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A finite difference lattice Boltzmann scheme for homogeneous mixture modeling, which recovers Maxwell-
Stefan diffusion model in the continuum limit, without the restriction of the mixture-averaged diffusion ap-
proximation, was recently proposed �P. Asinari, Phys. Rev. E 77, 056706 �2008��. The theoretical basis is the
Bhatnagar-Gross-Krook-type kinetic model for gas mixtures �P. Andries, K. Aoki, and B. Perthame, J. Stat.
Phys. 106, 993 �2002��. In the present paper, the recovered macroscopic equations in the continuum limit are
systematically investigated by varying the ratio between the characteristic diffusion speed and the characteristic
barycentric speed. It comes out that the diffusion speed must be at least one order of magnitude �in terms of
Knudsen number� smaller than the barycentric speed, in order to recover the Navier-Stokes equations for
mixtures in the incompressible limit. Some further numerical tests are also reported. In particular, �1� the
solvent and dilute test cases are considered, because they are limiting cases in which the Maxwell-Stefan model
reduces automatically to Fickian cases. Moreover, �2� some tests based on the Stefan diffusion tube are
reported for proving the complete capabilities of the proposed scheme in solving Maxwell-Stefan diffusion
problems. The proposed scheme agrees well with the expected theoretical results.
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I. INTRODUCTION

Recently, the lattice Boltzmann method �LBM� has been
proposed as a simple alternative to solve simplified kinetic
models. Starting from some pioneer works �1–3�, the method
has reached a more systematic fashion �4,5� by means of a
better understanding of the connections with the continuous
kinetic theory �6,7�. A more complete overview of LBM can
be found in some review papers �8,9� and some books
�10–12�.

In the present paper, the attention will be focused on the
development of a LBM scheme for homogeneous mixture
modeling in the continuum limit. For this goal, many ap-
proaches have been already proposed, each one with its own
advantages and drawbacks �see discussions in the cited ref-
erences�. The simplest one is given by the so-called single-
operator approach �13,14�. Essentially, the averaged effect
due to both self-collisions and cross collisions is described
by means of a global Bhatnagar-Gross-Krook �BGK�-like
collisional operator. In order to properly take into account
the momentum exchange among the mixture components,
some popular lattice Boltzmann models for mixtures are
based on potential interactions �15–17� or free energies
�18–21�.

On the other hand, other models based on the multiple-
operator approach have been also proposed: in this case,
each species relaxes toward its equilibrium configuration ac-
cording to its specific relaxation frequency and the coupling
describing the momentum exchange is given by the differ-
ences among the equilibrium configurations. Some models
�22,23� linearize this coupling and this leads to a force term
in the momentum equations, while other models �24–26�
avoid any linearization of the coupling effect by two colli-
sional operators �the first for self-collisions and the second
for cross collisions�.

Finally �27�, another LBM model has been proposed by
means of a variational procedure aiming to minimize a

proper H function defined on the discrete lattice under some
prescribed moments. In particular, the model proposed in
Ref. �27,28�, when more than two components are consid-
ered, recovers the macroscopic equations of the Maxwell-
Stefan model, which properly takes into account nonideal
effects �osmotic diffusion, reverse diffusion, and diffusion
barrier�, neglected by simpler Fick model. The proposed
model consistently recovers the Maxwell-Stefan diffusion
equations in the continuum limit only within the macro-
scopic mixture-averaged diffusion approximation �MADA�
�29�, i.e., only if proper mixture-averaged diffusion coeffi-
cients for each component are considered.

In the present paper, a further step is taken in comparing
the model proposed by the same author �30� and that de-
scribed in Ref. �27�. Actually the MADA is substantially
based on modest deviations of the single species flows from
the barycentric flow, i.e., on small diffusion velocities with
regard to barycentric flow velocities. Hence, using MADA is
equivalent to assuming that the ratio between diffusion and
barycentric characteristic speed is small. In the present paper,
the effects of this ratio on the model proposed by the same
author �30� are systematically investigated in terms of recov-
ered macroscopic equations and their consistency with in-
compressible Navier-Stokes equations.

This paper is organized as follows. In Sec. II the adopted
LBM scheme is described: the BGK-type proposed model
�30� is presented first, the macroscopic equations in the con-
tinuum limit are recovered, some macroscopic approxima-
tions are recalled and, finally, some details for an efficient
implementation are discussed. In particular, some attention is
paid for highlighting the role of the diffusion to barycentric
characteristic speed ratio. Section III reports some numerical
results: solvent and dilute tests, as limiting Fickian cases, and
the Stefan diffusion tube, for fully appreciating the capabili-
ties of the scheme. Finally, Sec. IV summarizes the main
results of the present paper.
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II. LATTICE BOLTZMANN MODEL

A. Andries, Aoki, and Perthame model

In this paper, we focus on the BGK-type model proposed
by the same author �30� in case of isothermal flow, which is
substantially based on the approach by Andries, Aoki, and
Perthame �AAP� �31�, which will be referred to in the fol-
lowing as the AAP model. The model shows some interest-
ing theoretical features, in particular in terms of satisfying
the indifferentiability principle �32� and fully recovering the
macroscopic Maxwell-Stefan model equations in the con-
tinuum limit. In the present paper, for sake of simplicity, the
single-relaxation-time �SRT� version of the model, which im-
plies a fixed Schmidt number, is considered and the external
forces are omitted since the main focus of this paper is on the
recovered macroscopic equations. These limitations are not
proper in the original Ref. �30�.

The AAP model is based on only one global �i.e., taking
into account all the component �� operator for each compo-
nent �, namely,

� f�

� t̂
+ Vi

� f�

� x̂i

= C� � ���f���� − f�� , �1�

where x̂i, t̂, and Vi are the space coordinate divided by the
mean free path, the time divided by the mean collision time,
and the discrete molecular velocity divided by the thermal
speed, respectively �Boltzmann scaling�; f� is the distribu-
tion function for the component �; �1� f���� is the equilibrium
distribution function for the component �; and �2� �� is the
relaxation frequency, which—according to the previous
scaling—is of the order of unit.

A simplified kinetic equation, such as the discrete velocity
model of isothermal BGK equation with constant collision
frequencies is often employed. Let us consider a set of dis-
crete microscopic velocities. In particular, Vi is a list of ith
components of the velocities in the considered lattice. Let us
consider the two-dimensional nine-velocity model, which is
called D2Q9. In the D2Q9 model, the molecular velocity Vi
has the following nine values:

V1 = �0 1 0 − 1 0 1 − 1 − 1 1 �T, �2�

V2 = �0 0 1 0 − 1 1 1 − 1 − 1 �T. �3�

The components of the molecular velocity V1 and V2 are the
lists with nine elements. Consequently, f = f���� , f� is a list of
discrete distribution functions corresponding to the velocities
in the considered lattice. Let f and g be the lists
defined by f = �f0 , f1 , f2 , . . . , f8�T and g= �g0 ,g1 ,g2 , . . . ,g8�T.
Then, hg is the componentwise list defined by
�f0g0 , f1g1 , f2g2 , . . . , f8g8�T. The sum of all the elements of
the list h is denoted by �h�, i.e., �h�=��=0

8 f�. In the following
subsections, the main elements of the scheme, i.e., �1� the
definition of the local equilibrium f���� and �2� the relaxation
frequency �� will be discussed.

