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Alignment of velocity and vorticity and the intermittent distribution of helicity
in isotropic turbulence
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We provide an observation suggesting a strong correlation between helicity and enstrophy in fluid turbu-
lence. Helicity statistics were obtained in a direct numerical simulation of forced isotropic turbulence. An
investigation of coherent structures revealed that intermittently large local helicity was found in the core region
of the coherent rotational structures, thus showing a strong correlation with local enstrophy, not dissipation.
Statistics regarding the relative helicity and the correlation between velocity and vorticity conditioned on
different levels of enstrophy clearly suggest that velocity and vorticity tend to be aligned in the core of the

coherent structures.
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Local helicity H, defined by H=u- w, where u is velocity
and w is vorticity, has been known to play an important role
in the evolution and stability of laminar and turbulent flows
[1]. In particular, several aspects of the role of helicity in
turbulent flows have been investigated, including the helicity
cascade [2-8], helicity spectra and dissipation [9-13], the
helical nature of coherent structures [14—17], and even the
pure mathematics [18].

The intermittent distribution of local helicity is an inter-
esting phenomenon in fluid turbulence. Intermittency of local
helicity can be studied in two contexts. First, helicity has
some connection with nonlinear energy transfer, represented
by u X w, which naturally involves energy dissipation which
is also an intermittent quantity. Helicity has a function to
depress the nonlinear energy-transfer process [19-26]. This
can be understood via the rotational form of the Navier-
Stokes equations, %+u X w:—V(ﬁ+ %uz) +vAu, and a trigo-
nometric identity, (u X @)?/(|[u)?|@[?)+ (- )/ (ju*|w|?) =1,
showing that when velocity and vorticity are parallel with
each other, nonlinear energy transfer is prohibited. This is
consistent with a previous observation that regions which are
predominantly occupied by uX w and u-w do not overlap
each other [16].

Alternately, helicity can be investigated in connection
with local enstrophy, which is another intermittent quantity.
Local helicity distributed on the turbulent structures has
some nontrivial correlations with local enstrophy
[14-16,27]. Given that helicity is an interaction between the
velocity and vorticity vectors and the interaction is fully
manifested on the turbulent structures, it is natural to exam-
ine the relation between local helicity and local enstrophy.

The aim of this Brief Report is to explain the cause of the
intermittency of helicity in relation to coherent vortical struc-
tures. Similar approaches to explain the intermittencies of
enstrophy and dissipation in connection with vortical struc-
tures have been reported [28-30]. In our study, distinctive
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correlations between helicity and enstrophy will be sug-
gested. Also, the alignment between velocity and vorticity
vectors is investigated near the vortical structures.

The calculations performed in this Brief Report were ob-
tained by direct numerical simulations. The governing equa-
tions, including the Navier-Stokes equation and the continu-
ity equation, were solved by employing a spectral method for
spatial discretization and the third-order Runge-Kutta
scheme for time advancement in a (27)° cubic domain. Most
calculations were carried out with 64° and 128> grid numbers
and the resulting R, are around 46 and 87, respectively. Re-
sults with 643 grids were not reported in this Brief Report,
but were only briefly stated for comparison to the calcula-
tions with 128 grids. For the maintenance of stationarity, we
used the forcing scheme proposed by Eswaran and Pope [31]
so that the artificially forced low-wave-number velocity
components generate statistically stationary turbulence
fields. This forcing scheme produces zero mean helicity, but
nonzero local helicity.

It is important to briefly mention the influence of the
large-scale forcing. It is well known that large-scale forcing
can strongly influence small-scale structures in relatively low
Reynolds number calculations. However, as pointed out in
the previous studies [31-37], the effects presented by the
large-scale forcing calculated in similar situations to our cal-
culations are either negligible or not as strong. The results
for 643 grid size with a R, around 45 would produce more
forcing-dependent property, but they exhibited similar results
to the calculation for 1283 and R,=87: all statistics such as
energy spectrum, probability distributions of enstrophy, en-
ergy dissipation, helicity, and alignment fashion are similar,
regardless of resolution or Reynolds number.

