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Quantum maximum entropy principle for a system of identical particles
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By introducing a functional of the reduced density matrix, we generalize the definition of a quantum entropy
which incorporates the indistinguishability principle of a system of identical particles. With the present defi-
nition, the principle of quantum maximum entropy permits us to solve the closure problem for a quantum
hydrodynamic set of balance equations corresponding to an arbitrary number of moments in the framework of
extended thermodynamics. The determination of the reduced Wigner function for equilibrium and nonequilib-
rium conditions is found to become possible only by assuming that the Lagrange multipliers can be expanded
in powers of %2, Quantum contributions are expressed in powers of A% while classical results are recovered in

the limit 72 — 0.
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I. INTRODUCTION

Entropy is a fundamental physical quantity to describe the
properties of a statistical ensemble. Its microscopic definition
was provided by Boltzmann through the celebrated expres-
sion S=kz In I", where kg is the Boltzmann constant and I is
the number of microstates exploiting the same macroscopic
properties. In the context of classical statistical mechanics,
according to Gibbs, entropy can be expressed in terms of the
phase-space probability distribution f(r,p,?),

Sc1=—k3f dofInf, (1)

with do=d*rd’p/(27h)3. In this case, it is well known that
(i) the classical entropy allows the violation of uncertainty
principle [1,2], (ii) Eq. (1) can be considered as a special
case of the so-called Boltzmann-Gibbs-Shannon entropy
which enables one to apply results of information theory to
physics [1,3]. In particular, by introducing the maximum en-
tropy principle (MEP) it was found possible to derive rigor-
ous hydrodynamic models based on the moments of the dis-
tribution function to all orders of the power expansion with
their appropriate closure [4,5]. Accordingly, making use of
the Lagrange multipliers technique, it was found possible to
construct the set of evolution equations for the macrovari-
ables of interest.

This is no longer the case under quantum nonlocal condi-
tions, as pointed out in [6,7]. Here, the most used definition
of entropy is the von Neumann expression

S==kg Tr(pIn p), (2)

with p as the density matrix operator appropriate to the
physical system under study. The definition above recovers
the classical case when p is substituted by the classical dis-
tribution function. Although relation (2) does not refer to any
special structure of a system, there are some particular fea-
tures that must be satisfied for systems of identical particles.
Indeed, a main drawback of the above definition, as well as
of others [1,2,7], stems from the impossibility to account for
the indistinguishability principle of a system of identical par-
ticles. To include the effects of indistinguishability in Eq. (2),
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it is mandatory to consider additional information specifying
whether the density operator p, defined in the Fock space, is
associated with a fermion or boson system.

The aim of this work is to address the above drawback by
defining a quantum entropy in terms of the reduced density
matrix, thus explicitly incorporating the statistics into prob-
lems involving a system of identical particles. As the second
step, with respect to the uncertainty principle, starting from
the Wigner representation we formulate a quantum maxi-
mum entropy principle (QMEP) which, in the framework of
information theory, allows us to obtain a nonlocal theory for
the system. As the third step, we determine a closed quantum
hydrodynamic (QHD) system for the macroscopic variables
used as constraints in the QMEP approach.

II. GENERAL THEORY AND RESULTS

We consider a fixed number N of identical particles intro-
ducing, in the Fock space [8], the general Hamiltonian

2
H= f d3r‘I’T(r){— ;—Vz + V(r)}lf(r)

L
1 '
+2 ;f d3r1'“fd3rk‘1”(r1)
k=2 "+

Sr)W(r) W), (3)

with many-body interactions, the statistical density matrix p,
being Tr(p)=1, and W as the particle field operator
satisfying the relations [W(r),¥(r')].=[¥'(r), ¥ (r")].
=0, [¥(r),¥7(r')].=8(r-r') and the upper and lower
signs refer to fermions and bosons.

Analogously, in the coordinate space representation we
define the reduced density matrix [9] of single particle
(r|@|r"y=(¥T(r")W(r))=Tr[pP (r')P(r)] that in an arbi-
trary representation takes the form <V|é|v’)=<af},ay)

XKoeee \Iﬁ(rk)V(rl, ..

=Tr(pa2,a,,) with v, v’ being single-particle states; a,,,az, be-
ing the annihilation and creation operators for these states;
and (---) being the statistical mean value. From this formal-
ism [9], we define the reduced Wigner function
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1 A
Fp= MJ Pre MWW (r = 72)V(r + 72)), (4)

obtaining for the momentum space distribution function
J&rFy=(p|0|p)=(N,), and the dual expression [d’pFyy
=(r|@[r)=n(r), where (N,) is the mean occupation number
and n(r) is the quasiparticle numerical density, with Tr(Q)

=N. Accordingly, we look [10] for a function M(r,p) in
phase space that corresponds unambiguously to an operator

of single particle M(f,p), introducing the Weyl-Wigner
transform W(M)=M. Analogously, we define the inverse
Weyl-Wigner transform W' (M)=(r| M|r’), being

M(r,p) =Jd3r(r+ 72| Mr = 7/2)e” PP,

(x| M(r")

s o frtr (irh)p-(r—r")

(Zﬂ'ﬁ)SJdpM( 2 )e '

