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Adaptive coupling for achieving stable synchronization of chaos
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We consider synchronization of coupled chaotic systems and propose an adaptive strategy that aims at
evolving the strength of the coupling to achieve stability of the synchronized evolution. We test this idea in a
simple configuration in which two chaotic systems (a sender and a receiver) are unidirectionally coupled and
we study the conditions for the receiver to adaptively synchronize with the sender. Numerical simulations show
that, under certain conditions, our strategy is successful in dynamically evolving the coupling strength until it
converges to a value that is compatible with synchronization.
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I. INTRODUCTION

It is known that stability of the synchronized solution of
coupled dynamical systems depends on the strength of the
interaction. Motivated by the observation that real-world net-
works are characterized by evolving adapting connections,
some studies have started to take in consideration how the
time variability of the strength of the couplings may affect
the synchronization dynamics. A few papers have appeared
on adaptive strategies, in which the coupling strengths are
dynamically adjusted based on information on the states of
the systems, e.g., in order to enhance or guarantee synchro-
nization. In this paper we address the problem of how to
evolve the coupling strength from a given initial condition to
make it converge to a value that corresponds to stability of
the synchronized evolution.

Previous works have dealt with adaptive synchronization
of chaos. For instance, in [1,2], a problem was studied in
which adaptation was needed in order to achieve synchroni-
zation in the presence of external unpredictable events affect-
ing the communication between the coupled systems. As an
applicative example, consider the case of two sensors that
seek to synchronize through a continuous signal that they
exchange via wireless communication; if an object moves
across the communication pathway between the sensors, this
causes an attenuation on the strength of the received signal,
which may disrupt synchronization. Therefore, in [1,2],
adaptive strategies were introduced, having the aim of main-
taining synchronization with respect to such external (unpre-
dictable) perturbations.

Here, we will focus on a different but related problem,
namely, we consider a simple configuration in which a
sender is connected to a receiver and communication be-
tween the two is such that attenuations affecting the received
signal are negligible; the problem is rather for the receiver to
adaptively choose an appropriate coupling form (in what fol-
lows we will specify our proposed problem to be that of
choosing an appropriate coupling strength) with the received
signal in order to achieve synchronization with the sender.

To better illustrate this problem, we introduce the equa-
tions for the sender and the receiver,

%1(1) = F(x, (1)), (1a)
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%y(1) = F(xa(1)) + Y[ H(x, (1) - H(x,(1)],  (1b)

where x,(¢)(x,(t)) is the m-dimensional state of the sender
(receiver) system, x;=[x;;,Xj2, ... »X;,]; F(x) is the dynamics
of an uncoupled system (hereafter assumed chaotic), F:R™
— R"™; H(x) is an output function, H:R"— R™; and y(r) is a
time varying scalar function measuring the strength of the
coupling. Here we assume that H(x) can be rewritten as
H(x)=Hh(x), where H=[H,,H,,...,H,] is a constant
m-vector and h:R™— R is a scalar output function. In many
practical situations, communication between the connected
systems involves only a subset of the dynamical state vari-
ables of the systems. Therefore, in this paper we consider a
situation in which synchronization has to be achieved based
solely on the scalar signal, h(x,(r)), that system 2 receives
from system 1. Our proposed problem is to devise an adap-
tive strategy to dynamically evolve the coupling strength (z)
from an arbitrary initial condition y(0) to a value that is
compatible with synchronization.

As an example of an application for our proposed strategy
(to be specified in Sec. II), we consider a sender-repeater
communication scenario, in which the first device, say a wi-fi
antenna, sends a signal, and the second identical device
needs to reproduce precisely the same signal to other systems
that cannot get the original one. As another example, our
strategy could be used in applications that take advantage of
synchronization of chaos for identification and prediction of
the dynamics of unknown real systems [3-6]. In particular,
for the problems addressed in [3—6], the receiver is a model
system which is meant to replicate the dynamics of an un-
known true system (the sender) and a technique is proposed
that aims at identifying the true system parameters by mak-
ing the receiver synchronize with the sender. The technique
relies on the choice of a coupling strength which is compat-
ible with synchronization, but for this case, an extra diffi-
culty is due to the fact that the dynamical form of the send-
er’s F(x) is unknown at the receiver and therefore one is
unable to compute the 7y range of stability (i.e., compute the
master stability function; for more details on this point the
reader is referred to the background section) beforehand.
Therefore, unless one wants to rely on a trial-and-error ap-
proach, when dealing with such a prblem it becomes neces-
sary to introduce an adaptive strategy to dynamically evolve
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the coupling strength. We anticipate that the adaptive strat-
egy that we present here does not use information from the
master stability function and is based exclusively on minimi-
zation of the squared synchronization error [A(x;(z))
—h(x,(t))]>. Therefore, we envision our strategy would be
particularly useful in applications that use synchronization as
a tool to achieve parameter estimation and prediction of un-
known systems (e.g., for all the applications described in

[3-6].

