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For controllable generation of an isolated attosecond relativistic electron bunch �relativistic electron mirror
�REM�� with nearly solid-state density, we proposed �V. V. Kulagin et al., Phys. Rev. Lett. 99, 124801 �2007��
to use a solid nanofilm illuminated normally by an ultraintense femtosecond laser pulse having a sharp rising
edge �nonadiabatic laser pulse�. In this paper, the REM characteristics are investigated in a regular way for a
wide range of parameters. With the help of two-dimensional �2D� particle-in-cell �PIC� simulations, it is shown
that, in spite of Coulomb forces, all of the electrons in the laser spot can be synchronously accelerated to
ultrarelativistic velocities by the first half-cycle of the field, which has large enough amplitude. For the process
of the REM generation, we also verify a self-consistent one-dimensional theory, which we developed earlier
�cited above� and which takes into account Coulomb forces, radiation of the electrons, and laser amplitude
depletion. This theory shows a good agreement with the results of the 2D PIC simulations. Finally, the scaling
of the REM dynamical parameters with the field amplitude and the nanofilm thickness is analyzed.
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I. INTRODUCTION

Laser generation of attosecond relativistic electron beams
is currently a topic of very intense research. Attosecond elec-
tron beams can provide time-resolved studies in physics, bi-
ology, chemistry, etc., with the attosecond time-scale reso-
lution, which constitutes the main advantage of these beams.
Such beams can be used in a large variety of applications,
among them are attosecond physics and chemistry �1–3�, ad-
vanced accelerators and free-electron lasers �4,5�, different
technological applications, and many other fields. Besides,
with the help of ultrashort relativistic electron bunches,
bright ultrashort x-ray pulses can be generated using a Th-
omson backscattering of the probe laser beam �6�. Such
pulses are particularly useful for x-ray spectroscopy �7,8�
and other applications �9�. If a length and a spread of the
electron momenta for an ultrashort electron beam can be
small enough, then even coherent x-ray pulses can be gener-
ated, which can also be used in many fields �10–12�. In all
applications, one needs to control precisely the parameters of
the attosecond electron beams, including their length, charge,
mean energy, energy spread, and so on.

In high-density �overcritical� plasmas, two mechanisms
for generation of ultrashort electron beams—the v�B heat-
ing and the vacuum heating—were investigated by two-
dimensional �2D� particle-in-cell �PIC� simulations �13,14�
and were confirmed by experiments �15,16� recently. Here,
Lorentz force ejects electrons one or two times per laser

period out of plasma �reflection mode� or accelerates elec-
trons in the low-density preplasma in the direction of the
laser pulse with their subsequent penetration through the
bulk plasma �transmission mode�. Electron ejection and ac-
celeration are irregular in this mechanism, thus explaining
the wide energy spread of generated electrons and difficulties
with controlling the beam parameters. The length of the elec-
tron beam here is about the laser pulse length, besides, the
electron beam has a typical microbunching �tapering of den-
sity� having laser or half-laser wavelength period �train of
electron microbunches�. The practical possibility for isola-
tion of a single microbunch is not evident here.

In low-density �underdense� plasmas, ultrashort electron
beams can be generated by laser wake field acceleration
mechanism �4,17,18�. A single electron bunch can be pro-
duced here, but the length of the bunch is usually not shorter
than 3–5 �m �tens of femtoseconds�. In a vacuum, a single
ultrashort electron beam can be generated through laser com-
pression of a longer electron beam �see, e.g., test particle
�19� and one-dimensional �1D� PIC �20,21� simulations�.
However, the charge of the bunch here is considerably
smaller than 1 pC. The same compression can be applied
for thin �1 �m and less� plasma layers of low �gas� density
�1D calculations �22–24��, but the practical realization of
such layers is under question now.

We proposed earlier �25� to use a nanofilm �film with a
thickness of 10 nm or less� as a solid-state density target for
generation of an attosecond relativistic electron bunch. It
was shown that, when this target is irradiated normally by a
superhigh intensity laser pulse with a sharp rising edge
�nonadiabatic laser pulse�, all electrons of the plasma layer
can achieve relativistic longitudinal velocities synchronously
when the dimensionless field amplitude becomes large
enough, a0�� �a0= �e�E0 / �mc��, �=���p

2 /�2��l /��, where
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e and m are the charge and the mass of an electron, c is the
speed of light, E0, �, and � are the amplitude, the frequency,
and the wavelength of the laser field in a vacuum, �p
=�4�n0e2 /m is the characteristic plasma frequency, and n0
and l are the density and the thickness of the nanofilm�. This
scheme has the following features: �i� only a single electron
bunch of attosecond length is generated, �ii� the charge of the
bunch can be very large ��10 nC�, and �iii� the parameters
of the bunch can be controlled relatively easily. The diameter
of the resulting electron bunch turns out to be considerably
greater than its length, so we will call such a bunch a rela-
tivistic electron mirror �REM� below. The feasibility for gen-
eration of such an attosecond electron bunch was demon-
strated for the first time �25� by using virtual experiments,
i.e., 2D PIC simulations. It was shown that the new effect of
“charge freezing,” consisting in a slow �in a time scale of
longitudinal acceleration� removal of the electrons from the
central part of the REM even when the laser beam diameter
is not extremely large, plays an important role in the evolu-
tion of the REM and allows for the REM to keep initial
surface charge density during all its lifetime. This feature
substantially affects the practical realization of the scheme
and cannot be derived from the 1D simulations �20,22–24�
before. Furthermore, a new self-consistent 1D theory to ex-
plain the acceleration process was developed �25�. In the
gaslike low-density plasma, consideration of only Coulomb
interaction is enough to explain most phenomena �21�, but in
the solidlike high-density plasma we found that other physics
mechanisms such as the laser field depletion, strong radiation
of the accelerated electrons, and high radiation friction play
very crucial roles in the acceleration process. Hence, our
theory includes all of these effects in the model. This theory
allows us to calculate all parameters of the REM electrons,
i.e., trajectories, momenta, energies, etc., and turns out to be
in a good agreement with the 2D PIC simulations.