Thus, 8(r,p)=W(0)=2mh)>Fyy, (r|0|r')=V"1(D). To take
into account ab initio the statistics for a system of identical
particles, we follow the Landau strategy [11] and evaluate
the entropy as the logarithm of the statistical weight. Thus,
for a noninteracting system of fermions or bosons, in non-
equilibrium conditions, the quantum entropy can be deter-
mined in terms of the occupation numbers by the form
S=—k= YI(NIMNN,) + (1 7 (N )In(1 7 (N,))], where (N,)
—<az 21y, with y=(25+1) being the spin degeneration, and
the upper and lower signs referring to fermions and bosons,
respectively. If we consider the Schrodinger equation of
single particle [H(r)—E,]¢,(r)=0, then the occupation num-
bers (N,), associated with the energies E,, will completely
specify the macroscopic state of the gas [11]. In particular, in
stationary conditions, both the reduced density matrix and

any operator ©(9) are diagonal in the base ¢,. Therefore,
introducing as a function of ¢ the quantity

d(p) = @{m(é) + y@-1<i: Q)m(i: Q)}, (5)
y y y

with I as the identity, we obtain (1|8|v')=(a'a,),,, and
(HD(0)|v")=y[(N)In(N,) = (15 (N NIn(1 5 (N,)]8,,.
Consequently, by generalizing existing definitions [1,2,7],
the Bose or Fermi statistics can be implicitly taken into ac-
count by defining the quantum entropy for the whole system
in terms of the functional of the reduced density operator

S(0) = — kg T{D(0)], (6)

with d(9) given by Eq. (5). By considering an arbitrary set
of single-particle observable {M,} and the corresponding

space-phase functions {/GlA}, the expectation values can be
expressed by the global quantities

(/\A/lA(f,ﬁ»:ffd3pd3r./\7lA(r,p).7-"W(r,p,t).

Analogously, we can define the macroscopic local moments
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M 4(r,1) of MA(f,ﬁ) by means of the local relations

MA(I‘J)=fdSI’MA(r,P)fW(I',PJ),

and we use the functional (6) as an informational entropy for
the system. To explicit the QMEP approach in phase space,

we introduce the corresponding phase function ®(r,p)
=W(d), rewriting Eq. (6) as

k .

and we search the extremal value of entropy subject to the
constraint that the accessible information on the physical
system is described by the set {M4(r,7)}. To this purpose, we
consider the global functional [7]

N
§=S—fd3r EXA|:fd3pMAfW_MA:| > (7)
A=l

5(0)=-

with Ny=N,(r,7) being the local Lagrange multipliers to be
determined. One can show that the solution of the constraint

55=0 implies

N -1
0=y eXP!W_1<E Aa(r, t)MA>] R ) G (®)

A=1

with )\A:XA/kB'

Equation (8) is a first major result of the work since to-
gether with Egs. (5) and (6) it provides a generalized defini-
tion of quantum entropy that includes particle indistinguish-
ability. As a consequence, a nonlocal theory for the system
can be formulated by explicitly evaluating the corresponding
reduced Wigner function

Fw =773 WO\ (r,1), MA]) )

(27Tﬁ)3

We remark that by using this approach in a dynamical con-
text the information theory is not used as an extrapolation
technique [12]. To obtain a dynamical description, it is nec-
essary (i) to know a set of evolution equations for the con-
straints that includes the microscopic kinetic details and (ii)
to determine the Lagrange multipliers in terms of these con-
straints. In this way, the QMEP approach implicitly includes
all the kinetic details of the microscopic interactions between
particles. Thus, using functional forms (8) and (9) of the
reduced Wigner function, we determine the quantum Kinetic
equation for Fy, to obtain a set of equations for the con-
straints. This set completely represents the closed QHD
model in which all the constitutive functions are determined
starting from their kinetic expressions. Thus, knowing the
correct dynamic evolution of the macroscopic quantities used
as constraints it is possible to determine the correct dynamic
evolution of the Wigner function in terms of Lagrange mul-
tipliers. Following a usual script [9,13], the equation of mo-
tion for the reduced Wigner function takes the compact form

021119-2



QUANTUM MAXIMUM ENTROPY PRINCIPLE FOR A...

d ~ ~
iﬁ&—t]-'w(r,p) = f DH(x' +72,p" + ¢/2) = H(xr' — 7/2,p’

- ¢/12)]Fn(r'.p"). (10)

where Dé=d®r' d*p’ d37d® pe ML @ -2+ (1] and H is the
phase function of single-particle operator H=(H), being

72 pa
H=—2_V2+V(r)+25 d3r1"'fd3rk\lﬁ(rl)
m k=1 K-:

X - Wi ) V(re,ry, ..., )W(ry) - W(r). (11)

Thus, the integrand function of Eq. (10) can be expressed as

1/ / I ! é w ! Z ! 1))
H(”z’I”z) H<r )

P, , T , T
Loy vvo e s Zov e Z) (12
> eff( 2) eff( 2) (12)

where

L-1
1
Vo (r) = V(r) + > a f dry - f &rig®(ry, ....1)
k=1 -

Xn(ry) - n(rV(r,ry, ....150), (13)
with g®(ry, ..., 1) being the k-order correlation function
_ <\Ifi-(r1) T ‘I’T(rk)‘l'(l'k) - W(ry))

n(ry) -~ n(ry)

g(k)(rl, e ,rk)

(14)

and, by construction, g'"(r;)=1. Then, by expanding the
term V, A(r" +7/2)=V,;(r' = 7/2) in the integrand of Eq. (10)
around 7=0 and using the Fourier integral theorem, we ob-
tain the formal full expansion [14,15] to all orders in # of the
Wigner equation in the generalized Hartree approximation

