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Three-dimensional numerical simulations using a front-tracking method are presented on the dynamics of
oblate shape capsules in linear shear flow by considering a broad range of viscosity contrast �ratio of internal-
to-external fluid viscosity�, shear rate �or capillary number�, and aspect ratio. We focus specifically on the
coupling between the shape deformation and orientation dynamics of capsules, and show how this coupling
influences the transition from the tank-treading to tumbling motion. At low capillary numbers, three distinct
modes of motion are identified: a swinging or oscillatory �OS� mode at a low viscosity contrast in which the
inclination angle ��t� oscillates but always remains positive; a vacillating-breathing �VB� mode at a moderate
viscosity contrast in which ��t� periodically becomes positive and negative, but a full tumbling does not occur;
and a pure tumbling mode �TU� at a higher viscosity contrast. At higher capillary numbers, three types of
transient motions occur, in addition to the OS and TU modes, during which the capsule switches from one
mode to the other as �i� VB to OS, �ii� TU to VB to OS, and �iii� TU to VB. Phase diagrams showing various
regimes of capsule dynamics are presented. For all modes of motion �OS, VB, and TU�, a large-amplitude
oscillation in capsule shape and a strong coupling between the shape deformation and orientation dynamics are
observed. It is shown that the coupling between the shape deformation and orientation is the strongest in the
VB mode, and hence at a moderate viscosity contrast, for which the amplitude of shape deformation reaches its
maximum. The numerical results are compared with the theories of Keller and Skalak, and Skotheim and
Secomb. Significant departures from the two theories are discussed and related to the strong coupling between
the shape deformation, inclination, and transition dynamics.
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I. INTRODUCTION

Erythrocytes or red blood cells constitute the major par-
ticulate component of blood. The structural composition of
these cells is a sac of hemoglobin enclosed by a lipid bilayer
and a two-dimensional �2D� network of spectrin filaments
�1,2�. This structure gives the cell an extreme flexibility, a
unique characteristic which, in a major way, determines the
dynamics and rheology of blood. Modeling of the whole cell
on the molecular level is, however, prohibitive if interaction
among multiple cells is considered or the long-time dynam-
ics of individual cell is of interest. Continuum approaches
then become useful by modeling the cells as capsules or
vesicles which are viscous liquid drops surrounded by de-
formable membranes. Typically four quantities determine the
mechanical behavior of such deformable particles: the vis-
cosity contrast, the shear and extensional moduli of the
membrane, and the bending resistance. Unlike a capsule, a
vesicle does not have the shear resistance; rather it has the
bending resistance, and its surface area is incompressible.

Erythrocytes, or their simplified models, capsules, and
vesicles, exhibit complex dynamics when subject to a shear
flow. Early �3,4� and recent �5–10� experiments show prima-
rily two types of motion, a tank-treading motion in which the
particle inclines at a steady angle with the flow direction
while the interior liquid and the membrane make a continu-
ous rotation and a tumbling motion �TU� in which the par-
ticle flips similar to a rigid body. The tank-treading and tum-
bling motions of a particle in a shear flow u= ��̇y ,0 ,0� can

be predicted analytically by the Keller-Skalak �KS� theory
�11�. In the KS theory, the particle is assumed to be a shape-
preserving ellipsoid of semimajor and minor axes lengths L
and B, and is composed of an inextensible membrane and an
internal fluid of viscosity ��o, and immersed in a fluid of
viscosity �o �Fig. 1�. The KS theory predicts that the time-
dependent inclination angle ��t� between the major axis and
the flow direction is given by

�̇ = −
�̇

2
−

2LB

L2 + B2 �̇ +
�̇

2

L2 − B2

L2 + B2cos 2� , �1�

where �̇ is the shear rate and �̇ is the tank-treading fre-
quency given by
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FIG. 1. Schematic showing a capsule in shear flow. Here � is the
inclination angle of the major axis with the flow direction �x� and �
is the phase angle of a surface Lagrangian point. 0���� /2 is the
extensional quadrant and −� /2���0 is the compressional quad-
rant of the shear flow u= ��̇y ,0 ,0�.
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�̇ = −
�̇f3

f2 − �f1
cos 2� , �2�

where f1, f2, and f3 are dimensionless, and they depend on
the axes ratios �11,12�. For a given geometry, the tank-
treading motion is predicted when the viscosity contrast � is
less than a critical value �c, and the tumbling motion is pre-
dicted when �	�c. In the tumbling mode, �̇=0.