In this paper, the REM characteristics are investigated in
a regular way for a wide range of parameters. With the help
of the 2D PIC simulations, we study the role of the laser
pulse amplitude and the nanofilm parameters �thicknesses
and density� in the process of REM generation. For different
nanofilm density and constant thickness, we �i� determine the
laser amplitude threshold for the process of the REM gen-
eration, �ii� reveal the dependences of the maximal energy of
electrons, the energy spread, and the lifetime of the REM on
the field amplitude and parameter �, and �iii� compare the
PIC results with the predictions of the self-consistent 1D
theory �25� and verify a good agreement. Besides, we inves-
tigate the dependence of the REM parameters on initial
thickness of the nanofilm with constant parameter � �initial
density was changed in accordance with initial thickness�.
And finally based on the developed theory, the scaling of the
REM dynamical parameters with the field amplitude and the
nanofilm thickness is analyzed.

The main condition for realization of the proposed gen-
eration scheme is the availability of nonadiabatic laser
pulses. Recently, a few-cycle laser pulses with very sharp
fronts have been generated experimentally �26,27� and, in
the near future, one can expect the generation of few-cycle
laser pulses of petawatt and even exawatt �1018 W� levels
�28�. The other problem for experimental realization of the

proposed scheme is the production of a nanofoil. Solid films
with a thickness of around 10 nm are available routinely in
experiment �29–31�. However, as we will show below, the
better results in terms of maximal energy and energy spread
can be achieved for the smaller thickness of the target around
1–3 nm. In this case, graphene sheets �32–34� can be used as
a target. The other possibility is to use liquid crystal films,
which thickness can be adjusted by changing the temperature
�35–37�.

If attosecond electron bunches are expected to be used for
injection or other stand-alone applications, they can be ex-
tracted from the electromagnetic wave just at their peak
energy with the help of a plasma separator �38–40�. For gen-
eration of an attosecond high-frequency electromagnetic ra-
diation with the help of the REM, extraction of the attosec-
ond electron beams from an electromagnetic wave is not
necessary. In this case, the REM can be directly used for
Thomson backscattering a probe counterstreaming laser
pulse with frequency upshifting and amplitude enhancement.
One-dimensional studies of this process are presented in
�22–24,41�, where the requirements for the REM parameters
and characteristics of the up-shifted probe beams are speci-
fied. This two-pulse method allows us, in principle, to con-
trol all parameters of the converted electromagnetic pulse in
a full extent �duration, frequency, shape of an envelope,
carrier-envelope phase, etc.� in contrast with the case of a
one-pulse method of overcritical plasma excitation �42� or
with the case of free-electron lasers �43�, where it is not easy
to change the parameters of the produced pulse. In the two-
pulse generation scheme, dynamical properties of the REM
directly influence the statistics of the generated high-
frequency radiation. Therefore, an investigation of the dy-
namic behavior and parameters of the REM is a very impor-
tant issue. Some recent studies on these problems can be
found in �44,45�.

The paper is organized as follows: PIC simulations for the
REM generation are presented in Sec. II. In Sec. III, one-
dimensional theory for the REM generation is derived. In
Sec. IV, REM characteristics for different parameters are
specified and comparison between the 1D theory and the 2D
PIC simulations is presented. In Sec. V, the change in the
REM parameters with nanofilm initial thickness �keeping �
constant� is analyzed. The scaling of the REM parameters
with � and laser pulse amplitude a0 is considered in Sec. VI.
Section VII concludes the discussion.

II. PIC SIMULATIONS FOR THE REM GENERATION

To study the characteristics of the REM, we performed
2D PIC simulations with the OSIRIS �46� and with the XOOPIC

�47� codes. We used linearly y-polarized laser pulses ��
=1 �m�, running along the z axis in the positive direction
and having two different beam waists w0 at focus: kw0=50
�laser spot size is 2w0�16�� and kw0=12.5 �laser spot size
is about 4��, where k=2� /�. To reduce the Coulomb expan-
sion of the REM, one needs to decrease �, which is propor-
tional to the surface density of electrons n0l �22–24,48�. So
in simulations, we used three different nanofilms �positioned
at the beam focus� with the parameter � equals 1, 3, or 10.
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These correspond to the nanofilms with thickness from 1 to
10 nm if a reasonable solid-state density n0=318.3ncr is con-
sidered, where ncr is the critical density �for convenience, in
the PIC simulations, we changed the density instead of the
thickness�. The plasma was assumed to be preionized and
collisionless with the ions mass mi=3671m. A laser pulse
with a Gaussian transverse profile and a steplike longitudinal
envelope was used; the duration of the laser pulse was 3�.
The physics of the REM generation depends primarily on the
ratio a0 /� �25�. So to reduce the simulation time and to
achieve a reasonable accuracy, the set of laser pulse ampli-
tudes for each � was chosen as a0=4�, a0=6�, and a0
=10�. In the simulations, the so-called moving window tech-
nique was adopted. For the OSIRIS simulations, we used 630
grid points per � along the longitudinal direction and
16�w0�8�� or 63�w0�2�� grid points per � along the trans-
verse direction, and 256 particles per cell were employed
�total number of particles is about 8�105�. Generally speak-
ing, XOOPIC simulations require several times more grid
points per � to achieve the accuracy similar to that of the
OSIRIS simulations, however, each time step is calculated
faster with the XOOPIC code. So, for the laser pulse ampli-
tudes of 4� and 6�, we used 2500 grid points per � along the
longitudinal direction and 20 grid points per � along the
transverse direction �for the XOOPIC simulations, only the
laser pulse with w0�8� was used�, and 200 particles per cell
were employed �total number of particles is about 4�106�.
For the longer XOOPIC simulations with a0=10�, we used
10 000 grid points per � along the longitudinal direction with
50 particles per cell �but still the accuracy of the simulations
was lower than for the two previous cases�.