[6]

dF N 0Fw _ o (2| P,

&21+]f
x| ——2— , (15)
apkl o apk2l+l

&xkl o ﬁxkzm

where Einstein convention is used on the saturated indices
k,ky,... ko1, and the effects of interactions are entirely
contained in the definition of the effective potential V,(r).
We remark that if we consider only the first term in the sum
of expression (13) (i.e., L=2), then we obtain the usual Har-
tree approximation [16] with two-body interactions

Veff(l') = V(r) + J d3r1n(r1)V(r,r1), (16)

while, by considering the remaining terms contained in Eq.
(13) (i.e., for L>?2), in the expression of the effective poten-
tial we include other correction terms that are imputable
to many-body interactions of higher order. Accordingly, by
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considering, for instance, a system of N electrons, this
method provides the quantum Hartree equation [with the
Coulomb potential V(r,r;)=e?/|r—ry|] written in the Wigner
formalism, plus some corrections due to electron correla-
tions. Analogously, in the case of a dilute gas of bosonic
atoms, for L=2 it is possible to approximate the two-body
interactions by a delta function pseudopotential [17] assum-
ing V(r,ry)=c,8(r—r;) with ¢, as the coupling constant be-
tween particles. Thus, by Eq. (16) we obtain, in the Hartree
approximation, V,(r)=V(r)+cn(r). This procedure can be
easily generalized to a Bose gas with many-body contact
interactions [18] by setting V(ry,r,, ... 1) =c, 115 8(r;
—1;,1) for Vk=2. In this case we obtain

-1
Vo (6) = V(r) + > ﬁg% D),
s=1 9"

s times ( 1 7)

and all nonlinear phenomena imputable to weak interactions
between bosons can be expressed in terms of increasing
powers of density, being g9(r,....r)
=((V(r)[¥(r)])/[n(r)]* [19]. The advantage of this ap-
proach will be evident in the corresponding QHD system,
since all closure relations imputable to the contact interac-
tions can be explicitly determined as known polynomial
functions of the macroscopic field variable n(r) [20]. In this
sense, the theory based on Egs. (13)—(15) is a second major
result of this work. Indeed, the present method provides the
quantum Hartree approximation, written in the Wigner for-
malism, plus some corrections due to fermion and/or boson
correlations. Finally, we remark that these results can be gen-
eralized by including explicitly the spin degrees of freedom.
Equations (10) and (15) can be supplemented by other inter-
action terms to describe a variety of physical systems, in-
cluding Fermi liquids [13], nonideal gases, and plasma [21].

Below, we develop the extended three-dimensional QHD
model associated with Eq. (15) to all orders of fi. Following
Ref. [4], by introducing the group velocity u;=p;/m, we de-
fine the mean velocity v,=n~![d*pu,F,, the peculiar veloc-
ity il;=u;—v;, and the quantity &=mii*/2. Then, we consider

the set of traceless kinetic fields [22] M A
={&".&; , ..., &% ii;," i)} and the corresponding set of
central — moments MA(r,t)z{M(S),M@“l, ’M(S)Ki.‘“ir)}
where, by construction, it is M q; =0 and

M(s)‘<i1i2”'ir> = f dspgyu?ilﬁiz ce l’;)fw, (18)
with s=0,1, ..., M and r=1,2,...,M. In particular, by using

a finite but arbitrary number of scalar and vectorial kinetic

scalar and vectorial central moments M,={M ), M4}, with
s=0,...,N. Accordingly, for N'=0, as set of macroscopic
variables we get the numerical density n=M () and the ve-
locity v;. For N=1, we get in addition M ;) and M 4y}, which
admit a direct physical interpretation being M;y=3/2 P and
M 1);=g;, respectively, the internal energy density (with P as
the pressure) and the heat flux density. By contrast, for N
> 1, as macroscopic variables, we consider also some scalar
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and vectorial moments of higher order. Multiplying Eq. (15) by M 4, Integrating over p we exactly determine, to all orders of

fi, the corresponding set of QHD equations,

n+n— =0, (19)
1My 19V,
i, Lol + __ef.fzo’ (20)
n &Xk m (9xl~
M é’vk+ " é’v,-+(7M(s)|k m IM (g))ik
— +smM g+ ——— = 5—M,_y);
(s) (s) x, (s 1)\lk07xk 0x; n (s=1)i Jx

s—1 . 1 r
-y (if/2)* S BOr P

(72(Z—r)+1 Veff

SN

2 2 ...
ox B, ox B, &xkl ﬂxkz (eri1

Miserai-1)lky k)

I-r . .
i aZ(r+j) &2(l—r—])+1V
0
+2A§’)Ja 2 32 ox 9 “ M (sarji=1)ky oo [ > 1)
j=1 xg, xBH_/ Xy xk2(l—r—j)+1
. v dv dv; M IM )ik M —1)ip M)k IM ()i
Mg Moy 28 b sy 220 4 v 00 = M0 M0 Moo WM ot M
0xy, oxy, oxy, n oxy, n oxy, Ixy
N . 21 1+1 I+1
_ (ih/2) F Verr 2 B pm S N
o U+ D) oxy - dx o, i (s+r=21=D)I(Cky ko) Fagnaakagonea - Pharerd)
= 1 2041 =
I-r+1

(1)j ) .
+ 2 Al M(-‘+’+J—21—1)\(<k1"'kz<1-r-j)+z>5k2(1-r-_/)+3’<2<1-r-j)+4 5k21+1‘)

J=1

being the index g=max{0,(2/+1-s)} and the coefficients
{BY)r, APy (for p=0,1) expressed by the relations

B = m”"(s)! [+ 1) +p]!
T s+ r= QU+ D] R2(= 1) + 1+ pl2e)!Y

i MU= +1+p]! [4(-r—j)+2p+3]!
YT R20=r= )+ 1+ p]t 40 =) = 2j+2p +3]1(G)!