The major limitations, among others, of the KS theory are
that it assumes a shape-preserving particle and that the re-
sults are independent of the shear rate. Erythrocytes, cap-
sules, and vesicles can undergo a large-amplitude shape de-
formation in shear flow �3–10�. Analytical theories exist for
capsules and vesicles in the limit of small deformation
�13–15�. Numerical simulations are required when large de-
formation is considered which have successfully predicted
the tank-treading and tumbling motions of capsules �16–19�
and vesicles �20–25�.

Recent experiments have suggested the existence of a
swinging or oscillatory �OS� motion of red blood cells �5�,
nonspherical capsules �6�, and vesicles �7,8�, in addition to
the tank-treading and tumbling modes. Numerical simula-
tions have also predicted swinging of capsules �18,19� and
vesicles �25�. Experiments �5� and simulations �18� have
shown that the transition from tank treading to tumbling of
erythrocytes and capsules can be triggered by decreasing the
shear rate while the viscosity contrast remains constant, thus
departing from the KS theory. The oscillatory dynamics and
the shear-dependent transition are recently addressed theo-
retically by Skotheim and Secomb �SS� �12� within the
framework of the KS theory. Introducing the elastic energy
of the membrane as E=Eo sin2 �, an additional term
f3�̇Ue sin 2� / �f2−�f1� was included in the right-hand side
�rhs� of Eq. �2� where Ue=Eo /V�o�̇f3, and V is the volume
of the particle. Though the SS model can predict the shear-
rate-dependent transition from tank treading to tumbling, it
neglects a large deformation in shape. Experiments on vis-
cous vesicles have shown that the shape deformation plays a
very significant role in the inclination and transition dynam-
ics �9,10�. A vacillating-breathing �VB� mode of vesicles has
been observed experimentally �8–10� and predicted analyti-
cally �14,15,26,27� and numerically �24,25�. This mode ap-
pears in the vicinity of �=�c and is characterized by the
vesicle swinging about its mean inclination angle �o�0 ac-
companied by a large-amplitude shape deformation.

It appears, therefore, that the shape deformation plays a
major role in the inclination and transition dynamics of
vesicles and capsules, and most likely for erythrocytes, de-
spite the differences in their mechanical characteristics �28�.
Both the KS and SS theories neglect the influence of deform-
ability. Experiments have shown that even in the pure tum-
bling mode, the shape deformation makes ��t� deviate from
that predicted by the KS theory �9�. Understanding the influ-
ence of shape deformation on the transition dynamics of cap-
sules and vesicles is receiving a growing interest in recent
years using state-of-the-art experimental �7–10� and compu-
tational �18–25,29� approaches, and higher-order analytical
theories �14,15,26,27,30,31�.

The objectives of this paper are �i� to further improve our
understanding of the coupling between the shape deforma-
tion and orientation dynamics and �ii� to show how this cou-
pling influences the transition from tank-treading to tumbling
motion and leads to significant departures from the KS and
SS theories. The emphasis is on how the dynamics changes,
with increasing viscosity contrast, from the oscillating to
vacillating-breathing to tumbling motions when large shape
deformation is considered. We focus exclusively on the dy-
namics of capsules with initially oblate shapes. Using three-
dimensional numerical simulations of capsules in large de-
formation, we present results over a broad range of the
parameters, namely, �i� viscosity contrast, �ii� shear rate, and
�iii� aspect ratio.

II. METHODOLOGY

We consider an initially oblate capsule suspended in a
linear shear flow �Fig. 1�. The liquids exterior and interior of
the capsule are incompressible and Newtonian. The viscosi-
ties are �o and ��o, respectively, where � is the viscosity
contrast. The semimajor and minor axes of the undeformed
capsule in the plane of shear are Lo and Bo, respectively. The
constitutive law governing the capsule membrane is de-
scribed by a strain energy function W due to Skalak et al.
�32� as

W =
Es

12
�I1

2 + 2�I1 − I2�� +
Ea

12
I2

2, �3�

where I1=
1
2+
2

2−2 and I2=
1
2
2

2−1 are the surface strain in-
variants, 
1 and 
2 are the principal extension ratios, and Es
and Ea are the shear elasticity and area dilatation moduli,
respectively. The first term in the rhs of Eq. �3� represents the
shear resistance of the membrane, while the second term
represents the resistance against area dilatation. The mem-
brane is nearly incompressible when Ea�Es. Bending resis-
tance of the membrane is not considered. Since deformation
of the capsule occurs, the semimajor and minor axes lengths
vary with time and are denoted by L�t� and B�t�. The half
axis length in the vorticity direction is Z�t�. The Taylor de-
formation parameter, a dimensionless measure of capsule de-
formation, is defined as D= �L−B� / �L+B�.