Phase spaces z−y and pz−y �the momentum pz is normal-
ized by mc� are presented for two different times, t=2.1T0
and t=3.2T0, in Fig. 1 �see also �25��. Here w0�8�, T0 is the
laser cycle, the direction of the laser pulse is shown with the
red arrow, and the motion of the electrons is recalculated into
the laboratory system. These phase spaces �and all other
simulation results in this section� were obtained with the
OSIRIS code for �=10 and a0=60. The electrons near the
laser beam axis �y=16�� form the REM. Due to a snowplow
action of the laser pulse �22–24,49�, all electrons are re-
moved from the central part of the nanofilm and are acceler-
ated longitudinally to relativistic velocities. Because of large
Coulomb forces, the electrons in the left side of the REM
�called left electrons below� turn back at some time while
other electrons continue to move to the right. Thus, left elec-
trons on the laser beam axis turn back at about t�3.82T0 �cf.
Fig. 3�; this time can be defined as a lifetime tl of the REM
for �=10 and a0=60. The position of the first turning point
of the left electrons depends primarily on the ratio of the
parameters a0 and �. Therefore, because of the Gaussian
transverse profile of the laser pulse, the diameter of the REM
gradually decreases with time �for t� tl, the diameter of the
REM is about zero�. However, even after the turn of all left
electrons, major part of the electrons continues to move,
forming partial REM with the full thickness of about �. On
the edges of the REM, the laser pulse produces usual heating
of the plasma �e.g., near y=8� and y=24� in Fig. 1�.

During acceleration, the REM “eats away” the first half-
cycle of the laser pulse �amplitude transmission is less than

10%�, so by the end of the REM lifetime, the first half-cycle
of the laser pulse almost totally disappears. On the other
hand, the subsequent laser half-cycles remain almost intact
so the parameters of the REM depend mainly on the first
half-cycle, which generates the REM.

The phase spaces for w0�2� and �=10, a0=60 �Fig. 2�
look very similar to those presented in Fig. 1, with the only
important differences being the fourfold decrease in the
REM dimension along the y axis and larger asymmetry of
the plots, which arises due to the more evident motion of the
REM electrons in laser field along y direction. The lifetime
for this case is about tl�3.7T0. This means that the consid-
ered process is effectively quasi-one-dimensional and has a
regular character.

We suppose below that just the most left and the most
right electrons define the REM longitudinally. Actually, a
more rigorous definition can involve the notion of the critical
density ncr, i.e., the edges of the REM can be defined as
points, where the density of the REM is equal to ncr. In this
case, to get the smooth electron density dependence, one
needs to average the cell density over several grid cells. All
the grid cells on the laser beam axis below the most left
electrons and above the most right electrons are empty �cf.
the insets of Fig. 3�. So with the averaging procedure, the
rigorously defined boundaries of the REM will be several
grid cells away from the boundaries, defined with our ap-
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FIG. 1. �Color online� Phase spaces �a� and �c� z−y and �b� and
�d� pz−y for the electrons accelerated by the laser pulse having the
waist w0�8� �25� for t=2.1T0 �upper panels� and t=3.2T0 �lower
panels�, where T0 is the laser cycle. The direction of the laser pulse
is shown with the red arrow.
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proach. For the fine grids in our simulations, the difference
between two definitions occurs to be negligible, but our defi-
nition is much simpler that is why we adopted it. Besides, as
we will see in Sec. V, for such a thin target, the physics of

interaction is determined primarily by the parameter � �and
a0� and not by the density of the target only �in contrast with
a case of a semi-infinite plasma�.

The coordinates of the most left and the most right elec-
trons of the REM as functions of time for the case of �
=10, a0=60, and w0�8� are shown in Fig. 3 �25�. The full
thickness of the REM in the central part is considerably
smaller than � �see also Fig. 4� right up to the first turning
point of the left electrons, where it is about � /2�kl���. The
full thickness of the REM near t=2.1T0 �where the momenta
pz of the REM electrons are close to the maxima; cf. Sec. IV�
is only about � /10 �cf. insets of Fig. 3�, i.e., about 300 as
�the full length at half maximum here is only about 90 as�.
Such a small thickness is provided partially by the very small
initial value for l and partially by the compressing magnetic
forces due to synchronous movement of the electrons along
the y direction �22,24�. Also, the REM remains strongly
overcritical during all the lifetime.

The full thickness l �multiplied by 10� and the surface
charge density �c of the REM as functions of the transverse
coordinate y are presented in Fig. 4 ��=10, a0=60, and w0
�8�� for two different times �see also �25��. It is remarkable
that, during the evolution, the surface charge density �c of
the REM remains close to the initial value �=10 for the
nanofilm, and there is almost no charge removal from the
central part of the REM to the peripheral parts even for a
moderate diameter of the laser beam. We called this feature a
charge freezing effect of the superintense nonadiabatic laser
pulse as opposed to the well-known drilling effect of an adia-
batic laser pulse. Also, inside the REM, l and �c change
smoothly indicating the coherence of the electron move-
ments contrary to the outer regions, where the electrons
move chaotically and �c changes very rapidly. The same
figures for the smaller beam size w0�2� are presented in
Fig. 5, where the background electrons near the initial posi-
tion of the nanofilm were removed during calculation �cf.
Fig. 2�. Again, the graphics in this figure are very similar to
Fig. 4 with rescaling of the y axis by four times, and the
greater asymmetry can be seen.

