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Thermal fluctuation forces and wetting layers in colloid-polymer mixtures:
Derivation of an interface potential
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We discuss wetting layers in phase-separated colloid-polymer mixtures adsorbed at a vertical wall, observed
in recent laser scanning confocal microscopy experiments. Matching of colloid and solvent dielectric properties
renders van der Waals forces negligible and provides a system governed by short-range forces and thermal
fluctuations on which the subtle predictions of renormalization group (RG) theory for wetting can be tested.
The width w of the fluid-fluid (“liquid-gas”) interface bounding the wetting layer scales with the square root of
the wetting layer thickness ¢, in qualitative agreement with RG theory for short-range complete wetting in
three dimensions. The measured wetting layer thickness ¢ as a function of the height 4 above the horizontal
plane of bulk phase separation is compared with two distinct theoretical predictions. A simple heuristic inter-
face potential V({), first proposed in a previous report, is now fully derived, and confronted here with the
interface potential based on the linear RG theory. The heuristic approach does not capture fully the RG
treatment. While fundamental differences exist between the two approaches, the resulting predictions for €(/)
are almost identical. However, the theory does not follow the precise shape of the experimental curve of €(h).
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I. INTRODUCTION

In this report we deal with fluctuation-induced forces that
govern the thicknesses of wetting layers in the context of
colloid-polymer mixtures. Background information on the
system can be found in [1], where in particular it is explained
how surface tensions and capillary lengths can be measured.
A brief account of our experimental results and summary of
the theoretical approach has been given in [2]. Our main
present purpose is to give full detail of the derivation of the
interface potential that was used in [2] to obtain a theoretical
prediction for the thickness of the wetting layer adsorbed on
the wall as a function of the height above the liquid-vapor
interface.

The main characteristic of colloid-polymer mixtures is
that the relevant physical scales are very different from what
they are in molecular fluids. This provides extra opportuni-
ties for visualizing fluctuations and also for studying proper-
ties of fluctuations using the wetting theory for systems in
three dimensions with short-range forces. This was consid-
ered to be a highly academic theory applicable to very few
fluids of practical interest since the ubiquitous van der Waals
forces are considered to be of long range (algebraic decay) in
the field of wetting [3-5], as are the critical Casimir forces
arising between a colloidal particle and a flat surface im-
mersed in a near-critical liquid mixture [6].

Our discussion starts with a brief recollection of colloidal
suspensions, followed by a specification of the interactions
between the colloidal particles, which are to a good approxi-
mation hard spheres with tunable attractions emerging be-
tween them by adding polymers to the solvent. We proceed
to address the important scales and introduce the main func-
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tions and variables. Then we break the translational invari-
ance by considering an adsorbing wall and discuss the wet-
ting problem in a semi-infinite geometry. Subsequently we
focus on the capillary wave fluctuations of a free interface,
remote from any external confining wall, between liquidlike
and gaslike phases. In the main part of the paper, we return
to the confined system and study how the unbinding of the
liquid-gas interface from the wall is affected by thermal fluc-
tuations and how the subtle predictions of short-range wet-
ting theory in d=3 can be tested in this experimental system.

A. Colloidal suspension

Colloidal particles in suspension perform Brownian mo-
tion, driven by random collisions with solvent molecules ac-
cording to the kinetic theory of heat. The suspension is stable
against sedimentation as long as there is levitation by ther-
mal agitation. This is the case if the thermal kinetic energy
outweighs the gravitational potential energy, or in other
words, if the thermal diffusion time is shorter than the sedi-
mentation time. This is expressed by the inequality

Pe = (m.—my)galkpgT <1, (1)

where the Peclet number Pe is the buoyant mass of the col-
loidal particle immersed in the fluid, m.—my, times gravita-
tional acceleration g and colloid radius a, divided by the
thermal energy. For micron-sized colloids in suspension at
room temperature Pe~ 1, and its dependence on colloid ra-
dius is strong, since Peca®. The colloidal particles in our
system are fluorescently labeled poly(methyl methacrylate)
of radius =68 nm. They are dispersed in a mixture of cy-
cloheptyl bromide and decalin.

©2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevE.81.041604

INDEKEU et al.

B. Hard spheres+tunable attractions

The interactions between the colloids are strongly ma-
nipulated. Coating with adsorbing polymer first eliminates
their mutual attraction and turns them into hard spheres. Van
der Waals forces are suppressed by refractive index matching
and static dielectric constant matching between colloid and
solvent. Then nonadsorbing polystyrene polymers of radius
of gyration R,=71 nm are added to the solvent, by which
attractive forces are reintroduced, but now in a highly con-
trollable manner and with a very simple functional depen-
dence on colloid separation. The resulting pair potential al-
lows fluid-fluid phase separation into a colloid-rich “liquid”
and colloid-poor (polymer-rich) liquid called “gas,” with as-
sociated critical point in the Ising model universality class.
Various theoretical approaches have been employed to study
the rich phase behavior and structure of colloid-polymer
mixtures [7].

The nonadsorbing polymer induces the well-known
Asakura-Oosawa-Vrij depletion force [8—12] or entropic at-
traction between the colloids, which is proportional to the
overlap volume V, of zones around the colloids from which
the polymers are excluded. This effect can also be under-
stood as a result of the osmotic pressure II of the polymers
that squeezes nearby colloids together. The polymers are as-
sumed to be of the same (effective) diameter or smaller than
the colloids. The polymers are to a first approximation mu-
tually penetrable spheres, so that they do not interact among
their own kind and constitute an ideal gas. Polymers and
colloids mutually interact like impenetrable hard spheres.
The resulting attractive tail of the colloid-colloid pair poten-
tial, for a polymer density pl’, (measured in a colloid-free
solvent reservoir), is

U(}") == HVo(r) == pIerBTVo(r)’ (2)

where Van ’t Hoff’s ideal gas law for a dilute solution of
polymers has been invoked in the second step. In the dilute
limit the interaction energy is just the (average) number of
polymers contained in the overlap volume, times kz7T. The
strength (i.e., depth) of this monotonic attraction can be
tuned by changing the polymer concentration and its short
range can be manipulated by varying the polymer size R,.
The range is strictly finite, and approximately 2(a+R,), since
there is no interaction between colloids whose excluded
zones do not overlap. Thus, a system of hard spheres with
tunable short-range attractions results. Liquid-gas like coex-
istence and criticality should then be possible when the po-
tential depth € is of order kg7, and this is indeed observed.