In our earlier publications �33,34�, we have described the
numerical method in a greater detail. In brief, we have de-
veloped a front-tracking code for capsule deformation in
three dimensions, following the technique developed for
drop deformation �35� that is originally based on the im-
mersed boundary method �36,37�. In this method, the entire
flow field that includes both the internal and external liquids
is discretized using a fixed �Eulerian� mesh, and the capsule
surface is discretized using a moving �Lagrangian� mesh.
Invoking an indicator function I�x , t�, which is unity for the
internal fluid and zero for the external fluid, the viscosity in
the entire flow field can be written as

��x,t� = �0�1 + �� − 1�I�x,t�� . �4�

The fluid motion is governed by the continuity and Navier-
Stokes equations as
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� · u = 0, �5�

�� �u

�t
+ u · �u	 = − �p + � · ���u + ��u�T� , �6�

where u�x , t� is the fluid velocity, � is the density, and p is
the pressure. The fluid/structure coupling is done by adding a
body force F�x , t� to the rhs of Eq. �6� which is related to the
elastic force f�x� , t� generated in the capsule membrane as

F�x,t� = 

S

f�x�,t�
�x − x��dx�, �7�

where x is the Eulerian grid, x� is a Lagrangian point on the
cell surface, S is the capsule surface, and 
 is the three-
dimensional Delta function. The Navier-Stokes equations are
solved to obtain the velocity and pressure fields in the entire
flow domain. The no-slip condition on the capsule surface is
imposed by extracting the surface velocity from the sur-
rounding fluid as

uS�x�,t� = 

�

u�x,t�
�x − x��dx , �8�

where � implies the flow domain. The Lagrangian points on
the membrane are then advected as

dx�

dt
= uS�x�,t� . �9�

The viscosity ��x , t� is updated by solving a Poisson equa-
tion for the indicator function I�x , t� as

�2I = � · G , �10�

where G=�S
�x−x��ndx� and n is the unit vector normal to
the capsule surface. For numerical implementation, a smooth
representation of the 
 function is used, which spans over
four Eulerian grids �35�. A combined second-order finite dif-
ference scheme and Fourier transform is used for the spatial
discretization, and a second-order time-split scheme is used
for the temporal discretization of the Navier-Stokes equa-
tions. The computation domain is a cube having lengths 2�
times the capsule radius. The Eulerian resolution used here is
803. The capsule surface is discretized using 5120 triangular
elements �Fig. 4�. A Lagrangian node on the surface is sur-
rounded by five or six triangular elements. The elastic forces
acting on the three vertices of a triangular element are ob-
tained from the strain energy function W using the principal
of virtual work as f�x� , t�=−�W /�x�. The detailed method of
computing f�x� , t� on a triangulated surface is given in
�33,34,38,39�. In brief, the problem is first reduced to a 2D
�planar� deformation by transforming the undeformed and
deformed surface elements to a common plane using rigid-
body rotations. This gives the in-plane displacements v of
the vertices and the displacement gradient tensor D. The in-
plane stretch ratios become


i
2 =

1

2
�G11 + G22 � ���G11 − G22�2 + 4G12

2 ��, i = 1,2,

�11�

where G=DTD. Then, the in-plane force fP can be obtained
as

fP =
�W

�
1

�
1

�v
+

�W

�
2

�
2

�v
. �12�

In our earlier publications �33,34�, detailed validations of
the methodology for capsule deformation in shear flow have
been presented. We observed that a spherical capsule de-
forms into a steady ellipsoidal shape at a constant inclination
angle with the flow direction. Comparisons were presented
with respect to �w.r.t.� the experimental results �6�, small
deformation theory �13�, and boundary-integral simulations
�16,17�. Hence we do not repeat the validation in the present
paper. Note that the choice of the front-tracking method, as
opposed to the boundary-integral method, is due to the
straightforward implementation and versatility of the former.
A comparison of the numerical efficiency of the two methods
is beyond the scope of this work.