So the REM is a transient coherent structure, in which all
electrons move synchronously. It exists only for a limited
period of time. In the above simulations, the lifetime of the
REM is about four laser periods �13 fs�. Larger values for a0
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or smaller values for � can increase the lifetime of the REM
up to tens �see below� or even hundreds of femtoseconds
�24�. If a0 is less than some threshold, which depends on
�, the REM will not be formed at all �cf. Sec. IV�, and only
the well-known heating of the plasma by the laser pulse
�13,15,16� will result.

III. ONE-DIMENSIONAL THEORY
FOR THE REM GENERATION

Let us now elaborate the 1D theory for the generation of
the REM �25�. The nanofilm will be modeled with a set of
electron sheets �ESs�, each numbered by its initial coordinate
z0� �0, l�. The laser field will be modified by virtue of an
interference with radiation emitted by these ESs, and the
motion of the ESs will be defined by the combined electro-
magnetic field �the self-consistent model should be used here
since �	1 and the modification of the initial laser field is
considerable �22,24��. The fields of one ES can be deter-
mined by 1D analogs of the classical Lienard-Wiechert solu-
tions �22,24,50�,

Ez�z,t� = 2�
 sgn�z − Z�t��� ,

E�e�z,t� = − 2�

���t��

1 − �z�t��sgn�z − Z�t���
,

He�z,t� =
2�
 sgn�z − Z�t�������t�� � ez�

1 − �z�t��sgn�z − Z�t���
, �1�

where E�e=Exeex+Eyeey, v�=vxex+vyey, and t� is the re-
tarded time,

c�t − t�� = �z − Z�t��� . �2�

In these equations, we suppose that charge and current den-
sities for the ES are ��z , t�=

�z−Z�t�� and j�z , t�
=
v�t�
�z−Z�t��, where 
 is the surface charge density for
the ES and Z�t� is the longitudinal coordinate of the ES.

The total field of the plasma layer is equal to the sum of
the fields of all ESs,

Ezs�z,t� = 2�en0	
0

l

sgn�z − Z�z0,t��dz0,

E�s�z,t� = − 2�en0

�	
0

l ���z0,t��z,z0,t��
1 − sgn�z − Z�z0,t�� · �z�z0,t��z,z0,t��

dz0,

Hs�z,t� = 2�en0

�	
0

l sgn�z − Z�z0,t��
1 − sgn�z − Z�z0,t�� · �z�z0,t��z,z0,t��

����z0,t��z,z0,t��ezdz0, �3�

where Z�z0 , t� is the longitudinal coordinate of the ES with
the initial coordinate z0� �0, l� and the retarded time
t��z ,z0 , t� is different for different ESs and can be determined
by Eq. �2�.

Inserting these expressions into equations of motion for
the ES with the coordinate z0, one can arrive at the nonlinear
integrodifferential equation with delay �24�, which contains
the ES variables only. In general case, this equation can be
solved only numerically; the solution should be computed
for a large number of ESs simultaneously to evaluate the
integrals that requires large computational resources.

To reduce the system, we will use the following simplify-
ing assumptions. Our goal is to describe the initial coherent
stage of the nanofilm’s evolution when the thickness of the
nanofilm is small, l��, and there is neither heating of the
nanofilm nor turbulent motion of the ESs. Then, we assume
that �i� the radiation field of each ES immediately acts on the
other ESs �so there is no delay and t�� t� and �ii� there are no
intersections of trajectories of the ESs �so the Coulomb force
between each ES and other ESs are constant in time; cf. first
equation in Eqs. �3��. Besides, the field amplitude is sup-
posed to be high and l��, so we assume that �iii� the ESs
are immediately removed from the ion layer after beginning
of the interaction �so the Coulomb force acting on each ES
from the ions is also constant in time�. Then, we obtain for
the ES with the initial coordinate z0 the following equations
of motion:

dpy

d��t�
= − a0ey

�

�
− �
I1

�

�
+ I2

1 + py
2

��
� ,

d�

d��t�
=

2�

�

��� −

z0

l

 − pyI2� , �4�

where ey =sin��t−kz� is the time dependence of the laser
field, p=�v /c is the normalized momentum of the electrons
with velocity v, �= ��1−v2 /c2�−1, and �=��Z�z0 , t�� is the
step function: ��x�=0 for x�0 and ��x�=1 for x�0. The
integrals I1�z0 , t� and I2�z0 , t� are defined by the following
expressions:

I1�z0,t� = l−1	
0

z0 py�z0�,t�dz0�

��z0�,t�
,
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FIG. 5. �Color online� Thickness l �multiplied by 10, red line
marked with symbols 10l /�� and surface charge density �c �blue
line marked with symbol �c� for the REM with �=10 formed by
the laser pulse with the amplitude a0=60 and the waist w0�2� ��a�
t=2.1T0 and �b� t=3.2T0; background electrons are removed�. Note
the different horizontal scales here and in Fig. 4
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I2�z0,t� = l−1	
z0

l py�z0�,t���z0�,t�dz0�

1 + py
2�z0�,t�

. �5�

Physically, the integral I1 describes the action of the radiation
field of all left ESs on the ES with coordinate z0 and I2
describes the action of the radiation field of right ESs. Thus,
the integrals I1 and I2 provide for collective radiation friction
force, which acts on the ES with coordinate z0, and the
model is fully electromagnetic �note that a “true” radiation
friction force, which originates from the own radiation of
this ES, can be neglected when the total number of the ESs is
large enough and their motion is coherent�.

