactor for g approaching the stationary
state gs, which is seen from Eq. (18). This divergence is
smeared out at a distance ~|g| from ¢g, see below, but it
makes it impossible to use the Kramers method of finding
the distribution near the potential maximum [1], since the
method substantially relies on the smoothness of the distri-
bution on a scale that largely exceeds g.

Sufficiently far outside the well, on the other hand, the
situation is similar to that discussed by Kramers. The effect
of weak noise can be disregarded here. The distribution de-
scribes a coordinate-independent quasistationary probability
current j from the potential well. Close to gg, but for

(g—q5)/g>1
W=j=N\s(g—qs)p(q). (19)

To simplify notations, we assume here that g >0; the gener-
alization to the case g<<0 is straightforward. Equation (19)
follows from the kinetic equation [Eq. (2)] upon integration
over ¢ from — to a given g > qg, with account taken of the
smoothness of p(g) on a distance ~g. The disregarded cor-
rection is *vg?/\g(g—qg)*><1; note that we do not assume
that vg/Ng(¢—¢qs) is small, the terms linear in g drop out
from the expression for j.

In order to allow for the singular behavior of p(q) for ¢
approaching gs from inside the well, we seek the solution of
Eq. (2) with U'=-\g(g—gs) in the form of a Laplace trans-
form, as done previously for periodically modulated systems
driven by white noise [12,15],

plg) = f dke ™M 1745/8p (k). (20)
0

Substituting this ansatz into Eq. (2) and solving the resulting
first-order equation for ps(k), we find

k
ps(k) = Cs exp{— %f i’ (8 — k' - 1)/k’]. 1)

SJ0

Deep inside the well, but still in the region where U(q) is
parabolic, the integral over k in Eq. (20) can be calculated by
the steepest descent method. The extremum with respect to &
lies for k=pg, where p=p(q) is determined by Eq. (8) with
U'=—\s(q—qs). The result of the integration over k is

B 277)\88217 1/2 fq
p(q)~Cs{—&pH ] eXp{— qsp(q)dq. (22)

We note that p(g) increases with ¢ moving inside the well,
i.e., with increasing (gs—q)/g.

An analysis completely analogous to that in Sec. III A
shows that the steepest descent method applies for suffi-
ciently large (gs—¢)/g so that there hold inequalities (11).
For (gs—¢q)/g>1 and for low mean pulse rate v/Ag=<1, we
have exp(pg)>1, which means that the distribution p(q)
changes by a large factor when g changes by g. The smooth-
ening of the distribution occurs in the narrow range
[(gs—q)/g|=1; the steepest descent method does not work in
this range.
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FIG. 2. (Color online) The ratio of the scaled probability density
at the saddle point to the escape rate Gg [Eq. (25)].

Equations (16) and (22) match in a broad range of ¢,
provided we set

1 qs
Cs= 2_()\44/)\3)”26‘_Q, 0= f p(g)dg.  (23)
7lg| 0

On the other hand, outside the potential well for
(g—qs)/g> 1, the major contribution to the integral over k in
Eq. (21) comes from small k<g/(¢—gg)<1. For such k,
ps(k) = Cg, and from Eq. (20) p(q) = Csg/(g—qs). Using the
value of Cg from Eq. (23), one obtains from Eq. (19) an
explicit expression for the escape rate,

W= —— (A ko) expl= Q). (24)
21

This is the central result of the paper.

It is instructive to look at the ratio of the probability dis-
tribution to find the particle at the local maximum of the
potential g5 and the escape probability W. We normalize p(q)
by the characteristic diffusion length in the Gaussian-noise
limit (vg?/ m\g)"? and W by \g and introduce function Gg,

Gs=(vhsg®m)'"plgs)/W. (25)

For the chosen normalization, G¢ approaches 1 in the limit of
large v/Ng. On the other hand, for small v/\g we have from
Egs. (20), (21), (23), and (24) G (v/\g)"?|In(v/\g)|. The
overall dependence of Gg on v/\g is shown in Fig. 2. It is
seen that G5 approaches the Gaussian-noise limit compara-
tively slowly, and that it significantly differs from the
Gaussian-noise result for v/Ag=1.