We remark that by considering the complete expansion in
Eq. (15) it follows that in each QHD scalar and vectorial
equation only a finite number of terms in powers of %> re-
main. The set of equations (19)—(22), which for #— 0 recov-
ers the classical form of extended thermodynamics [4,23], is
a third major result of the work. This set contains unknown
constitutive functions that, through Eq. (18), are represented
by the central moments of higher order with respect to the
scalar and vectorial macroscopic variables {M ), M (S)‘,-}.

In general, the closure problem of a set of balance equa-
tions is tackled using the previous QMEP formalism. Thus,
for a given number of moments M 4, we consider a consistent
expansion around 7 of the Wigner function. In this way we
separate classical from quantum dynamics, and we obtain
order by order correction terms. In particular, by using the

with s=1,...,\, (22)

Moyal formalism one can prove [14,24] that the Wigner
function, and hence the central moments, can be expanded in
even power of 7 as

Fy= 2D 0¥ FW, M= 2 n*MEP. (23)
k=0 k=0

With this approach, the dynamics of the system is described

by resolving, order by order, a closed QHD set of balance

equations for the moments {M,(r,7)}. To this end, the

Lagrange multipliers A4, must be determined by inverting,

order by order, the constraints

My = (Zﬂ'ﬁ)_3J dSPMAW(éD\B(r’t)’MB])~ (24)

The inversion problem can be solved only by assuming that
also the Lagrange multipliers admit for an expansion in even
powers of 7,

A=A+ D G0, (25)
k=1

With these assumptions, and using Egs. (8) and (9), we suc-
ceed in determining the following expression for F:
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Yy rpt
]:W:E 1+§ﬁ2P2r R (26)

where =y/(27h)?, TI=S\, M, and the nonlocal terms P,
are expressed by recursive formulas.

Equation (26) is a fourth major result of the work. The
Lagrange multipliers can be obtained, order by order, as so-
lutions of Eq. (24). Furthermore, the central moments M,
must satisfy the QHD system of equations (19)—(22) to the
same prefixed order in powers of . From the knowledge of
the Lagrange multipliers, both the Wigner function and the
constitutive functions can be determined explicitly.

III. SOME EXAMPLES OF CLOSED QHD SYSTEMS

As relevant examples of the previous approach we use
only the first two terms of Eq. (26) and decompose the
Lagrange multipliers in the equilibrium and nonequilibrium
local parts I1=a+B&+3A,M,, with {a(r,1), B(r,?)} being
the nonvanishing Lagrange multipliers of local equilibrium
and A,(r,7) being that of nonequilibrium. In this way, we
consider an expansion up to first order in the deviations from

dFw
Fy = F Ay,
w= W|E+2{3AAL A

and obtain the approximate relations
Fnle = 5Ly + 1Py ], (27)

N
Flve = FILG) +12Py VT2 AN & + A&}, (28)
=0

where the functions L(in) are given by

L= A 29
(n)_dan e®™PE+ 1| (29)

If, for the sake of simplicity, we assume that nonlocal effects
are imputable only to the spatial derivatives of density n,
then the quantum correction terms P;j(’) (with r=0,1) are
expressed in the form

v |
P ?ﬁ{“ 520" +9L5,,0%)

k TL(3+r)[Q M + Q(z])u<1 ])]} + O(ﬁ2) (30)

where 7T is an effective temperature and the nonlocal quanti-
ties {Q(k),Q<,»j>} are explicitly reported in Egs. (A3)—(A5) of
Appendix A. With this approach, the Lagrange multipliers
are determined by inverting the relations

MA+O(ﬁ4)=fd3pMAFW' (31)

where, in the course of computation, we assume that the
quantities M, satisfy the QHD system of equations (19)—(22)
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up to terms of order A% Consequently, if we know the
Lagrange multipliers, then we determine all the closure rela-
tions for the system, up to first-order quantum correction. In
particular, by assuming for 8=(kgzT)~! the Lagrange multi-
plier of local equilibrium « is obtained by inverting the con-
straint,

n+O@* = f EpFules (32)

and solving the following relation with respect to a:

R N I
I 1+ ——| =W 4 @ O(h%),
5 (@)= T3/2{ + 3om kBT|: 12 —0 Q +O(h")

(33)

where y1=[4(25+1)/\ 7] (mky/2752)>? and I, (@) are the
Fermi and Bose integral functions reported explicitly in Ap-
pendix A. Analogously, using the remaining local equilib-
rium relation

2
P+Oh% = 3 J PpEF e, (34)

we obtain the generalized expression for the pressure P and
consequently the quantum equation of state that represents a
differential constraint [25] for the QHD system,

2 I 7 1_—2 Y\ o
= "n-\ kT + 0
30 sm| 4\ T

+ (2I%+I;E>Q<2>H +OhY, (35)
I, Iy

where, for arbitrary values of «, all statistic information is
contained in the Fermi and Bose integral functions If(a),
while the nonlocality is expressed by the differential terms
{Q(k),Q<l~j>}. We remark that every set of closed QHD equa-
tions must be supplemented by differential constraints (33)
and (35). In general, these differential relations must be
solved numerically, step by step with the closed QHD sys-
tem. In this way it is possible to determine numerically both
the Lagrange multiplier « (or, equivalently, the chemical po-
tential u=—akgT) and the pressure P as numerical functions
of variables n and T. However, it is possible to show that,
by 1r1troducmg the usual Bohm quantum potential Qp
=—(42/2m\n)A\n, some simplified analytical cases can be
analyzed.

