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A simple model is presented to describe the variation of the onset of the initial planar instability with surface
tension anisotropy during directional solidification. The effect of surface-tension anisotropy on the incubation
time and the initial average wavelength of planar instability are predicted by the simple model quantitatively,
which are also verified by phase field simulation. Investigation results reveal that surface-tension anisotropy is
one of important factors in the dynamic process of planar instability. The contribution of surface-tension
anisotropy to the tilting modulation is also analyzed by comparing the results from the present simple model
with those from phase field simulation.
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Solidification involves a complex interplay of interface
dynamic and transport phenomena, which may launch com-
plex interface morphology. During solidification, the inter-
face morphology dominates the final material microstruc-
tures which affect the mechanical and electronical properties
of materials. Therefore, the relevant problems of microstruc-
ture evolution are of interest to many physicists and metal-
lurgists. For most metallic alloys, solidification process is
dominated by solutal diffusion and/or thermal diffusion. The
physical mechanism of interface instability is rooted from
the competition between the destabilizing effects of the so-
lutal diffusion and the stabilizing effects of the temperature
gradient and of the surface tension �1�. The long-standing
investigations on the solidification pattern formation have
revealed that surface-tension anisotropy, although small,
plays an important role in the microstructure evolution.
Surface-tension anisotropy may significantly influence the
mechanism of stability and the selective condition of free
crystal growth �2–4�. During directional solidification,
surface-tension anisotropy, an essential factor for the station-
ary cellular array, tilted cellular/dendritic array and seaweed
patterns �5–10�, may also compete to determine the planar
interfacial stability �11–13�.

Most of the previous studies concentrated on the effect of
surface-tension anisotropy on pattern selection of the final
steady state. However, as a dynamic process, microstructure
evolution is usually affected by the evolution history during
directional solidification. The cellular/dendritic array origi-
nates from the instability of the planar front. Therefore it is
necessary and significant to investigate the initial planar in-
terfacial instability, where the surface tension may also play
an important role. The initial instability occurs during the
initial transient stage of establishment of solutal boundary
layer, where the incubation time from the beginning to the
observation instability of initial microstructure and the inter-
face morphology are of scientific and technical interests
�14,15�. The time-dependent Mullins-Sekerka stability analy-
sis was first presented by Warren and Langer to predict the
onset of initial planar instability �14�. The incubation time
and the initial wavelength of the initial planar instability can

be well predicted by this time-dependent analysis �16�. Their
stability analysis in the transient stage, however, did not take
surface-tension anisotropy into account. Although the effects
of surface-tension anisotropy on linear instability are widely
investigated, on one hand there is no corresponding experi-
mental or simulational proofs because of the difficulties in
directly investigating the critical point of control parameters;
on the other hand, the dynamic evolution process of initial
planar instability with surface-tension anisotropy is seldom
considered in analytical works. Herein, investigation on the
onset of initial instability during the transient stage of direc-
tional solidification will supply a view to evaluate the effect
of surface-tension anisotropy on the linear instability. With
this method, the linear stability analysis can be quantitative
verified by experiments and /or simulations. Moreover, this
method also can provide a new quantitative connection be-
tween the surface-tension anisotropy and the microstructures,
and then information on the surface-tension anisotropy can
be obtained from the initial average wavelength.

In this Brief Report, first, a simple model is proposed to
predict the dynamic planar instability process involving
surface-tension anisotropy based on the time-dependent in-
stability analysis and Fourier synthesis. Analytical results
from the simple model can reveal the effect of surface-
tension anisotropy on the planar instability quantitatively ac-
cording to the incubation time and the initial average wave-
length. Then quantitative phase field simulations are carried
out to validate the simple model. Finally, the relationship
between tilting modulation and surface-tension anisotropy is
uncovered by comparing the results from the simple model
with those from the phase field simulations.