C. Scales

A first marked difference in scales between the colloid-
polymer mixture and ordinary molecular liquids is that the
liquid-gas interfacial tension 7 is ultralow. Indeed, a rough
estimate of the interfacial tension is the energy of a broken
colloid-colloid bond, of order e~ kT, per area a2. Since a is
about 10° atomic radii, y is reduced by a factor of 107 and
falls in the nN/m range instead of mN/m. Second, the com-
petition between the thermal wandering of the interface and
the interfacial tension that aims at keeping the interface flat,
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leads to a typical transverse displacement amplitude or ther-
mal length Ly=1kgT/7y, which is increased by a factor 10°
and attains magnitudes up till um instead of nm. Such large
interface fluctuations can be studied directly using optical
microscopy [13].

Third, the competition between interfacial tension and
gravity is reflected in the capillary length L.,,=Vv/gAp,
which gives the longitudinal length scale over which an in-
clined interface can deviate from a horizontal plane. The
inclination can be due to capillary rise near a wall or a long-
wavelength capillary wave fluctuation. L, is typically 103
times smaller than what it is in molecular fluids, and is lim-
ited to um, again due to the ultralow tension. Note that Ap is
not very different from an ordinary liquid density. As a con-
sequence, it is harder to resolve the contact angle and profile
of the interface against a wall than it is for molecular fluids.
Finally, also the times scales favor direct visual observation
of capillary wave relaxation, since the capillary time 7
=(n/ )L, is of the order of seconds as compared to 10 us
for molecular fluids.

D. Functions and variables

The main functions and variables can be identified as fol-
lows [14]. We consider N, colloids in a volume V at tem-
perature 7, in contact with a reservoir of solvent and added
polymer, through a semipermeable membrane which only
prevents colloids from passing. Tuning the polymer chemical
potential w, in the reservoir allows to adjust the polymer
concentration in V. This leads to a semigrand canonical po-
tential

Hp
Q(T7 VvNc’lu'p) =FO(T5 V7Nc) - f Np(lu';)dlu“;w (3)

where F|, is the free energy of a system of N, hard spheres,
with no polymers present. An accurate expression can be
obtained from the Carnahan-Starling equation of state [15].
Note that by invoking the ideal-gas approximation for the
polymers and assuming low polymer activity this can be re-
duced to the appealing simple form Q(7,V,N.,u,)
=FyT,V,N)=N,(u,)kzT. In the so-called Free Volume
Theory the number of polymers is estimated to be

N,

= nlr,aV, (4)

where n; is the reservoir polymer density and « is the frac-
tion of V that is accessible to the polymers. This fraction
depends in a way determined by Scaled-Particle Theory on
the colloid volume fraction ¢, and the ratio of the depletion
thickness A and the colloid radius a. We have a<<1-¢,, and
a crude estimate can be obtained by taking the dilute colloid
limit (no overlap of excluded volumes),

N_ 4
a=1- chw(a+A)3, (5)

with, for ideal polymers in bulk, A=R,. The polymer vol-
ume fraction, ¢p, is related to its counterpart in the reservoir
by
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FIG. 1. (Color online) Phase diagram and interfacial properties
of the colloid-polymer mixtures. The solid line is the experimental
liquid-gas phase coexistence line for g=R,/a=1.04. ¢ is the colloid
volume fraction ¢, and c¢/c” is the polymer concentration c relative
to the overlap concentration c*. Note that c/c*= ¢, if one assumes
that the volume of one polymer coil is vp=(4/3)7rRz with R, the
radius of gyration. The overlap concentration ¢* is defined through
¢,=1. The star marks the estimated location of the critical point.
The state points studied are indicated as S1 (¢=0.120, c¢/c*
=0.408), S2 (0.092, 0.314) and S3 (0.082, 0.278). The dashed line
is the theoretical gas-liquid binodal for g=1 from the Free Volume
Theory (see Sec. I D). The (open) dot indicates the location of the
theoretical critical point. The dotted line shows the corresponding
theoretical wetting transition (see Sec. I E). Inset: Averaged width
wy (circles) and surface tension 7y (triangles) of the free (liquid-gas)
interface as a function of colloid volume fraction. Lines are guides
to the eye.

¢, =ag, (6)

Note that ¢; is controlled directly by wu,. This free-volume
approach can be refined by, for instance, taking into account
that the polymers are not ideal balls but chains that interact
with themselves and each other through excluded volume
interactions. This allows polymers to attempt to wrap around
colloids and this leads to a reduction of A. We do not discuss
this further here, but limit ourselves to pointing at the two
main order parameters that emerge, ¢, and ¢,. The phase
diagrams can be presented in terms of these two fractions, or
in terms of the closely related ones ¢, and the control vari-
able qb;, for a given fixed size ratio R,/a. Typical experimen-
tal paths in the phase diagram are dilution lines, which are
straight lines through the origin in the (¢,,¢,) plane. The
phase diagram, relevant to the systems we study, is shown in
Fig. 1, which extends slightly the phase diagram shown in
Fig. 1 of [2].

E. Walls and wetting

The Young-Laplace equation, which gives us the thermo-
dynamic contact angle 6 as a function of the surface free
energies of the wall-gas, wall-liquid, and liquid-gas inter-
faces, describes the mechanical equilibrium of the three-
phase contact line,
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Ywe = Ywr+ Y cos 6. (7)

In order to explore the possibility of a wetting transition for
this system, we can ask, for instance, how 6 varies with
polymer concentration. (Note that the experiment is per-
formed at fixed ambient temperature.) A wetting transition
corresponds to a singularity in cos #, whose value ap-
proaches 1 if the liquidlike phase is about to wet the wall,
and sticks to 1 throughout the so-called complete wetting
regime. If the singularity amounts to a discontinuity in the
first derivative of cos 6, the transition is said to be of first
order. If the first derivative is continuous, but a higher de-
rivative is not, the transition is said to be critical. Critical
wetting is an example of a continuous wetting transition.
Another example of a continuous wetting transition is the
approach to complete wetting, when the system is off of bulk
phase coexistence but is tuned closer and closer to bulk co-
existence by varying some control parameter termed bulk
field, which in practice depends on the chemical potential(s).