Above, we introduce the parameter �=�− pz. Then as
usual, � and pz can be calculated with equations

� =
1 + py

2 + �2

2�
,

pz =
1 + py

2 − �2

2�
. �6�

Equations �4� are derived for the coherent evolution of the
nanofilm when l stays considerably smaller than �; so to
evaluate the integrals I1 and I2, we suppose that the inte-
grands in Eqs. �5� can be represented in any internal point
z0� �0, l� as a linear interpolation of their values on the ends
of the interval, i.e., at points z0=0 and z0= l. Then, one has
that �l=1 and

dpy0

d��t�
= − a0ey

�0

�0
−

�

2�0
�py0 +

pyl

�0

1 + py0
2

1 + pyl
2 
 ,

d�0

d��t�
=

��0

�0

2��Z0� −

py0
2

1 + py0
2 −

py0pyl

�0�1 + pyl
2 �� ,

d�kZ0�
d��t�

=
1 + py0

2 − �0
2

1 + py0
2 + �0

2 ,

dpyl

d��t�
= −

a0ey

�l
−

�

2�l
�pyl +

py0

�0

 , �7�

where indices 0 and l stand for the left �z0=0� and the right
�z0= l� ESs. So equations of motion of all ESs are reduced
now to the coupled nonlinear system of equations for the two
outer ESs, which can be easily solved numerically.

A further step is to derive some analytical insight into the
dynamical characteristics of the nanofilm. As one can see,
Eqs. �7� have no exact analytical solutions. To uncouple
equations for the left and the right ESs and to get the
approximate analytical solutions, we suppose that py0 /�0
= pyl /�l= pyl in the large brackets of the right-hand sides of
Eqs. �7� �i.e., in terms originating from the self-action of the
collective radiation of the nanofilm�. Actually, the ratio py /�
of some ES is proportional to the right-going radiation of this
ES, for the initial coherent stage of evolution, this radiation
depends mainly on the external field of the laser pulse, and
for l��, this external field is the same for the left and the

right ESs. After decoupling, we transfer to new independent
variables �0=�t−kZ0 and �l=�t−kZl, where Z0 and Zl are
the z coordinates of the right and the left ESs �we consider
Z0�0 only�,

dpy0

d�0
= − a0ey − �

py0

�0
�1 +

�0
2

2��0
2 + py0

2 �

 ,

d�0

d�0
= �
 1

1 + py0
2 +

�0
2

�0
2 + py0

2 � ,

dpyl

d�l
= − a0ey − �pyl. �8�

Then, equation for the right ES can be solved exactly. Two
equations describing the motion of the left ES still have to
be modified. The parameter �0 is a slow function since its
derivative depends on py0

−2 and, hence, on a0
−2. Then, equation

for py0 can be approximately solved using the slowness of
�0 and supposing that �0� �py0� �cf. the second equation
in systems �10��. Substituting simplified solution py0
=a0�0�−1 sin �0 into the equation for �0 in Eqs. �8� and in-
tegrating this equation by �0 over the period of the laser field
to remove the fast �0 dependence, one can get the following
equation for �0, in which only the slow evolution with �0 is
retained:

d�0

d�0
= �2
 1

��2 + a0
2�0

2
+

1

��2 + a0
2� . �9�

For the case of large a0 with respect to �, one can get an
implicit equation for �0 after integration. Solving this im-
plicit equation approximately, we obtain eventually the fol-
lowing parametric solutions for Eqs. �8� with parameters �0
and �l:

�0 = 1 +
�2�0

a0
+ ln�1 +

�2�0

a0

 ,

py0 = −
a0�0

�0
2 + �2�� sin �0 − �0
cos �0 − exp�−

��0

�0

�� ,

kZ0 = 	
0

�0 �1 + py0
2 �d�0�

2�0
2 −

�0

2
,

pyl = −
a0

1 + �2 �� sin �l − cos �l + exp�− ��l�� ,

kZl = 	
0

�l pyl
2 d�l�

2
,

�t = �0 + kZ0 = �l + kZl. �10�

In Fig. 3, the solutions for Eqs. �7� are shown with red solid
lines and diamonds and the solutions for Eqs. �10� are shown
with blue dashed lines and circles. From Fig. 3, one can
conclude that these solutions coincide well with the PIC re-
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sults almost until the first turning point of the left ES at
t�3.82T0. The small difference can be explained as follows.
Omitting the retardation for the radiation fields of the ESs
increases the synchronism in the motion of the ESs that re-
sults in smaller thickness of the REM and longer period of
coherent evolution �longer time until first turn of the left
electrons of the REM�. These features can be found in Fig. 3.
However, from the insets of Fig. 3, one can see that the
analytical approach describes well the main peak of the elec-
tron density discarding only the low-density part of the
REM. So the elaborated analytical approach �reduced sys-
tems �7� and the approximate solutions of systems �10�� can
be used for quick calculation of the dynamical parameters
of the REM. Comparison of the theory with the 2D PIC
simulations for the wide range of parameters is presented in
Sec. IV.

IV. REM CHARACTERISTICS FOR DIFFERENT � AND a0

AND COMPARISON WITH THE THEORY

Let us now examine the characteristics of the REMs gen-
erated from the nanofilms with � equals 1, 3, or 10 by the
laser pulse with the amplitudes a0=4�, a0=6�, and a0
=10�. In this section, the XOOPIC code will be used for simu-
lations.

The first question relevant for the production of the REM
by the laser pulse is the question about a threshold of gen-
eration, i.e., the laser pulse of what amplitude can generate
the REM for some fixed value of � �or the nanofilm thick-
ness�. In principle, there is no strict definition for the thresh-
old. Actually, a laser pulse of any amplitude produces some
longitudinal displacement of the electrons. However, having
in mind the application of the REM as a reflector for a probe
laser beam, it is reasonable to consider that the laser pulse
has threshold amplitude if the duration of the forward longi-
tudinal motion of the left electrons from their initial positions
�or, equivalently, the lifetime of the REM� is equal to the
laser period T0. �That is, the total time of displacement in the
forward direction is about 2T0. Note that for a small ampli-
tude of the laser pulse, an electron executes a “figure-of-
eight” motion in the laser field �51� so the duration of the
forward motion is about T0 /4.� With this criterion, the
threshold values of the laser pulse amplitude are shown in
Fig. 6. These values were obtained using the 2D PIC simu-
lations, and the simulated points are marked with squares.
For calculations of the thresholds �and for all other calcula-
tions within this section�, the electrons near the laser beam
axis were considered. It is interesting to note that all simu-
lated points belong practically to the same straight line,
which crosses the axis �=0 at a0�1. Then, from the simu-
lation data, one can derive the following phenomenological
formula for the threshold amplitude of the REM generation:

a0th = 0.92 + 2.61� . �11�

So to generate the REM, one need the laser pulse amplitude,
which is approximately tree times larger than the parameter
�. Therefore, it is difficult to generate the REM from the
thick film, and for modern laser systems, the maximal thick-
ness of the nanofilm should be not greater than 20 nm �which
requires a0�60�.