The major dimensionless parameters are �i� the capillary
number Ca=�oa�̇ /Es, where a is the radius of a spherical
capsule with the same volume of the initially oblate capsule,
�ii� the viscosity contrast �, and �iii� the aspect ratio �
=Bo /Lo. The ratio C=Ea /Es is fixed at unity. Thus the area
incompressibility condition is not satisfied. We vary Ca from
0.02 to 0.4, � from unity to 25, and � between 0.6 and 0.9.
The effect of inertia is neglected. Below, all lengths are
scaled by a. The dimensionless time is denoted by t�= t�̇.

III. RESULTS

We begin with the description of the capsule dynamics at
“low shear” �Ca�0.1 typically� at Ca=0.05. Figure 2 shows
the time-dependent inclination angle ��t�, deformation pa-
rameter D, and semimajor �L� and semiminor �B� axes. Here
we describe the transition in the capsule dynamics that is
observed in the simulations as the viscosity contrast � is
increased. We show the results for three viscosity contrasts,
�=3, 7, and 10, all for an aspect ratio of �=0.7.

For the �=3 case in Fig. 2�a�, the numerical results show
that the inclination angle ��t� does not remain constant,
rather it oscillates with time. Here ��t� is always positive
�0���t��� /2� and it varies periodically between �max and
�min. The capsule shape is also not stationary, and the angular
oscillation is accompanied by a periodic shape deformation
as evident from the D, L, and B plots in Fig. 2�a�. The
lengths of the major and minor axes oscillate with a large
amplitude. The oscillatory �or swinging� motion of the cap-
sule is superimposed with a tank-treading motion of the
membrane. The tank-treading motion is described in Fig. 3
where the phase angle ��t� of a surface Lagrangian point is
shown. For the �=3 case, ��t� decreases smoothly from � /2
to −� /2 �and �̇�0 in accordance with the direction of vor-
ticity of the flow� implying the tank-treading motion of the
capsule membrane.
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Consider now the �=10 case as shown in Fig. 2�c�. A
tumbling motion is observed here which is indicated by the
inclination angle ��t� going from +� /2 to −� /2. Even for
this tumbling case, a significant shape deformation is evident
as D, L, and B oscillate with a large amplitude. The phase

angle ��t� oscillates between its maximum and minimum
�Fig. 3� whose magnitude remains less than � /2, and �̇ is
both positive and negative, implying that a Lagrangian point
oscillates back and forth along the capsule surface and that
the tank-treading motion is inhibited.

Consider now an intermediate viscosity contrast at �=7 in
Fig. 2�b�. Here ��t� periodically becomes positive and nega-
tive but it does not reach �� /2. Hence the capsule does not
make a full tumbling. Instead, it makes a large-amplitude
swinging motion about a mean inclination which is close to
zero. A sharp increase in ��t� occurs while going from �min to
�max which is associated with a large-amplitude shape oscil-
lation as evident from the D, L, and B plots in Fig. 2�b�.
Figure 3 shows that for this case the phase angle � ranges in
�� /2, and �̇ is always negative, implying that the tank-
treading motion still exists.

The numerical results presented above suggest that the
capsule dynamics at the intermediate viscosity contrast ��
=7 here� is distinct from the oscillatory motion at a lower �
and the tumbling motion at a higher �. This can be further
understood by comparing the amplitude of shape deforma-
tion for the three cases. The amplitudes of D�t�, L�t�, and
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FIG. 2. �Color online� Capsule dynamics at low shear �Ca=0.05� showing OS, VB, and TU motions. Left panel shows the inclination
angle ��t� �solid black line� and the deformation parameter D �dash red line�. Right panel shows the semimajor �L, red solid line� and minor
�B, green dashed-dotted line� axes, and the half axis length in the vorticity direction �Z, dash blue line�. All lengths are scaled by a and time
by 1 / �̇. Note that �L−B�min and Dmin are nearly zero for the VB case shown in �b�.
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FIG. 3. �Color online� Phase angle ��t� for the three cases
shown in Fig. 2. �=3, black solid line; �=7, green dash line; �
=10, red dotted line.
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B�t� are higher at �=7 than those at �=3 and 10. Most
interestingly, the minimums of L−B and D, that is, �L
−B�min and Dmin, first decrease as � is increased from 3 to 7,
but then increase as � is increased further to 10. At �=7,
both �L−B�min and Dmin are nearly zero, meaning that the
capsule momentarily attains a near-circular shape in the
plane of shear. This happens when ��t� becomes negative. It
is interesting to note that for �=7 the inclination angle ��t�
and the major and minor axes presented here look qualita-
tively similar to those of a vacillating-breathing vesicle as
predicted theoretically in �26� �see Figs. 3 and 4 therein� and
observed experimentally in �10�.