In the experiments of directional solidification, the quasi-
two-dimensional system of Hele-Shaw cell is usually consid-
ered. The cell is pulled at a constant velocity V from the hot
end to the cold end. The hot end and the cold end present an
external imposed thermal gradient G, corresponding to the
heat flow. Using the “frozen temperature approximation,” the
temperature field in the cell is T=TM +Gz in the laboratory
frame of reference, where TM is the melting temperature of
pure solvent and z the heat-flow direction. The concentration
of solute is denoted by the far-field concentration c�. A typi-
cal representation of surface-tension anisotropy with fourfold
symmetry is �=�0�1+�4 cos 4��+�0�� in two dimensions,
where �0 is the isotropic part of the surface tension, �4 is the
anisotropic intensity of the surface tension, � is the angle
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between the normal vector of the interface and the heat-flow
direction, and �0 is the misorientation of preferred crystallo-
graphic orientation with the heat-flow direction. In the one-
sided model, the local equilibrium at the interface gives the
free boundary conditions,

cS = kcL, �1�

Vn�cL − cS� = − D
�cL

�z
, �2�

TI = TM + mcL − ���1 – 15�4 cos 4�� + �0�� , �3�

where cS and cL are concentration at solid side and liquid
side of the interface respectively, k is the partition coeffi-
cient, D is the chemical diffusion coefficient, TI is the tem-
perature at the interface, m is the slope of liquidus line, � is
the interface curvature, �=�0TM /L, and L is the latent heat.
The solutal diffusion equation and the free boundary condi-
tions describe the directional solidification process. In the
linear stability analysis, the anisotropic term of the capillary
effect in Eq. �3� can be simplified as �see Appendix�

1 – 15�4 cos 4�� + �0� � 1 – 15�4 cos 4�0. �4�

During the initial transient stage, concentration boundary
layer can be described as �14�

c�z,t� = c� + �c�zI,t� − c��exp�− 2�z − zI�/l� , �5�

where c�z , t� is the time-dependent concentration field ahead
of the planar front, zI is the interface position, and l is the
diffusion length. Here zI and l are time dependent, which can
be calculated from two coupled differential equations,

VI =
�zI

�t
=

2D�zI − z��
l�1 − k�zI

− V , �6�

�l

�t
=

4D�z� − kzI�
l�1 − k�zI

−
l

zI − z�

�zI

�t
, �7�

where VI is the instantaneous interface speed and z�

=mC� /G. With the time-dependent linear stability analysis,
the dispersion relation of the perturbation with surface-
tension anisotropy is as follows �13,14�:

���1 +
2�zI − z��

l
+

��1 – 15�4 cos�4�0���2

G
�

=
VI

D
+

2�zI − z��
l

�VI + V

D
+

���t�
VI + V

+
1

zI

+
��1 – 15�4 cos�4�0���2

GzI
� . �8�

Here ��= �VI+V� /2D+ ��2+ ��VI+V� /2D�2	1/2, z�=mC� /G,
and ���t� is the amplification rate of perturbation with space
frequency �. The Fourier synthesis method is presented as
�16�

zI�x,t� − z0�t� = 
 A��t�cos��x + ���t�� , �9�

where z0�t� is the basic interface position, the amplitude

A��t� = A��0�exp��
t0

t

���t�dt , �10�

and the phase ���t� is supposed to be stochastic in �0,2	�
with mean distribution and ���t�=���t0−� after t0, t0 is the
time when ���t� changes over from negative to positive. In
the amplitude evolution formula, the initial interfacial fluc-
tuation is taken as the uniform fluctuation spectrum �17,18�

A��0� =
kBTM

�0�1 – 15�4 cos 4�0��2 , �11�

which is different from the equilibrium fluctuation spectrum
as used in Ref. �16�.

Combining the Fourier synthesis method and the time-
dependent linear stability analysis with surface-tension an-
isotropy, the dynamic evolution of planar stability can be
predicted. Here the numerical calculation is performed with
succinonitrile-0.43 wt. % C152 at G=20.2 K cm−1, V
=50 
m /s, which has been experimental investigated in
Ref. �15�. The chemical diffusion coefficient in liquid phase
D�0.45�10−9 m2 /s, partition coefficient k=0.05, Gibbs-
Thomson coefficient �=6.48�10−8 K /m, and the slope of
liquidus line m=−542 K /mol.