VI. DISCUSSION

We have studied the probability distribution and the rate
of escape from a potential well of an overdamped particle
driven by Poisson noise. The results cover a broad range of
the average rate of noise pulses v, from small rates, where v
is comparable to the reciprocal system relaxation time t;l, to
high rates, V>l‘;]. Noise-induced fluctuations are very dif-
ferent in these limits. For v, =<1 the state of the system
changes between successive pulses, if they come at the av-
erage rate, and thus the discreteness of the pulses is essential.
For vt,>1 where, on average, many pulses occur within the
relaxation time, the system may perceive the noise as effec-
tively Gaussian.
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The noise is assumed weak, so that the rate of noise-
induced escape W is small compared to t;l. Escape results
from a large rare fluctuation, which is an unlikely sequence
of individual noise pulses, with the overall duration of the
fluctuation ~f,. The condition W¢,<<1 requires that the noise
pulse area g be small compared to the distance between the
stationary states, (gs—¢g,)/g>1, which means that many
noise pulses are needed for escape. However, the developed
theory is not just an asymptotic theory for g— 0. This makes
it significantly different from the theories of escape due to
Gaussian noise where the noise intensity is the smallest pa-
rameter, cf. Refs. [31,33], or due to reaction randomness in
reaction systems, where the reciprocal number of particles is
the small parameter, cf. Refs. [27,28].

In our case, the Gaussian-noise limit corresponds to vt,
>(gs—q,)/ g, which is incompatible with the limit g—0.
Formally, Poisson noise is characterized by two parameters,
v and g, and it is the interrelation between these parameters
and the system parameters that leads to the rich pattern of
fluctuations.

In the Gaussian-noise limit, our results coincide with the
well-known results for this case. The distribution is of the
Boltzmann form with temperature given by the noise inten-
sity D=vg?/2. The escape rate is described by the Kramers
theory [1]. In the Gaussian case the time interval between the
noise pulses in the most probable fluctuation leading to es-
cape varies as the fluctuation progresses, keeping the veloc-
ity of the system equal to U’(g) not too close to the station-
ary states.

For vt,<(qs—q,)/g, on the other hand, the probability
distribution differs qualitatively from the Boltzmann distri-
bution, it is singular near the maximum. Away from the
maximum, along with a non-Boltzmann exponential factor it
contains a coordinate-dependent prefactor. The latter scales
as an inverse square root of the potential gradient U’(q) [Eq.
(18)]. Here, the time interval between the noise pulses in the
most probable fluctuation leading to escape is such that the
velocity largely exceeds U'(g) far from the attractor and the
saddle point.

The explicit expression for the probability distribution al-
lows one to see the evolution of the distribution depending
on the parameter vf,, i.e., with the noise varying from
strongly non-Gaussian to effectively Gaussian. We note that
the standard WKB-type approximation does not apply near
the maximum of the distribution for vt,<(gs—¢,)/g.

The rate of Poisson-noise induced escape has a simple
form [Eq. (24)]. It contains an exponential factor exp(—Q)
and the prefactor (A ,\g)"?>/2. The exponent Q is given by
Eqgs. (8) and (23). In contrast to escape due to white Gaussian
noise, for Poisson noise Q is not determined by the height of
the potential barrier, but depends on the actual shape of the
potential well. For vt,<(gs—q,)/ g it is particularly sensitive
to the distance between the maximum and minimum of the
potential [21,30]. Also, Q depends not on the noise intensity
vg?, but separately on v and g.

The prefactor in the escape rate is independent of the
noise parameters and is determined only by the shape of the
potential near its local minimum and maximum. Remarkably,
it has the same form as the celebrated Kramers expression
for the case of an overdamped system driven by white
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Gaussian noise [1]. This is unexpected, given that the shape
of the distribution is generally qualitatively different from
the Boltzmann distribution, and the analysis used to obtain
the rate is very different from the Kramers analysis.
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APPENDIX: KINETIC EQUATION FOR A POISSON-
NOISE DRIVEN SYSTEM

We write the probability density as p(q,1)=(dq—q(?)]),
where the averaging is performed over realizations of noise
fp(1), and g(z) is given by the Langevin equation [Eq. (1)].
Then

p(g.t+Ar) = %T f dk\ expy ik[q - q(1)]

t+Ar
+lkf dtlU,(q(tl))'i'lngAt Ik[fP] .
t

PHYSICAL REVIEW E 81, 051124 (2010)

Lifs) = exp|:— ik f

For small Az, we can replace U’(g(t,)) with U'(g(r)). Since
q(t) is independent of fp(t,) for t,>1, the averaging of I,[fp]
can be done separately from the first exponential in Eq. (A1).
Using the explicit form of the characteristic functional for a
Poisson noise [34], we obtain

t+Ar

dtlfP(tl)]~ (A1)

(LIfpD) = exp[— vAr(1 — e ™*8)] = 1 — vA1(1 — e7*%).

(A2)
We note also that
%TU dk{iKALU (q(0) + v Drexpliklq - q(t)]}>
~ M1dALU' (q) + vglp(g.0)}. (A3)

In the limit A7— 0, Egs. (A1)—(A3) immediately give kinetic
equation (2).
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