1. Local equilibrium

In order to define the local equilibrium function f����, we
need to consider first the hydrodynamic moments. The �di-

mensionless� density �̂� and momentum q̂�i= �̂�û�i are de-
fined by

�̂� = �f��, q̂�i = �̂�û�i = �Vif�� , �4�

where f� is the distribution function for the component �.
Contrarily to what happens for the single-fluid modeling,

the previous momentum is not conserved. Hence, the key
idea of the AAP model is that the local equilibrium is ex-
pressed as a function of a special velocity û�i

� , which depends
on all the single component velocities, namely,

û�i
� = û�i + �

�

m2

m�m�

B��

Bmm
x̂��û�i − û�i� , �5�

where � is a dummy index for indicating any generic com-
ponent in the mixture �including � itself�, m� and m� are the
molecular weights for the components � and �, respectively;
x̂�= �̂� / �̂ �where �̂=���̂�� is the mass fraction; m is the
mixture-averaged molecular weight defined as 1 /m
=��x̂� /m� or equivalently m=��ŷ�m�; B�x ,y� is the generic
resistance function, while B��=B�m� ,m�� and Bmm
=B�m ,m� are the so-called Maxwell-Stefan diffusion resis-
tance coefficients; and finally û�i and û�i are the ith compo-
nent of the macroscopic velocity for the species � and �,
respectively. The latter parameters can be interpreted as a
macroscopic consequence of the interaction potential be-
tween components � and � and they can be computed as
proper integrals of the generic Maxwellian interaction poten-
tial �kinetic way� or in such a way to recover the desired
macroscopic transport coefficients �fluid dynamic way�. In
particular the generic resistance coefficient is a function of
both the interacting component molecular weights and the
equilibrium thermodynamic state, which depends on the total
mixture properties only. Some further details on how to com-
pute these coefficients can be found in �33�.

Introducing the mass-averaged mixture velocity, namely,

ûi = �
�

x̂�û�i, �6�

the definition given by Eq. �5� can be recast as

û�i
� = ûi + �

�

� m2

m�m�

B��

Bmm
− 1	x̂��û�i

− û�i
� . �7�

Consequently, two properties immediately follow. If m�=m
for any component �, then �property 1�

û�i
� = ûi + �

�

� m2

mm

Bmm

Bmm
− 1	x̂�x̂��û�i − û�i� = ûi. �8�

Multiplying Eq. �5� by x̂� and summing over all the compo-
nent yields �property 2�

�
�

x�û�i
� = ûi + �

�
�

�

� m2

m�m�

B��

Bmm
− 1	x̂�x̂��û�i − û�i� = ûi.

�9�

By means of the previous quantities, it is possible to define
the local equilibrium for the model, namely, f����
= �̂�M�û�i

� �, where
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M��ai� = w�
s�� + 3�V1�a1 + V2�a2� + 9
2 �V1�a1 + V2�a2�2

− 3
2 ��a1�2 + �a2�2�� , �10�

where

w = �4/9,1/9,1/9,1/9,1/9,1/36,1/36,1/36,1/36�T, �11�

while s�0= �9−5��� /4, s��=�� for 1���8 and ��

=min��m�� /m��1 is a tunable parameter for taking into ac-
count of different molecular weights m�. The parameter �� is
designed such that s�� is positive for any �. It is possible to
define the single species pressure �in terms of lattice units� as
p̂�= �̂��� /3 and consequently the single species internal en-
ergy as ê�= p̂� / �̂�=�� /3. The advantage of this technique is
that one can use a single mesh for modeling different spe-
cies, with different molecular weights, without interpolations
�26�. However, designing the local equilibrium such that the
partial pressure takes into account of different molecular
weights is not enough to recover the full isothermal macro-
scopic equations. In the latter case, the dependence of the
higher-order moments �e.g., the third-order moments� on the
molecular weight should be taken into account. In this more
general case, a possible solution consists of using different
meshes tailored for different sound speeds and then of inter-
polating the numerical results �27,34,35�. In this paper, since
the main goal is represented by the low Mach number flows,
the local equilibrium given by Eq. �10� is enough. The
asymptotic equations recovered in the continuum limit de-
pend on the previous local equilibrium. The consistency with
the Navier-Stokes macroscopic description will be discussed
in Sec. II B by asymptotic analysis.

Clearly �̂� can also be obtained as the moment of f����,
but this is not the case for q̂�i,

�̂� = �f�����, q̂�i
� = �Vif����� � q̂�i = �Vif�� . �12�

The previous expressions mean that the equilibrium distribu-
tion f���� has the same mass, but not the same momentum as
the current distribution f� for the generic single species. The
latter discrepancy is the actual driving force ruling the mo-
mentum exchange among the components of the mixture.

Taking into account the definition of the local equilibrium,
let us verify the zero of the collisional operator C� �the origi-
nal proof is already reported in �32��. Essentially C� depends
on f����= �̂�M�û�i

� �, where û�i
� is given by Eq. �5�, which

depends on all species velocities û�i, which are combinations
of the moments of f�, namely,

C��all f�� = C�„�̂�M�û�i
� �all û�i�f����… .

The zero of the previous collisional operator is a set of dis-
tributions f�

0 such that C��all f�
0�=0 for all species �. It is

easy to search for this set of distributions as

f�
0 = �̂�M�û�i

0 � , �13�

where û�i
0 is defined such that M(û�i

� �all û�i
0 �)=M�û�i

0 � or,
equivalently,

û�i
� �all û�i

0 � = û�i
0 ,

which means that û�i
0 must be invariant with regard to the

transformation û�i→ û�i
� . In general, according to the defini-

tion given by Eq. �5�, the only invariant situation is given by
û�i

0 = ûi for all species, i.e., zero diffusion velocities; hence,
f�

0= �̂�M�ûi�, which is consistent with the full Boltzmann
equations for mixtures.

2. Relaxation frequency and indifferentiability principle

Some proper tuning strategy is required in order to re-
cover the desired transport coefficients in the continuum
limit. The following relations will be proved in Sec. II B,
concerning the asymptotic analysis: they are anticipated here
for the sake of completeness of the proposed model. In par-
ticular, the relaxation frequency is selected equal for all the
species, namely,

�� = � =
p̂Bmm

�̂
=

p̂B�m,m�
�̂

, �14�

where p̂=��p̂�. Since the previous relaxation frequency is
the only one for the present model, the other transport coef-
ficients uniquely follow,

	 =
1

3�
, �15�


� =
�2 − ���

3�
, �16�

where 	 is the kinematic viscosity and 
� is a parameter
related to the numerical second viscosity coefficient for the
single species �the latter quantity is different from the actual
second viscosity coefficient because compressible effects are
not rigorously recovered by the considered lattice�. This
clearly implies a fixed Schmidt number, i.e., a fixed ratio
between the kinematic viscosity and the mean diffusion co-
efficient. The generic scheme with tunable Schmidt number
is discussed in Ref. �31�.

It is immediate to prove that the indifferentiability prin-
ciple is satisfied. If m�=m for any component �, then prop-
erty �8� yields û�i

� = ûi. Consequently, summing over all the
species yields

� f

� t̂
+ Vi

� f

� x̂i

= ��f��e� − f� , �17�

where f =��f� and f��e�= �̂M�ûi�. The previous limiting case
clearly recovers the usual BGK model �36� and this proves
that the mixture description recovers the single-fluid descrip-
tion if the single species particles cannot be distinguished. In
the next section, the macroscopic equations in the continuum
limit are recovered.

B. Asymptotic analysis by Grad moment system

In this section the macroscopic equations of the LB model
are recovered by means of the asymptotic analysis. Many
types of asymptotic analysis for LBM exist �Chapman-
Enskog expansion, Hilbert expansion, Grad moment expan-
sion, etc.�. The Chapman-Enskog expansion is still the most
popular approach to analyze LBM schemes, even though—
concerning mixture modeling—it shows some limits, as dis-
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cussed in the Appendix and in Ref. �25�. On the other hand,
the Hilbert expansion proposed by Ref. �37� and derived by
kinetic theory �38� offers some advantages, even though all
the macroscopic moments must be expanded. Recovering
macroscopic equations solved by LBM schemes somehow
shares some features in common with the much more com-
plex problem of recovering macroscopic equations from ki-
netic models. A complete review of the latter problem is
beyond the purposes of the present paper, but detailed dis-
cussions can be found in Ref. �38�. In this paper, we use a
simpler approach based on �1� some proper scaling, �2� the
Grad moment system, and �3� recursive substitutions �39�.
The latter method is not new and it has some features in
common with other proposed asymptotic methods in kinetic
theory �40�. Recently the so-called order of magnitude ap-
proach has been proposed in order to derive approximations
to the Boltzmann equation from its infinite set of correspond-
ing moment equations. Additional information can be found
in Ref. �31�.

