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The multidensity Ornstein-Zernike integral equation theory is applied to study a simple model of hard
sphere/sticky hard sphere diblock chains. The multidensity integral equation formalism has been successfully
used to model the equilibrium structure and thermodynamic properties of homonuclear chains and shorter
dimer fluids; to our knowledge it has not been applied to model diblock chains. In this work, a diblock chain
fluids is represented by an m-component equal molar mixture of hard spheres with species 1 ,2 , . . . ,mh and
sticky hard spheres with species mh+1,mh+2, . . . ,m. Each spherical particle has two attractive sites A and B
except species 1 and m, which have only one site per particle. In the limit of complete association, this mixture
yields a system of monodisperse diblock chains. A general solution of this model is obtained in the Percus-
Yevick, Polymer Percus-Yevick and ideal chain approximations. Both structural and thermodynamic properties
of this model are investigated. From this study, a microphase separation is predicted for relatively short diblock
symmetric and asymmetric chains. This microphase separation is enhanced at lower temperature and higher
density. When chain length increases, the phase transition changes from a microphase level to a macrophase
level. The size of microdomain structure is found to be dependent on total chain length, relative ratio of block
lengths, temperature, and density.
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I. INTRODUCTION

Among the different theoretical approaches in liquid state
theory, the multidensity Ornstein-Zernike �MOZ� integral
equation theory has proven to be a powerful method for
modeling the structure, molecular correlation, and thermody-
namic properties of chainlike fluids �1–6�. The MOZ theory
was originally formulated to model hydrogen bonding fluids
and molecules that interact through strong specific associat-
ing potentials, it has been successfully extended to model
dimer fluids �7–11� and freely jointed chainlike molecules
�12–19� with a variety of inter-particle pair potentials such as
the hard sphere �HS� �5–7,15–19�, electrostatic �11–13�,
Yukawa �20,21�, and sticky hard sphere �SHS� potentials
�14,22,23�. Most of the models studied, however, are homo-
nuclear models in which each segment in one chain interacts
with others via the same type of pair potential. A limited
number of studies have examined the heteronuclear hard
sphere chain models �17,18� in which the size of each seg-
ment may be different but the type of pair potential is still the
same. For complex fluids, such as polymeric chains and col-
loidal aggregates, the segment-segment interactions are not
necessarily of the same type along the chain because of dif-
ferent functionality, polarity, or charges associated with dif-
ferent segments. Therefore, our primary interest here lies in
the modeling of heternuclear chains in which part of the
segments in a chain interact with the others via a different
type of pair potential than among themselves. Recent ad-
vancement of colloidal synthesis has made it possible to gen-
erate anisotropic interactions on spherical colloids, such as
Janus particles �24� and patchy particles �25�. Furthermore,

controlled molecular assembly of nanoparticles, such as col-
loidal dimers �26�, trimers �27�, and chains �28�, have been
synthesized recently. Those “colloidal molecules” possess
unique and superior capabilities to self-assemble into com-
plex suprastructures �e.g., photonic crystals� and very rich
thermodynamic behaviors have also been found in such sys-
tems �29,30�. For example, in a model of Janus particles
whose surface areas are divided into hydrophilic and hydro-
phobic regions, the presence of a gas-liquid critical point and
micellar assembly at lower temperature were observed si-
multaneously �30�. We hope that the present study can in-
spire more experimental work on probing the phase behav-
iors of those “colloidal molecules.”

As a model system, in this work, we consider diblock
chains that consist of a linear block of hard-sphere particles
connected to a linear block of sticky-hard-sphere particles.
This is an extension of our previous study of hard sphere-
sticky hard sphere heteronuclear dimer fluid �14�. We show
that the MOZ theory is capable of modeling the formation of
microscopic domains or aggregates in the system due to the
competition between repulsive and attractive interactions.
The sticky hard sphere �SHS� potential model, proposed by
Baxter �31�, is represented by

�u�r� = �
� , 0 � r � �

− ln� d

12��d − ��� , � � r � d

0, r � d

,� �1�

where �=1 /kT, � represents the hard core diameter and �−1

denotes the stickiness factor. In the limit of �→d, Eq. �1�
yields an infinitely narrow and deep attractive well leading to
a finite probability of finding two particles “sticking” to each
other at the particle surface. Generally, � is a monotonously
increasing function of temperature and can be chosen to re-

*Author to whom correspondence should be addressed;
ychiew@rci.rutgers.edu

PHYSICAL REVIEW E 81, 041809 �2010�

1539-3755/2010/81�4�/041809�13� ©2010 The American Physical Society041809-1

http://dx.doi.org/10.1103/PhysRevE.81.041809


late the potential �1� to a more realistic intermolecular poten-
tial. For example, we can choose ��T� so that the second viral
coefficient for the SHS potential, in the limit �→d, is the
same as that of Lennard-Jones potential uL−J�r�,

	
0

�

r2
exp�− �ushs�r�� − 1�dr

= 	
0

�

r2
exp�− �uL−J�r�� − 1�dr . �2�

Despite its simplicity and crudeness, the study of the SHS
potential is not purely an academic exercise, it has been used
to study the structure of covalent liquids �32�, colloidal sys-
tems �33�, nonionic surfactant solutions �34�, microemul-
sions �35�, the reversible gelation and percolation �36�, pro-
tein flocculation �37�, and crystallization �38,39� of strongly
interacting particles. The immense interests in and wide-
spread use of the SHS model is probably because �i� the
hard-core repulsion and a short-range attraction capture the
essential physics of realistic interactions between particles or
molecules; �ii� by varying a single parameter �, the SHS
potential can be used to model systems at different tempera-
tures or attractive strengths, and it reduces to the hard-sphere
model in the �→� limit; �iii� analytical results for the ther-
modynamic properties, radial distribution functions, and
structure factors for particles interacting through the SHS
potential are available in the Percus-Yevick �PY� approxima-
tion for one-component, multicomponent, and polydisperse
mixtures; and �iv� the effect of the well depth can be isolated
from the range of the potential �34�.