Background

We note that Egs. (1a) and (1b) admit a synchronous so-
lution of the type

x(1) =x, (1), (2)

which obeys the sender evolution (1a). Our proposed prob-
lem is to devise a strategy to evolve () from a given initial
condition y(0) in order for the receiver system to synchro-
nize with the sender. Let us now assume that y(r) is constant
and equal to 7. Following [7-10], we know that depending
on the choice of the functions F and H, synchronization is
possible in a certain range of values of v, say I'. To see this,
let us linearize the receiver system Eq. (1b) about Eq. (2),
obtaining,

&y (1) =[DF (x(t)) — yDH(x,(1)) ] dx,(1), (3)

where DF(x,(z)) and DH(x,(z)) are the Jacobians of the func-
tions F and H evaluated about the synchronous solution (2).
Then stability of the synchronous solution depends on the
maximum Lyapunov exponent associated with Eq. (3) (this is
a classic result, see [7-10] for more details). Once the func-
tions F and H are given, it becomes possible to study the
dependence of the maximum Lyapunov exponent of Eq. (3)
on vy. The function that associates y with the maximum
Lyapunov exponent of Eq. (3) is usually called master sta-
bility function [9].

From [7-10] and subsequent papers, we know that the
range of values of v, say I', in which the master stability
function associated with Eq. (3) is negative, can be either
bounded or unbounded. An example of a bounded range for
v is reported in Fig. 1, where for F(x) being the equation of
the Rossler system, m=3, and h(x;)=x;, H=[1,0,0], the
master stability function is found to be negative in the range
I'=[0.3,5]. Moreover, we observe from Fig. 1 that the mas-
ter stability function has a minimum at y= 1.7 [correspond-
ing to the maximum rate of contraction for Eq. (3) and there-
fore the fastest possible convergence to the synchronized
evolution]. Another example of a bounded stability range I
is reported in [10] for F(x) being the equation of the Lorenz
system, m=3, and h(x;)=x;, H=[0,0,1].

The problem we address in this paper (of defining a strat-
egy to evolve the strength of the coupling for achieving
stable synchronization) has already been addressed in previ-
ous papers [3,11-13]. Namely, in [11-13], the following
adaptive strategies were proposed,

1) = alh(x (1) = h(o(0)], in [12,13],  (4a)
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FIG. 1. Master stability function corresponding to Eq. (3), for
our choices of F(x) being the Rossler Eq. (11) and h(x;)=x;;, H
=[1,0,0]. The zero ordinate line is shown as a guide to the eye
(dotted line).

Master stability function

N |1 (x1 (1) = h(x (1))
1+ (e, (1)) = h(xy (1)

where @>0 is a suitable scalar gain. Equation (4b) is ap-
proximately equal to Eq. (4a) for |a(x,(t))—h(x,(¢))| <1, and
is approximately equal to (t)=a, for |h(x,(t))—h(x,(1))]
>1. It is worth noting that both strategies are based on in-
creasing the coupling strength 7y proportionally with the ab-
solute value of the synchronization error [with a saturation in
the case of Eq. (4b)].

We note that the strategies proposed in [11-13] may not
be the best suited to deal with coupled dynamical systems
whose stability is governed by a master stability function as
that shown in Fig. 1. For example, for the case shown in Fig.
1, if y(0) is larger than 5, then increasing y will not be
effective in order to achieve synchronization. Moreover,
even if y(0) eI, strategies (4a) and (4b) may eventually
increase y outside the range I' (e.g., beyond 5 in Fig. 1)
and yield desynchronization, even in a case in which the
systems would have synchronized with no adaptation (i.e.,
with y=0).