Essentially we follow the same methodology already re-
ported in �31�, but with a substantial difference. In Ref. �31�,
it is assumed that the diffusion velocities are large, which
leads to inconsistencies with regard to incompressible
Navier-Stokes equations, while in the present derivation a
more general situation is considered.

1. Diffusive scaling

First of all, a proper scaling must be introduced for all the
relevant physical quantities. In 1971, Sone extended the lin-
earized theory of Boltzmann equation to the case where the
Reynolds number is on the order of unity and the extension
is carried out by taking into account the von Karman relation
among three important parameters, i.e., that the Mach num-
ber is on the same order as the product of the Reynolds and
Knudsen numbers �38�. At the leading order, this yields to
the Navier-Stokes set of equations in the incompressible
limit. This result is also relevant for LBM with usual stencils,
because the latter are restricted to moderate Mach number
flows. Hence, in the following analysis, the previous proce-
dure is adopted to the proposed model.

The units of space coordinate and that of time variable in
Eq. �1� are the mean free path lc and the mean collision time
Tc, respectively. Obviously, they are not appropriate as the
characteristic scales for flow field in the continuum limit. Let
the characteristic length scale of the flow field be L and let
the characteristic flow speed be U. Moreover, let the charac-
teristic diffusion speed be W, which does not coincide in
general with U. There are two factors in the limit we are
interested in. The continuum limit means lc�L and the low-
speed limit means U�C, where C�=lc /Tc� is the average
modulus of the particle speed. In the following asymptotic
analysis, we introduce the other dimensionless variables, de-
fined by

xi = �lc/L�x̂i, t = �UTc/L�t̂ . �18�

Defining the small parameter � as �= lc /L, which corre-
sponds to the Knudsen number, i.e., Kn=�, we have xi=�x̂i.
Furthermore, assuming the low Mach number limit �38�,
namely,

Ma = U/C = Kn = lc/L = � , �19�

where Ma is the Mach number, we have t=�2t̂. Then, Eq. �1�
is rewritten as

�2� f�

�t
+ �Vi

� f�

�xi
= ��f���� − f�� , �20�

In this scaling, we can assume

� f

��
= O�f�,

�m̂

��
= O�m̂� , �21�

where f = f���� , f� and �= t ,xi and m̂= �̂� , q̂�i.

2. Grad moment system

The key point of this section is to derive the macroscopic
equations and, consequently, the definitions of the recovered
transport coefficients. Let us introduce the general nomencla-
ture for nonconserved equilibrium moments,


�11 ¯ 1�n�22 ¯ 2�m

� = �V1
nV2

mf����� . �22�

Recalling that the diffusive scaling implies û�i=�u�i and
û�i

� =�u�i
� , a complete set of linearly independent moments is

m���� = �

�


1
�


2
�


11
�


22
�


12
�


221
�


112
�


1122
�


 = �
�̂�

��̂�u�1
�

��̂�u�2
�

p̂� + �2�̂��u�1
� �2

p̂� + �2�̂��u�2
� �2

�2�̂�u�1
� u�2

�

��̂�u�1
� /3

��̂�u�2
� /3

p̂�/3 + �2�̂��u�1
� �2/3 + �2�̂��u�2

� �2/3


 .

�23�

The previous nomenclature can be expressed for noncon-
served generic moments as well, namely,


�11 ¯ 1�n�22 ¯ 2�m
= �V1

nV2
mf�� . �24�

We can now apply the asymptotic analysis of the LB scheme
based on the Grad moment system. Let us compute the first
moments of the Eq. �20�, namely,

� �̂�

�t
+

���̂�u�i�
�xi

= 0, �25�

�3���̂�u�i�
�t

+ �
�
ij

�xj
= ��
i

� − 
i�

= ��̂��û�i
� − û�i�

= p̂�
�

B��ŷ�ŷ��û�i − û�i� , �26�

where 
ij is the second-order moment tensor, ŷ�= p̂� / p̂ is the
molar concentration, and the relation mx̂� /m�= ŷ� has been
used. In deriving the previous equations, the definitions
given by Eq. �14� have been considered.
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First of all, it is worth the effort to point out that the
forcing terms in the previous equations are consistent with
the macroscopic Maxwell-Stefan mass diffusion model.
However, the scaling of these forcing terms is not trivial in
general. In the above mentioned Ref. �31� �see discussion
after Eq. �27� of Ref. �31��, it was assumed that u�i

� −u�i
�O�1� or, equivalently, that û�i

� − û�i�O�U /C�=O��� �see
Eq. �19��, which is equivalent to saying that the constant U
properly characterizes also the order of magnitude of the
diffusion velocities. Hence, the diffusion velocities are large
in Ref. �31�, because they are on the same order of magni-
tude of the flow speed. In the following derivation, a more
general approach is proposed.

Let us introduce the diffusion velocity, namely,

ŵ�i = û�i − v̂i, �27�

where v̂i=��ŷ�û�i is the mole-averaged mixture velocity. Let
us assume that the quantity W is the proper characteristic
diffusion speed, namely,

ŵ�i =
W

C
w�i = �1+�w�i, �28�

where �� describes the ratio between diffusion and flow
speed, namely, ��=W /U. Introducing the previous assump-
tion into Eq. �26� yields

�3���̂�u�i�
�t

+ �
�
ij

�xj
= ��
i

� − 
i�

= �1+�p̂�
�

B��ŷ�ŷ��w�i − w�i� . �29�

Clearly �=0 corresponds to the case discussed in Ref. �31�.
On the other hand, it is important to find out which value of
�, i.e., which ratio between the diffusion and the flow veloc-
ity, is assumed by the expansion reported in the original pa-
per by Andries et al. �32�. The Chapman-Enskog expansion
is a two-scale expansion considering both diffusive and ad-
vective scales, while here we focus on the diffusive scale
only. However, as far as the spatial gradients of the partial
pressures are concerned, the difference among the two scales
is unessential �both scales assume the spatial gradients pro-
portional to the Knudsen number�. The spatial gradients of
the partial pressures are involved in the last term in the left-
hand side of Eq. �5.2� of Ref. �32�, which is the single spe-
cies momentum equation. As usual, the spatial gradients of
the partial pressures are scaled proportionally to Kn Ma2;
hence, W /C=Kn Ma2. Since U /C=Ma, it follows that

W/U = �� = Kn Ma. �30�

This means that, as far as the Knudsen number is small and
the Mach number is fixed, the diffusion speed is always
smaller than the flow speed. In the present case, taking into
account the diffusive scaling given by Eq. �19�, the previous
assumption yields �=2. In the following, for taking into ac-
count both extreme cases, we assume 0���2 in general.

In the momentum equation, the second-order moment ten-
sor 
ij appears. We now search for simplified expressions of
the 
ij tensor components. The equations for the 
ij tensor
components, namely,

�2�
ij

�t
+ �

�
ijk

�xk
= ��
ij

� − 
ij� , �31�

involve higher-order moments like 
ijk. The equations for

ijk can be simplified because of the lattice constraints �es-
sentially V1

3=V1 and V2
3=V2�. In fact 
111=
1=��̂�u�1 and


222=
2=��̂�u�2. Moreover, the equations for the remain-
ing components are

�2�
112

�t
+ �

�
12

�x1
+ �

�
1122

�x2
= ��
112

� − 
112� , �32�

�2�
122

�t
+ �

�
1122

�x1
+ �

�
12

�x2
= ��
122

� − 
122� . �33�

Finally, the equation for 
1122 is

�2�
1122

�t
+ �

�
122

�x1
+ �

�
112

�x2
= ��
1122

� − 
1122� . �34�

In the continuum limit, each moment dynamics is ruled by its
equilibrium part or eventually terms not larger than the equi-
librium part. In case of the third-order moments, the equilib-
rium part is


ijk
� = �/3��ij�̂�u�k

� + �ki�̂�u�j
� + � jk�̂�u�i

� � . �35�

It is worth to point out that in the previous expression the
density �̂� appears instead of the partial pressure p̂�, as it
would be required to recover the full isothermal macroscopic
equations. This is certainly a limitation of the assumed local
equilibrium given by Eq. �10�, but it is acceptable as far as
the low Mach number flows are concerned. In order to avoid
such a limitation on a standard lattice, it is possible to use
different meshes tailored for different sound speeds �27,34�
and to assume some additional corrective terms in the local
equilibrium �41�. Hence, O�
ijk�=O�
ijk

� �=O��� and intro-
ducing this result into Eq. �31� and into Eq. �34� yields


ij − 
ij
� = O��2� , �36�


1122 − 
1122
� = O��2� . �37�

Taking into account that 
ij
� − p̂��ij =O��2� and 
1122

� − p̂� /3
=O��2�, the previous expressions yield 
ij − p̂��ij =O��2� and

1122− p̂� /3=O��2�. These expressions prove that the lead-
ing parts of 
11, 
22, and 
1122 �all even� are ruled by p̂�.
Introducing the following expansion 
ij = p̂��ij +
ij

�2��2 into
Eq. �29� yields

� p̂�

�xi
= ��p̂�

�

B��ŷ�ŷ��w�i − w�i� − �2� ���̂�u�i�
�t

+
�
ij

�2�

�xj
� .