In this work, we consider a simple linear diblock chain,
consisting of two blocks of particles linked end-to-end. One
of the blocks consists of a hard sphere chain, and the other is
formed by a sticky hard sphere chain. The length of each
block can vary from one to any positive integer. The purpose
of this work is to �1� apply and generalize the multidensity
integral equation theory to diblock chain architecture; �2�
explore the structural properties in terms of correlation func-
tions; �3� investigate the microphase separation phenomena
which can be reflected by calculating small-angle scattering
structure factors; and �4� study the thermodynamic properties
via an energy route. To the best of our knowledge, the work
represents a first attempt to use the multidensity integral
equation theory to model diblock chain fluids.

II. MODEL

To model a monodisperse system of the HS-SHS diblock
chainlike molecules, we consider a m-component equal mo-
lar mixture of species 1 , . . . , i , . . . ,m, with identical diam-
eters Ri=1 and number densities �i=�. Species 1 ,2 , . . . ,mh
are hard sphere monomers, while species mh+1,mh
+2, . . . ,m are sticky hard sphere monomers. Each monomer
of species 2 to m−1 �except for species 1 and m� has two
randomly located attraction sites, A and B on the surface. A
monomer of species 1 and m, has only one attraction site on
them, which are site A and B, respectively. In addition to the
hard sphere and sticky hard sphere interactions, the mono-

mers interact through the associating sites A and B to form
linear chainlike aggregates. In the limit of complete associa-
tion, a monodisperse system of diblock HS/SHS chains �with
chain length m� are formed. Each chain consists of a linear
block of mh hard sphere particles connected to a block of
sticky hard sphere chain, of chain length ms=m−mh. Both
mh and ms can be any positive integers. When mh=ms, a
symmetric diblock copolymer can be modeled, and an asym-
metric diblock copolymer is modeled if mh�ms. In the lim-
iting case of mh=ms=1, this model becomes an HS-SHS
heteronuclear dimer fluid, which was studied and reported by
authors recently �14�.

The pair potential Uij�12� among various species can be
represented as

Uij�12� = Uij
dis�r� + Uij

ass�12� , �3�

where Uij
dis�r� represents the dispersion interaction between

particle i and j at separation r, and Uij
ass�12� is the association

potential energy between species i and j, which represents
the “covalent bonding” between two neighboring particles in
a chain molecule. Indices 1 and 2 denote the positions and
orientations of two interacting particles of species i and j,
respectively.

The Mayer function of the dispersion potential between
particle i and j, where both i and j are sticky hard spheres
�i.e., ∀i� 
mh+1,mh+2, . . . ,m� and ∀j� 
mh+1,mh
+2, . . . ,m��, can be represented as

f ij
shs�r� = �− 1 +

1

12�
��r − 1� 0 � r � 1

0 r � 1
� . �4�

The hard sphere potential is used to represent the disper-
sion between particles i and j, where at least one particle
is hard sphere in ij pair �i.e., either ∃i� 
1,2 , . . . ,mh� or ∃j
� 
1,2 , . . . ,mh��

Uij
hs�r� = �0 0 � r � 1

� r 	 1

 . �5�

The chemical association potential Uij
ass�12� can be written as

Uij
ass�12� = �i+1,jUAB

i,i+1�12� + �i−1,jUBA
i,i−1�12� , �6�

where UAB
ij �12� is an infinitesimally short-ranged attractive

potential between site A of species i and site B of species j,
and �ij is the Kronecker delta. The orientationally averaged
associative part of the Mayer function for the total potential
can be represented as

fAB
ij �r� = �i+1,j f��r − 1� , �7�

where � represents the Dirac delta function. The parameter f
characterizes the association strength, lies between 0 and �,
and is related to density and the degree of association or
polymerization. Our interest will focus on the complete as-
sociation limit where f →�. Readers are reminded that
f ij

shs�r� and f ij
ass�r� are two distinguishable quantities even

though both of them possess the Dirac delta function. The
delta function in f ij

shs�r� attempts to mimic a square-well type
�dispersion� interaction among species, while the delta func-
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tion in f ij
ass�r� accounts for covalent bond between directly

bonding species �14,22,23�.

III. INTEGRAL EQUATION, IDEAL CHAIN APPROXI-
MATION PERCUS-YEVICK AND POLYMER

PERCUS-YEVICK CLOSURE CONDITIONS

The multidensity Ornstein-Zernike formalism provides an
equation relating the total and direct correlation functions
h
�

ij �r� and c
�
ij �r�. The orientationally averaged version of

the multidensity Ornstein-Zernike equation, written in matrix
form is given by �5,14,22,23�

h̃ij�k� = c̃ij�k� + �
k

c̃ik�k��̃kh̃kj�k� . �8�

The indices i, j, and k denote particle species which can be

component 1 , . . . , i , . . . ,m. The matrix h̃ij�k� and c̃ij�k� con-
tain the elements which are Fourier transform of the ele-

ments of the matrix h̃ij�r� and c̃ij�r�. For the diblock copoly-
mer system considered here, we have

h̃ij�r� =�
h00

ij �r� h0A
ij �r� h0B

ij �r� h0�
ij �r�

hA0
ij �r� hAA

ij �r� hAB
ij �r� hA�

ij �r�
hB0

ij �r� hBA
ij �r� hBB

ij �r� hB�
ij �r�

h�0
ij �r� h�A

ij �r� h�B
ij �r� h��

ij �r�
� ,

c̃ij�r� =�
c00

ij �r� c0A
ij �r� c0B

ij �r� c0�
ij �r�

cA0
ij �r� cAA

ij �r� cAB
ij �r� cA�

ij �r�
cB0

ij �r� cBA
ij �r� cBB

ij �r� cB�
ij �r�

c�0
ij �r� c�A

ij �r� c�B
ij �r� c��

ij �r�
� ,

and �̃k = �
��

k �B
k �A

k �0
k

�B
k 0 �0

k 0

�A
k �0

k 0 0

�0
k 0 0 0

� �9�

The indices 0, A, B, and � in the correlation functions h
�
ij �r�

and c
�
ij �r� denote the bonding states of the corresponding

particles. The case of 
=0 corresponds to an unbonded par-
ticle, 
=A or 
=B to particle with bonded site A or B, and