Recently the development of the phase field method with
a diffuse interface makes it facilitated to investigate the mi-
crostructure evolution during solidification �19,20�. There-
fore, phase field simulations are also performed for further
validation of this simple model. The phase field model
adopted here is presented by Echebarria et al. �20�, which
has been benchmarked by detailed numerical tests in two
dimensions. The simulations are performed in two-
dimension with explicit time stepping and finite differences
for the spatial derivatives. The calculation domain is
1200�1000 
m2. The diffuse interface thickness parameter
in the phase field model W=1 
m, dx=0.4 W. During cal-
culation, stochastic noise is imposed on the phase field
across the diffuse interface to simulate the effect of fluctua-
tions on the liquid/solid interface.

Obviously, the critical point of planar instability is af-
fected by the surface-tension anisotropy. The surface-tension
anisotropy does not influence the solutal diffusion process,
but affects the interface stability by changing the boundary
condition in the free boundary problem. The coupling rela-
tionship between the interface dynamics and the diffusion
process indicates that the dynamic evolution of planar insta-
bility depends on the strength of surface-tension anisotropy.
The simple model can quantitatively predict the planar insta-
bility with surface-tension anisotropy. The incubation time
and initial average wavelength of planar instability with
surface-tension anisotropy obtained from both the simple
model and phase field simulation are presented in Fig. 1.
Comparison of the results from the simple model and phase
field simulations shows a consistent regularity on the effects
of surface-tension anisotropy on planar instability: the incu-
bation time and initial average wavelength increases as
−�4 cos�4�0� increases. The discrepancy of incubation time
between the simple model and phase field simulations possi-
bly originates from the selected intensity of the background
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fluctuation in the phase field simulations. As to the average
wavelength, both the results from the present model and the
phase field simulations agree very well with each other,
which indicate that the simple model can predict the incuba-
tion time and initial average wavelength of the initial insta-
bility quantitatively.

Moreover, it is interesting to note the influence of the
background fluctuation spectrum on the results, which is also
shown in Fig. 1. It shows that the form of background fluc-
tuations does not have significant influence on the initial av-
erage wavelength �Fig. 1�b�� but will change the incubation
time significantly �Fig. 1�a��. The incubation time with equi-
librium fluctuation is about 28% smaller than that with uni-
form fluctuation; however, the discrepancy of initial average
wavelength is less than 6%. The Fig. 1�a� also indicates that
if the interface is less stiff, it has larger fluctuations with
smaller incubation time �the smaller of �0�1–15�4 cos 4�0�,
the smaller incubation time�. As to the influence on the wave
number, although the background fluctuations greatly depend
on the original spectrum, the evolution of the spectrum ac-
cording to the time-dependent linear stability analysis pre-
dominates during the transient stage. Therefore the back-
ground fluctuation spectrum does not influence the initial
average wavelength greatly as shown in Fig. 1�b�. It should
be noted that, although both the uniform fluctuation spectrum
and the equilibrium fluctuation spectrum show a good quali-
tative agreement with each other, based on the fluctuations of
solidification, the simple model with uniform fluctuation
spectrum has its physical footstones.

According to the above comparison, the initial average
wavelength is a more independent feature, which may be a
proper quantitative connection between the surface-tension
anisotropy of atomic scale and the microstructure. The ex-
perimental data from Ref. �15� are also plotted in Fig. 1. In

the experiment, the heat-flow direction is consistent with the
preferred crystallographic orientation, but the anisotropic in-
tensity of surface tension is unknown. The incubation time is
counted by second in experiments and affected by the inten-
sity of the background fluctuations, so the relative error is
quite large. Therefore here the comparison of incubation time
cannot provide useful information of surface-tension aniso-
tropy. However, the initial average wavelength is insensitive
to the intensity of the background fluctuation, so the intensity
of surface-tension anisotropy can be determined by compar-
ing the initial average wavelength from experiments and this
simple model. In Fig. 1�b�, �4 is estimated to be 0.004.
Therefore, the intensity of surface-tension anisotropy could
be evaluated by the initial average wavelength with proper
and systematic experiments using the present model.