For applications, several dynamical parameters of the
REM can be of great importance. These are lifetime of
the REM, maximal energy and energy spread of the REM
electrons, thickness of the REM �or, equivalently, the length
of the REM�, etc. As was shown in Sec. II, the left electrons
of the REM turn back at tl �and obviously, their energy has
maximum on tl�, while the right electrons can continue
the forward motion for a long time �and their energy can
be monotonous on tl�. We are interested in the evolution of
the REM within the lifetime tl, so it is reasonable to char-
acterize the REM by considering the evolution of the left
electrons. The energy and transverse and longitudinal
momenta of some ES as functions of time are shown in
Fig. 7. These plots were obtained with the help of a self-
consistent 1D code EXACT �50�, in which the system of
equations for the ES motion, utilizing Eqs. �3� for the total
field of the ESs, was solved numerically. In Fig. 7, the mean-
ings of the dynamical parameters of the REM, which are
analyzed below, are also clarified. So below, we calculate the
REM lifetime tl as the time at which the longitudinal mo-
mentum of the left REM electrons near the laser beam axis
becomes equal to zero. The maximal energy �max of the
REM electrons is considered as the maximal energy of
the left electrons within the lifetime tl. If this happens at
time t� max, then the minimal energy of the REM electrons is
the energy of the right electrons at time t� max. The energy
spread is calculated as half of the difference between the
energies of the left and of the right electrons at this time:
��=0.5��max−�min�.

The 2D PIC simulation results for a set of parameters are
presented in Fig. 8 by green stars �here and below, all lines
between simulation points were added only for better read-
ability of the plots�. In the left column, the results for the
REM with �=1 are shown, in the second column, �=3, and
in the third column, �=10. The first row of the plots shows
the maximal �max and the minimal �min energies of the REM
electrons, second row presents the lifetime tl and the time
t� max, at which the energy of left electrons reaches maxi-
mum, and the third row shows the length l� of the REM at
time t� max �from Fig. 3, one can conclude that the length
increases monotonously during the lifetime�.
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FIG. 6. �Color online� Threshold amplitudes of the laser pulse
required for generation of the REM. The simulated points are
marked with blue squares; the red line is a best linear fit to the
simulated points.
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In Fig. 8, the theoretical values for the same parameters
are also presented. The values, calculated from the numerical
solution of the system of Eqs. �7�, are shown with red dia-
monds and the values from approximate analytical solutions
�10� are shown with blue circles. Here, one can observe the

same feature as in Fig. 3: the values calculated with the
numerical solution of systems �7� are closer, in general, to
the PIC values than those estimated from analytical solutions
�10�. On the other hand, all these three sets of values turn out
to be close enough in a wide range of the REM parameters
showing the adequacy of the theory.

One can make several conclusions based on the results
presented in Fig. 8. First of all, absolute value for the energy
spread of the REM electrons decreases with decrease in �,
and for small values of �, the energy spread can be very
small, i.e., the REM can be quasimonochromatic in energy.
This is very important for applications. Also, from the first
row of Fig. 8, one can conclude that, for large values of �,
the energy grows almost linearly with a0, contrary to the case
of small values of �, where the energy growth is practically
quadratic �cf. also a case of a low-density electron beam in a
superintense laser field �20�, where the energy grows qua-
dratically, and Eqs. �15� and �16� below�. This feature con-
stitutes the role of the collective radiation friction force for
the electrons of the nanofilm �50�.

Next, the lifetime of the REM grows quadratically with a0
�see also Sec. VI and Eq. �18�� and, for the large values of �,
depends primarily on the ratio a0 to � �cf. the corresponding
curves for �=3 and �=10�. Thus, for a0 /�=10, the lifetime
is around 10T0 or 33 fs that is enough for many applications.
It is interesting to note also that the ratio of t� max to tl is close
to the value of 0.6 for any combination of the considered
parameters, the deviation of the ratio from this value being
less than 10%.

And at last, the length l� of the REM at time t� max de-
creases with a0 and increases with �. However, for all con-
sidered cases, the length l� of the REM remains near the
level � /10 or less assuming good opportunities for use.

The relative value for the energy spread of the REM elec-
trons calculated from the 2D PIC simulations is presented in
Fig. 9. The relative energy spread is calculated as �� /�av,
where the average value for the energy of the REM electrons
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FIG. 7. �Color online� Longitudinal momenta, transverse mo-
menta, and energies of some ESs of the REM as functions of time
for a0=60 and �=10. The meanings of the dynamical parameters of
the REM, which are analyzed below, are clarified.
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FIG. 8. �Color online� Dynamical parameters
of the REM as functions of a0 for different values
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energies of the REM electrons are shown in the
first row of the plots. The lifetime tl of the REM
and the time t� max, when the energy of the left
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dashed lines, correspondingly�. The length l� of
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diamonds, and the approximate analytical solu-
tions from Eqs. �10� are shown with blue circles
�lines connecting the simulation points were
added only for better readability of the plots�.
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is calculated as �av=0.5��max+�min�. Again, one can con-
clude that the relative energy spread for the REM electrons
can be very small for small values of �. Thus, for �=1, its
value is about 2.5% for all considered values of a0 that can
be enough for many applications.