=� to the particle with both sites bonded. The density pa-
rameters �


k are related to the density �

k of 
-bonded par-

ticles by

�0
k = �0

k, �A
k = �0

k + �A
k , �B

k = �0
k + �B

k ,

and ��
k = �0

k + �A
k + �B

k + ��
k �10�

Equation �8� can be written in matrix form as

h̃�k� = c̃�k� + c̃�k��̃h̃�k� . �11�

In the above equation, h̃�k� and c̃�k� contain the Fourier

transformed elements of h̃�r� and c̃�r�, respectively, i.e.,

�h̃�r��ij = h̃ij�r�, �c̃�r��ij = c̃ij�r�, ��̃�ij = �ij�̃
i. �12�

The PY closure for SHS-SHS interactions is given by

h
�
ij �r� = − �
0��0 +

�
�
ij

12
��r − 1�

c
�
ij �r� = − y
�

ij �r� +
�
�

ij

12
��r − 1�

0 � r � 1 , �13�

where ∀i� 
mh+1,mh+2, . . . ,m� and ∀j� 
mh+1,mh
+2, . . . ,m� and the polymer Percus-Yevick �PPY� closure for
HS-HS or HS-SHS interaction is

h
�
ij �r� = − �
0��0

c
�
ij �r� = − y
�

ij �r�
0 � r � 1 , �14�

where at least one particle in ij pair is a hard sphere. When
r�1, for any pair of i and j

c
�
ij �r� = B
�

ij ��r − 1� , �15�

where the constant B
�
ij is related to the association strength f

and contact values of the cavity functions y
�
ij �r� by

BAB
ij = � j,i+1y00

ij �1+�f , BBA
ij = � j,i−1y00

ij �1+�f ,

BA�
ij = � j,i+1y0A

ij �1+�f , B�A
ij = � j,i−1yA0

ij �1+�f ,

BB�
ij = � j,i−1y0B

ij �1+�f , B�B
ij = � j,i+1yB0

ij �1+�f ,

B��
ij = � j,i−1yAB

ij �1+�f + � j,i+1yBA
ij �1+�f ,

B0

ij = B
0

ij = 0 �
 � 
0,A,B,��� , BAA
ij = BBB

ij = 0.

�16�

In Eq. �13�, the quantity �
�
ij is an as yet unknown dimen-

sionless parameter and can be related to � by

��
�
ij = y
�

ij �1� . �17�

The densities �

i can be determined by the self-consistent

relations,

cA
i = 24f�y00

i,i+1�1+�
A
i+1 + y0A

i,i+1�1+�
0
i+1� , �18a�

cB
i = 24f�y00

i,i−1�1+�
B
i−1 + y0B

i,i−1�1+�
0
i−1� , �18b�

c�
i = 24f�yB0

i,i+1�1+�
A
i+1 + yBA

i,i+1�1+�
0
i+1�

= 24f�yA0
i,i−1�1+�
B

i−1 + yAB
i,i−1�1+�
0

i−1� , �18c�

where the correlation functions of the first hierarchy c

i are

related to the density parameters by

cA
i =

�A
i

�0
i − 1 cB

i =
�B

i

�0
i − 1 c�

i =
��

i

�0
i −

�A
i �B

i

��0
i �2 �19�

and 


i = �

6 �

i Ri

3.
In the present work, we obtain the solution to the multi-

density integral equation in the ideal chain approximation,
which has been applied to the study of homonuclear �5,6�
and heteronuclear �40� chain fluids. In the ideal chain ap-
proximation, some graphs that account for the effect of hard
core repulsions on the intramolecular correlations are ne-
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glected so that the intramolecular correlations for x�1 are
those of “ideal” chains. The nonoverlap between intramo-
lecular monomers is, however, retained through the hard-
core repulsion �x�1�. This approximation has been widely
utilized in thermodynamic perturbation theory �TPT� for the
polymeric systems �3,4�, as well as integral equation theory
for linear hard sphere chains �5�. Theoretical predictions
based on this approximation agree with computer simula-
tions very well. Mathematically speaking, all the particle cor-
relation functions h
�

ij �r�, c
�
ij �r�, and constants B
�

ij with ei-
ther 
=� or �=� are set to zero, i.e.,

B
�
ij = B�


ij = 0 for 
 � 
0,A,B,�� . �20�

Under these conditions, the fourth row and column of the

original matrixes in Eq. �9� are neglected so that h̃ij�k�, c̃ij�k�
and �̃k becomes 3�3 matrixes.

IV. GENERAL SOLUTIONS OF THE MODELS

To solve Eq. �11� for the correlation functions, we use

Baxter’s factorization method to de-couple the functions h̃�k�
and c̃�k� through the introduction of the so-called q̃�k� func-
tion to obtain

rc
�
ij �r� = − �q
�

ij �r��� + 2��
k

�
��

�

�r�	0

1−r

q�

ki �t�

����
k q��

kj �r + t�dt� 0 � r � 1, �21�

rh
�
ij �r� = − �q
�

ij �r��� + 2��
k

�
��
	

0

1

q
�
ik �t����

k

�h��
kj ��r − t���r − t�dt r � 0. �22�

The function qij

��r� is short-ranged and vanishes for r�0

and r�1.
In the complete association limit �f →��, we combine the

self-consistent relations Eq. �18� and �19� and the ideal chain
approximation Eq. �20� to obtain

B̃AB
i,i+1 =

m

24

�1 − �i,m� , �23�

where 
 refers to the packing fraction of segments, i.e., 


= �
6 R3m� and B̃
�

ij =

�−


i


�
i


�−�
j


�
j B
�

ij

For the sake of simplicity, Eq. �22� can be written as

rh̃
�
ij �r� = − q̃
�

ij� �r� + 12



m
�

k
�
��
	

0

1

q̃
�
ik �t�

�h̃��
kj ��r − t���r − t�Z��

k dt r � 0, �24�

where h̃
�
ij =


�−

i


�
i


�−�
j


�
j h
�

ij , q̃
�
ij =


�−

i


�
i


�−�
j


�
j q
�

ij , and Z
�
i =1 except

ZAA
i =ZBB

i =0.
Consider Eq. �24� in the range of 0�r�1, we obtain a

second order polynomial for the q functions. We will not
reproduce the detailed mathematical derivation and solution

since they are similar to the earlier models studied by
the authors �14,22,23�. The resulting equations are shown
below.

