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We present a theoretical and numerical investigation of streamlines and mixing within drops flowing in
capillaries. We first study theoretically the limit case of purely viscous flow around a drop of negligible radius,
and find that, owing to geometrical constraints, recirculating regions are always present at the front and back
of such drops. Using two-dimensional simulations, we visualize streamlines for larger drops, showing that the
extent of these recirculating torii increases with drop size and decreases with Reynolds number. We study the
mixing within drops as they are subjected to time-dependent shear, thus modeling a sinusoidal channel, and
find that while cross-stream mixing is efficient, streamwise mixing is hindered by the front and back recircu-
lating regions.
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I. INTRODUCTION

The recent development of networks of pipes small
enough to fit on a chip have opened a new realm of possi-
bilities for microscale biological and chemical experiments.
An extensive literature is devoted to this field, headed by the
Laboratory on a Chip journal. In particular, micron-size
droplets can be used as tiny insulated reactors in which re-
actions involving only picoliters of reagents may be ob-
served �1,2�. Of paramount importance in the efficiency of
these devices is the capability to quickly achieve mixing
within the drop. Several mechanisms have been suggested to
achieve such mixing. Active mechanisms such as pressure,
dielectrophoretic, or electrokinetic disturbances �see �3� for a
review�, and thermocapillary effects �4� impose a time-
varying flow through some external forcing. Passive mecha-
nisms, on the other hand, rely on fixed designs, typically in
the geometry of the capillary �3�. One of the simplest design
consists of forcing the drops through planar sinuous pipes
�5�. It was observed that mixing within drops could then take
place on a scale of milliseconds.

While the experimental realization of drops flowing in
sinuous channels has been mastered a few years ago, a pre-
cise description of the resulting flow has only been recently
developed. Of particular interest is the flow pattern in and
around the drop, and the resulting mixing within the drop.
Direct observations have been attempted �6,7�, but the small
size and relatively high velocity of the drops have limited the
scope of achievable results. Numerical simulations have
been arguably more successful, beginning with a simplified
model �8–10�, and progressively obtaining a more accurate
description of the system �11–13�. One significant finding of
some of these studies �7,11,12� is the existence of a so-called
dead region in the front and back of such drops, where the
toroidal circulation taking place in the rest of the drop did
not extend. Mixing was consequently less efficient in those
regions. The origin of these relatively stagnant regions and
the conditions, under which they occur have yet to be ex-
plained, and are the subject of the present study. We also
study how such regions affect mixing within drops.

We present in this paper a detailed description of the flow
in and around drops in capillaries that are displaced by a

pressure gradient. We set the governing equations in Sec. II
before describing an analytical solution to the idealized prob-
lem of a spherical drop of negligible radius traveling in a
capillary in purely viscous flow, focusing on the flow within
the drop in Sec. III. This analysis provides us with insight as
to the origin of the counter-rotating torii at the drop’s ex-
tremities. We then present in Sec. IV numerical simulations
that show streamlines in and around larger drops, including
inertial and deformation effects. In Sec. V, we use time-
dependent shear to model a sinuous channel and study the
mixing within the drop, both streamwise and crosswise. The
influence of the drop radius, Reynolds number, Capillary
number, and viscosity ratio is investigated.

II. SETUP AND GOVERNING EQUATIONS

We consider a drop, or drops, in a capillary tube. We refer
to the outer fluid as the carrier fluid, and to the inner fluid as
the drop fluid, including when that fluid is air. Both fluids are
assumed to be Newtonian and incompressible. We consider
immiscible fluids that are separated by a fluid interface sub-
ject to a constant surface tension �. The Navier-Stokes equa-
tions therefore govern the velocity, u� , and pressure, P, of
both fluids,

� · u� = 0, �1�

�� �u�

�t
+ u� · �u�� = − �P + � · �� � u�� + �g� , �2�

where g� is the gravity vector, � the viscosity, and � the
density of the fluid.