Probability distribution functions (PDFs) of helicity [Fig.
1(a)] are compared to PDFs of other quadratic quantities
such as dissipation and enstrophy. Helicity and other quanti-
ties are normalized by their rms values or mean values. The
PDF of helicity has a longer tail compared to the Gaussian
distribution, but helicity is less intermittent than enstrophy or
dissipation. This comparison is consistent with the previous
studies [28,38,39] about the intermittencies of strain rate,
vorticity magnitude, local enstrophy, and local dissipation.
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FIG. 1. Probability distributions of the helicity field. (a) PDFs of the Gaussian distribution, helicity (H/H,,), dissipation (€/{e)), and
enstrophy (/(€2)). (b) Conditional PDFs of helicity [ P(H/Hpn ()] normalized by the rms value of the total helicity field, conditioned by
the following four different local enstrophy levels: (Q) =Q =4(() (dash-dot-dotted line), 4(Q2) =Q=16(Q)) (dash-dotted line), 0 =Q <
(the total enstrophy field) (solid line), and 16¢(Q) = =64(Q) (dashed line).

The conditional distributions of the helicity normalized by
the rms value of the whole data set were investigated in
terms of four different levels of local enstrophy [Fig. 1(b)].
Figure 1(b) presents statistical data relating to the intermit-
tency of helicity with the following four different local en-
strophy levels: (Q)=0=4(Q), 4Q)=Q=16(Q), 16(Q))
=0=64(Q), and 0= <. Here, the quantity in brackets
denotes mean value. Events in the range of 64¢Q)) <) <o
are so rare, much less than a few percent, that most of the
intense rotations are manifested in the events in the 16(())
= () =64(Q) range of our calculation. The helicity field con-
ditioned on 16{Q)) =) = 64(()) seems to make the most sub-
stantial contribution to the long tail of total helicity, com-
pared to those for other levels of enstrophy. From this, we
can conclude that the intermittency of the spatial distribution
of the helicity fields is closely related to the high enstrophy
regions or intensely rotating structures.

This close relation between the intermittent distribution of
helicity and high enstrophy is not surprising. It is evident
probably from the definition of helicity that if vorticity is
sufficiently high, then helicity is probably high as well. How-
ever, helicity is determined not only by the magnitude of
vorticity, but also by the angle between velocity and vortic-
ity. Thus, Fig. 1(b) provides the first clue that most intermit-
tent distributions of helicity are intimately related to the dis-
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tribution pattern of helicity on the highly rotating structures.
Before investigating the behavior of angles in association
with the rotational structures, we examine the correlations
between helicity, enstrophy, and dissipation.

The correlation between dissipation and enstrophy was
investigated due to the similar but different scaling expo-
nents of enstrophy and dissipation in low Reynolds turbulent
flows [39-42]. Furthermore, enstrophy and dissipation are
closely related to the intermittency of acceleration [28-30].
Based on measurements of the velocity gradient tensors at
fixed points, Zeff er al. [28] suggested a typical sequence in
which rapid strain increasing comes first, followed by vortic-
ity rising, and finally the strain experiences a sudden decline.
Lee et al. [29] and Lee and Lee [30] showed that the source
of the intermittency of acceleration of fluid turbulence is lo-
cated around the edges of the vortical structures and the peak
of acceleration is found between the regions dominated by
enstrophy and dissipation.

Observations (Fig. 2) of correlations between helicity and
enstrophy and between helicity and dissipation indicate the
following: high values of helicity are always accompanied
by high values of enstrophy. However, there is not a remark-
able correlation between helicity and dissipation. This obser-
vation suggests that helicity has a more pronounced correla-
tion with local enstrophy than with local dissipation. Figure
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FIG. 2. Correlation between helicity, enstrophy, and dissipation. (a) Enstrophy vs helicity. (b) Dissipation vs helicity.
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FIG. 3. Statistics of the helicity fields conditioned on four different enstrophy levels. (a) PDF of the relative helicity fields. (b)
Distributions of the normalized helicity fields. Line legends are the same as in Fig. 1.

2(a) shows that for a given value of local helicity, the local
enstrophy seems to have a lower bound since when local
enstrophy vanishes, local helicity cannot have a finite value.
However, for a nonsmall helicity, the local dissipation can
vanish, which is possible near the core of vortical structures
where the velocity field is almost solid-body rotation.