A first approximation to calculating whether such transi-
tion occurs, is to employ the mean-field Cahn-Landau theory.
The starting point of our analysis is the surface free-energy
functional [16,17]

o dp 2
Apl= f dz{f(p)—ucp(zh pc+m(p)(d—> }
0 <
—hip - gp%, ®)

which describes a colloid-polymer mixture adsorbed at a
hard wall. In here, p(z) is the order parameter profile with z
the perpendicular distance to the hard wall. The order param-
eter p is the colloid number density. A mean-field approach is
adopted, in which the x- and y-dependence of p is neglected.
We remark that it is not necessary to invoke a second density
associated with the polymer, since in Free Volume Theory
the latter depends on p and on the (fixed) polymer chemical
potential. Thus there is just one independent density, p,
which is proportional to ¢..

The functional 9{p] consists of three parts: the first part of
the integral is the contribution to the excess free energy per
unit area from the pressure excess p.—p(z), where p(z)
= u.p(z)-f(p), with f(p) the bulk free-energy density of a
homogeneous fluid of uniform density p. This part amounts
to the familiar double well potential, the minimum of which
describes the bulk equilibrium phase(s). The quantities wu,
and p. are the colloid chemical potential and pressure at
two-phase coexistence of liquid and gas, respectively. It fol-
lows that the pressure excess vanishes in the coexisting bulk
phases.

The second part in the integrand, m(p)(dp/dz)?, is the
leading term in an expansion in density inhomogeneities
[18]. The coefficient of the squared gradient term is given by
m(p)=73[idrr*c(r,p) where c(r, p) represents the direct cor-
relation function of Ornstein and Zernike with colloid center-
to-center distance r and density p. We will approximate the
direct correlation function by [19,20]
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B 0, r=2a 9
clr.p)= - BU(r), r>2a, ®

where U(r) is the attractive pairwise potential Eq. (2), and
B=1/kT. This further simplifies calculations because it turns
the coefficient m(p) into a constant m. Finally, the terms
outside the integral reflect the contact interaction with the
hard wall. Here p;=p(0) is the contact density, &, the sur-
face field and g the surface enhancement [16]. Note that the
wall-adsorbate interaction is also short ranged, in view of the
matching of the dielectric properties of solvent and colloid,
which greatly reduces the effective Hamaker constant of the
wall-colloid interaction mediated by the solvent.

For our system, /; >0, leading to a net attraction between
the colloid-rich phase and the wall. This bias comes about
because the overlap of excluded zones is greater between
wall and colloid than between two colloids, for the same
separation. The surface enhancement g <0 reflects that the
colloid-colloid attraction is reduced near the wall with re-
spect to what it is in bulk. This reduction is caused by the
fact that the overlap of colloidal excluded zones also partly
overlaps with the zone already excluded by the wall. The
role of g is somewhat secondary to that of ;. While &, is
responsible for inducing wetting by one of the phases (in our
case the liquidlike phase), upon varying g the character of a
wetting transition may change from first order to critical.

All the parameters entering in this Cahn-Landau theory
can be identified for the colloid-polymer system and this
theory predicts the possibility of a (first-order) wetting tran-
sition, which can occur farther from or closer to the bulk
critical point depending on the value of the size ratio g
=R,/a [16] (see Fig. 1, dotted line, for g=1). Although wet-
ting transitions have been reported for similar adsorbed
colloid-polymer mixtures [21], for the systems at hand only
complete wetting has hitherto been observed experimentally
[16]. Therefore, we have 6=0 and the liquid-gas interface
merges tangentially with the (vertical) wetting layer ad-
sorbed at the wall, as can be seen using laser scanning con-
focal microscopy (LSCM) (see Fig. 2 of [2]).

The properties we want to focus on are those of the wet-
ting layer somewhat above the three-phase contact region,
and in particular we are interested in the interface between
that wetting layer and the adjacent gaslike phase in bulk.
LSCM allows to obtain fluorescence intensity profiles versus
depth z (the colloids being fluorescently labeled) from which
the interface width and also the wetting layer thickness can
be derived. Our main goals are (i) to interrelate these two
lengths and (ii) to study the wetting layer thickness versus
height.

F. Free interface: Capillary wave roughness

Let’s examine more closely the properties of the free and
fluctuating liquid-gas interface now before we investigate
further the effects of the wall-interface interaction. We will
focus on interfacial tension effects and neglect bending rigid-
ity, although the latter must be taken into account to describe
accurately the full spectrum of interface fluctuations [22].
The horizontal free interface, far away from any wall but still
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under the influence of gravity, can be described quite well by
capillary-wave theory [23,24]. The thermally averaged
height fluctuation squared is given by

(5]

(h(x,2)*) > L7 1n WZ—TP—z (10)
) +()

Clearly, the thermal length Ly sets the amplitude of the fluc-
tuations and the capillary length L., acts as a long-
wavelength cutoff, preventing roughening at large parallel
length scales. The parallel (horizontal) system size is L,, and
diverges in the thermodynamic limit. The colloid radius, a,
acts as the short-wavelength cutoff. This is accurate as long
as the system is not very close to the bulk critical point.
Otherwise, a ought to be replaced by the bulk correlation
length in the fluid, &, since then £>a. Indeed, capillary-wave
theory assumes a self-affine interface (without overhangs),
whereas on length scales between a and & overhangs cannot
be neglected. In the following we stick to a for the time
being, because it is a material constant of our system.

In the absence of gravity, L., diverges, and there is no
damping of the fluctuations at large length scales. Conse-
quently, the interface is rough, and we obtain

(h(x,z)% o« L% ln(%), (11)

which diverges in the thermodynamic limit. In three dimen-
sions this divergence is only logarithmic. This can be con-
trasted with the corresponding results for thermal interface
wandering in lower dimensions d [25],

<h(x,z)2>ocL%(%>2£, with (=3 -d)/2, (12)

where ( is the roughness exponent for thermal fluctuations in
d=3. Thus, the interface roughness in d=3, ignoring gravity,
is very subtle, or “marginal,” since the (usual) power-law
divergence turns into a logarithm.