At the interface, the normal stress jump is the product of
twice the mean surface curvature, �m, and the surface tension
�, and in the absence of surface tension gradients, the tan-
gential stresses are matched. On the interface, we then have

�̂ · ��d��u�d + ��u�d�T� − ��c�u�c + ��u�c�T�� · n̂ = 0 �3�

n̂ · ��− PdI� + �d��u�d + ��u�d�T��

− �− PcI� + �c��u�c + ��u�c�T��� · n̂ = − 2��m, �4�

where the indices “d” and “c” refer to the drop and carrier
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fluids, respectively, and the vectors n� and �� are, respectively,
normal and tangent to the interface. While the pressure is
typically discontinuous across the interface, the velocities are
matched: u�d=u�c.

As is commonly the case in experiments �2�, we focus on
drops that do not wet the capillary, so that no contact lines
need to be traced. No-slip conditions are imposed at the cap-
illary walls, u�c=0. The drops are forced into motion by a
constant pressure gradient imposed in a direction parallel to
the tube’s axis. Both fluids are initially at rest, but they
quickly reach a steady state where the drops travel at a con-
stant velocity.

We introduce a concentration function C, which describes
the volume fraction of carrier liquid at any given location
and is C=0 in the drop fluid and C=1 in the carrier fluid. We
may then define a density and viscosity that are valid every-
where in the domain considered: �=�c�1+

�d−�c

�c
C� and �

=�c�1+
�d−�c

�c
C�. To facilitate our analysis, we recast equa-

tions �1� and �2� in nondimensional terms. We use the tube
diameter, d, as a typical lengthscale, the carrier fluid density,
�c, as a density scale, and the centerline velocity in the ab-
sence of a drop, um, as a velocity scale, leaving us with

� · u� = 0, �5�

�� �u�

�t
+ u� · �u�� = − �P + � · 	1 + C�� − 1�

Re
� u�
 + Ck̂/Fr2,

�6�

where all variables are now dimensionless, k̂ is a unit vector
parallel to the direction of gravity, �=�d /�c is the viscosity
ratio, and we have two nondimensional numbers,

Re =
dum�c

�c
, Fr2 =

um
2 �c

dg��d − �c�
, �7�

with g being the magnitude of g� . The Reynolds number, Re,
characterizes the ratio of inertial to viscous forces and will
typically be of order one. The Froude number, Fr, is the ratio
of inertial to gravitational forces and is usually large
�O�100�� in microcapillaries, and gravitational forces are
thus negligible. For simplicity, we proceed to set �d=�c and
so Fr→�, which allows the flow to remain symmetric about
the axis of the tube. The boundary conditions are similarly
transformed and become

�̂ · ����u�d + ��u�d�T� − ��u�c + ��u�c�T�� · n̂ = 0 �8�

n̂ · ��− PdI� + ���u�d + ��u�d�T�� − �− PcI� + ��u�c + ��u�c�T��� · n̂

= −
2

Ca
�m, �9�

where we introduced the capillary number Ca=um�c /�,
which describes the ratio of viscous to surface forces.

III. ANALYTICAL COMPUTATION OF LIMITING CASE

We begin by presenting an analytical computation in the
limiting case of negligible inertia, Re�1, for a spherical

drop of radius ad, with a�1, moving in a cylindrical tube of
diameter d. Fluid in the tube is moving under a constant
pressure gradient so that the flow away from the drop is
parabolic with maximal velocity um. The governing equa-
tions then reduce to the Stokes and continuity equations,

�P = ��2u� , � · u� = 0. �10�

Following the approach of �16�, chapters 7–3, we com-
pute the perturbation to the parabolic velocity profile due to
the presence of the drop. We assume that far away from the
drop, the flow is unidirectional. In a frame of reference mov-
ing with the velocity of the drop, U, the radial, Vr

�, and
tangential, V	

�, components of the flow at infinity are, in
spherical coordinates,

Vr
� = cos 	��1 − U − r2� + r2 cos2 	� ,

V	
� = − sin 	��1 − U − r2� + r2 cos2 	� , �11�

where r is the distance from the center of the drop and 	 is
the angle from the vertical �Fig. 1�.