Figure 2 shows the interface morphologies with surface-
tension anisotropy at t=9 s from phase field simulations
within the width of 300 
m, where the surface-tension an-
isotropy influences the interface modulation obviously. As �4
increases with a fixed misorientation angle �0, the critical
point of planar instability comes earlier with a smaller initial
average wavelength. For a given anisotropic intensity �4, the
dynamic evolution of planar instability is affected by the
value of cos 4�0. The surface-tension anisotropy destabilizes
the planar interface when cos 4�0�0, but stabilizes when
cos 4�00. The incubation time for �4=0.02, �0=0° and
�4=0.04, �0=15° is 9.68 s and 9.40 s, respectively; mean-
while, the incubation time for �4=0.01, �0=0° and
�4=0.02, �0=15° is 10.11 s and 10.29 s, respectively. This
reveals that the effect of surface-tension anisotropy on incu-
bation time is only dependent on the multiply of �4 and
cos�4�0�, which consists with the linear stability analysis
with surface-tension anisotropy and also has demonstrated
that the simplification of Eq. �4� is valid.

Figure 2 also shows the tilting interface morphologies
with surface-tension anisotropy for �0=15° and �0=30°.
However, this kind of tilting growth cannot be predicted by
the simple model. In the linear stability analysis, the surface-
tension anisotropy is shown to be irrelevant to the tilting
growth but the anisotropic kinetics is responsible to the ef-
fect �10–12�. The present simple model is also based on the
linear analysis; therefore, it cannot predict the tilting modu-
lation as shown in Fig. 2. However, previous simulation re-
sults and experimental investigations indicate that the
surface-tension anisotropy may be relevant for the fully non-
linear regime �5–9�. The planar instability for �0=15° and
�0=30° in Fig. 2 indicates the responsibility of surface-
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FIG. 1. �Color online� The incubation time �a� and the initial
average wave �b� length with surface-tension anisotropy from the
simple model and the phase field simulations.
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FIG. 2. The interface morphologies with surface-tension aniso-
tropy at t=9 s from phase field simulations.
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tension anisotropy for tilting growth. To clarify the tilting
growth in details, Fig. 3 shows the dynamic process of planar
instability before onset of planar instability obtained from
both the simple model �Fig. 3�a�� and phase field simulations
�Fig. 3�b��. The wave number in Fig. 3 is almost constant
after modulation appears, which is the reason of that the
present model can predict the initial average wavelength
very well even it cannot explain the tilting growth. The in-
terface modulation is well-balanced without leaning to the
right side at earlier. As time increases, the amplitude of
modulation enlarges. During the amplification, the tip point
moves to right and the bottom point moves to left, which
result in the tilting morphology in the phase field simulation.
For the interface morphology from the simple model, the
modulation is still normal without lean. It can be inferred
that the tilting modulation do not appear at the early insta-

bility stage. In the linear growth regime, the anisotropic sur-
face tension does not lead to the tilting grow, while in the
nonlinear growth regime, the misaligned orientation of
surface-tension anisotropy does induce the traveling-wave
modulation after the planar interface instability.

To summarize, a simple model with surface-tension aniso-
tropy based on the time-dependent linear stability analysis is
proposed, which can predict the incubation time and the ini-
tial average wavelength very well except the tilting growth
onset of initial planar instability. Phase field simulations vali-
date the results from the simple model and clarify that the
surface-tension anisotropy can induce tilting growth in the
nonlinear growth regime of planar instability. Investigations
on the onset of initial planar instability with surface-tension
anisotropy reveal that the crossover point of planar instabil-
ity and the initial microstructure are strongly influenced by
the surface-tension anisotropy. The tilting growth appears at
the onset of the initial planar instability due to the nonlinear
effect of misaligned orientation of surface-tension anisotropy
with heat flow.
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No. 17-TZ-2007, No. 03-TP-2008, and No. 24-TZ-2009� and
the Doctorate Foundation of Northwestern Polytechnical
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APPENDIX

In the boundary condition with surface-tension anisotropy

cos 4�� + �0� = cos 4� cos 4�0 − sin 4� sin 4�0. �A1�

With infinitesimal perturbation on the planar interface

�cos ��2 = 1 + hx
2, �A2�

cos 4� = 2�cos 2��2 − 1 = 2�2�cos ��2 − 1�2 − 1

= 1 + 8�cos ��4 − 8�cos ��2, �A3�

where hx
2 is a higher order infinitely small quantity. Therefore

in the linear instability analysis cos 4� can be taken for one
and then sin 4� is zero.
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FIG. 3. �Color online� The dynamic evolution of planar instabil-
ity with �4=0.04, �0=15° �a� from the simple model, �b� from
phase field simulations.
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