G. Interface unbinding from a vertical wall

For the vertical interface between the adsorbed wetting
layer and the bulk *“gas,” we can describe the positional fluc-
tuations Az=z(x,y)—¢, about a vertical reference plane, at
given average position z=¥, by the following adaptation of
Eq. (10),

(Az(x,y)?) o L7 1n<%), (13)
where the length scale &, which now replaces the cutoffs L,
or L,p, has nothing to do with the system size or the capil-
lary length (which plays only a secondary role now that the
direction of gravity is parallel to the interface). In contrast, &
is a consequence of a “wall potential,” which confines the
interface fluctuations to some channel, or band. The largest
parallel distance over which interface wandering is corre-
lated, is by definition the longitudinal correlation length §.
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Typically, the interface transversally explores the width of
the band, called fransverse correlation length &, over a lon-
gitudinal length §. Note that ﬁ =(Az(x,y)?). If the effective
wall potential would be just a hard boundary at z=0 these
explorations would bring the interface occasionally back to
the wall, and & would then be the typical distance along the
wall between such collisions. In such case we would have
&, ={, signifying rather strong fluctuations.

The knowledge of the wall potential allows to obtain the
wetting layer thickness € as a function of height. Good
agreement between theory and experiment on vertical wet-
ting layer thicknesses controlled by van der Waals forces was
already demonstrated in early seminal work [26].

As was outlined in [2], to observe the vertical wetting
layers against a glass wall a suitable LSCM setup was em-
ployed. The measurements were performed for three differ-
ent state points S1, S2, and S3 for the colloid-polymer mix-
ture with size ratio R,/a=1.04 described earlier. We first
characterize the free interface and measure surface tension,
density difference between the two phases and interfacial
width. The surface tension 7y and density difference Ap are
found from the height-height correlation of the capillary
fluctuations as described in [13]. The interfacial width w is
deduced by fitting averaged fluorescence intensity profiles
along the vertical y axis to the form

7 I -1g (y—)’o)
1(y) = erf +
Y 2 w2

11 +1g
2 b

(14)

with y, the average position of that interface, and with I; and
I; the average fluorescence intensities of the liquid and gas
phases, respectively. We find surface tensions ranging from
130 (S1), 45 (S2) to 2.5 nN/m (S3) and with density differ-
ences of approximately 40, 27, and 4 kg/m?, respectively.
The width of the free interface, denoted by wy, is typically of
the order of 1 wum (see Fig. 1, inset). In general, the width w
of a confined interface is defined through a profile described
by an expression similar to Eq. (14) [2].

II. INTERFACE WIDTH VERSUS WETTING LAYER
THICKNESS: RG PREDICTION

Since the contributions from van der Waals forces are
negligible for our system, forces between surfaces decay ex-
ponentially on the scale of the (micron-sized) bulk correla-
tion length ¢ and wetting theory for short-range forces (SRF)
should apply [27,28]. For the Ising universality class, the
wetting parameter

kT

w= W’ (15)

takes the value w=0.8 close to bulk criticality [29,30]. For
state point S3 this value implies a bulk correlation length of
magnitude &/a=6, while for state points S2 and S1, the
values are £/a=1.4 and 0.83, respectively. Renormalization
group (RG) theory for complete wetting [28] predicts for w
<2 the following relation between the wetting layer thick-
ness € and the parallel correlation length &, which is a mea-
sure of the average distance between interface bumps,
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€&~ 2+ w)n(g/é), (16)

asymptotically for €/&>1.

On the other hand, capillary-wave theory [23,24] predicts
the following relation between the interfacial width w (or
perpendicular correlation length ¢,) and &,

kgT
§=2 1n<@> =w?, (17)
27Ty 4'min

where gni,=7/§ and g.c=7/a with a the particle radius.
We recall that a ought to be replaced by the bulk correlation
length & whenever £>a. Note that w, implicitly defined in
Eq. (14), and &, are both by definition equal to the root-
mean-squared height fluctuation of the interface. Using Eq.
(15), Eq. (17) can be written compactly as

& =208 In(é§/a). (18)

Combining the RG expression (16) with the capillary-
wave relation Eq. (17) leads to the important result that the
mean-squared width of the confined interface depends lin-
early on the wetting layer thickness. For large €/¢,

w? ~ fo)(kgT/y)"*¢, (19)

with f(w)=(w/m)"?/(2+w) for ®<2.

A similar divergence of w? as a function of € was already
predicted, for all fluctuation regimes, in the early RG theory
for short-range critical wetting in d=3 [27]. The follow-up
RG results for complete wetting transitions [28] implied that
this behavior is valid more generally for all short-range con-
tinuous wetting transitions in d=3. This fact was highlighted
when experiments on polymer mixtures and simulations in
the 3d Ising model started to focus on size effects on inter-
facial widths in confined thin films [31]. In this context,
Kerle, Klein, and Binder considered a confined system be-
tween opposing walls (one wall is perfectly wet and the other
dry) a distance D apart, so that the film is in the soft-mode
phase [32]. They derived the relation [33]

7w  ED

—, 20
l+w?2 4 20

wiKB =48+
which for large D fully agrees with E/L(l 9) for large ¢, after
careful identification of wggp with \7r/2w and of D/2 with
€. The former identification follows from comparing Eq. (8)
in [33] with our Eq. (14), and the latter is trivial. Note that
the first term of Eq. (20) describes how wygg approaches an
intrinsic microscopic width for small D.

We now proceed to check Eq. (19), valid for large €, or,
equivalently, the asymptotic behavior for large D of Eq. (20),
against the results of the measurements. The data points and
the theoretical predictions (dashed curves) are shown in Fig.
2, which extends Fig. 3 of [2] in that also the theoretical
curves for S1 and S2 are presented. Clearly, there is qualita-
tive agreement between theory and experiment for the ex-
perimental system S3, which is closest to the bulk critical
point. For S1 and S2 the measured values of w do not show
a clear dependence on ¢, but nevertheless they are compat-
ible, at least for S2, with the theoretical curves. In all cases,
the measured interface widths are consistent with the general
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FIG. 2. (Color online) Measured width w of the interface be-
tween the wetting layer and the bulk “gas” phase, versus the wetting
layer thickness €, for mixtures S3 (top; squares), S2 (middle;
circles), and S1 (bottom; down triangles). The data are compared
with the RG theory prediction, Eq. (19), assuming »=0.8, and us-
ing the measured interfacial tensions y=130 nN/m (S3), 45 nN/m
(S2), and 2.5 nN/m (S1). The theoretical curves (dotted lines) are
drawn for S3 (third from bottom), S2 (second from bottom) and S1
(bottom), and assume w=0.8. For S3 it is possible to obtain a mean-
ingful fit to the data assuming the square-root dependence of w on
¢ predicted by Eq. (19), with adjustable amplitude. The result is the
topmost solid curve.

notion that fluctuations are hindered by confinement, since
the widths are smaller than the corresponding values w, for
the free interface (cf. Fig. 1).