We introduce perturbations to the velocity field of the
drop, Vd, and carrier fluid, Vc, with radial and tangential
components indexed by r and 	, respectively. The flow in
the drop is then given by Wd=Vd+V� and that outside the
drop by Wc=Vc+V�. We impose the following boundary
conditions at r=a

Vr
d = Vr

c = − Vr
�, �12�

V	
d = V	

c , �13�

U U

�

2a

r
�

(r,�)

1

��

FIG. 1. Schematics of the system considered in our analytical
treatment. A spherical drop of radius a and viscosity �� lies in a
cylindrical tube of diameter 1 containing a carrier fluid of viscosity
�. Our frame of reference is moving with the drop, imparting a
velocity U to the walls of the cylinder.
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Equation �12� ensures that the drop moves with a constant
velocity U and remains spherical. Equation �13� indicates
that the tangential velocity must be continuous on the surface
of the drop and Eq. �14� ensures that tangential stresses are
also continuous on the drop surface. In addition, we require
that the outer velocity field decays as r→� and that the inner
velocity remains finite. Note that the no-slip boundary con-
dition on the tube walls is not directly imposed and is only
approximately satisfied as the perturbation velocity decreases
away from the drop.

Given those conditions, the drop and carrier velocities
have the general form �16�

Vr
c = cos 		A

r
−

2B

r3 +
C

5r3 �5 cos2 	 − 3�

−
2D

r5 �5 cos2 	 − 3�
 , �15�

V	
c = sin 		−

A

2r
−

B

r3 +
C

60r3 �15 cos2 	 − 3�

−
D

2r5 �15 cos2 	 − 3�
 , �16�

Vr
d = cos 		Fr4

3
�5 cos2 	 − 3� + 6Er2�5 cos2 	 − 3�

+
Gr2

5
+ 2H
 , �17�

V	
d = sin 		− Fr4

6
�15 cos2 	 − 3� − 2Er2�15 cos2 	 − 3�

−
2Gr2

5
− 2H
 , �18�

where the constants A ,B¯H can be determined by solving
�using MATHEMATICA� a set of linear equations derived from
the matching conditions �12�–�14�. The force exerted by the
fluid on the drop is then found to be FD=
−4
um�c� �Ar cos 	�, and we find

A = a�− 1 + U + 2a2/5�
�2 + 3��
2�1 + ��

.

In the absence of external forcing such as gravity, the drag
FD, and therefore the constant A, is zero and the velocity of
the drop is then U=1− 2a2

5 . More generally, we write the
velocity of the drop as the sum of its free-stream velocity and
of a small perturbation: U=1− 2a2

5 −�a2. In most application
��1 as gravitational effects are usually negligible for liquid
drops in a liquid carrier fluid. This new notation simplifies
the expressions obtained for A ,B¯H to

A = −
�a3�2 + 3��

2�1 + ��
, B = −

�a5�

4�1 + ��
, �19�

C =
− 3a5�10 + 11��

14�1 + ��
, D = −

a7�16 + 19��
140�1 + ��

, �20�

E = −
�11 + 10��
140�1 + ��

, F =
3�19 + 16��
70a2�1 + ��

, �21�

G =
5�

2�1 + ��
, H = −

�a2�3 + 2��
4�1 + ��

. �22�

Note that A, B, G, and H are zero in the absence of external
forcing.

We now focus on the velocity at the surface of the drop.
The tangential velocity at r=a is W	

d �r=a=V	
d +V	

�. From the
constants given above, we have that

W	
d �r=a =

a2 sin 	

140�1 + ��
�3�25 + 24�� − 5�19 + 16��cos2 	

− 70�� . �23�

To characterize the flow inside the drop, we examine the
location of stagnation points on the surface of the drop,
where W	

d �r=a=0. In addition to the stagnation points at the
very front and back of the drop, stagnation points occur
when

cos2 	 =
3�25 + 24�� − 70�

5�19 + 16��
.

Provided � satisfies −�20+8���70�� �75+72��, there are
two stagnation points in each of the upper and lower halves
of the drop. This implies the presence of three counter-
rotating toroidal eddies within the drop. In the frame of ref-
erence of the drop, the central and largest portion of the drop
rotates with the surface of the drop moving in the same di-
rection as the walls. The front and back regions are rotating
in the opposite direction, and a corresponding eddy is present
in the carrier fluid, as can be seen on Fig. 2. We note that for
matched viscosities, �=1, a countercurrent is set up in the
carrier fluid whenever the centerline fluid travels faster than
the drop. The stagnation points disappear at �=−2 /5, which
corresponds to the case where the drop moves with the maxi-
mum velocity of the unperturbed flow in the pipe.