Another adaptive strategy has been proposed in [3], based
on the following adaptation for y(z):

1) == ay(t) + g{[h(x, (1)) — h(xy(1) T}, (5)

where a>0 and g(x) is a function such that g(x)=x for
small x and is bounded by a constant C for large x. We note
from Eq. (5) that for large ¢, ¥(f) approaches a~'g{[h(x,(t))
—h(x,(1))]?} and therefore for a monotonously increasing
g(x), y(r) increases monotonously with the squared synchro-
nization error. Hence, Eq. (5) is subject to the same sort of
limitations as Eqs. (4a) and (4b) when stability of the syn-
chronized evolution is described by a master stability func-
tion as that shown in Fig. 1.

In what follows, we will present an adaptive strategy, that
is aimed at evolving y(f) from an arbitrary initial condition
¥(0) to converge on I'. We note that the following limitations

W) = , in [11],  (4b)
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may apply to some of the previously reported strategies, (4a),
(4b), and (5):

(i) The strategies (4a), (4b), and (5) are based on increas-
ing the coupling strength with the synchronization error. Yet,
for the case of a bounded range of stability I, either increas-
ing or decreasing the coupling strength y may be needed in
order to achieve synchronization.

(ii) The strategies (4a), (4b), and (5) are dependent on the
choice of the initial condition ¥(0).

(iii) The strategies (4a), (4b), and (5) do not seek to make
the coupling y(f) converge in a neighborhood of its optimal
value (e.g., the minimum of the master stability function, that
is observed to be at about y=1.7 in Fig. 1).

In what follows, we focus on the common situation that
the 7y range of stability is upper and lower bounded (e.g., as
shown for the case of the Rossler systems in Fig. 1). We
devise an adaptive strategy that is based on both increasing/
decreasing y(t) in order to reach synchronization and will be
shown to be independent of the initial condition ¥(0), as far
as y(0) is not too distant from I'. Moreover, though our
problem is characterized by a continuous of solutions (rep-
resented by the range I'), our hope is that y(r) will converge
not too far away from the value of y=1.7, which corresponds
to the minimum of the master stability function, that is, to the
maximum rate of contraction toward the synchronization
manifold.

We wish to emphasize that our strategy described here is
just a possible alternative approach to others already pre-
sented in the literature (e.g., [3,11-13]) and we assume that
many other possible solutions can be found to the general
problem addressed in this paper. At the same time, we hope
our attempt will motivate further studies in the same direc-
tion, which will provide better and better solutions to our
proposed problem.

The rest of the paper is organized as follows. In Sec. II,
we present our adaptive strategy. In Sec. III, we show the
results of numerical simulations involving our adaptive strat-
egy. In Sec. IV, the conclusions are presented.

II. ADAPTIVE STRATEGY

In this section we present our adaptive strategy. We intro-
duce a potential/cost function W(z),

W(1) = ([7(xy (1) = hOox(0) 1), (6)

where (G(7)), denotes the sliding exponential average
fte"’("")G(t’) dt'. From Eq. (6), we note that W(r)=0;
moreover, due to the chaotic nature of the x’s, W(#)=0 can
only be achieved if x,(z) and x,(¢) are in the synchronization
manifold, i.e., x,(£)=x,(z). Thus we seek to evolve §(¢) in
order to minimize W(z). To this aim we introduce the follow-
ing gradient descent relation:

iU

a ﬁ% = 2B<[h(x1(t)) - h(xz(t))]ﬁT@> V

(9.X2 d'y
=25G, (7)

where 8>0, and
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FIG. 2. The average synchronization error E from integration of
Egs. (1) versus (constant) vy, for v in the range [-1,10], £;=0.9
X 10%, t,=10%, and p;=7.45.
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We are interested in how T evolves in time. To this aim, we
write,

+[H(x, (1) = Hxp(0)].
)

To conclude, our adaptive strategy is fully described by the
following set of differential equations:

¥=2pG,

é’xz 7(9)(2 d'y

(10a)

: on'T
G =-vG(1) +[h(x, (1) - h(xz(l‘))]g £ (10b)
2

é= [E - yﬁ}& [H( () - Hea(@)]. (106)

(9X2 19)6'2

III. NUMERICAL EXPERIMENTS

In this section we present numerical experiments involv-
ing our proposed adaptive strategy (10). We integrate the set
of Egs. (1) and (10), and we specify our sender-receiver dy-
namical systems to be described by the Rdssler equation,
m=3,

X T X3
X+ 0.2}61'2 . (1 1)
0.2+ (xil - 10))6,-3

Flx;) =

i=1,2, coupled through h(x;)=x;, H=[1,0,0]. Figure 2
shows the average synchronization error E defined as,
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FIG. 3. The upper plot shows the time evolution of x;;(¢)
(dashed line) compared to x,,(¢) (continuous line), while the lower
plot shows the time evolution of (). ¥(0)=0, 8=107*, and »
=107".