Completely nondegenerate gases. For «> 1 both the Bose
and Fermi statistics tend to Boltzmann statistic and we de-
termine the results obtained for the quantum Boltzmann gas
(see Appendix B). In particular, by using relations (33) and
(35) we recover the well-known expressions for the quantum
chemical potential [26] and for the quantum pressure
[27,28],

4y n 0
,uszTln{,———TS/z] =8 +O(HY), (36)
N
ﬁ2n #lnn
P =nkyT — +O(hY). 37
nkgT =2 o (h%) (37)
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Weakly degenerate Fermi and Bose gases. For a>1 we
describe the Fermi and Bose statistics of a weakly degenerate
gas by considering the first two terms of a suitable expansion
in series for the integral functions I, (a). Accordingly, we
obtain (see Appendix B) the statistical corrections for both
the quantum chemical potential and the quantum pressure in
the case of a weakly degenerate gas,

X\ o] 1 pu \
p=kpTIn| | 1= 555 X +3\9s * 530 +O(h%),

(38)
(0)
X
P= nkBT<1 * ﬁ)
2
_®n (1 - ix«))) @ Inn lX(O)(a ln”)
36m 232 ox,dx, 2572 ax,
+O(HY), (39)

where Y ©=(4y/\m)(n/T¥*) <1 and

0 #*) #Inn (071111’1)2 (40)
=— + .
" am 0x, dx, ox,
Completely degenerate Fermi gases. When T— 0, the de-
generacy of a Fermi gas becomes complete. In this case, the
Fermi integral functions I;(«) assume a simplified form and

we obtain (see Appendix B) the following relations for both
the quantum chemical potential and the quantum pressure:

=—vmn
M 2F

#1 4(dInn\?
P=an53+—— it ot +O(hY),
36m | dx,.dx,. 3\ OJx,

(42)

2/3+%+(’)(ﬁ4), (41)

where vp=(h%/5m)[67/(25+1)]*3.

Strongly degenerate Fermi gases. For —a>1 and T>0
we consider the Fermi statistics for a strongly degenerate gas
and we can determine the statistical corrections (see Appen-
dix B) for both the quantum chemical potential and the quan-

tum pressure,
a? ( kgT 1 7 kT \? <
— 0 B — Rl el
M= {1 12( >}+9{Q3+12< (O>> Oc

+O(h?Y), (43)

2 2
P=VFn5/3[l+iﬂ2<kB;T) }+ﬁ—£ {1
127 \ u© 36m

[ kyT\?| P Inn 4[dlnn)?
- W + - +
3\u ox,.dx, 3\ Jx,

(5 VF/ 2) 213 and

where u(©
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b= ﬁ_2 6&21nn (z?lnn)2 (43)

T em| ox,dx, ox, '
Finally, we use the present approach to obtain some ex-
amples of closed QHD systems. Accordingly, by considering

the QHD equations (19)—(22) for N'=0,1, we determine the
following closed systems.

A. Quantum drift-diffusion model

For N'=0 we obtain the usual quantum drift-diffusion
model with the balance equations (19) and (20) for the mac-
roscopic variables {n,v;},

&_n (?I’lUk

+ =0, 46
ot (?xk ( )
dv; v 1M 19V,
Dby Py Z 2O 2Ty, (47)
ot dxy n dx; m x;

In this case: (i) The effective temperature T, is necessarily
constant. (ii) The parameters B8=(kzT,)”', a, and P are ex-
pressed by using the general differential relations (33) and
(35) with T=T,. (iii) The pressure P and the stress deviator
[29] M g)|(ixy are independent constitutive quantities being

P
M o)jik = M 0)(iry + n—15ik, (48)

and the general closure relation for the traceless tensor
M(0)|<,-k>=fd3pii<,-i7k>.7-'w is determined by inserting in its ki-
netic definition the relations (27)—(30). Thus, we obtain the
general expression

ﬁ2

12 + Q<1k> + O(h4) (49)

M )iy =
where the nonlocal term Q, is given by Eq. (A5) in Appen-
dix A. In this way the system of equations (46) and (47) is
closed. In particular, we consider the following different ana-
lytical cases for the explicit closure relations.