We note that force-free drops, �=0, have two stagnation
points for all values of �. As � increases, the position of the
stagnation points moves slightly closer to the symmetry axis,
but to a remarkably small degree, with cos2 	=15 /19 �	
=0.48,2.66� for �=0, corresponding to bubbles, and
cos2 	=9 /10 �	=0.32,2.82� for �=�, corresponding to in-
viscid drops in very viscous carriers.

The presence of three toroidal rings instead of the single
ring described in early studies �2� has consequences for the
design of mixing devices, as we shall see in Sec. V. While
only one separatrix, dividing the upper and lower parts of the
drops, was initially thought to be present, we find here that
there are two additional separatrices, which have to be per-
turbed if total mixing is to be achieved. We now proceed to
investigate how the behavior observed in negligibly small
drops at Re=0 is modified for drops of radii comparable to
that of the tube, and when inertial effects are not negligible.
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IV. NUMERICAL SIMULATIONS

A. Methodology

We performed numerical simulations of equations �5� and
�6� using finite differences on a fixed staggered cartesian grid
to calculate the velocity, stresses and pressure. The advection
term is computed via an upwinding scheme while the diffu-
sive term is obtained via central differences. The pressure is
found via a projection method �18�.

To incorporate the boundary conditions �8� and �9�, we
introduced a local forcing term, Fs, on the interface �15,19�.
This term is of the form, in dimensional terms, F� s
=2�m�n̂
S, where 
S is a surface delta function, which is
nonzero on the interface only. Adding this forcing term to the
right side of equation �6� is equivalent to enforcing the
boundary conditions �8� and �9�, but is much more efficient
computationally. In nondimensional form, we find

F� s =
2

We
�mn̂
S, �24�

where We is the Weber number defined as We=�cum
2 d�

=Ca Re.
The interface is assumed to move with the fluid, �S

�t =u� ,
where S is the interface position, and is tracked by following
markers placed in the flow. The velocity of the markers is
determined by a bilinear interpolation of the velocity of the
surrounding nodes. The position of the markers is then ad-
vanced in time using Euler’s method. Cubic spline interpo-
lation between those markers ensures that the interface is
smooth and its curvature is well defined. The average surface
forcing term per grid cell is then estimated by integrating F� s
along the interface in every grid cell traversed by the inter-
face. First-order corrections are included near the interface to
take into account the discontinuity of the pressure across the
interface �17�.

To simulate a train of drops, similar to those generated
experimentally, periodic boundary conditions are imposed in
the streamwise direction �y coordinate� on all variables, with

the exception of the pressure, which is then of the form P

=Ky+ P̃, with P̃ periodic in the y direction. Simulations are
initiated with a spherical or ellipsoid-shaped drop and are run
until a steady state is achieved, where both the drop shape
and the flow in and around it do not change in time. To
visualize the flow, passive tracers are introduced into the
steady flow and tracked in time to generate streamlines as
seen in the frame of reference of the drop. We simulated
extensively both two-dimensional and axisymmetric cylin-
drical tubes, with no-slip boundary conditions at the walls.
Details and validation of simulations based on the same
method, though not periodic, were presented elsewhere �14�
and are not repeated here.

B. Results

We first focus on the streamlines generated at steady state
by a periodic array of droplets in an axisymmetric cylindrical
tube. We concentrate on droplets that are only mildly de-
formed by viscous stresses, and therefore are not subject to
break up, by fixing the Weber number at We=0.02. The ef-
fects of increasing the Reynolds number of the pipe flow are
shown in Fig. 3. We first note that for small Reynolds num-
ber, Re�1, our numerical results are in good agreement with
the theoretical flow profile obtained in the limit of vanishing
Reynolds number, despite the nonzero radius of the drop and
the finite extent of the periodic region �four tube diameters�.
Even for such a small Weber number, the drop is not exactly
spherical, the maximum width being reached slightly down-
stream of the streamwise center position. Although the front
and back toroidal rings are too small and stagnant to be
clearly displayed by following tracers particles, the flow in
the outer fluid clearly indicates that such rings are present.
For Re=0.1, we estimate the position of the stagnation point
to �s=0.43�0.02 at the front and �s=0.36�0.02 at the
back, compared to a theoretical value of �s=0.41. However,
as the Reynolds number is increased further, the counter-
current present in the center of the tube recedes away from
the drop, and the front and back toroidal rings shrink. Stag-