For a more detailed characterization of helicity in relation
to vortical structures, we carried out two kinds of numerical
experiments. The first observed quantity is relative helicity,
defined by cos f=u-w/|u||@|. The relative helicity field,
cos 6, should be distinguished from the helicity fields, u- w.
Relative helicity is irrelevant to the magnitudes of velocity
and vorticity and is only related to the directions of the in-
teractions between the velocity and vorticity vectors. Rela-
tive helicity can be understood as, on average, the tendency
of the alignment between the velocity and vorticity vectors.
This matter has been discussed for various flows such as
homogeneous and isotropic turbulence [19,21,43,44], the
Taylor-Green vortex [20,22], channel flows [20,21], rota-
tional flow [45], and the boundary and mixing layers [46].

Here, we investigated the relative helicity in terms of con-
ditioned enstrophy levels. Figure 3(a) shows that events with
6 close to 0° or 180° are more probable and more prominent
in the case conditioned on 16{Q)) = =64(Q)). This obser-
vation indicates that alignment is remarkably prominent in
the region where rotation is strong, which corresponds to the
core region of a vortex tube.

In the second experiment, which was conducted to iden-
tify the correlation between helicity and enstrophy, a new
quantity defined by I=(u-)/({|u|)|ew|)cos ) is investi-
gated with the same conditions for enstrophy as used in the
previous experiment. If there is no correlation at all between
the two quantities, / will be uniform at 1. As illustrated in
Fig. 3(b), the correlations between velocity and vorticity are
remarkable in the events close to 0° or 180°, especially in the
range of 16(Q)) =0 =64(Q).

For example, the alignment between the velocity and vor-
ticity vectors, especially in high enstrophy regions, is shown
in Fig. 4. Tubelike shapes in the cubic box are isosurfaces at
Q=10 (Q). Color contours on the surface of the structures
indicate the angles formed by the velocity and vorticity vec-
tors, which are calculated from the relative helicity. As we
approach the core region of the structure, enstrophy rapidly

increases and highly rotating motion is presented. At the
same time, as presented in the previous discussion, the ve-
locity and vorticity vectors tend to be parallel with each
other. The inset shows the isosurface at 1=30 ({)), which
comes from the enclosed region at =10 (()), clearly con-
firming the dominant alignment trend.

By combining the results of both experiments on relative
helicity and the correlation of /, we can summarize that high
values of helicity usually occur on the intensely rotating
structures and that velocity and vorticity in those regions
tend to be aligned. The alignment of the velocity and vortic-

FIG. 4. (Color online) Isosurfaces of enstrophy at Q=10(Q)
and the colors on the surface denote the distribution of angles
formed by the velocity and vorticity vectors. Inset presents the dis-
tributions of the angles on an isosurface of a high value of enstro-
phy, Q=30(Q).
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ity vectors on the intensely rotating structures is not a trivial
event that can be suggested directly from the definition of
local helicity.

On the other hand, an investigation of the statistics of
velocity conditioned by the same levels of local enstrophy as
in the previous experiment clearly shows that the distribu-
tions of velocity are almost the normal distribution regard-
less of conditional values of enstrophy. This indicates that
velocity itself makes a smaller contribution to the alignment
or intermittent nature of helicity.

In summary, the intermittency of helicity, which is a
consequence of the complex behavior of the turbulent struc-
tures, is found to be intimately related to the coherent vorti-
cal structures, especially the highly rotating structures (Fig.
1). The highest enstrophy interval contributes most to the
formation of the intermittency of helicity. Meanwhile, on
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those structures, the velocity and vorticity vectors tend to be
parallel, indicating that the nonlinear cascade to small scales
is prohibited near the core of vortical structures, thus sustain-
ing itself a little further. These observations of the correla-
tions between helicity, dissipation, and enstrophy support the
intimate relationship between helicity and enstrophy. Our
finding of the trend between velocity and vorticity vectors in
association with vortical structures will be useful for vortex
identification [47,48] as well as for better understanding of
the role of helicity in fluid turbulence.
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