If both ∀i� 
mh+1,mh+2, . . . ,m� and ∀j� 
mh+1,mh
+2, . . . ,m�,

q̃
�
ij �r� = ��0�1

2
ã


i �r2 − 1� + b̃

i �r − 1�� + �̃
�

ij + B̃
�
ij ;

�25�

If either ∃i� 
1,2 , . . . ,mh� or ∃j� 
1,2 , . . . ,mh�,

q̃
�
ij �r� = ��0�1

2
ã


i �r2 − 1� + b̃

i �r − 1�� + B̃
�

ij . �26�

The coefficients of the q functions are summarized in the
Appendix. Once q̃
�

ij �r� is known, the explicit expressions for
the contact value of correlation function g̃
�

ij �1+� can be
evaluated from Eq. �22� and they are summarized in the Ap-
pendix too.

In general, the parameters �̃
�
ij in Eqs. �A6� are functions

of particle packing fraction 
, temperature �, total chain
length m, length of sticky hard sphere block ms �or length of
hard sphere block mh� and association strength f . In the com-

plete association limit, �̃
�
ij will be a function of 
, m, ms �or

mh� and � only. Therefore, in order to obtain �̃
�
ij , we have to

solve a set 6ms
2 of nonlinear algebraic equations �Eqs. �A6��,

including some trivial equations, for example �̃A�
mj for the

ending segments. Correct zero-density limit of �̃ij

� must be

taken to avoid unphysical solutions �14,22,23�. Unfortu-

nately we are unable to find the analytical solution of �̃ij

� at

zero-density limit due to the nonlinear nature of the resulting

algebraic equations. Hence, we propose that �̃
�
ij =0 except

�̃00
ij = 1

12� and 
�̃AB
ij =0 are used as an input �corresponding to

sticky hard sphere monomers� in the modified Newton’s
method for solving 6ms

2 nonlinear algebraic equations men-
tioned above in the zero-density limit. As in the case of

sticky hard sphere chain �23�, when 
→0, �̃AB
ij , B̃AB

i,i+1, and

B̃BA
i,i−1 increases without limit. One can multiply 
 at both

sides of Eq. �A6f� and solve for �̃00
ij , �̃A0

ij , �̃B0
ij , �̃AA

ij , �̃BB
ij , 
�̃AB

ij

simultaneously. When � increases, the potential of Uij
shs�r�

approaches that of hard sphere. When �→�, �̃
�
ij becomes

zero �for nonzero density�, we can recover the solutions of
hard sphere chains.

The segment-segment pair correlation function hij�r� is
defined as

hij�r� = �



�
�

h̃
�
ij �r� , �27�

where the summation runs over all bonding state.
The segment-segment and segment-averaged radial distri-

bution function �RDF� for a monodisperse system is defined
as

gij�r� = 1 + hij�r� �28�

and
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g�r� =
1

m2�
i

�
j

gij�r� . �29�

For r�1, the correlation functions of a diblock chain can be
calculated from Eq. �22� and summarized as

For j� 
1,2 , . . . ,mh�

rh̃
�
ij �r� =

12


m
�
k=1

m

�
��
	

0

1

q̃
�
ik �t��r − t�h̃��

kj �r − t�Z��
k dt

+
12


m
�
k=1

m

�
��

q̃
�
ik �r − 1�B̃��

kj Z��
k . �30a�

For j� 
mh+1,mh+2, . . . ,m�

rh̃
�
ij �r� =

12


m
�
k=1

m

�
��
	

0

1

q̃
�
ik �t��r − t�h̃��

kj �r − t�Z��
k dt

+
12


m
�
k=1

m

�
��

q̃
�
ik �r − 1�B̃��

kj Z��
k

+
12


m
�

k=mh+1

m

�
��

q̃
�
ik �r − 1��̃��

kj Z��
k . �30b�

The second term on the right-hand side of Eq. �30a� and
�30b� come from the explicit treatment of the association
delta functions of h
�

ij �r� at contact while the last term in Eq.
�30b� comes from the explicit treatment of the dispersion
delta functions of h
�

ij �r� at contact.

V. RESULTS AND DISCUSSION

A. Distribution functions

By using g̃
�
ij �1+� in Eqs. �A4�–�A6� as initial values, the

distribution functions g̃
�
ij �r� of a diblock chains beyond the

hard core region can be calculated using Perram’s iteration
method �41�. Besides the overall radial distribution function
defined in Eq. �29�, we are also interested in the partial av-
eraged radial distribution functions �RDF� defined by

ghh�r� =
1

mh
2�

i=1

mh

�
j=1

mh

gij�r�,

gss�r� =
1

ms
2 �

i=mh+1

m

�
j=mh+1

ms

gij�r�, and

ghs�r� =
1

mhms
�
i=1

mh

�
j=mh+1

m

gij�r� . �31�

They are related to the overall RDF by

g�r� = �h�hghh�r� + �s�sgss�r� + 2�h�sghs�r� , �32�

where �h=mh /m and �s=ms /m.
The curves shown in Figs. 1 and 2 are the partial RDFs

for completely associated symmetric diblock chains with dif-
ferent chain lengths �ms=mh=3 and ms=mh=2, respectively�
at different densities. At low densities, ghh�1+� is less than
unity and this is partially due to exclusion of monomers from

close approach in different chains. Low values of ghs�1+�
especially at high densities indicate the formation of clusters.
The appearance of cusp or discontinuity in the function
ghh�r� at r=2 is due to the presence of intramolecular rigidity
constraints �hard core� between chain segments. For hex-
amer, the most significant source of intramolecular correla-
tions is from two particles separated by two bonds which
induces the discontinuity at r=2. The function ghh�r� is con-
tinuous �but with cusp� for a tetramer at r=2 because the
only intramolecular correlation for hard spheres comes from
two directly bonded spheres for r�1; this correlation effect
is absent when r�1. Since the intermolecular correlations