���� � ����������������

����

����

����

�

���

���

���

���

���� � ����������������

����

����

����

�

���

���

���

���

���� � ����������������

����

����

����

�

���

���

���

���

(a) (b) (c)
FIG. 2. Streamlines inside and outside a drop in a capillary. Here, a=0.2, �=�d /�c=1, and �d /�c=1 in all cases and the force acting on

the drop is �a� �=0, �b� �=−2 /5 �drop moves at maximum velocity of unperturbed pipe flow�, and �c� �=−4 /5.
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nation points, therefore, develop in the carrier fluid, both
ahead and behind the drop, and the streamlines inside the
drop form a single toroidal ring extending across the entire
drop, the transition from one to three rings taking place near
Re=3.

Next, we examine the effects of increasing the drop size
so that the drop radius becomes comparable to that of the
tube. As one might expect, since larger drops block a larger
fraction of the tube, the countercurrent formed in the tube is
extended to a broader region as the drop radius increases, see
Fig. 4. The front and back toroidal rings inside the drop are
correspondingly enlarged as the drop radius increases, with
an approximate location of the stagnation points given by
�s=0.49�0.02 for drop radius a=0.2, �s=0.55�0.02 for a
=0.3, and �s=0.69�0.015 for a=0.4, respectively. The rota-
tion velocity in the front and back regions of drops of radius
a=0.2 and 0.3 is much smaller than that in the central region,
and fluid there is nearly stagnant. However, larger drops have
comparable rotational velocities over their entire area.

Drops that are too large to remain spherical also exhibit
such recirculating rings, which are confined to the front and
back of the drop, and extend only minimally into their elon-
gated body. Drops of even size larger are further elongated,
and exhibit structure nearly identical to those of smaller
drops at the front and back, and a stretched central region.
For all the Reynolds numbers considered �0.1�Re�20�, the
presence of a stagnation point within the outer fluid reported
at higher Reynolds numbers for smaller drops was never ob-
served for drops of radius a=0.3 or larger. We note that
larger drops are not front-back symmetric, a consequence of
the relative high �low� pressure that forms at the front �back�
of the drop.

We also investigated the effect of changes in the viscosity
ratio of the drop to carrier fluid �=�d /�c. Most of the fea-
tures of the flow appear nearly independent of the viscosity
ratio. This is consistent with the theoretical description of the
tangential velocity on the drop surface, which changes only
by some 15% as � is varied. The most significant change was
a slight increase in the size of the front and back toroidal
regions as the drop viscosity is increased. This is presumably
due to the fact that abrupt velocity variations over small
length scales inside the drop are hindered as the drop viscos-

ity increases. However, this effect remained small and for all
practical purposes, the viscosity ratio had no impact of the
flow profile.

V. MIXING

We study the mixing taking place in drops that are forced
through sinusoidal channels by using a simplified model that

��� ��� ���

���� � ���
�

�

FIG. 3. Streamlines at Re=0.1 �a�, 1 �b�, and 10 �c� for We=0.02, �=1, and �d /�c=1. The drop interface is shown in white, and
streamlines are calculated in the frame of reference of the drop. The upper portion of the drop is its front, the lower portion is its back.