1. Completely nondegenerate Fermi and Bose gases

In this case the pressure P is given by Eq. (37) (with T
=T,), while for the traceless tensor in Eq. (49) it is (see
Appendix B)

n #lan
12 m? Ix(;:0 %

M )iy == +O(h%). (50)

Thus, by Eq. (48) we obtain the known closure relation
[27,28] for the stress tensor [29]

h2 #1nn
12 ox; dxy

M= _{kBTO(Szk } +O(hY  (51)
and using identity (A9) we recover the well-known expres-
sion [27] for nondegenerate gases

IM ) 1 on

J
T + f&} +OHY,  (52)
&x 3 dx;

oxy, m

in terms of the Bohm potential.
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2. Weakly degenerate Fermi and Bose gases

In this case, the pressure is expressed by Eq. (39) (with
T=T,), while by using relation (49) (see Appendix B) we
obtain the statistical correction

#mnn  ¥Y9nndlnn .
Moy ==15-3 T +O®).
12m= | dx;d%y 277 dx; Oy

(53)

Thus, by Eq. (48) we determine the explicit closure relation
for M )jir- In this context, it is easy to verify that the spatial
derivative of the stress tensor can be rewritten in the simpli-
fied form

IM )i 1 d ©)
—()l = kBTO_ n(l + %
0xy, m ox; 2

n J X(O)
3 &x |:QB — 23/2 Q0:|} + O(ﬁ4), (54)

and, as a consequence, we obtain the following explicit sta-
tistical quantum correction:

IM ()i _ kgTy on L&QB 2y n | kgTyon
axy  om ox; 3m dx; /2_T3/2 m dx;
h* 9An
+ — |+ O%* 55
12m? ax,l *) (55)

for the system of equations (46) and (47).

3. Completely degenerate Fermi gases

In this case the pressure P is given by Eq. (42) while, for
the traceless tensor of Eq. (49), it is (see Appendix B)

#lnn ,20ndinn .
M o)(iry = +O(hY).
T n2m? m? 0x;0 % 3 axg 0%y

(56)

Thus, by Eq. (48) we obtain the explicit closure relation for
the stress tensor,

53 k2 n Flnn dlnndlnn
M(0)|ik=zn ‘61‘](—__2 3 +2

(9)5[ &xk 07x[ (9Xk
[( d1n n>2
-2 +
ox,

and using identities (A8)—(A10) we obtain the simplified re-
lation, for a completely degenerate Fermi gas,

&M(O |lk 1 {5 273 on n(?QB

#lnn
ox,0x,

:|5ik} +O(%),  (57)

=—\ v —

4
3 &x,- 9 ax. }+O(ﬁ). (58)

oxy, m

4. Strongly degenerate Fermi gases

In strong degenerate conditions, the pressure is expressed
by Eq. (44) (with T=T,) while, by using relation (49) (see
Appendix B), we obtain the statistical correction for the
traceless tensor,
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M +
OO0 =742 12 {&x<,~&xk> 3

7 (kgTy\* |dInndlnn
o 0
6\ pu 0x(j 9%y

Flnn 2{

} +O(hY. (59)

As a consequence, by using Eq. (48) we obtain the expres-
sion for the stress tensor M )| and the system of equations
(46) and (47) is explicitly closed. Also in this case, it is
possible to verify that the spatial derivative of the stress ten-
sor can be rewritten in the simplified form

aM(())lk_l(V K2 ns/{l_'_ﬁ(kBTo)Z}
oxy, F&x,» 12 ©

d w (kgTy\? ~
+g{9_|:QB 12( . 0) Qc})"'o(#)-

(60)
In conclusion, by indicating with {u©), P©)} and {u'?, P9},
respectively, the classical and the quantum parts of the
chemical potential and pressure, we remark that all relations

(52), (54), (58), and (60) will be expressed by means of the
general closure property

Moy 1) aP9  ou@
= +n
(9x,~ o"xi

} +O(h%) (61)

oxy, T m
for the quantum drift-diffusion system in Egs. (46) and (47).

B. QHD model for the moments {n,v;,P,q;}

For A'=1 we consider the QHD system in Egs. (22)—(25)
for the macroscopic variables {n,v;,P,q,}, which admits for
a direct physical interpretation the pressure P=2/3 M}y and
the heat flux density g;=M ;. Accordingly, we find the bal-
ance equations

on  dnuy

ot (?xk

d; v 19 14V,
-+ U + = {M(O)<1k) + — 51{} + — = 0,

=0, (62)

at &xk nox m ox;
(63)
P 4d p 2 2 &v 2 M a; 0
—+— Pu, + —+-m on— =0,
or Tam | FORT 3N 3P 3 Mo
(64)
—— Y qui+ M + = —M Sy [+ mM o)
o1 axk{q’v" (Dliky T 57 V(@) G (T M )]y o,
SP . Iy 5 mM d Y
2n ax, (0)[ik) ik n (0)|<lj>&xk 0k
2 &vk 2 &vk 7 I;
+ 51( + 29—
57 dx; 5 o7 5 “ox X
nr PV,
=—2n—eL. (65)
8m~ dx; dx; dx;
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In this case: (i) we have the effective local temperature
T(r,t) with B=(kzT)™', (ii) the system in Egs. (62)—(65)
must be supplemented by the differential constraints in Eqs.
(33) and (35) to determine « and P, and (iii) the nonequilib-
rium quantum Lagrange multipliers {A ), A} (for [=0,1)
can be determined by inverting relations (31) evaluated in
nonequilibrium conditions. Thus, if we know the Lagrange
multipliers, then we determine all closure relations for the
system, up to the first quantum correction. In this case, we
report explicitly only the constitutive functions Hy
={M(O)Kik>7M(1)|<ik>’M(O)\(ijk%M(Z)}’ which will be given
through the general relations