FIG. 1. The partial radial distribution functions for a symmetric
diblock hexamer �ms=mh=3� at different densities with a stickiness
parameter of �=0.15.
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are expected to be dominant at high densities, the magnitude
of jump in ghh�r� decreases with increasing densities. On the
other hand, discontinuity �but no cusp� is also seen in gss�r�
at r=2 although its origin is different from that of ghh�r�.
Mathematically, the discontinuity in gss�r� arises from the
last two terms in Eq. �30b�. Physically, it can be seen that
besides the intramolecular correlations that induces disconti-
nuity in ghh�r� at r=2, the intermolecular correlation can also
induce discontinuity in gss�r�. That intermolecular correlation
is the interaction between two sticky hard spheres from dif-

ferent chains but separated with one sticky hard sphere ad-
hering to either one of those two particles or to both of them.
Thus, the magnitude of jump in gss�r� at r=2 increases as
density increases, and the similar trend is also observed in
our previous studies on sticky hard-sphere chain fluids �23�.
Since the interaction between hard sphere and sticky hard-
sphere is of the hard sphere type, it is not surprising to see
the magnitude of jump in ghs�r� at r=2 shows a trend similar
to that of ghh�r�.

The overall distribution function for a symmetric diblock
tetramer �mh=ms=2� at different temperatures is plotted in
Fig. 3. The function g�r� approaches unity faster at higher
temperature. The contact value of g�r� increases with in-
creasing temperature and the magnitude of jump at r=2 de-
creases as temperature increases since at higher temperature
the sticky strength is weaker. When �→�, we recover the
results for homonuclear hard sphere chain fluids.

B. Structure factors

Static structure factor can give important information on
the formation of microstructures within the bulk fluid and it
is one of our primary foci in this work. Experimentally, the
structure factors can be probed through the small angle neu-
tron scattering �SANS� or the small angle x-ray scattering
spectra, from which information on microscopic structures
and interaction potentials can be inferred. Theoretically, the
structure factor S�k� can be obtained from a Fourier trans-
form of g�r�,

S�k� = 1 + 4��	
0

�

�g�r� − 1�r2sin kr

kr
dr . �33�

For our specific system of diblock chains, we have

S�k� = 1 +
2�m − 1�

m

sin k

k

+ 24
� 1

m2 �
i=mh+1

m

�
j=mh+1

m

�



�
�

�̃
�
ij sin k

k �
+ 24
	

0

�

�g�r� − 1�r
sin kr

k
dr . �34�

FIG. 2. The partial radial distribution functions for a symmetric
diblock tetramer �ms=mh=2� at different densities with a stickiness
parameter of �=0.12.

FIG. 3. The overall distribution function for a symmetric
diblock tetramer �ms=mh=2� at different temperatures with a con-
stant density of 
=0.30.
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The first three terms on the right hand side of Eq. �34� follow
from the Fourier transform of the �-functions that account
for the self-correlation, the nearest-neighbor bonding �with
the ideal chain approximation incorporated� and the nearest-
neighbor non-bonding contributions, respectively. The last
term on the right-hand side of Eq. �34� accounts for the con-
tribution from the regular part of g�r�. The structure factor
S�k� is related to the partial structure factors by S�k�
=�i� jSij�k� where the partial structure factors Sij�k� is de-
fined as

Sij�k� = xi�ij + xixj4��	
0

� ��



�
�

g̃
�
ij �r� − 1�r2sin kr

kr
dr .

�35�

Here, xi is the number concentration of species i and xi
=�i /�=1 /m.

We investigate three partial structure factors: Shh�k� for
hard-hard spheres, Sss�k� for sticky-sticky hard spheres, and
Shs�k� for hard-sticky hard spheres. They are defined as

Shh�k� = �
i=1

mh

�
j=1

mh

Sij�k� ,

Sss�k� = �
i=mh+1

m

�
j=mh+1

m

Sij�k� ,

Shs�k� = �
i=1

mh

�
j=mh+1

m

Sij�k� = �
i=mh+1

m

�
j=1

mh

Sij�k� . �36�

It is convenient to work with the partial structure factors
normalized by the block group concentrations defined as

Shh�k�/�h = 1 +
2�mh − 1�

mh

sin k

k

+ 24
�h	
0

�

�ghh�r� − 1�r2sin kr

kr
dr ,

Sss�k�/�s = 1 +
2�ms − 1�

ms

sin k

k

+ 24



�s
� 1

m2 �
i=mh+1

m

�
j=mh+1

m

�



�
�

�̃
�
ij sin k

k �
+ 24
�s	

0

�

�gss�r� − 1�r2sin kr

kr
dr ,

Shs�k�/��h�s =
1

m2��h�s

sin k

k

+ 24
��h�s	
0

�

�ghs�r� − 1�r2sin kr

kr
dr .

�37�

In Figs. 4�a� and 4�b�, we present the total and partial
structure factors at low and wide-angle regimes for a sym-

metric diblock tetramer �mh=2,ms=2� at stickiness param-
eter of �=0.10 and density of 
=0.30. A sharp low-angle
peak emerges around k�=0.72 /d for Sss�k�. It is strong
enough to generate a peak at the same position in the total
structure factor S�k�. This peak is generally thought to be an
“order parameter” and clearly indicates a formation of aggre-
gates or microdomain structures due to the strong attractive
interaction among sticky hard spheres. The peak position k�

corresponds to the periodic spacing between microdomains
and can be determined as D=2� /k��8.7d, which is much
longer than the full chain length of l=4d. The negative sign
of the small-angle peak in Shs�k� implies that an excess �or a
lack� in hard sphere monomers is spatially correlated with a
lack �or an excess� of sticky hard sphere monomers. From
Fig. 4�b�, it can be seen that although the height of wide-
angle peak in Sss�k� is much smaller than that of low-angle
peak, it is still the dominant component in the total scattering
intensity profile.