The predicted square-root dependence of w on €, Eq. (19),
can be meaningfully fitted to the data for S3. This leads to
w?~029+0.05 um€. The calculation, using 7y
~2.5 nN/m and no adjustable parameter, leads to w?
~0.23 umd, in good qualitative agreement with the experi-
ment. To substantiate this claim, we test the sensitivity of the
amplitude, w?/€, to changes in the wetting parameter .
Note that @ is the only unknown parameter in our system
because we have not measured the bulk correlation length &
in the colloidal liquid. We have assumed the Ising model
value for w at bulk criticality, which is approximately 0.8.
Suppose now that this estimate is strongly perturbed, e.g., by
a factor of 2. If w is taken to be 1.6, the calculated amplitude
increases by 10%, from 0.23 to 0.25 um. In fact, the maxi-
mum increase that can be achieved is found for w=2 (since
f(w) is constant for =2 [28]), and amounts to 11%. On the
other hand, if w is lowered to 0.4, the amplitude decreases by
17%, to 0.19 um. We conclude that the theoretical ampli-

| & ~const

FIG. 3. Mean-field regime: £, remains constant while € end §;
diverge.
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&J_OCI

FIG. 4. Fluctuation regimes: &, €.

tude is not very sensitive to the value of w and that increas-
ing w leads to a more favorable agreement between the the-
oretical and experimental amplitude, the result of the best fit
being slightly larger than the maximal theoretical value. Note
that, already for w=0.8, theory and experiment agree within
the error margin including the rather large “oscillation” of
the data about a simple square-root behavior.

Prior to our experiments, a first observation of an increase
of the interfacial width with film thickness was made in a
phase separated binary mixture of random copolymers [31].
The increase of w with € was found to be quasilinear, in
crude agreement with three-dimensional Ising model simula-
tions which showed a clear square-root dependence of w on
€ [31]. In the experimental system the presence and possible
importance of long-range van der Waals forces, for which a
logarithmic dependence of w on € is predicted, as well as
other effects were invoked to explain the differences between
the observations and the pure square-root dependence pre-
dicted for short-range forces [33].

In closing this section, we stress that a square-root depen-
dence of w on € is quite special. It represents a border line
case between two main regimes [25,34]. The first one is the
mean field or smooth interface regime (Fig. 3), for which w
saturates to a constant as a function of €, for large €, or
diverges very weakly (e.g., logarithmically). Systems with
van der Waals forces in d=3, and, more generally, systems
above the upper critical dimensionality d, for interface fluc-
tuations fall in this class. The second one is the rough inter-
face regime (Fig. 4) and contains all systems in d <d,,, which
are characterized by important thermal fluctuations and inter-
face displacements which “frequently” hit the wall, so that,
naturally, woc €. We recall that d,,=3 for short-range forces
and d, <3 for forces with algebraic decay. The case of mem-
branes in d=3 is also included in the category woc € [34]. In
conclusion, an intermediate behavior (Fig. 5) of the form w
P, with 0<p<1 is untypical. Nevertheless, the power p
=1/2 is universal in its own right, since it holds for all fluc-
tuation regimes and for critical and complete wetting alike,
provided the forces are of short range and provided d=3.

III. FLUCTUATION-INDUCED INTERFACE POTENTIAL:
SIMPLE PICTURE

For interfaces bound to a wall by an attractive mean-field
potential, interface fluctuations modify the wall-interface

&J_OC \/l

FIG. 5. Marginal regime: & = Ve.
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forces. For instance, the fact that (long-wavelength) interface
fluctuations are hindered by the wall leads to a decrease in
interfacial entropy, and thus an increase in interfacial free
energy, of the confined interface as compared to one that is
free [35,36]. The confinement of the fluctuations is therefore
a relevant contribution to a fluctuation-induced disjoining
pressure I1;(€) which repels the interface from the wall. The
disjoining pressure is related to the associated interface po-
tential Vy(€) through Il;(€)=-dV,(€)/d€. This contribu-
tion competes with the mean-field term (of, e.g., gravita-
tional origin) which binds the interface.

To clarify the origin and form of the various physically
plausible contributions to Vj(€) we adopt the simple phe-
nomenological picture proposed by Lipowsky and Fisher
[34,37]. This heuristic approach is based on standard scaling
assumptions concerning energy and entropy contributions of
interface fluctuations, and for a variety of forces it correctly
describes the mean-field critical behavior (d>d,) and the
so-called weak-fluctuation critical behavior (d just below d,,)
[37]. Following this line of reasoning we arrive at an ap-
proximate interface potential which can be directly con-
fronted with the experimental data. For short-ranges forces,
however, various distinct fluctuation regimes exist precisely
at d=d,=3, and the heuristic approach leads to a form for
Vy(€) that is different from that obtained by the standard
(linear) functional RG approach [27]. That is why, in the next
section, we compare our results based on the ‘“simple-
picture” interface potential with those using the RG interface
potential as input.

As usual the starting point is the interface displacement
model featuring an effective Hamiltonian for interfacial con-
figurations €(x),

H[€] = f dd‘lx{%y(V€)2+VW(€)}. (21)

The first term in the integral represents the elastic free energy
of the interface and the second one gives the direct wall-
interface interaction free energy. The surface free energy dif-
ference between a bound and a free interface is then argued
to consist of three parts [37]: (i) a direct interaction term

Vw(€), which can be interpreted as the mean-field free en-

ergy for a wetting layer of mean thickness €, (ii) the elastic
energy associated with the increased area of a bent interface
which is of order Y(V¢)>=~ y& / & since the interface makes
a typical transverse displacement &, on a longitudinal length
scale &, and finally (iii) the entropy loss due to the confine-
ment of interface fluctuations to a slab of typical width &,
(see Fig. 3 in [37]). “Collisions” of the interface with the
boundaries of this slab reduce the entropy by an amount kj
per area §ﬁ1_1, in accord with the equipartition theorem. These
latter two contributions (ii) and (iii) are assumed to add up,
in d=3, to the total fluctuation interface potential V(¢ , &),

Va€1,6) = (vE, +kgD)/& . (22)

Using &, =w and relation Eq. (17) which allows to express
&, as a function of &, we get
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2 2
(yw* + kgT) (_ 4ayw ), (23)

V, =
ﬂ(w) (12 kBT

which is Eq. (3.36) in [37]. In order to obtain an explicit
dependence on the layer thickness, we further assume that w

is related to the mean thickness € through the RG result Eq.
(19). This leads to our final form

bl + kT Aarybe
(y +23 )exp(_ Y ) (24)

V() =
a(€) s T
where b= f(w)(kgT/ y)"*=[2w/(2+ w)]& is the proportional-
ity constant between w? and ¢ in Eq. (19).