�38�

The previous equation allows one to discuss the proper scal-
ing for the pressure p̂�. Clearly two driving forces exist in
the previous equation: the term O���� which describes the
mass diffusion �according to the Maxwell-Stefan model� and
the terms O��2� which describe the viscous phenomena.
Hence, the most general expression for the single component
pressure is p̂�= p�

0 +��p�� +�2p�� , where p�
0 is a uniform field,
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i.e., p�
0 = p�

0�t�. The previous conclusion yields consequently
�̂�=��

0 +����� +�2��� , where ��
0 is a uniform field, i.e., ��

0

=��
0�t�. In other words, it is possible to imagine that the

single component pressure field p̂� is due to two contribu-
tions: a slow dynamics �in case 0���2� mainly driven by
the diffusion process p�� and a fast dynamics driven by the
viscous phenomena p�� . Obviously, in the case �=2, the two
driving forces have similar strengths. These considerations
lead to

�p��

�xi
= p̂�

�

B��ŷ�ŷ��w�i − w�i� , �39�

���̂�u�i�
�t

+
�
ij

�2�

�xj
+

�p��

�xi
= 0, �40�

Hence, the slow dynamics p�� is driven by the diffusion pro-
cess described by Eq. �39�, while the fast dynamics p�� is
driven by the viscous phenomena described by Eq. �40�.

The next step is to search for a simplified expression for

ij

�2�. Introducing the previous expansions for even moments
into Eqs. �32� and �33� yields


112 =
�

3
��̂�u�2

� −
��

�

�p��

�x2
	 + O��3� , �41�


122 =
�

3
��̂�u�1

� −
��

�

�p��

�x1
	 + O��3� . �42�

Recalling that Eq. �39� is equivalent to �p�� /�xi=��̂��u�i
�

−u�i�, the previous expressions become


112 =
�

3
�̂�u�2 + O��3� , �43�


122 =
�

3
�̂�u�1 + O��3� . �44�

Recalling that 
ij = p̂��ij +
ij
�2��2 and introducing the previ-

ous expressions into Eq. �31� yields


ij
�2� = �̂�u�i

� u�j
� − 	� ���̂�u�i�

�xj
+

���̂�u�j�
�xi

�
+ �	 − 
��

���̂�u�k�
�xk

�ij + O��2� , �45�

where the definitions given by Eqs. �15� and �16� have been
used. Taking the divergence of the previous tensor yields

�
ij
�2�

�xj
=

�

�xj
��̂�u�i

� u�j
� � − 	

�2��̂�u�i�
�xj

2 − 
�

�2��̂�u�k�
�xi � xk

+ O��2� .

�46�

Recalling that

u�i
� u�j

� = uiuj + O���� , �47�

���̂�u�k�
�xk

= − ��
����

�t
− �2����

�t
= O���� , �48�

yields

�
ij
�2�

�xj
=

�

�xj
��̂�uiuj� − 	

�2��̂�u�i�
�xj

2 + O���� . �49�

Introducing Eq. �49� into Eq. �40� yields

���̂�u�i�
�t

+
�

�xj
��̂�uiuj� +

�p��

�xi
= 	

�2��̂�u�i�
�xj

2 + O���� .

�50�

Introducing �̂�=��
0 +����� +�2��� into Eq. �50� yields

��
0� �u�i

�t
+

�

�xj
�uiuj� − 	

�2u�i

�xj
2 � +

�p��

�xi
= O���� . �51�

Let us analyze the mixture dynamics. Summing over the
components Eqs. �25�, �39�, and �50� yield

� �̂

�t
+

���̂ui�
�xi

= 0, �52�

�p�

�xi
= 0, �53�

���̂ui�
�t

+
�

�xj
��̂uiuj� +

�p�

�xi
= 	

�2��̂ui�
�xj

2 + O���� , �54�

where p�=��p�� and p�=��p�� . From Eq. �53�, one gets that
the leading pressure field is uniform, i.e., p�= p��t�, which
can be included into p0�t�=��p�

0�t�. Hence, p̂= p0�t�+�2p�
and consequently �̂=�0�t�+�2��, where O�p��=O����=1. In
the case of the single species dynamics, the slow dynamics
p�� is driven by the diffusion process described by Eq. �39�,
while the fast dynamics p�� is driven by the viscous phenom-
ena described by Eq. �40�. In the case of the mixture, only
the viscous phenomena remain, where the fast dynamics p�
is driven by Eq. �54�. However, there is no slow dynamics
for the mixture �i.e., the mixture momentum is conserved�.
This means that, at the leading diffusion order, single species
pressure fields characterized by large gradients are possible,
as far as their net effect is a nearly uniform total pressure
field �otherwise, the nonsmooth total pressure field would
produce accelerations which are not compatible with the low
Mach number limit�.

Including the expansion �̂=�0�t�+�2�� into Eq. �52�
yields

1

�0

d�0

dt
+

�ui

�xi
= O��2� , �55�

and integrating the previous on the considered domain �
yields
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1

�0

d�0

dt
= − ��

�

dx1dx2	−1�
��

�uini�ds + O��2� , �56�

where �� is the border of the domain �, ds is the line
element, and ni is the component of the unit vector normal to
ds and pointing in the outward direction. In the following, let
us restrict ourselves to boundary conditions for the total mix-
ture velocity such that

�
��

�uini�ds = O��2� . �57�

The previous condition is the typical compatibility condition
for incompressible flows �see the analysis reported in Appen-
dix A.2 of Ref. �37� for the single species case�. Introducing
the assumption given by Eq. �57� into Eq. �56� yields the
following expansion �0�t�=�0

0+�2�t
0�t�, where �0

0 is a con-
stant and �t

0=�t
0�t� is another uniform function. Including

�t
0�t� into �� yields �̂=�0

0+�2�� and similarly p̂= p0
0+�2p�.

Finally, recalling that O�p��=O����=1, Eqs. �52� and �54�
become

�ui

�xi
= O��2� , �58�

�0
0� �ui

�t
+ uj

�ui

�xj
− 	

�2ui

�xj
2 � +

�p�

�xi
= O���� . �59�

Clearly the previous equations are the canonical Navier-
Stokes system of equations in the incompressible limit for
the barycentric velocity ui, in the case 0���2. The case
�=0 must be excluded, because it does not recover the
Navier-Stokes equations, as already pointed out in Ref. �31�.
Hence, from the numerical point of view, the scheme is sec-
ond order with regard to �, in the original case considered by
Andries et al. �32�, i.e., �=2, while it is only first order in
case of larger diffusion velocities, i.e., �=1. It is worth to
point out that the latter case corresponds to larger diffusion
speed, but any way one order of magnitude smaller than flow
speed �W /U=��.

Equations �58� and �59� are fully decoupled from any dif-
fusion dynamics since the pressure p� in Eq. �59� is not de-
fined by any thermodynamic relation but by the incompress-
ibility condition given by Eq. �58�. This is not surprising
because, in the incompressible limit, any information abut
the thermodynamic equation of state is entirely lost, concern-
ing the diffusion effects described by p�.