It is interesting to note that such a small energy spread is
characteristic not only near time t� max but it is also typical
for all evolution of the REM until time t� max. To demonstrate
this feature, the values for pz, py, and � as functions of time
are presented in Fig. 10 for the case of �=1 and a0=6. These
data were calculated with the code EXACT. Figure 10 proves
that one can effectively use the REM until time t� max.

V. DEPENDENCE OF THE REM PARAMETERS
ON NANOFILM THICKNESS

In the simulations of Sec. IV, we suppose that the nano-
film thickness is constant, while the density and, correspond-
ingly, � were changed. In principle, this situation can be
realized in experiment using solid-state density nanofilms
with variable thickness. To prepare the state of the target,
two additional counterstreaming heating laser prepulses are
necessary in this case. Then, some time after the heating of
prepulses, the density of the target will be decreased with
corresponding increase in the thickness. However, the ex-
perimental scheme becomes rather complicated in this case,
besides, the precise timing is necessary. Let us now investi-
gate how the change in the initial thickness influences the
REM parameters. We will use the 1D code EXACT �50� to
calculate the parameters of the REM since the 2D PIC simu-
lations turned out to be rather time demanding for required
accuracy of simulations when the thickness of the target is
around 1 nm.

In Fig. 11, the changes in the REM parameters �normal-
ized with their values for the thickness of 10 nm� are shown
for � equal to 1, 3, and 10 and a0=6�. In these simulations,
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FIG. 9. �Color online� Relative value for the energy spread of
the REM electrons for different values of � as functions of a0. The
case of �=1 is presented by blue lines marked with down triangles,
�=3 is shown by green lines marked with squares, and �=10 is
presented by red lines and up triangles.

0 0.5 1 1.5 2 2.5

0

5

10

p z

0 0.5 1 1.5 2 2.5
−2

0

2

4

6

p y

0 0.5 1 1.5 2 2.5
0

5

10

15

γ

t/T
0

FIG. 10. �Color online� Longitudinal momenta, transverse mo-
menta, and energy of some ESs of the REM as functions of time for
a0=6 and �=1.

0.8

1

1.2

0.8

1

1.2

C
ha

ng
e

of
pa

ra
m

et
er

s

0 2 4 6 8 10
0.95

1

1.05

1.1

Nanofilm thickness, nm

α=3

α=10

α=1

FIG. 11. �Color online� Dependence of the REM parameters �the
energy �red stars�, the thickness l� at time t� max �blue circles�, the
lifetime tl of the REM �magenta triangles�, and the time t� max,
when the energy of the left REM electrons reaches maximum
�green squares�� on nanofilm thickness for � equals 1, 3, and 10 and
a0=6�. All parameters are normalized with their values at l
=10 nm. Note different vertical scale for the first two plots and the
last one.

CHARACTERISTICS OF RELATIVISTIC ELECTRON … PHYSICAL REVIEW E 80, 016404 �2009�

016404-9



the initial density of the nanofilm was changed in accordance
with the initial thickness of the target such that ��n0l was
kept fixed, i.e., the initial densities for the most left points are
ten times larger than for the most right points on these plots.
One can make several conclusions based on these figures.
First of all, the thickness of the REM, l�, at time t� max in-
creases with decrease in the initial thickness of the REM �the
same effect was observed in �45�� with correspondent in-
crease in the maximal energy, while the lifetime decreases,
i.e., the better REM parameters can be achieved for the
larger initial thickness of the nanofilm and less initial density
�for fixed ��. Then, one can conclude that the REM param-
eters really depend on the nanofilm thickness relatively
weakly: the change in the nanofilm thickness by ten times
causes less than 40% change in the thickness l� and less than
20% change in the other REM parameters. Moreover, for
large � values, i.e., ��10, the change in all REM param-
eters is less than 7% that confirms our assumptions for de-
riving the approximate analytical solutions. Also, the curves
for t� max practically coincide with the curves for tl so the
dynamical evolution of the REM scales according to tl. And
at last, the change in the maximal energy of the REM elec-
trons is negligible for small �, while it practically follows the
thickness curve for �=10.

VI. SCALING OF THE REM PARAMETERS
WITH � AND a0

In Sec. III, the approximate analytical solutions were pre-
sented for the generation of the REM. In Sec. IV, these ana-
lytical solutions were compared with the 2D PIC simulations
and a good correspondence was ascertained. In this section,
the scaling with � and a0 of the maximal values for the REM
dynamical parameters will be analyzed based on the analyti-
cal solutions.

Generally speaking, all dynamical variables py, pz, and �
achieve their maxima at different values of parameters �0
and �l. To get the order of value estimates, we will consider
the maximum for �py� only supposing that the maxima of
other variables are situated not far from the maximum for
�py�. We will also omit the exponential terms in Eqs. �10�
because their influence is small far from the initial point �0
=�l=0. Then, the absolute value for the transverse momen-
tum pyl of the right electrons achieves its maximum,

�pyl max� =
a0

�1 + �2
, �12�

at

�l max =
�

2
+ arctan �−1. �13�

For estimating the maximum of �py0� for the left electrons,
we will again suppose that �0 is a slow variable �cf. deriva-
tion of the solution for py0�. Then, one gets

�py0 max� =
a0�0

��0
2 + �2

,

�0 max =
�

2
+ arctan

�0

�
. �14�

It is possible to distinguish two different cases for combina-
tion of the REM parameters. In the first case, the parameter �
is not very large and �2�0 max /a0�1. Then, �0�1, i.e., the
role of Coulomb and radiation reaction forces is not very
important. In this case, the estimates for �py0 max� and �0 max
are defined by the same expressions �Eqs. �12� and �13��,
which were derived for �pyl max� and �l max above. So �0 max
�� and the condition for this first case has the form
��2 /a0�1. The maxima for the longitudinal momentum and
the energy are approximately the same for the left and for the
right electrons and can be obtained from Eqs. �6� as follows:

�max = 1 +
a0

2

2�1 + �2�
,

pz max =
a0

2

2�1 + �2�
. �15�

This case constitutes the regime of the small energy spread
considered numerically in Sec. V.