M LB b s Ol (66)
(0)|¢iky = =it
= w2 I
h2
Min=="15 —nkgTQ i + O(H?), (67)
3 ﬁz d
M o)(ijwy = 2k rdi 0 (jay + O(Y), (68)

2

Iy h
M= i(kBT){ R k—[aQ“ +§zQ(2>]}+O(ﬁ4)
2 B

(69)

where the coefficients {®,{;,{,} are reported explicitly in
Egs. (A6) and (A7) of Appendix A. We remark that the clo-
sure relations (66)—(69) are valid for arbitrary values of «
being expressed in terms of Fermi and Bose integral func-
tions. Also in this case, it is possible to explore the different
analytical cases reported in the previous sections. However,
for the sake of simplicity we analyze explicitly only the re-
sults obtained in the framework of the Boltzmann statistic by
reporting the following simplified closure relations for a
completely nondegenerate gas:

M o)y = 112 :L:z (;il;:k) O(#?), (70)

Moy =— ;:Z—inkBT% Lo, (1)

M o)\ijwy = — %1%221@%7"% % +OhY,  (72)
M= 14—5n(kBT)2{ - %@%i:g;} + O,

(73)

IV. CONCLUSION

The quantum maximum entropy principle is proposed
here as a rigorous procedure that should be employed when
it becomes necessary to treat systems in partially specified
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quantum-mechanical states. By considering the reduced den-
sity matrix, within a second-quantized formalism, we have
described a many-body model for identical particles. In this
respect we have shown that (i) using the general definition in
Eqgs. (8) and (9) we have incorporated the indistinguishability
principle of a system of identical particles. Thus, by intro-
ducing a QMEDP, in nonequilibrium conditions we have for-
mulated a nonlocal theory that contains implicitly the Fermi
and Bose statistics, a result which was left open since the
Wigner seminal papers [14,24]. (i) We have determined a
generalized Wigner equation where the effects of interactions
are entirely contained in the definition of the effective poten-
tial in Eq. (13). In this way we have recovered the quantum
Hartree approximation, written in the Wigner formalism,
plus some corrections due to fermion and/or boson correla-
tions. (iii) We have developed to all orders in powers of £ a
quantum closure procedure for the corresponding QHD sys-
tem. As simple examples we have reported explicitly, in the
cases N'=0,1, the closure relations evaluated up to the first
quantum approximation. In particular, in the framework of
Boltzmann statistics, we have recovered the well-known ex-
pression for the quantum chemical potential, for the quantum
pressure, and for the quantum closure scheme in the case of
the standard drift-diffusion model. (iv) When #—0 we re-
cover the expressions \V=A(M?) and F) obtained in
the framework of classical MEP approach [4] for a fermion
or boson system. In closing, we remark that this approach
can be further generalized to develop a nonlocal theory for
the fractional statistics. In this case, the entropy of the sys-
tem should be expressed in terms of the statistical weight
introduced by Wu [30] and the QMEP should be developed
in terms of the reduced density matrix for particles obeying
fractional exclusion statistics.
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APPENDIX A

We define the Fermi and the Bose integral functions

+o° n
. X
I_ = Y d N Al
n (@ Jo expla+x?) + 1 * (AD
satisfying the differentiation property
( n+1 )
. r
dT, (a) 2
(A2)

—-r

n 2r(a)
-

(Y —= b
da” =D (n+1
r

where this relation cannot be necessarily restricted to posi-
tive values of n; thus, all function Ini(a) with negative values
of n are defined by means of Eq. (A2). The nonlocal terms

{01,0@,0,,} are expressed by
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*\2 2
Q“):—z(]i) (‘9;“”) +O(h?),

-
16 Xk

115 LIS |(omn)\? &1
I e )
31 Iy I Ixy, Ixy 9 Xy,

(A3)

(Ad)
Iy LI, |dlnndl #1
Q<,-j>=%H1+%;3} SRR, “”}+O(ﬁ2).
Iy Iy Iy | dx; dx, 9x;0 X
(AS)

The coefficients {®,{;,{,}, contained in the constitutive
functions (68) and (69), are given by the relations

_27(5)* = 51515

C25(I)? 21,07

3|15 I 3|15 I
§1=—{;§—5%], §2=—{;ﬁ+5%} (A7)
8L, I 2l T

(A6)

Finally, by introducing the quantum Bohm potential Qp, we
report the following useful identities:

72| FInn [(dlnn)\?
-—32 + ,
8m | dx,dx, ox,
90p 72 9) #lan
n——=———"\n ,
ox; 4m dxy | Ix; dxy

on 12 9 dlnndlnn dlnn)\?
2 Oy=——-n| 2 - 5|
ox; 8m dx;, ox;  Jxy ox,

(A10)

Op= (AR)

(A9)

APPENDIX B

1. Fermi and Bose statistics of a weakly degenerate gas

For a weakly degenerate gas, the following series can be
employed [31] when a>1:

N L (n+1) o<
I;(a):zf( : )e( >

(1)
= (r+ 1)(n+l)/26

(=re) — (B1)

Completely nondegenerate case. We remark that, for «
>1, we can use only the first term of this expansion, by
recovering the results obtained in the framework of Boltz-
mann statistics, i.e., in the completely nondegenerate case.
Thus, we have

. 1 (n+1
I (ayp) = _F( )GXP(— anp), (B2)
2 2
and using Egs. (33), (A3), (A4), and (A8) we obtain
4y n Op
exp(— aND) = V/_,TTW|:1 3kBT:| + O(h4) (B3)

Consequently, in the case of completely nondegenerate
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Fermi and Bose gases we obtain, up to terms of order %,
expression (36) for the quantum chemical potential u=
—aypkpT. Analogously, if we insert functions (B2) in Egs.
(35), (49), (66)—(69), and (A3)—(A5), then we obtain, respec-
tively, the quantum expressions (37) and (50) for the pressure
and for the stress deviator, and the closure relations
(70)—(73) for a completely nondegenerate gas.