Hence, let us investigate how the pressure p� affects the
complete diffusion equation. Recalling that u�i−ui=O����
and combining Eqs. �51� and �59� yields

�p��

�xi
=

��
0

�0
0

�p�

�xi
+ O���� = x̂�

�p�

�xi
+ O���� , �60�

because ��
0 /�0

0= x̂�+O����. The previous relation suggests
that the fast mode dynamics p�� is ruled by the total pressure
dynamics p�; hence, p�� can be defined by the barycentric
contribution or better the barodiffusion term. The previous
expression is equivalent to that reported in Lemma 4.4 of
Ref. �32�, with the difference that now p� is defined by in-

compressibility condition rather that by thermodynamics as
in Ref. �32�, where the full compressible case is considered.
Multiplying Eq. �39� by ��, Eq. �60� by �2, summing the
results, and dividing by p̂ yields

1

p̂

� p̂�

�xi
= �

�

B��ŷ�ŷ��u�i − u�i� +
x̂�

p̂

� p̂

�xi
+ O��2+�� , �61�

and consequently

� ŷ�

�xi
= �

�

B��ŷ�ŷ��u�i − u�i� +
�x̂� − ŷ��

p̂

� p̂

�xi
+ O��2+�� .

�62�

In the previous expression, the barodiffusion term depends
on the mixture pressure p̂; however, the latter �in this
asymptotic limit� depends only on the hydrodynamic pres-
sure p�, which is ruled by the incompressibility condition.
The latter effect is a direct consequence of the incompress-
ible description of the mixture fluid dynamics. Once the
terms O��2+�� are neglected, the previous formula represents
the standard Maxwell-Stefan model, which contains two
terms in the present situation: the component diffusion due to
differences in single species velocities and the barodiffusion
term �29�. In the next section, some details are reported con-
cerning the macroscopic mass diffusion modeling.

C. Macroscopic modeling

Before proceeding with the numerical implementation of
the LBM scheme, some issues are reported concerning the
macroscopic mass diffusion modeling, in particular in the
case of more than two components. First of all, Eq. �39� can
be equivalently written as

−
1

y�

�y�

�xi
= �

���

B��y��u�i − u�i� , �63�

which is the canonical form of the Maxwell-Stefan mass dif-
fusion model. Introducing some proper coefficients C�i such
that

y��u�i − ui� = − C�i
�y�

�xi
, �64�

and substituting them into Eq. �63� yields

−
1

y�

�y�

�xi
= �

���

B��y��u�i − u�i� =
1

C�i
�
���

x��u�i − u�i� .

�65�

Assuming that there is already good mixing among the re-
maining species, namely, u�i�u0i �where u0i is sometimes
called carrier velocity� for all ���, yields the so-called
mixture-averaged diffusion approximation �MADA� �29�,
namely,

C�i � C�0 =
1 − x�

�
���

B��y�

. �66�

It is worth to point out that MADA is different from assum-
ing small diffusion speed. MADA concerns all species � but
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�, while small diffusion speed means that all the species
evolve close to the barycentric mixture velocity �and in gen-
eral ui�u0i�. Introducing the definition given by Eq. �64� and
the MADA given by Eq. �66� into Eq. �25� yields

�y�

�t
+

��y�ui�
�xi

= � · �C�0 � y�� , �67�

which is an advection-diffusion equation with an effective
transport coefficient C�0, ruling the diffusion of the molar
concentration y�. It is worth to point out that the LBM
scheme solves directly Eq. �63�, which would correspond to
a full diffusion matrix in the equation describing the dynam-
ics of concentrations. On the other hand, the MADA diago-
nalizes this diffusion matrix, as it is evident by the right-hand
side of Eq. �67�. In the next section, some details about the
numerical implementation are reported.

D. Efficient numerical implementation

In the previous sections, the space-time discretization has
not been discussed. It is well known that it is very conve-
nient to discretize the LBM schemes along the characteris-
tics, i.e., along the lattice velocities, because they are con-
stant and analytically known. However, the popular forward
Euler integration rule cannot be applied in this case because
it leads to a lack of mass conservation �26�. Essentially in the
case of large pressure gradients, the discrete numerical ef-
fects appear also in the continuity equation. For proving this,
it is enough to consider the Taylor expansion of the standard
Lattice Boltzmann scheme and to apply the definition of the
zeroth-order moment. The final macroscopic equation would
depend on the Laplacian of the pressure field, which may
work as an artificial source term in the continuity equation,
in the case of large pressure gradients.

Consequently a more accurate scheme must be consid-
ered: for example, the second-order Crank-Nicolson rule is
enough in order to avoid this problem. In the following, the
SRT formulation will be considered only: the generalization
of the numerical implementation in the case of multiple re-
laxation frequencies is discussed in Ref. �39�.

Let us discretize Eq. �20� by the following formula:

f�
+ = f� + �1 − ����f���� − f�� + ��+�f����

+ − f�
+� , �68�

where the argument �t ,xi� is omitted and the functions com-
puted in �t+�2 ,xi+�Vi� are identified by the superscript +.
The Crank-Nicolson rule is recovered for �=1 /2. The previ-
ous formula would force one to consider quite complicated
integration procedures �26�. Fortunately a simple variable
transformation has been already proposed in order to sim-
plify this task �42� and successfully applied in the case of
mixtures �27,28�. The generalization of this procedure in the
case of multiple relaxation frequencies is trivial by following
Ref. �43�.

Let us introduce a local transformation

g� = f� − ���f���� − f�� . �69�

Substituting the transformation given by Eq. �69� into Eq.
�68� yields

g�
+ = g� +

�

1 + ��
�f���� − g�� , �70�

where it is worth to remark that the local equilibrium re-
mains unchanged. Essentially the algorithm consists of �a�
applying the previous transformation f�→g� defined by Eq.
�69�, then �b� computing the collision step g�→g�

+ by means
of the formula given by Eq. �70�, and finally �c� coming back
to the original discrete distribution function g�

+ → f�
+. The

problem, in the case of mixtures, arises from the last step. In
fact, the formula required in order to perform the last task �c�
is

f�
+ =

g�
+ + ��+f����

+

1 + ��+ . �71�

In order to compute both �+ �depending on total pressure and
total density� and f����

+ , the updated hydrodynamic moments,
i.e., the hydrodynamic moments at the new time step, are
required. Since the single component density is conserved,
recalling Eq. �69� yields

��
+ = �g�

+� . �72�

Consequently it is possible to compute p�
+, �+, p+, and finally

�+.
However, this is not the case for the single component

momentum, because this is not a conserved quantity and
hence the first-order moments for g�

+ and f�
+ differ �27,28�.

Recalling Eq. �69� and taking the first-order moment of it
yields

�Vig�
+� = ��

+u�i
+ − ��+��

+�u�i
�+ − u�i

+ �

= ��
+u�i

+ − �p+�
�

B��y�
+y�

+�u�i
+ − u�i

+ � . �73�

It is worth to point out an important property. Summing the
previous equations for all the components yields

�
�

�Vig�
+� = �+ui

+, �74�

which means that, since the total mixture momentum is con-
served, then it is possible to compute it directly by means of
g�

+. For this reason, it is possible to consider a simplified
procedure in the case of particles with similar masses.

1. Particles with similar masses

In the case of particles with similar masses, u�i
�+�ui

+ and
Eq. �73� reduces to

�Vig�
+� � ��

+u�i
+ − ��+��

+�ui
+ − u�i

+ � , �75�

and, equivalently, by taking into account Eq. �74�,

��
+u�i

+ �
�Vig�

+� + ��+x�
+�

�
�Vig�

+�

1 + ��+ . �76�

Actually the situation is even simpler, because the previous
formula is not needed. In fact, if u�i

�+�ui
+, it is enough ui

+ by
Eq. �74� to compute f����

+ for the back transformation given
by Eq. �71�.
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2. Particles with different masses

In the general case, Eq. �73� can be recast as

�Vig�
+� = q�i

+ − ��+�
�

����x�
+q�i

+ − x�
+q�i

+ � , �77�

where q�i
+ =��

+u�i
+ and

��� =
m2

m�m�

B��

Bmm
�78�

is a symmetric matrix. Finally, grouping together common
terms yields

�Vig�
+� = �1 + ��+�

�

����x�
+��q�i

+ − ��+x�
+�

�

����q�i
+ � .