The degree of order for a microdomain structure can be
characterized by the maximum intensity of the small-angle
scattering. It is expected that the order of microdomain struc-
ture increases with decreasing temperatures at a constant
density since the association strength of sticky hard spheres
is larger at lower temperature. This tendency is shown in Fig.
5�a� where Sss�k� is plotted as a function of temperatures.
When temperature � decreases, the low-angle peak increases

FIG. 4. The total and partial structure factors for a symmetric
diblock tetramer at stickiness parameter of �=0.10 and density of

=0.30 in the low-angle regime �a� and the wide-angle regime �b�.

MULTIDENSITY INTEGRAL-EQUATION THEORY FOR… PHYSICAL REVIEW E 81, 041809 �2010�

041809-7



dramatically and becomes sharper. On the other hand, no
low-angle peak can be observed at sufficiently high tempera-
ture and the profile of Sss�k� approaches that of Shh�k� as �
→�. Also we can see a shift of that peak to smaller wave
vectors which correspond to larger microdomain structures.
The wide-angle scattering profiles, which are not shown
here, are found to be essentially the same at different tem-
peratures. We are not able to find an analytical expression for
the “transition temperature �1” that corresponds to the emer-
gence of the low angle peak, i.e., the onset of microdomain
formation. This temperature �1, however, can be estimated
from Fig. 5�b� by plotting the peak intensity vs. temperature.
Similarly, at a constant temperature there exists a “transition
density” beyond which microdomain formation becomes sig-
nificant, as shown in Fig. 6. Again, the shift of the peak
position to lower wave numbers indicates formation of larger
clusters. The rapidly growing peak intensity with decreasing
temperature suggests the existence of a second “transition
temperature �2” below which nonzero k peak diverges. In
fact, one can plot 1 /S�k�� as a function of � and extrapolate
the temperature where 1 /S�k�� approaches zero. �2 is �0.095
for symmetric tetramer at density 
=0.3. Unlike the com-
mon fluid-fluid phase transition, a fluid-clustered/ordered
phase transition, or equivalently a “microphase separation”
occurs below this transition temperature.

The multidensity integral equation does not provide addi-
tional structure information other than what we reported.

Hence it is not possible to interpret the microdomain struc-
ture without some level of speculation. For example, in Figs.
4 and 5, the domain spacing D�8.7d, larger than the full
chain length is interesting. One speculative structure may be
that the clusters are separated far from each other and the
space between them filled with nonassociated chains without
any preferred orientation or association. Other structures are
also possible. Unfortunately the integral equation approach
cannot provide unequivocal interpretation of the micro-
domain structure. The theory does predict the occurrence of
microphase separation and indicate how it is affected by den-
sity, temperature, and chain architecture �see below�. To gain
more detailed information, molecular simulation can be used
to elucidate the microdomain structure predicted by the
theory.

We also study the structure factors of longer diblock
chains, such as an asymmetric diblock octamer �mh=2 and
ms=6� shown in Fig. 7. At high temperature, the association
strength is too weak to induce microdomain formation. As
temperature decreases, microdomains start to emerge as a
peak at nonzero wave numbers shows up. At sufficiently low
temperature, the peak does not diverge at a nonzero k. In-
stead, a peak emerges at k=0 and Sss�k=0� exceeds 100 at
�=0.14. The disappearance of microdomains indicates that
the attraction is too strong to maintain a finite size cluster
structure, so system approaches a spinodal for common
fluid-fluid phase transition. Therefore, one can observe a

FIG. 5. Structure factors for the sticky hard spheres in a sym-
metric diblock tetramer at different temperatures �
=0.30�. �a� the
scattering profile; �b� the maximum intensity of low-angle peak.

FIG. 6. Structure factors for the sticky hard spheres in a sym-
metric diblock tetramer at different densities ��=0.10�. �a� the scat-
tering profile; �b� the maximum intensity of low-angle peak.
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microdomain formation only within an intermediate tem-
perature range �or association strength� due to a delicate bal-
ance between repulsive and attractive interactions within the
fluid.

In addition to temperature effect, the architecture and
chain length have impacts on microdomain formation too.
Shown in Fig. 8�a�, peaks at nonzero wave numbers emerge
for asymmetric octamers, while at the same temperature the
symmetric one shows a peak at k=0. For symmetric diblock
chains with the same monomer-monomer attractive strength,
longer chains tend to form larger and irregular clusters.
Therefore, the peaks in Fig. 8�b� shift to smaller wave num-
bers �until k=0� as chain length increases.

We now turn to extremely asymmetric diblock chains, i.e.,
the block of sticky hard spheres varies its length but the
number of hard spheres is fixed at one. This could be a
primitive representation of surfactantlike molecules in which
short head groups repulse each other and longer tails interact
via hydrophobic attractions. Figure 9 shows the formation of
microdomains for different chain lengths �1−mS� at the same
density and temperature, indicated by the emergence of the
low-angle peak. The peak position shifts to smaller wave
numbers because the size of clusters increases as chains be-
come longer. Sss�k=0� increases as surfactant becomes
longer. This indicates that the phase transition may change
from a microphase level to a macrophase level as chain
length increases. This shift to zero wave vector is not sur-
prising since for ms�1, the chain is expected to behave as
pure sticky hard sphere chains which we have shown to ex-
hibit macrophase separation �23�. Stronger attraction is re-
quired to form ordered domains for shorter chains. There-
fore, the peak intensity of 1–2 chain is comparable to longer
chains at much lower temperature, as shown in the inset of
Fig. 9. If we compare the asymmetric chain 1–3 chain to the
symmetric tetramer 2–2 the same density �
=0.30� and tem-
perature ��=0.10�, we find that the microdomain spacing in
the asymmetric system ��6.7d� is smaller than that of the
diblock cotetramer ��8.7d�. This is probably because stron-
ger SHS attractive interaction exists among the asymmetric
chains resulting in more compact aggregates.