1 )
E= mﬁl |h(xy (1)) = h(x,(1))|dt, (12)

from integration of Eqs. (1) with y(r)="y, versus v; the nor-
malization factor p={(h(x;)—(h(x,)))*)"?, with {...) indicat-
ing the time average, is calculated from dynamics of system
(11) in the synchronous state, i.e., using dynamics from Eq.
(1a).

We first consider the case that y(0) is not far away from
the stability range I'=[0.3,5]; namely we consider two
cases: in the first case we choose y(0)=0, and in the second
v(0)=5.3. In our numerical simulations, system (la) and sys-
tem (1b) are evolved from random initial conditions on the
Rossler attractor. We choose v=0.1 so that ™! is larger than
the characteristic time scale of a chaotic oscillation 7=21r,
and S to be small enough that y changes slowly on the time
scale of the chaos, i.e., B=107".

The results are shown in Fig. 3 [for the case y(0)=0] and
Fig. 4 [for the case ¥(0)=5.3]. In both cases, we see that for
large enough f, ¥(f) converges to I'=[0.3,5], e.g., it ap-
proaches 2.32 for the case in Fig. 3 and 1.78 for the case in
Fig. 4. These values are not far away from the minimum of
the master stability function at y=1.7 (see Fig. 1) [18].

When y(0) is distant from the synchronization range I,
our proposed problem becomes more complicated. In fact,
since it may take a long time for y(f) to reach I', x,(r) may
move away from x,(r) and the master stability function
analysis, which describes local stability about the synchroni-
zation manifold, may not apply anymore.

Figure 5 shows a case in which () is evolved from
¥(0)=6.5, for B=10"* and v=10"". For this case, synchroni-
zation is not achieved, and the onset of an unexpected phe-
nomenon is observed [namely, the emergence of a new at-
tractor, corresponding to x,;(f)=0, with both |xy;(#)| and
|x25(¢)| growing in time in such a way that x,3(¢) =—x,(1)].
In particular, from Fig. 5 we see that y(¢) first decreases from
¥(0)=6.5 to a minimum value of about —1.5 and then in-
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FIG. 4. The upper plot shows the time evolution of x;(¢)
(dashed line) compared to x,,(7) (continuous line), while the lower
plot shows the time evolution of (). ¥(0)=5.3, =107, and »
=10""

creases again up to about 44; it is worth noting that (z)
crosses twice the synchronization range I'=[0.3,5] and nei-
ther the first nor the second time it converges to it. We have
repeated the experiment in Fig. 5 several times, eventually
observing a different behavior, that is, y() increases indefi-
nitely above y(0)=6.5 and never goes through the synchro-
nization range I" (not shown).

Based on the above observations, we conclude that, in
order to improve the effectiveness of our strategy, we need to
appropriately tune the rate of change of (7). In particular,
we note that (i) in the case that (1) is close to I, our strategy
would benefit from bounding ¥(7) so as to allow enough time
for y(r) to converge in I'; (ii) in the case that y(r) is distant
from T, our strategy would benefit from choosing large val-
ues of B so as to quickly adjust () to converge toward I'.

20 40 60 80 100 120

50

=
= 20}
10}

0 20 40 60 80 100 120

FIG. 5. The upper plot shows the time evolution of xi;(7)
(dashed line) compared to x,(r) (continuous line), while the lower
plot shows the time evolution of y(7); in the lower plot, the zero
ordinate line is shown as a guide to the eye (dotted line). ¥(0)
=6.5, B=10"*, and v=10"".
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FIG. 6. Modified adaptive strategy. The upper plot shows the
time evolution of x;;(¢) (dashed line) compared to x,,(z) (continu-
ous line), while the lower plot shows the time evolution of (7).
¥(0)=-1, B=10"", and v=1.