-0.5 0 0.5

��� ���

��� ���(

FIG. 4. Streamlines for drop radii �a� a=0.2, �b� 0.3, and �c� 0.4,
and for a drop larger that the tube diameter for Re=1, We=0.02,
�=1, and �d /�c=1. The drop interface is shown in white, and
streamlines are calculated in the frame of reference of the drop. The
upper portion of the drop is its front, the lower portion is its back.
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allows simulations to be performed in a cartesian coordinate
system. The channel we model is a two-dimensional sinu-
soidal channel �no rotational symmetry�, with centerline
given by f�x�=A sin �x, with x as the horizontal coordinate,
and constant width 1, see Fig. 5. We choose to impose A�
=1 and �=1.6 to obtain efficient mixing per arclength of the
central curve, while maintaining smooth side walls �without
any angles�. To mimic the effect of the drop moving in a
curved channel, we use a straight channel where the walls
are moving with spatially uniform but time-dependent veloc-
ity, thereby imposing a time-dependent shear on the drop �9�.
The wall velocity is chosen so that the center of the drop
travels the same distance relative to a material point on the
wall as it would in a sinusoidal channel. More precisely, if
we consider a line segment spanning the width of the chan-
nel traveling with center velocity V with its tips always in
contact with the side walls, see Fig. 5, the imposed straight
channel, wall velocity is V−Vt at the top and V−Vb at the
bottom, with Vt and Vb the velocity of the segment’s top and
bottom ends in the sinusoidal channel, respectively. The
length of the periodic domain in simulations is chosen to
match the arclength of a period of the sinusoidal channel.
While this model does not account for the inertia of the fluid
as it encounters curves in the sinusoidal channel, this effect
is not expected to be significant in the low-Reynolds number
regime we consider. To mimic typical experiments �2�, we
simulate drops that are too large to remain spherical and that
are therefore elongated by the presence of the capillary’s
walls.

We show in Fig. 6 the position of passive tracers as an
elongated drop undergoes periodic shearing, each figure cor-
responding to a full period. It is apparent that only three or
four periods are required to achieve good mixing when the
fluids to be mixed are initially segregated in the crosswise
direction. The periodic shearing shifts the dividing centerline
crosswise, ensuring that particles initially confined to one
half of the drop may be transported in the other half.

Figures 7 and 8 show the corresponding mixing that oc-
curs when the initial separation is in the streamwise direc-
tion. Note that in a straight channel, the white and black dots
would remain separated owing to the presence of the front
and back torii. The mixing in the streamwise direction is
seen to be less efficient than in the crosswise direction, with
a much larger concentration of black particles in the region
where they were initially introduced even after five full pe-
riods. This should not come as a surprise, as the periodic
shearing is designed to enhance crosswise mixing. However,
despite the limitations of this design, one clearly observes
cross contamination of black and white regions, showing that
streamwise mixing still takes place to a significant degree.

Owing to the computational effort required to investigate
the mixing within drops, we have only performed a partial
study of the impact of other governing parameters. We first
report that over the range of viscosity ratio we simulated,
0.2���5, no significant changes to the mixing pattern were
observed when other parameters were kept constant. This is
consistent with the weak influence of � seen in the theoreti-
cal solution of Sec. III. Our simulations also revealed that the
Capillary number Ca=um�c /� is determinant to the mixing
in serpentine channels. In particular, keeping Ca fixed at
Ca=0.02 and changing the Reynolds number was found to
have virtually no effect over the range 0.2�Re�10. How-
ever, increasing the capillary number to Ca=0.1 results in
significant drop deformation as the viscous stresses are then
able to stretch the drop further. Note that these observations
are consistent with the more complete description of the de-
pendence of the drop shape on the Capillary number previ-
ously reported in �12�. As a result, the drop does not extend
as close to the sides of the tube and thus does not feel the
effects of the time varying shear as strongly. Consequently,
the mixing is much reduced. Similarly, reducing the capillary

�
�

�������

�

�

�

�

FIG. 6. Evolution of passive tracers for a drop forced in a sinusoidal channel simulated by time varying shearing. Each figure is a
snapshot taken after one full period of the imposed shear. The governing parameters here are Re=1, Ca=Re /We=0.02, �=1, and �c /�d

=1. The upper portion of the drop is its front, the lower portion is its back.

V

V
t

V
b

A sin (� x)

1

V

V�V
b

V�V
t

1

(a) (b)
FIG. 5. Schematics of the sinusoidal tube we model with V, Vt,

and Vb indicating the velocity of the tip of the drop, and the closest
points on the top and bottom walls, respectively. A shear is imposed
on the corresponding straight-channel, with the top wall moving
with velocity V−Vt and the bottom with velocity V−Vb.
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number to Ca=0.004 yields a drop that extends over nearly
the entire width of the tube and thus fully feels the time
varying shear, which results in faster mixing, as shown in
Fig. 9. Experimentally, this is likely to be a difficult regime
to maintain without having the drop wetting the walls. We
thus infer that mixing is likely to be optimal for the smallest
achievable Capillary number and is relatively insensitive to
varying Reynolds numbers or viscosity ratios.