C. Thermodynamic properties

The equation of state is calculated via a standard energy
route which we developed before �14,22,23�. The HS-SHS

FIG. 8. Structure factors for the sticky hard spheres for a series
of diblock HS-SHS chains. �a� Octamers with different lengths of
hard sphere blocks. �b� Symmetric chains with different lengths.
Chains are labeled as mH-mS. For example, “6–2” indicates an oc-
tamer with six hard spheres and two sticky hard spheres.

FIG. 7. Structure factors for the sticky hard spheres in an asym-
metric diblock octamer �mh=2 and ms=6� at different temperatures
�
=0.3�. The inset shows that a peak emerges at zero wave number
when � is 0.14.

FIG. 9. Structure factors for the sticky hard spheres in asymmet-
ric surfactantlike chains of different lengths. Different chains are
labeled as 1-mS. For example, “1–5” indicates a hexamer with one
hard sphere and five sticky hard spheres.

MULTIDENSITY INTEGRAL-EQUATION THEORY FOR… PHYSICAL REVIEW E 81, 041809 �2010�

041809-9



block copolymer model we consider here consists of an
equal molar mixture of mh-component hard-spheres of spe-
cies 1 , . . . , i . . . ,mh and ms-component sticky hard-spheres of
species mh+1,mh+2, . . . ,m which have identical stickiness.
The total number of particles is N=�i=1

m Ni, where Ni is the
number of particles for species i. The Hemlholtz energy A
can be written as �with density independent terms omitted�,

�A = − ln ZN = − ln	 e−�UN�r1,r2,¯rN�dr1dr2 ¯ drN,

�38�

where �=1 /kT
Differentiating Eq. �44� with respect to � gives

���A�
��

= −
1

Z
	 ��− �UN�rN��

��
e−�UN�rN�drN. �39�

Notice that

− �UN�rN� = �
a=1

N

�
b�1

N

− �Uab��ra − rb��

= �
i=1

m

�
j=1

m

− �Uij��ri − rj��
Ni�Nj − �ij�

2
�40�

and

�i� jgij�ri,rj� =
1

Z

Ni�Nj − �ij�
2

	 e−�UN�r1,r2,¯rN�drN−2 �41�

where a and b denote particles, i and j denote species.
Substituting Eq. �40� and �41� into Eq. �39� and simplify-

ing the integral results in

���A�
��

= 2�NC�C�
i

�
j
	

0

� � ��Uij�r��
��

gij�r�r2dr , �42�

where NC is the number of chains in the system and �i=� j
=�C

Note that

�Uij�r� = ��Uij
shs�r� + �Uij

ass�r� for i ∧ j � 
mh + 1,mh + 2, . . . ,m�
�Uij

hs�r� + �Uij
ass�r� for i ∨ j � 
1,2, . . . ,mh� 


is the interaction between species i and j. If we consider both
the chemical association and the hard-sphere potential are
independent of temperature, then

� ��Uij�r��
��

=
1

�
if d− � r � d, and zero elsewhere. �43�

Substituting Eq. �43� into Eq. �42�, we can obtain

���A/NC�
��

= 2��C �
i=mh+1

m

�
j=mh+1

m 	
d−

d

�−1gij�r�r2dr . �44�

Considering gij�r�= �̃ij��r−d� for sticky hard-spheres when
0�r�d and integrating Eq. �44� from � to � yields

A − A0

NcKT
= − 	

�

�

12
c�̃
d��

��
, �45�

where A0 is the free energy of a system of hard-sphere chain
with chain length m, and 
c=
 /m=��cd

3 /6.
The pressure Pv0 /kT of the diblock copolymer can be

obtained by differentiating Eq. �45� with respect to 
c,

Pv0

kT
−

P0v0

kT
= − 12
c

2	
�

� �

��̃

�

+ �̃�d��

��
, �46�

where P0 represents the pressure of the hard sphere chains
and v0=�d3 /6.

The quantities of hard sphere chains A0 and P0 can be
obtained from the statistical associating fluid theory �SAFT�
�42�,

P0

�ckT
= 1 +

m�4
 − 2
2�
�1 − 
�3 +

�1 − m��2.5
 − 
2�
�1 − 
��1 − 0.5
�

,

A0

NckT
= ln 
c +

m�4
 − 3
2�
�1 − 
�2 + �m − 1�ln

�1 − 
�3

�1 − 0.5
�

+ terms independent of 
 . �47�

A typical plot for the pressure of a symmetric diblock
tetramer is shown in Fig. 10. The pressure increases faster at
higher temperatures and approaches to the pressure of hard
sphere chain fluids when �→�. Van der Waals loop is not
observed within the temperature range that we can explore
here. Lower temperature regimes are inaccessible in this
study because we are unable to solve the simultaneous tran-
scendent equations that arises from the continuity condition
of ỹ
�

ij �1� at r=1.

VI. CONCLUSIONS

In this paper we obtain a general solution to the multiden-
sity Ornstein-Zernike equation in the polymer Percus-Yevick
and ideal chain approximations for a primitive model of
diblock hard sphere-sticky hard sphere chains. Important pa-
rameters include the attractive strength of sticky hard spheres
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�, volume fraction of segments 
, and the block lengths of
both hard spheres mh and sticky hard spheres mS. General
expressions for the contact values of the correlation func-
tions are presented. The partial and overall radial distribution
functions in the regions beyond hard core are numerically
calculated from a set of integral equations using Perram’s
algorithm. We also investigate the static structure factors in
the low and wide angle regimes. We find that low angle
peaks can emerge for heteronuclear chains indicating the for-
mation of microscopic structure. The microdomain formation
is the result of a delicate balance between short range repul-
sive and attractive interactions within the same polymeric
chain. The appearance and location of the peak �i.e., the
spacing between aggregates� depends on the attractive
strength, density, total chain length, and the architecture of
the chains. The equation of state is also calculated via the
energy route that the authors developed before. Unlike the
systems of SHS dimers and chains, van der Waals loop is not
observed for the heteronulcear HS-SHS diblock chains
within the temperature range that we have explored. To the
best of our knowledge, this is the first time the multidensity
Ornstein-Zernike integral equation has been utilized to
model microscopic phase formation and separation.