Therefore, we propose to replace ¥(r)=2BG(t) in Eq.
(10a) by

G(1)

) = 2B1+|—G(I), (13)

where Eq. (13) is approximately equal to Eq. (10a) in the
case that |G(r)|<1, while is approximately equal to (1)
=2BXsgn(G(1)) in the case that |G(¢)|>1. Note that Eq.
(13) corresponds to adding a saturation on (), which now is
constrained to approximately lye in the range [-8, B].
Figure 6 (Fig. 7) shows the results of numerical simula-
tions in which we have tested our modified adaptive strategy,
given by Egs. (1), (13), (10b), and (10c), for a case in which
v(0)==1(y(0)=10). For our experiments in Figs. 6 and 7,
we have chosen 8=107". As can be seen, in both cases (¢) is
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FIG. 7. Modified adaptive strategy. The upper plot shows the
time evolution of x;;(¢) (dashed line) compared to x,,(z) (continu-
ous line), while the lower plot shows the time evolution of (z).
¥(0)=10, B=10"", and v=1.
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FIG. 8. The average synchronization error E obtained from in-
tegration of Egs. (1) with y(r)=1, versus (constant) v, for 7y in the
range [1,10]. F(x) is the Lorenz equation, h(x;)=x;, H=[0,0,1],
£;=0.75X 103, and t,=103.

observed to converge to the synchronization range I, though
it starts from initial conditions that are far away from it.

Experiment with the Lorenz system
We now consider an example in which our sender-

receiver dynamical systems are described by the Lorenz
equation, m=3,

9
8 (a) |
=
=7t 1
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5 L L L L
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3
2 L 4
- (v
= 1t 1
O 4
-1 I I I I
0 200 400 600 800 1000
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FIG. 9. We have tested the modified adaptive strategy given by
Egs. (1), (13), (10b), and (10c), for the case of coupled Lorenz
systems (14), h(x;)=x;3, H=[0,0,1]. The sender and the receiver
systems are initialized from random points on the Lorenz attractor.
The adaptive strategy is shown to be successful in two cases, cor-
responding to two different choices of the initial conditions, ¥(0)
=8 and y(0)=0. Plot (a) shows the time evolution of (¢) from
¥(0)=8, B=1072, and v=1. Plot (b) shows the time evolution of
¥(t) from ¥(0)=0, B=1072, and v=1.
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100x;, = x;1)
F(x;) = 23x; — X — XjX53 |, (14)

Xi1Xio = Xi3

i=1,2. From [14] we know that when two Lorenz systems
(14) are coupled as in Eq. (1) with constant coupling
Y(t)=1, h(x;)=x;, H=[0,0,1], synchronization is stable in a
bounded interval of the coupling strength v, that is, for y
el=[1.2,6.5].

Figure 8 shows the average synchronization error E, de-
fined in Eq. (12), for two Lorenz systems coupled as in Egs.
(1), with constant coupling y(f)=7v, h(x;)=x3, and H
=[0,0,1], as function of the parameter 7; for this case, we
observe that the transition to the nonsynchronous state is
characterized by on-off intermittency [15-17], which makes
the use of our adaptive strategy much harder, since the gra-
dient descent relation (7) relies on the assumption that the
potential (6) is a monotonically increasing function of vy, for
v moving away from I'. However, we have implemented our
adaptive strategy given by Egs. (1), (13), (10b), and (10c)
and found that it can be successful applied to achieve syn-
chronization, provided that ¥(0) is not too far away from the
stability range I'=[1.2,6.5]. Figure 9 shows convergence of
v(t) to values in the stability range I' for two different
choices of the initial conditions, that is, ¥(0)=8 and (0)
=0.
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IV. CONCLUSIONS

In this paper we have considered a situation in which a
sender system is unidirectionally coupled to a receiver and
we have studied conditions for the receiver to adaptively
evolve the strength of the coupling to achieve stable synchro-
nization with the sender. We have proposed a simple adap-
tive strategy that has been shown to be successful in dynami-
cally evolving the coupling strength 7y until it converges to a
value in the range of stable synchronization I". For cases in
which the coupling strength is evolved from initial condi-
tions that are distant from I', we have proposed and numeri-
cally tested a modified adaptive strategy that includes a satu-
ration on |9/.

We expect the adaptive strategy to be effective also in the
case that the sender and the receiver are slightly nonidentical
systems, for which, depending on the choice of v, a state of
approximate synchronization can be attained. Preliminary
numerical simulations, run for a case in which F(x) is the
Rossler equation and a small mismatch in one of the system
parameters is introduced, seem to confirm this possibility.
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