VI. CONCLUSION

Through our simulations of drops flowing in capillaries,
we found that geometric constraints lead to the presence of
three recirculating rings within a drop. When a drop is only
subject to hydrodynamic forces, its speed is less than that of
the fluid in the center of the tube. Our analytical investiga-
tion shows that this results in fluid catching up with the drop
from behind, and moving away from its front, which leads,
in a gearlike fashion, to the creation of the front and back
recirculating rings. For small drops, inertial effects tend to
reduce this effect and eventually �Re�3� the stationary point
moves away from the drop and into the carrier fluid. On the

other hand, as the drop size increases relative to that of the
tube, the front and back rings grow in relative size and are
seen to remain present even at higher-Reynolds numbers.

These different recirculating regions complicate the mix-
ing picture by creating more barriers to overcome to achieve
good total mixing. Mixing processes such as the serpentine
channel that are designed to favor crosswise mixing are able
to overcome those barriers, but only partially, leading to bet-
ter crosswise than streamwise mixing. For large drops rela-
tive to the tube for which surface forces dominate viscous
ones, the most determinant parameter in the mixing effi-
ciency of these devices is the Capillary number: lower values
of Ca lead to wider drops that feel more deeply the effects of
changes on the tube walls and are thus better mixed. Other
parameters such as the Reynolds number and the viscosity
ratio have only a weak influence on the mixing process.

The picture presented here was derived for axisymmetric
or two-dimensional capillaries. The presence of corners in a
tube of square cross-section may affect the dynamics by fa-
cilitating the transport of fluid from on side of the drop to the
other �20�. Because of the manner by which they are fabri-
cated, most microchannels have at least two sharp corners.
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FIG. 7. Evolution of passive tracers for a drop forced in a sinusoidal channel simulated by time varying shearing. Each figure is a
snapshot taken after one full period of the imposed shear. The governing parameters here are Re=1, Ca=0.02, �=1, and �c /�d=1. Note that
in a straight channel, the black and white dots would remain separated as the black dots are initially confined to the back recirculating ring.
The upper portion of the drop is its front, the lower portion is its back.
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FIG. 8. Evolution of passive tracers for a drop forced in a sinusoidal channel simulated by time varying shearing. Each figure is a
snapshot taken after one full period of the imposed shear. The governing parameters here are Re=1, Ca=0.02, �=1, and �c /�d=1. Note that
in a straight channel, the black and white dots would remain separated as the black dots are initially confined to the front recirculating ring.
The upper portion of the drop is its front, the lower portion is its back.
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We obtained preliminary results using volume of fluid �VOF�
simulations that indicate that the streamlines within the drop
are only weakly affected by such a change in geometry. In
particular, the front and back rings are expected to remain
present, as the geometric constraints leading to their presence
are applicable even if corners are present. We therefore ex-

pect that regardless of the cross-section shape of the tube,
mixing in the streamwise direction will be hindered by the
presence of the three toroidal rings. However, a more de-
tailed picture of the effects of corners on mixing has yet to be
achieved and ought to be the subject of future work.

Another effect that may be used to enhance mixing within
a drop is the presence of surface tension gradient, which may
be present when reagents are mixed, or may be intentionally
introduced when forming the drop. As the tangential motion
induced by such gradients are governed by the position of
the interface rather than that of the tube, it may be possible to
combine geometric effects with tangential flows to achieve
even better mixing. This is the subject of ongoing research
and is a promising avenue for future designs aiming at ac-
complishing faster and more complete mixing.
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FIG. 9. Evolution of passive tracers for a drop forced in a sinu-
soidal channel simulated by time varying shearing. Each figure is a
snapshot taken after one full period of the imposed shear. The gov-
erning parameters here are Re=1, Ca=0.004, �=1, and �c /�d=1.
The mixing pattern is similar to that for Ca=0.02 but evolves faster.
The upper portion of the drop is its front; the lower portion is its
back.
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