APPENDIX

The coefficients of the q functions in Eqs. �25� and �26�
are given below,

If i� 
1,2 , . . . ,mh�,

ã0
i =

2
 + 1

�1 − 
�2 , b̃0

 = −

3


2�1 − 
�2 , �A1a�

ãA
i = −

K̃i

1 − 

, b̃A

i = −
1

2
ãA

i , �A1b�

ãB
i = −

L̃i

1 − 

, b̃B

i = −
1

2
ãB

i . �A1c�

If i� 
mh+1,mh+2, . . . ,m�,

ã0
i =

2
 + 1

�1 − 
�2 −
2Ãi

1 − 

, b̃0


 = −
3


2�1 − 
�2 +
Ãi

1 − 

,

�A2a�

ãA
i = −

K̃i + C̃i

1 − 

, b̃A

i = −
1

2
ãA

i , �A2b�

ãB
i = −

L̃i + D̃i

1 − 

, b̃B

i = −
1

2
ãB

i , �A2c�

Ãi =
6


m
�

k=mh+1

m

��̃00
ik + �̃0A

ik + �̃0B
ik � , �A2d�

C̃i =
12


m
�

k=mh+1

m

��̃A0
ik + �̃AA

ik + �̃AB
ik � , �A2e�

D̃i =
12


m
�

k=mh+1

m

��̃B0
ik + �̃BA

ik + �̃BB
ik � . �A2f�

For any i

K̃i =
12


m
B̃AB

i,i+1 =
1

2
�1 − �i,m� , �A3a�

L̃i =
12


m
B̃BA

i,i−1 =
1

2
�1 − �i,1� . �A3b�

It is not surprising that Eq. �A1� and �A2� are identical to the
q functions �in functional form� of sticky hard sphere chain
�23� and hard sphere chain �5,17�, respectively. However,
this does not indicate our solutions of diblock copolymer
model can be obtained by directly superimposing the solu-
tions of hard sphere chain and sticky hard sphere chain. This
is because one of the original terminal segment effects in
hard sphere chains and sticky hard sphere chains disappear in
the new model of diblock copolymer. For example, the origi-
nal effects of terminal bead 4 in a hard sphere tetramer and
terminal bead 1 in a sticky hard sphere tetramer disappear
when a new diblock octamer is composed of these two tet-
ramers since both bead 4 and bead 1 in the original tetramers
becomes inner segment 4 and 5 in the new octamer. It is also

not surprising that the values of K̃i and L̃i are the same as
those in hard sphere chains since both of them only account
for the association to form chain molecules. It should be

noted that K̃i and L̃i are independent of density in the com-
plete association limit within the ideal chain approximation.

The explicit expressions for the contact value of correla-
tion function g̃
�

ij �1+� can be evaluated from Eq. �22�:
if both ∀i� 
1,2 , . . . ,mh� and ∀j� 
1,2 , . . . ,mh�,

g̃00
ij �1+� =


 + 2

2�1 − 
�2 �A4a�

g̃A0
ij �1+� = −

1

4�1 − 
�
�1 − �i,m� �A4b�

FIG. 10. Isotherms of a symmetric diblock tetramer obtained
from the energy route. The quantity v0=�d3 /6.
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g̃B0
ij �1+� = −

1

4�1 − 
�
�1 − �i,1� �A4c�

g̃AA
ij �1+� = g̃BB

ij �1+� = 0 �A4d�

g̃AB
ij �1+� =

m

48

� j,i+2; �A4e�

if i� 
mh+1,mh+2, . . . ,m� and j� 
1,2 , . . . ,mh�,

g̃00
ij �1+� =


 + 2

2�1 − 
�2 −
6


m�1 − 
� �
k=mh+1

m

��̃00
ik + �̃0A

ik + �̃0B
ik � ,

�A5a�

g̃A0
ij �1+� = −

1

4�1 − 
�
�1 − �i,m�

−
6


m�1 − 
� �
k=mh+1

m

��̃A0
ik + �̃AA

ik + �̃AB
ik � , �A5b�

g̃B0
ij �1+� = −

1

4�1 − 
�
�1 − �i,1�

−
6


m�1 − 
� �
k=mh+1

m

��̃B0
ik + �̃BA

ik + �̃BB
ik � , �A5c�

g̃0A
ij �1+� = −

1

4�1 − 
�
�1 − � j,m� +

1

2
��̃00

i,j+1 + �̃0A
i,j+1�� j,mh

,

�A5d�

g̃0B
ij �1+� = −

1

4�1 − 
�
�1 − � j,1� , �A5e�

g̃AA
ij �1+� =

1

2
��̃A0

i,j+1 + �̃AA
i,j+1�� j,mh

, �A5f�

g̃BB
ij �1+� = 0, �A5g�

g̃AB
ij �1+� = 0, �A5h�

g̃BA
ij �1+� =

m

48

� j,i−2�1 − � j,mh

�

+
1

2
��̃B0

i,mh+1 + �̃BA
i,mh+1�� j,mh

+
m

48

� j,mh

�i,mh+2.

�A5i�

If i� 
mh+1,mh+2, . . . ,m� and j� 
mh+1,mh+2, . . . ,mh�,

g̃00
ij �1+� = 12��̃00

ij =

 + 2

2�1 − 
�2 −
Ãi
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g̃AB
ij �1+� = 12��̃AB

ij =
12


m
�
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m

��A0
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48
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By symmetry, it is clear that �̃
�
ij = �̃�


ji for i� 
mh+1,mh+2, . . . ,m� and j� 
mh+1,mh+2, . . . ,m�, and g̃
�
ij �1+�= g̃�


ji �1+� for
any pair of ij.
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