A number of comments are in order at this point. The
main characteristic of this fluctuation interface potential is

the exponential decay for large €. This is physically correct
for our system, and the decay constant is identical to that
predicted by RG theory (see next Section). In this respect our
potential is very different from the Gaussian potential appli-
cable to systems with added surfactants in which the inter-
face has negligible interfacial tension but significant bending
rigidity [38]. On the other hand, the presence of a term linear

in € in the prefactor of the exponential is not a robust physi-
cal feature, but rather depends sensitively on our ad hoc
assumptions. This linear term seems to come from the scal-
ing assumptions for the elastic energy, which slightly domi-
nates the entropic repulsion contribution in d=3 [34]. But

note that such linear terms, or other powers of ?, can also
arise from possible logarithmic correction terms to Eq. (19),
when Eq. (19) is substituted in Eq. (23). We shall see shortly
that no such linear term is generated in the RG theory.

The total interface potential, from this simple picture,
comes out as

V() = V() + V(£). (25)

We take the wall potential appropriate for short-range forces
and complete wetting transitions,

V(€)= Apght + A exp(— €/&). (26)

The first term in Vy, is an attractive and linear part reflecting
the undersaturation of the gas phase in bulk at a height &
above the horizontal liquid-gas interface. For the time being
we consider only configurations with horizontal interfaces,
such as, e.g., a horizontal wetting layer suspended from a
horizontal substrate at an elevation /4 above the bulk “liquid”
reservoir. The second term (with A>0) is the short-range
repulsion, which induces complete wetting in the limit A
—07". The amplitude A can in principle be calculated within
a mean-field theory applied to our specific colloid-polymer
system [16,17], but there is no need to do this yet. Indeed,
the second term in Vy, can be safely neglected if we limit our
considerations to the leading repulsive part in V, which is the
fluctuation-induced short-range repulsion contained in V.
The latter is of slightly longer range than the former, which
can be seen most clearly by rewriting Eq. (24) as
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— (ybl+kgT)
V(€)= " £

2 ¢
Xp(_2+w5>' @7

The wetting parameter =~ 0.8 thus acts so as to weaken the
exponential decay. Another way to appreciate this is to note
the interesting equality, using Eq. (16) (with the substitution

(—90),
2 E - é)w (_E)
eXp(_2+w§)_<§ exp ‘) (28)

which links the heuristic approach to the functional renor-
malization of the wall potential Vy, discussed in the next
section. Clearly, the divergence of £’ at complete wetting

(€—) in the manner exp(wl/(2+w)é) partially opposes
the decay of the repulsive part of the wall potential.

In sum, we keep only the most relevant terms in the in-
terface potential and propose

V(€) = Apght + Vi, (£), (29)

which is independent of the amplitude A featured in Eq. (26)!

Minimizing this potential with respect to € allows us, for
instance, to obtain an approximation for the equilibrium
thickness € of a uniform wetting layer on a horizontal sub-
strate exposed to an undersaturated vapor. The chemical po-
tential is shifted from its value at two-phase liquid-vapor
coexistence by an amount proportional to gh. The result,
previously presented without details of derivation in [2], is

4ayb{ } ( 4ayb{ ) Apgha?
xpl| — =
kBT kBT ’yb

[(477—1)+ , (30)
which defines a function /4(€), which may be inverted to an
explicit function €(k) by using a suitable branch of the Lam-
bert W or “product log” function.

Before proceeding towards an application to a vertical
wetting layer, in Sec. V, we check the self-consistency of the
heuristic approach. This will lead to a confrontation between
the heuristic interface potential and the one derived from
linear RG theory, which is briefly recalled in the next Sec.
IV. For completeness, we also check the validity of the Gibbs
adsorption equation for both approaches, heuristic and RG,
and test the validity of hyperscaling. These two issues are
dealt with in the Appendices A and B, respectively.

In order to examine the mutual consistency of capillary-
wave result Eq. (18), RG result Eq. (19) and our interface
potential Eq. (25), based on Eq. (24), we rewrite the perti-
nent contributions to our interface potential Eq. (25) in a
transparent and dimensionless form,

V(E)az/kBT=H€ + <c€ + l)exp<— Kf>. (31)
3 3 &
While the parameters H=Apghéa®/kyT, c=ybé/kgT, and k
=2/(2+ w)=4mc are known explicitly for our interface po-
tential, they can also, for the sake of generality of the fol-
lowing argument, be left unspecified and considered to be
independent and free.
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We derive & in the standard manner [28,37], through its
connection with the curvature of the interface potential in its
minimum,

(32)

This leads to

a y K{z (€+1)}e ( 6) (33)
— S =——|2c—«k|c= xp| — k=
TE & £ PIT "

from which we derive

2
tré= ;ln(fu/ &) + O(In In(&/§)) (34)

and, using capillary-wave theory relation Eq. (18), we obtain
& = wékl +O(n ¢). (35)

Note that Egs. (34) and (35) reproduce Egs. (16) and (19)
to leading order in § and ¢, respectively, provided =2/
(2+ ). In view of Eq. (27) our interface potential does sat-
isfy this requirement and our approach is therefore self-
consistent, but only to leading order. Note that the value of
the coefficient c is irrelevant for the leading asymptotic be-
havior, but not for the next-to-leading one, indicated by the
correction to Eq. (34). Such log-log correction is nor present
in the RG theory for o <2 [28], to which we now turn.

IV. INTERFACE POTENTIAL FROM RG THEORY

The functional RG theory for wetting renormalizes the
bare interface potential so that thermal capillary wave fluc-
tuations of the interface are taken into account. In its sim-
plest form the RG approach can be understood in terms of a
convolution of the bare potential with a Gaussian of width
&, =w. One thus obtains

Vra(0) = (Viy(£)) = Apgh(€) + Alexp(- €/§)),  (36)
where

() = 71 f T expl (r— x)2w. (37)
0

\N2mw

The smearing, over a width w, does not modify the form of

the potential provided the mean displacement € is suffi-
ciently large and the fluctuations do not bring the interface
close to the wall; conditions which for our potential are ful-
filled for w<<2 [28]. The renormalized potential is then

Vro(€) = Apght + A exp(w?/2&)exp(— €/€),  (38)
which, using Eq. (18), can be written as
Vra(€) = Apghl + A(&/a)exp(- L/£). (39)

In the second term we recognize the form Eq. (28) found in
the heuristic approach. The (only) formal difference between
the RG potential and the heuristic one is that in the former
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the amplitude of the exponential repulsion is independent of
l.