�79�

Clearly the previous expression defines a liner system of al-
gebraic equations for the unknowns q�i

+ . This means that in
order to compute the updated values for all q�i

+ a linear sys-
tem of equations must be solved in terms of known quanti-
ties �Vig�

+�. Obviously the solvability condition for the previ-
ous system depends on the updated mass concentrations and
it cannot be ensured in general. Note that this potential re-
striction of the discussed scheme is a constraint of the pro-
posed numerical implementation and not of the kinetic
model itself. The possibility to tune � is not available, be-
cause all the schemes for ��1 /2 may imply a lack of mass
conservation. Even though this feature did not represent a
problem in the reported numerical simulations, it should be
further investigated.

In the degenerate case ���=1, i.e., particles with equal
masses, Eq. �79� reduces to

�Vig�
+� = �1 + ��+�q�i

+ − ��+x�
+qi

+, �80�

which is equivalent to Eq. �76�. In the next section, the re-
sults for some numerical simulations are reported.

III. NUMERICAL SIMULATIONS

A. Fickian limiting test cases

In this paper, some simple numerical tests are considered,
essentially concerning the recovered macroscopic diffusion
model in the continuum limit. In particular, the Maxwell-
Stefan diffusion model, in comparison with the simpler Fick
model, allows one to automatically recover the effective dif-
fusion coefficients in different limiting cases, depending on
the local concentrations, without any a priori guess about the
concentration fields. In particular, in the reported numerical
simulations, this feature will be verified in two limiting
cases: �a� the solvent test case and �b� the dilute test case
�33,44�. The geometrical configuration and the procedure in
order to measure the transport coefficients are quite standard
�16,34� and can be physically explained as the mixing in an
opposed-jet configuration �27�.

In the case of ternary mixture Eq. �63� reduces to

n
�y1

�xi
= B12y1k2i + B13y1k3i − �B12y2 + B13y3�k1i, �81�

n
�y2

�xi
= B21y2k1i + B23y2k3i − �B21y1 + B23y3�k2i, �82�

n
�y3

�xi
= B31y3k1i + B32y3k2i − �B31y1 + B32y2�k3i, �83�

where k�i=n��u�i−vi� and vi=��y�u�i is the mole-averaged
mixture velocity. Let us consider a one-dimensional compu-
tational domain, filled by a ternary mixture. All the physical
quantities will be expressed in lattice units. The molecular
weights are m�= �1,2 ,3� and consequently the corrective
factors are ��= �1,1 /2,1 /3�.

The generalized Fick model can be expressed as

k�i = − nD�

�y�

�xi
, �84�

where D� is the Fick diffusion coefficient. Equation �84�
substantially differs from Eq. �64� because the latter involves
the mass-averaged �barycentric� mixture velocity. In the nu-
merical simulations, the theoretical Fick diffusion coefficient
is D�=cD /m�, where cD� �0.002,0.8� and the theoretical
Maxwell-Stefan diffusion resistance �33� is given by

B�� = cB� 1

m�

+
1

m�
	−1/2

, �85�

where cB� �5,166�.
The computational domain is defined by �t ,x�� �0,T�

� �0,L�. The boundary conditions for all the components at
the borders of the computational domain, i.e., at x=0,L, are
of Neumann type, i.e., �p� /�x=0 at any time. The initial
conditions depends on the considered limiting case �see be-
low�. The spatial discretization step is called �x and the total
number of grid points is Nx=L /�x=100. Similarly the time
discretization step is selected in such a way that �t��x in
order to have C=�x /�t=1, and in particular Nt=T /�t=30.

1. Solvent test case

A component of a mixture is called solvent if its concen-
tration is predominant in comparison with the other compo-
nents of the mixture. Let us suppose that, in our ternary
mixture, component 3 is a solvent. In particular, the initial
conditions for the solvent test case are given by

p1�0,x� = �p�1 + tanh� x − L/2
�x

	� + ps, �86�

p2�0,x� = �p�1 − tanh� x − L/2
�x

	� + ps, �87�

p3�0,x� = 1 − 2��p + ps� , �88�

where clearly p�0,x�=��p�=1. In the reported numerical
simulations, �p= ps=0.01. The parameter ps is a small pres-
sure shift in order to avoid divisions by zero in passing from
the momentum to the velocity.

Hence, y3�1 and consequently y1�0 and y2�0. Under
these assumptions, Eqs. �81� and �82� reduce to
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�y1

�x
= − B13y1�u1 − v� = B13y1�v − u1� , �89�

�y2

�x
= − B23y2�u2 − v� = B23y2�v − u2� , �90�

Consequently the measured diffusion resistances are given
by

B13
� =

1

D1
� =

�y1/�x

y1�v − u1�
, �91�

B23
� =

1

D2
� =

�y2/�x

y2�v − u2�
, �92�

where, since in this test the Maxwell-Stefan model reduces
to the Fick model, it is possible to define two Fick diffusion
coefficients D1=1 /B13 and D2=1 /B23 for nonsolvent compo-
nents. Since the main attention was for the mass diffusion
process, in the reported numerical results the SRT formula-
tion was considered. For this reason, the viscous dynamics
�next approximation of the mixture momentum equation� is
not reliable. In particular, the SRT formulation does not al-
low one to relax all the single component stress tensors with
the same mixture viscosity as it should be for recovering the
mixture dynamics. This means that, for the reported simula-
tions, the ratio between the Fick diffusion coefficient and the
mixture viscosity Sc=	 /D, i.e., the Schmidt number, is not
reliable.

First of all, a generalized Fick model was implemented
and the corresponding numerical results are reported in Figs.
1 and 2 for nonsolvent components 1 and 2, respectively, for
the measured transport coefficients at time T=30�t and spa-
tial location x=L /2. In case of the Fick model, a direct cor-
relation exists between the Fick diffusion coefficient and the
relaxation frequency, namely, ��=�� / �3D��, and this ex-
plains the auxiliary axes of the previous figures. The implicit

numerical implementation allows one to consider large relax-
ation frequencies since the stability region is widened. The
SRT implementation of the generalized Fick model well
matches the expected transport coefficients. At the lowest
and the highest ends of the considered range, the measured
transport coefficients slightly overestimate and underestimate
the theoretical values, respectively.

Second, a complete Maxwell-Stefan model, without a pri-
ori restriction of the mixture-averaged approximation �29,33�
was implemented and the corresponding numerical results
are reported in Figs. 3 and 4, respectively. The key idea is to
verify that the model automatically reduces to the solvent
limit, i.e., that the dynamics of component 1 is mainly ruled
by resistance B13 and that of component 2 by resistance B23.
In this case, there is no direct correlation between the
Maxwell-Stefan resistances �three as the possible interacting
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� from the numerical implementation of the general-
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couples� and the relaxation frequency ��=� �one for the
mixture, according to the proposed model�. As the number of
components increases, then the number of Maxwell-Stefan
resistances is usually larger than the number of components.
Also in this case, the SRT implementation of the Maxwell-
Stefan model well matches the expected resistance coeffi-
cients.

2. Dilute test case

A component of a mixture is said dilute if its concentra-
tion is negligible in comparison with the other components
of the mixture. Let us suppose that, in our ternary mixture,
component 1 is dilute. In particular, the initial conditions for
the dilute test case are given by

p1�0,x� = �p�1 + tanh� x − L/2
�x

	� + ps, �93�

p2�0,x� = �p�1 − tanh� x − L/2
�x

	� + ps + �1 − r��1 − 2�p� ,

�94�

p3�0,x� = r�1 − 2�p� − 2ps, �95�

where clearly p�0,x�=��p�=1. In the reported numerical
simulations, �p= ps=0.01 and r=1 /2. Clearly r must be
close to 1/2; otherwise, this test case reduces to the previous
one about the existence of a solvent. Again the parameter ps
is a small pressure shift in order to avoid divisions by zero in
passing from the momentum to the velocity.