Weakly degenerate case. By considering, for the integral
functions I,f(a), the first two terms of expansion (B1) we
include the effects of weakly degenerate case, being

. 1. (n+1 e
I () = 5F< > )e(_a)[l * W] . (B4)

By inserting functions (B4) in Eq. (33), and by considering
the right-hand side of this equation up to terms of order
XO=(4y/\m)(n/T*) <1, we obtain

1. (3 (ca) et
Erze 1+W

. n 1 Op _ ﬁ(QB -0c¢)
= Yoan * 532
T 3kgT 2 3kgT

} +O(hY),
(BS)

where Q. is expressed by Eq. (40). Recalling that exp(—a)
<1, the second approximation for exp(—a) is obtained by
means of the relation

(0) _
o) =~ 01 | ¢ Op IXTZ(QB 00
3T~ 292 3T

1 -1
X [l ¥ WGXP(_ aND)] . (B6)

By inserting Eq. (B3) in Eq. (B6), and considering only
terms up to order 72 and up to order (y'?’)2, we obtain

(0) (0)
(-a) ~ ,(0) 1¢X—> 1 Os L X Oc OFY.
S {( 2372 [ 7] 2k, | TO®)

(B7)
Thus, being x'”)< 1, we have as second approximation
(0) (0)
~ X 0 1 X 4

In this way we determine the statistical quantum correction
in Eq. (38) for the chemical potential u. Analogously, if we
use functions (B4) in Egs. (35), (A3), and (A4) we have

1
P= nkBT{l * ﬁexp(— aND)}

k2 n ( 9 (0))&21nn _ 17 (0)<8lnn>2
-— 1 ¥ =X F S5X R
36m 232 ax,dx, 277 ox,
and by inserting Eq. (B3), we obtain the quantum second
approximation in Eq. (39) for the pressure. Finally, we can

use Egs. (49), (A5), and (B4) to determine the second ex-
plicit approximation in Eq. (53) for the stress deviator.
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2. Fermi statistics of a strongly degenerate gas

For the Fermi-Dirac statistics under strong degeneracy we
can apply the asymptotic expansion due to Sommerfeld [31]
for the functions I(a) (with —a>1).

Completely degenerate case. We start by considering a
Fermi gas at absolute zero. In this case, when 7— 0, degen-
eracy becomes complete and it is possible to consider the
approximation

1+(CVCD) =~

)(n+1)/2. (B8)

(— dcp
Thus, by defining the quantity u®=(5vz/2)n*? with v
=(h?/5m)[67%/(25+1)]*, we insert the Fermi integrals of
Eq. (B8) in Egs. (33), (A3), and (A4) and by using identity
(A8) we obtain the first approximation for «,

,U«<0 QB

—Ocp =~ + —

+OHY,
ksT * OkyT

(B9)
and, consequently, Eq. (41) for the chemical potential.
Analogously, with this procedure, we use Egs. (B8), (B9),
(35), (49), and (A3)—(A5) to determine the quantum approxi-
mations in Egs. (42) and (56) for the pressure and for the
stress deviator, in the case of a completely degenerate Fermi
gas.

Strongly degenerate case. In the case of strongly degen-
erate Fermi gases, with 7> 0, we can consider the first term
of the asymptotic Sommerfeld expansion. Thus, for even val-
ues of n, we have the expressions

w 1
(n+1)/2 R
)2 4 v (n*- )(_ e

1
Ii(a) = m(—

(B10)

By inserting the Fermi integrals of Eq. (B10) in Eq. (33), and
by considering the right-hand side of this equation up to
terms of order (kzT/u'?)?<1, we obtain
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(-a)-”[l 1 ]

3 | T8 Cap
n 1 - kgT 2 _
7T3/2{1+6 (0)[QB+ 12( (0)) (QC_QB)i|}
+O(h%), (B11)

where QC is expressed by Eq. (45). Recalling that —a>1,
the second approximation for —« is given by means of the
relation

3yn)*? 1 7 [ kgT
_az( 7?) {1+6 (O)|:QB 12( £ )(QC

2/3 7T2 1 =2/3
- QB)} [1 e Ofcu)z} |

Thus, by inserting Eq. (B9) in Eq. (B12), and considering
only terms up to order A2 and up to order (kzT/u¥)><1, we
obtain

© [ kT 1 [ kgT
_M~ B | kel
_a"kBT[l 12( ) ] Ok T[QB+ ( ) QC]

(B13)

(B12)

and, consequently, the second quantum approximation in Eq.
(43) for the chemical potential. Analogously, with this pro-
cedure, we can use Egs. (B10), (B13), (35), (49), and (A3)-
(A5) to determine the explicit second quantum approxima-
tions in Egs. (44) and (59) for the pressure and for the stress
deviator, in the case of a strongly degenerate Fermi gas.
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