The equilibrium wetting layer thickness € is obtained by
minimizing Vgg(€) with respect to €, and £ is obtained
through Eq. (32), as usual. The two results combined imply
Eq. (16) up to a constant correction. There is no logarithmic
correction of log-log form. Therefore we also obtain Eq. (19)
without logarithmic correction. We can further combine
these relations to find €(h),

exp( 2 €> (2+w)Apgh§ (40)

2+wé 2A
which can be written in a form which allows easy compari-
son with Eq. (30),

47T'yb€) ~

ApghkyT
kT ’

vbA (1)

41 exp(—
where A is an as yet undetermined parameter. The same re-
sult follows if one first substitutes the € dependence of &, into
Eq. (39) before minimizing the potential. The present ap-
proach is fully self-consistent.

In sum, the RG approach leads to a simple multiplicative
renormalization of the exponential repulsion that can be cal-
culated in the Cahn-Landau (mean-field) theory of wetting
for colloid-polymer mixtures [16]. Tt suffices, in that mean-
field theory, to rescale the bulk correlation length & to
(2+w)&/2 in order to obtain the RG prediction for €(h) in
the weak-fluctuation regime w<<2. In order to get a quanti-
tative interface potential, the mean-field amplitude A is to be
calculated explicitly. This issue will be addressed in the next
section.

V. WETTING LAYER THICKNESS VERSUS HEIGHT

The relation(s) we derived between wetting layer thick-
ness and height can serve to determine the profile of a verti-
cal wetting layer, in the complete wetting regime, provided a
few precautions are respected [3]. First, the elevation &
above the horizontal liquid-gas interface should well exceed
the capillary length L., in order for curvature contributions
of order yd*€/dh? to be negligible compared to the disjoin-
ing pressure and gravitational pressure terms. This defines
the so-called film regime [3]. Second, the approximation we
make breaks down above a finite height £, for which
¢(h,,)=0. Above h,, a microscopic film may still exist, which
is not described by the continuum theory at hand. This theory
assumes that the colloid density is a smooth function, so that
structure on length scales smaller than the bulk correlation
length may be ignored.

While our phenomenological and heuristic interface po-
tential leads to a function €(h) which can be confronted di-
rectly with experimental data, the RG interface potential ap-
proach still requires fixing the unknown parameter A by
means of a full (mean-field) Cahn-Landau calculation. A pre-
cise determination of this amplitude was recently performed,
for a colloid-polymer system with size ratio R,/a=1 and for
a polymer concentration corresponding to a first-order wet-
ting transition [17]. Since for us R,/a=1.04 and since we
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FIG. 6. (Color online) Comparison between the measured wet-
ting layer thicknesses € for mixtures S3 (squares), S2 (circles), and
S1 (down triangles) as a function of height 4 and theoretical pre-
dictions for €(h) based on the heuristic interface potential (smooth
solid curves) and the linear RG interface potential (smooth dotted
curves). The lines connecting the experimental data are merely
guides to the eye. The theoretical curves are for S3 (top), S2
(middle), and S1 (bottom). The theoretical solid and dotted curves,
for a given mixture, are almost coincident on this scale.

consider the complete wetting regime (which starts at the
wetting transition), it is fully adequate that we make use of
the results of these computations, in particular that for A,
which reads,

A =~ 1.214kgT/(mal3)? = 1.11kgT/a>. (42)

When this is inserted in Eq. (41) comparison with Eq. (30)
teaches us that the heuristic €(h) and the one obtained
through RG theory differ formally only by the presence of
the extra term linear in € in the prefactor of the exponential
in the left hand side of Eq. (30). The constant in this prefac-
tor turns out to be nearly the same in the two approaches
(47—1 versus 1.11 X 41, the relative difference being only
20%). To see how important is the difference between the
two alternative theoretical expressions for €(h), we plot
them, together with the measured data. This is done in Figure
6. The two curves are almost coincident, for each system
considered (S1, S2, and S3). Further, testing the sensitivity of
the calculated curves with respect to the value of w, for S3,
we find that the curves move slightly further apart when, in
the factor f(w) in the expression for b, w is lowered from 0.8
to 0.6, while they move closer together, cross each other, and
move slightly apart when w is increased from 0.8 to 1. In this
window of w, 0.6 < w<1, the difference between the curves,
e.g., at h=1 mm, does not exceed 4 times the small differ-
ence perceptible in Fig. 6 (top curves), which is computed
for w=0.8.

While, for all our systems (S1, S2, and S3), the difference
between the two theoretical approximations is too small to
merit concern, the agreement with experiment is not satisfac-
tory. For S3, the data display two distinct regimes, above and
below A=1.2 um, while the theory predicts a single regime.
Speculations on possible explanations for this were presented
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in [2]: It is likely that for S3 the equilibrium layer thickness
was not reached yet despite resting times of up to several
days before measurements were performed. In fact, the
equilibration times for wetting films can be rather long [39],
especially in these systems for which transport is governed
by diffusion processes. However, it is important here to
stress that the relaxation time scale for the capillary fluctua-
tions is comparatively very short [13] and that the measured
¢ dependence of the interface width w should be unaffected.

For the systems farther from the critical point, S1 and S2,
it should be noted that the behavior of [ versus & is more
“regular,” displaying just a single regime more compatible
with a simple logarithmic dependence. However, the experi-
mentally observed thicknesses are much larger than the the-
oretical ones. This is not really surprising, since for S1 and
S2 the interfacial tension vy is much larger than for S3. Con-
sequently, assuming that w does not change appreciably
when moving towards S2 and S1 and thus keeping w=0.8,
since the increase in y is accurately compensated by the
decrease in & (as long as the system is not too far from the
critical point), the fluctuation contribution to the disjoining
pressure is several orders of magnitude smaller than the
gravitational contribution, at wetting layer thicknesses com-
parable to the measured ones. Therefore, for S1 and S2 it is
not plausible that the rather large observed wetting layer
thicknesses are stabilized by interface fluctuations. The ob-
served layer thicknesses for S1 and S2 thus remain unex-
plained, while those for S3 can be accounted for (in overall
magnitude) by assuming interface fluctuation repulsion as
the dominant force balancing gravitational thinning.