For the second case, the parameter � is large and
�2�0 max /a0�1. Then �0 can be estimated as �0
��2�0 max /a0; however, still �0 /����0 max /a0�1 since,
for generation of the REM, one need to achieve the certain
threshold in the laser amplitude in accordance with Eq. �11�.
So in this case, one has limitation �0 max�3� /4, and the
condition for validity of this case reads 3��2 / �4a0��1. For
the maxima of dynamical parameters one has

�py0 max� � ��0 max,

�0 max � pz0 max �
a0�0 max

2
. �16�

For estimates, one can use in these expressions the value
from � /2 to 3� /4 for �0 max depending on the value of � /a0.
Here, the linear scaling of the maximal energy with a0 is due
to the strong collective radiation friction force �24,50� �cf.
also Sec. IV�.

Scalings �12�, �15�, and �16� were compared with the cor-
responding values obtained from the 2D PIC simulations of
Sec. IV. This comparison shows that estimates �12�, �15�, and
�16� are valid within a factor of 2 for all range of considered
parameters.

Let us now estimate the lifetime tl of the REM, i.e., the
time when pz0=0. From Eqs. �10�, using equation �t�kZ0 to
estimate tl and omitting �0 with respect to �, one gets

�tl �
a0

2

4�2
�0end −
sin 2�0end

2
� , �17�

where pz0=0 for �0end. For the order of value estimates, one
can use � for �0end, and finally, the lifetime is estimated as
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tl �
a0

2

8�2T0. �18�

This estimate coincides with the results of the 2D PIC simu-
lations of Sec. IV within a factor of 2, giving the relative
error of less than 20% for the case of �=10.

VII. DISCUSSION OF RESULTS AND CONCLUSION

Now, let us consider some examples. According to our
theory and simulations, the initial diameter of the REM is
equal to the laser beam diameter 2w0, and the initial charge is
proportional to w0

2�. The laser power for w0�8� and a0
=60 amounts to 5 PW and the charge of the REM �estimated
inside 2w0 spot� is 160 nC �1012 electrons� for �=10. For
w0�2�, the values are more modest: 300 TW and 10 nC
�6.25�1010 electrons�, and this power can be already real-
ized nowadays. For the proof-of-principle experiments, us-
ing, e.g., graphene sheets �32–34� as a target �l=2 nm, �
�2� and with a laser spot size of about w0��, the laser
power of 2 TW is enough.

The parameters of the REM are very sensitive to the value
of �, i.e., to the initial thickness of the nanofilm. Small val-
ues of ��1 allow us to achieve quasimonochromatic regime
of the REM generation with the relative energy spread of less
than several percents. Also, for a fixed value of the laser
pulse amplitude a0, the energy of the REM electrons is
higher for smaller �. However, the charge of the REM is
directly proportional to �, so, for application of the REM as
a reflector for a scattering of a counterstreaming probe laser
pulse, some trade-off is possible. In other applications, the
REM parameters can be adjusted for required values.

If the laser pulse has a smooth front, then the electrons of
the REM remain motionless in the longitudinal direction un-
til the laser amplitude reaches the value a0�� �24,48�. After
that, the electrons will be displaced longitudinally by the first
half-cycle, which has the amplitude a0f larger than �. To
really form the REM, for which tl�T0, the amplitude a0f
should be greater than a0th. Then, the REM will evolve until
the turn of the left electrons and the lifetime will be greater
for larger values of a0f /�. This picture is confirmed by our
2D PIC simulations. So for the generation of a good REM by
a smooth laser pulse, the high peak-to-peak ratios of �4–5
are necessary at the front of the laser pulse �for a Gaussian
longitudinal profile, it corresponds to a full duration at half
maximum of about �1.2�1.4���. More detailed study of this

issue will be presented in the forthcoming publication.
For a real three-dimensional case, one can expect an in-

crease in the lifetime of the REM due to decrease in Cou-
lomb attraction from the ions’ background. However, this
effect can be evident only for a very high intensity of the
laser beam when the quasi-one-dimensional approximation
fails. In this case, the longitudinal displacement of the REM
should be much larger than its diameter. The other effect for
the REM with a large lifetime �large a0� can be the compen-
sation of the ions’ background by the nanofilm electrons.
These two effects can improve the parameters of the gener-
ated REM, however, rather high laser intensities are neces-
sary. Long-term evolution of the REM after turning back of
the left electrons will be considered in the forthcoming pa-
per.

In conclusion, we proposed and investigated the applica-
tion of a nanofilm for the generation of a single attosecond
high-charge relativistic electron bunch with predefined pa-
rameters. With the 2D PIC simulations, we studied the REM
characteristics in a regular way for a wide range of param-
eters. For different parameters � of the nanofilm, we deter-
mined the laser amplitude threshold for the process of the
REM generation. Also, we found by simulations the depen-
dences of the maximal energy of electrons, the energy
spread, and the lifetime of REM on the field amplitude and
�. We verified the developed 1D self-consistent theory with
the 2D PIC simulation results and found a good agreement.
The theory takes into account Coulomb interactions, radia-
tion of the electrons, and laser amplitude depletion. Using
1D simulations, we investigated the dependence of the REM
parameters on nanofilm thickness �while � was kept fixed�
and found rather week dependence. And finally, the scaling
of the REM dynamical parameters with the field amplitude
and the nanofilm thickness is analyzed. This scaling shows
that the energy and the energy spread of the electrons in the
REM are controlled by a0 and �. For small value of �, the
quasimonochromatic regime of the REM generation can be
achieved.
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