Hence, y1�0 and consequently y1�y2+y3. Under these
assumptions, Eq. �81� reduces to

�y1

�x
= y1B1�v − u1� , �96�

where B1=B12y2+B13y3 is an equivalent effective resistance.
Consequently, the measured diffusion resistance is given by

B1
� =

1

D1
� =

�y1/�x

y1�v − u1�
, �97�

where, since also in this test the Maxwell-Stefan model re-
duces to the Fick model, it is possible to define a Fick dif-
fusion coefficients D1=1 /B1 for the dilute component. Con-
cerning the actual Schmidt number, considerations similar to
those already discussed for the previous test case hold here
as well.

In Fig. 5, the numerical results for the Maxwell-Stefan
implementation are reported and, in particular, the measured
values for the equivalent effective resistance B1 are com-
pared with the theoretical expected values. Also, in this case,
the SRT implementation of the Maxwell-Stefan model well
matches the expected values. It is worth to point out that the
effective resistance B1 is never directly imposed in the code,
but it is a natural outcome of the model, which depends on
the local molar concentrations.

B. Non-Fickian test case: Stefan tube

The previous numerical simulations proved that the pro-
posed model allows one to recover some well-known results
for Fickian test cases. Since there are already plenty of lattice
Boltzmann implementations that simulate Fickian diffusion,
the innovative part of the previous simulations relies on the
fact that all the transport coefficients of the model are kept
constant for all the tests, without introducing any artificial
external tuning, in order to match the considered limiting test
case.

In this section, the full capabilities of the Maxwell-Stefan
model will be proved for a non-Fickian test case. Let us
consider a popular test, i.e., the Stefan tube �see Chap. 2 of
�44� for details�. The Stefan tube is a simple device some-
times used for measuring diffusion coefficients in binary va-
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por mixtures, in the case of the presence of an additional gas
carrier. It is essentially a vertical tube, open at one end,
where the carrier flow licks orthogonally the tube opening.
At the bottom of the tube is a pool of quiescent liquid. The
vapor that evaporates from this pool diffuses to the top of the
tube. The stream of gas carrier across the top of the tube
keeps the molar concentration of diffusing vapor there essen-
tially to nothing. The molar concentration of the vapor at the
vapor-liquid interface is its equilibrium value.

For the sake of simplicity, let us consider the same ternary
mixture, already discussed in the previous sections, where
the third species is assumed to be the gas carrier. Let us
assume Eq. �85� for the Maxwell-Stefan diffusion resistance,
with cB=66.13, which implies B13=57.27, B12=54.00, B23
=72.44.

The computational domain is defined by �t ,x�� �0,T�
� �0,L�. Concerning the boundary conditions, the partial
pressures for all the species at the bottom of the tube
p1�0,0�=0.319, p2�0,0�=0.528, p3�0,0�=0.1530 and those
at the opening of the tube p1�0,L�=0.0, p2�0,L�=0.0,
p3�0,L�=1.0 are specified. In particular, the pressure condi-
tion proposed in Ref. �45� was adopted. This boundary con-
dition is now available for the lattice Boltzmann method, too
�41�. Recasting this condition for the compressible case reads

− p�ni + 	
����u�i�

�ni
= − p̄�ni, �98�

where ni is the component of the outer unit vector along the
normal direction at the boundary, p� is the pressure at the
boundary, and p̄� is the average pressure at the boundary. In
our monodimensional test case, clearly p̄�= p� and the pre-
vious condition implies ����u�1� /�x=0 at both x=0,L. This
means that we have to consider both Dirichlet boundary con-
ditions �for partial pressures� and homogeneous Neumann
boundary conditions �for single species momenta�. The ini-
tial conditions are

p1�0,x� = p1�0,0�
1

2
�1 − tanh� x − L/2

�x
	� + ps, �99�

p2�0,x� = p2�0,0�
1

2
�1 − tanh� x − L/2

�x
	� + ps, �100�

p3�0,x� = �1 − p3�0,0��
1

2
�1 + tanh� x − L/2

�x
	� + p3�0,0� ,

�101�

where the constant ps=10−4 has been introduced for stability
reasons, i.e., to avoid dividing per zero in the computation of
the velocity.

The spatial discretization step is called �x and the total
number of grid points is Nx=L /�x=60. Similarly the time
discretization step is selected in such a way that �t��x in
order to have C=�x /�t=1, and in particular Nt=T /�t
=120 000.

Concerning the numerical solution, at constant tempera-
ture and pressure, the total molar density is constant and the
driving forces are the molar concentration gradients �y�.

Furthermore, since there are no radial or circumferential gra-
dients in the composition, the continuity equation at steady
state implies that ��u�1 is a constant, as well as N�=y�u�1.
The first two equations �81� and �82� can be rewritten as

dy1

dx
= B12�y1N2 − y2N1� + B13�y1N3 − �1 − y1 − y2�N1� ,

�102�

dy2

dx
= B12�y2N1 − y1N2� + B23�y2N3 − �1 − y1 − y2�N2� ,

�103�

while Eq. �83� can be omitted since it is not linearly inde-
pendent on the previous ones. The previous system of ordi-
nary differential equations—with the boundary conditions al-
ready discussed—realizes a boundary value problem, which
can be solved, for example, by the shooting method �46�.
Essentially the idea is to define the proper values for the
parameters N1 ,N2 ,N3 in order to ensure the required bound-
ary conditions at x=L. The solution of this problem is not
unique. In fact, some additional information concerning the
physics of the problem needs to be provided. For example,
from the practical point of view, usually the gas carrier does
not dissolve in the liquid and, for this reason, its flux is zero,
i.e., N3=0. In general, the pressure difference across the tube
of the gas carrier is responsible of its dynamics. Hence, the
flux of the gas carrier points toward the liquid pool at the
bottom, i.e., N3�0. In the following, two tests are reported
with N3=0 and N3=−6.1776�10−5, respectively.

In Figs. 6 and 7 the molar concentration profiles are re-
ported for both cases. The numerical simulations performed
by the proposed LBM model agree well with the results ob-
tained by directly solving the boundary value problem.
Clearly the molar concentrations show a non-Fickian behav-
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FIG. 6. Non-Fickian test case: composition profiles in a Stefan
diffusion tube. Zero flux is assumed for the gas carrier, i.e., N3=0.
The reference solutions are obtained by solving the boundary value
problem by the shooting method and a multivariable Newton
method �dimensionless units�.

PIETRO ASINARI PHYSICAL REVIEW E 80, 056701 �2009�

056701-12



ior. In fact, the Fick model would prescribe linear profiles of
the molar concentrations for this boundary value problem.
The coupling among the species, which is responsible of the
nonlinear profiles, cannot be simulated by any simplified
Fick diffusion coefficient. This feature, which has been ex-
perimentally proved by Carty and Schrodt �1975� �47�, dem-
onstrates the superiority of the Maxwell-Stefan formulation.

Concerning the LBM implementation of the model, spe-
cial attention must be devoted to the partial pressure bound-
ary conditions in a general application. For the reported re-
sults, a simple boundary condition in the moment space was
adopted, but more complicated cases would require more
accurate boundary conditions, like those reported in Ref.
�42�.

IV. CONCLUSIONS

In the present paper, a recently proposed LBM scheme for
homogeneous mixture modeling �31�, which recovers
Maxwell-Stefan diffusion model in the continuum limit with-
out the restriction of the macroscopic mixture-averaged ap-
proximation �29�, was systematically analyzed. This scheme
is based on a popular BGK-type kinetic model for gas mix-
tures �32�, even though the present LB formulation concerns
only the incompressible isothermal limit. Hence, the full po-
tential advantage of the kinetic model of Ref. �32� is not
completely inherited. However, for low Mach number flows,
the LBM formulation correctly recovers the Maxwell-Stefan
diffusion model in the standard form given by Eq. �62� and
the incompressible Navier-Stokes equations given by Eqs.
�58� and �59�. This means that, in the continuum limit, the
present scheme solves a set of macroscopic diffusion equa-
tions, which are decoupled from fluid dynamic equations, as
typical in the incompressible limit. Other LBM schemes
�15–23� have been proposed which present the same feature,

but introducing this decoupling from the very beginning in
the kinetic equations. On the other hand, this paper investi-
gates the decoupling by starting from a reference kinetic
model and for different scalings of the diffusion velocities,
with regard to the flow velocities.