VI. CLOSING REMARKS

In this note we attempted to clarify, and to put in a
broader context, the theoretical approach adopted in analyz-
ing the experimental data of [2]. Concerning the main issue
of the dependence of the width or roughness w of the wetting
layer interface on the wetting layer thickness €, there is
qualitative agreement between the RG predictions for wet-
ting with short-range forces in d=3 and the experimental
data.

Further, a heuristic approach without adjustable param-
eters, based on a phenomenological simple picture advocated
by Lipowsky and Fisher, leads to a fluctuation interface po-
tential which has the generally expected exponential decay
with suitable renormalized range. The amplitude of this ex-
ponential contains a constant and a term linear in the wetting
layer thickness €. Although the physical origin of this term
linear in € is at first sight transparent, as it comes directly
from the elastic energy cost of a deformed interface, the
(asymptotic) self-consistency of the heuristic approach does
not extend far enough to allow control of the coefficients of
powers of € in front of the exponential decay.

The RG approach, on the other hand, is fully self-
consistent. Further, it requires extra input from the mean-
field theory in order to quantify the amplitude of the bare
potential which is being renormalized. The RG calculation
does not generate the term linear in € encountered in the
amplitude of the exponential in the heuristic approach. The
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ad hoc scaling ansatz and the RG are thus in mutual dis-
agreement on this point, but on the more important aspects
such as the exponential form and its proper decay length,
both approaches agree.

The problem of the possible presence of polynomial pref-
actors of exponentially decaying terms in the interface po-
tential for short-range critical (or complete) wetting has an
interesting history [40]. A new development based on nonlo-
cal interfacial models, by Parry et al., has led to the insight
that, for full thermodynamic consistency, any polynomial
prefactor to an exp(—nkf/£) term in V(£) has to be of degree
n—1 [41]. The heuristic interface potential does not satisfy
this constraint, since the prefactor is of degree n (with n=1),
while the linear RG interface potential passes the test.

In conclusion, the two theoretical approaches we dis-
cussed differ in important ways when judged from a funda-
mental point of view. Nevertheless, the resulting predictions
for the wetting layer thickness € versus height & are almost
identical, at least for the particular system under study. The
predicted €(h) is of the same order of magnitude as the ex-
perimentally measured layer thicknesses, for system S3,
which is close to the bulk critical point. However, the experi-
mental data for S3 show an extra structure which cannot be
captured by simple (quasi-)logarithmic forms for €(k). For
S2 and S1, farther from the critical point, the theoretical €(h)
is significantly smaller than the measured one. Clearly, the
measured layer thicknesses cannot be understood as being
stabilized by interface fluctuations alone. In sum, for S3 as
well as for S2 and S1, essential features yet remain unex-
plained in the theory and/or the experiment.
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APPENDIX A: THE GIBBS ADSORPTION EQUATION

In this appendix we verify the validity of the Gibbs ad-
sorption equation (GAE) [42] for the heuristic interface po-
tential. The GAE relates the change in equilibrium surface
free energy to a change in bulk chemical potential, the pro-
portionality factor being the adsorption I'. In our context,
I'=Ap¢, for large equilibrium wetting layer thickness ¢, and
the GAE takes the form

a*> dW(€,H) ¢

kT dH & (A1)

where we define W(¢,H) = V(€=4) with V({) as given in Eq.
(29). In equilibrium, €=€(H), determined through
aV(€)/d€|,=0, so that
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dW(¢,H)  JW({.H) N IW(L.H) d¢  JW({.H)
dH ~  0H  dH  OH

)

(A2)

which implies that the GAE is valid. Of course, the GAE is
also valid for the interface potential derived within linear RG
theory.

APPENDIX B: HYPERSCALING CONSIDERATIONS

In this appendix, we test the validity of hyperscaling (with
or without logarithmic corrections) for the heuristic as well
as the RG approaches. The concept of hyperscaling is con-
cerned, in our context of wetting transitions, with the critical
exponent equality

2-a’=(d-1y"°. (B1)

The exponent 2— ¢’ characterizes the singularity in the sur-
face free energy V(€) at complete wetting (H—0; € —0),
while 7{” is the critical exponent of &. One expects, for
interface unbinding driven by thermal fluctuations, that hy-
perscaling holds for d<d,,, and also at d=d,,, but in the latter
case possibly with logarithmic corrections (which do not af-
fect the exponent equality). For d>d,,, the mean-field critical
exponent values for &’ and & apply and Eq. (B1) is not
satisfied.

For short-range forces d,=3 for all continuous wetting
transitions and in d=3 hyperscaling predicts, in view of Eq.
(B1), that the surface free-energy contribution V(€) vanishes
in essentially the same manner as & 2. The heuristic ansatz

PHYSICAL REVIEW E 81, 041604 (2010)

Eq. (22) appears to be consistent with hyperscaling, but let
us calculate the behavior of the various terms in V(€) implied
by taking €=¢ in Eq. (31), and approaching complete wet-
ting. We first note that the mean-field critical exponents are
a’=1, with logarithmic correction, and v{°=1/2, without
logarithmic correction. For an interface potential of the form
Eq. (31) the divergence of ¢ at complete wetting obeys

€é~ k' In(1/H) + " In In(1/H), (B2)
and
2
Y K
=~ H, B3
£ ing (B3)

which implies 1{”=1/2, without logarithmic correction. The
surface free-energy singularity follows from

V(€)a*kyT ~ «'H In(1/H), (B4)

implying «(’=1, with logarithmic correction. We conclude
that hyperscaling is satisfied, but only up to a logarithmic
correction factor. Such corrections are usually to be expected
at d,, but it does not make sense to discuss them within the
heuristic approach, because its self-consistency does not ex-
tend far enough to control them.

The RG approach, on the other hand, satisfies hyperscal-
ing with logarithmic corrections. Specifically, »°=1/2,
without logarithmic correction, and «;°=1, with logarithmic
correction (as was the case for the heuristic approach). Note
that the RG results for short-range critical wetting in d=3
satisfy hyperscaling without logarithmic corrections [28].
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