For achieving this goal, the recovered macroscopic equa-
tions in the continuum limit were systematically investigated
by varying the ratio between characteristic diffusion speed
�W� and characteristic barycentric speed �U�, i.e., W /U=��.
If the diffusive scaling is adopted, it comes out that the dif-
fusion speed must be at least one order of magnitude �in
terms of � equal to the Knudsen number� smaller than the
barycentric speed, in order to recover the correct Navier-
Stokes equations for mixtures in the incompressible limit.
The case �=0 must be excluded, because it does not recover
the Navier-Stokes equations, as already pointed out in Ref.
�31�. Hence, from the numerical point of view, the scheme is
second order with regard to �, in the original case considered
by Andries et al. �32�, i.e., �=2, while it is only first order in
case of larger diffusion velocities, i.e., �=1. It is worth to
point out that the latter case corresponds to larger diffusion
speed, but any way one order of magnitude smaller than flow
speed �W /U=��. In both cases, i.e., �=2 and �=1, the fluid
dynamic equations are decoupled from diffusion dynamics
because the total mixture pressure is not defined by any ther-
modynamic relation but by the incompressible condition.

Some numerical tests were performed for proving the ef-
fectiveness of the proposed scheme. In particular, �1� the
solvent and dilute test cases were considered first, because
they are limiting cases in which the Maxwell-Stefan model
reduces to the Fick model. In particular, in the dilute test
case, it is possible to derive an effective resistance, which
depends on the local molar concentrations, and this makes
the test particularly meaningful. The key point is not solving
these tests �which has already been done by a lot of LBM
schemes� but to solve both tests with the same model and the
same set of parameters. In the previous schemes, a special
tuning was required to switch between solvent and dilute test
case, in order to adapt the diffusion coefficients to the theo-
retical values. This is not the case for the proposed scheme,
because it automatically reproduces the correct transport co-
efficients, without any special efforts by the user. Moreover,
�2� some test cases based on the Stefan diffusion tube were
performed for proving the complete capabilities of the pro-
posed scheme in solving truly Maxwell-Stefan diffusion
problems.
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APPENDIX: COMMENTS ON CHAPMAN-ENSKOG
EXPANSION OF KINETIC MODELS DESCRIBING

DIFFUSION PROCESSES

In case the single species momentum is not conserved, as
it happens in kinetic models describing diffusion processes,
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FIG. 7. Non-Fickian test case: composition profiles in a Stefan
diffusion tube. Negative flux is assumed for the gas carrier pointing
toward the liquid bottom �x=0�, i.e., N3=−6.1776�10−5. The ref-
erence solutions are obtained by solving the boundary value prob-
lem by the shooting method and a multivariable Newton method
�dimensionless units�.
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the application of the Chapman-Enskog expansion may lead
to ambiguities in some diffusion regimes. Let us consider a
proper fluid dynamic scaling for the considered model,
namely,

��� f�

�t
+ �Vi

� f�

�xi
= C�=̇���̂�M�û�i

� � − f�� , �A1�

where ��1 must be specified according to the fluid dynamic
regime under consideration: for example, �=1 in the case of
advective �hyperbolic� scaling, as considered in Ref. �32�, or
�=2 in the case of diffusive �parabolic� scaling, as in Eq.
�20�. In both cases, the local equilibrium is found in the
limiting case of vanishing � �Knudsen number� as the zero of
the collisional operator C�. According to the discussion re-
ported at the end of Sec. II A 1, the zero of the collisional
operator C� is given �for the generic species �� by

f�
0 = �̂�M�ûi� , �A2�

where ûi is the generic component of the barycentric veloc-
ity. Deviations from the previous equilibrium may be due to
different effects �namely, diffusion phenomena and viscous
phenomena in the present paper�. Taking into account the
original Ref. �32�, since the deviations are due to spatial
gradients, the Chapman-Enskog procedure assumes an ex-
pansion around the zero of the collision integral, namely,

f� = �̂�M�ûi� + O��� . �A3�

The next step is to substitute Eq. �A3� into Eq. �A1� and in
particular into the definition of û�i

� �f��, which depends on all
species velocities û�i, which are combinations of the mo-
ments of f�, namely,

û�i
� �f�� = ûi + O��� , �A4�

and consequently

M�û�i
� � = M�ûi� + O��� . �A5�

From the previous expression is clear that, in nonequilibrium
case, M�û�i

� ��M�ûi� because of the diffusion phenomena.
Hence, substituting Eq. �A3� into Eq. �A1� yields

f� = �̂�M�û�i
� � −

1

�
���

���̂�M�ûi��
�t

+ �Vi

���̂�M�ûi��
�xi

�
+ O��2� , �A6�

which is substantially identical to Eq. �4.17� of Ref. �32�. It
is worth to point out that the first Maxwellian M is centered
on û�i

� while the second one is centered on ûi. Analyzing the
single species momentum equation �see, for example, Eq.
�5.2� of Ref. �32��, it is possible to estimate the ratio between
the characteristic diffusion speed W and the characteristic
flow speed U, namely,

W/U = Kn Ma = O���� . �A7�

Hence, the diffusion speed must be smaller than the flow
speed �because ��1�. Taking into account the previous scal-

ing and the property given by Eq. �7� yields û�i
� − ûi

=O��2�−1�, and consequently

M�ûi� = M�û�i
� � + O��2�−1� . �A8�

The previous expression is more precise than Eq. �A5� �be-
cause ��1�. Substituting the previous approximation into
Eq. �A6� and taking into account that 2�2��3�−1 yields

f� = �̂�M�û�i
� � −

1

�
���

���̂�M�û�i
� ��

�t
+ �Vi

���̂�M�û�i
� ��

�xi
�

+ O��2� , �A9�

where only the velocity û�i
� , ruled by the diffusion phenom-

ena and hence by the partial pressure gradients, is involved.
Clearly Eqs. �A6� and �A9� represent two different legitimate
approximations of f�, with the same order of accuracy with
regard to �. Let us suppose to take the moments of expres-
sion �A6� or �A9�, while searching for the macroscopic equa-
tions in the continuum limit. Apparently, it could seem that
two different sets of macroscopic equations are obtained,
when considering as starting point Eq. �A6� or Eq. �A9�,
respectively. However, because of property �A7� these two
sets of macroscopic equations would be equivalent in the
asymptotic limit.

The ambiguities may rise when considering larger diffu-
sion velocities, such that W /U�O����. In the latter case,
different asymptotic techniques may produce different re-
sults, essentially in between the limiting cases given by Eqs.
�A6� and �A9�. For example, assuming W /U=O���−1� yields

M�ûi� = M�û�i
� � + O��2�−2� , �A10�

and, in the case �=1 �advective scaling�, taking into account
Eqs. �A9� and �A10� yields

f� = �̂�M�û�i
� � + O��� = �̂�M�ûi� + O�1� . �A11�

Clearly the previous case is far away from equilibrium, be-
cause f�− �̂�M�ûi�=O�1�, which contradicts the expansion
given by Eq. �A3�. However, an asymptotic expansion
around �̂�M�û�i

� � is still possible, by reminding that û�i
� is

unambiguously defined by the partial pressure gradients.
Another example is given by �=2 �diffusive scaling� and

W /U=O�1� ��=0 in the main text�, which yields û�i
� − ûi

=O��� and

f� = �̂�M�û�i
� � + O��� = �̂�M�ûi� + O��� . �A12�

Recalling that the diffusive scaling implies û�i
� =�u�i

� and ûi
=�ui, the previous expression yields

f� − �̂�M�0� = ��̂�M�u�i
� � + O��� = ��̂�M�ui� + O���

= O��� , �A13�

which is useless because it does not discriminate the leading
effects of the diffusion process. In the latter cases, a different
asymptotic technique is recommended.
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