Figure 4 shows the capsule shapes at different times for
the three viscosity contrasts ��=3,7 ,10�. Swinging or oscil-
latory motion for �=3 and tumbling motion for �=10 are
evident here. For the �=7 case, the shape becomes nearly
circular in the shear plane during ��t��0, while it is elon-
gated during ��t�	0. This clearly shows that for the inter-
mediate viscosity contrast, the capsule undergoes a signifi-
cant elongation and compression. The shape at ��t��0 is not
a mirror image of the shape at ��t�	0. Further, a full tum-
bling motion does not occur though ��t� becomes negative. A
qualitative explanation of this dynamics was given in �14�
and is applicable here as well. When ��t�	0, the capsule is
in its elongational state for which the hydrodynamic torque is
maximum, and it tends to tumble. As ��t� becomes negative,
compression starts, and the hydrodynamic torque is reduced,
preventing the capsule from making a full tumbling motion.
At even higher viscosity contrast �e.g., �=10 here�, the com-
pression is not significant, and a full tumbling is possible.

The numerical results presented in Figs. 2–4 describe the
transition in the capsule dynamics at a low Ca as � is in-
creased. Three types of motion are evident here, which can

be characterized using ��t� and �L−B�min. �i� At a low �, a
swinging or OS motion occurs in which the major axis al-
ways lies in the extensional quadrant of the shear flow, with
0���t��� /4 and �L−B�min	0. �ii� At higher �, a pure TU
occurs, which is characterized by ��t� varying between
�� /2, and �L−B�min	0. �iii� At the intermediate viscosity
contrast, a VB-type motion occurs, which is characterized by
an increased shape deformation, �L−B�min�0, and ��t� be-
ing periodically positive and negative without a full tumbling
motion.

The above results on the capsule dynamics show two sig-
nificant departures from the KS theory. First, the KS theory
predicts either a steady inclination angle �at a low viscosity
contrast� or a tumbling motion �at a higher viscosity con-
trast�, unlike the OS and VB modes seen here. Second, and
more interestingly, at the intermediate viscosity contrast, the
inclination angle ��t� periodically becomes positive and
negative without a full tumbling, while in the KS theory the
tumbling motion starts as soon as ��t��0.

The half axis length Z�t� along the vorticity direction is
also shown in Fig. 2. For all modes �OS, VB, and TU�, Z�t�
shows a small amplitude oscillation. For the OS case Z is
mostly less than L. For the VB and TU modes, Z�t� can be
greater than L�t�, and the capsule momentarily attains a pro-
late shape whose major axis lies along the vorticity direction.

For the deformation parameter D at t=0, Do ��0.1765�
can be compared with D�t� to infer if the capsule is in an
elongational or compressional state. For the OS case at �
=3 �Fig. 2�a��, D�t� is mostly greater than Do, implying that
the capsule spends more time in an extensional state. For the
VB ��=7� and TU ��=10� modes, D�t� is mostly less than
Do, and hence the capsule spends a significant time in the
compressional state. To elucidate this point further, we plot
in Fig. 4�a� the contours of a principal tension on the capsule
membrane defined as T2

P= ��W /�
2� /
1. Since the area is not
conserved, the membrane can be locally under elongation or
compression, and accordingly, T2

P is either positive or nega-
tive. Figure 4�a� shows that T2

P varies over the capsule sur-
face and becomes periodically positive/negative as the cap-
sule oscillates. When D�t� is maximum, T2

P	0 over most of
the surface. When D�t��Do, a compressional stress devel-
ops over a large area around the equatorial region of the
capsule. Surprisingly, the compressional stress exists even
when the inclination angle ��t� is positive. Thus the part of
the capsule may be under compression even when its major
axis is oriented along the extensional direction of the flow.
For all modes �OS, VB, and TU� the maximum magnitude of
the compressive stress exceeds that of the extensional stress.
We also see �not shown in the figure� that stress magnitude
decreases with increasing �. Further, for low Ca, the com-
pressive stress leads to the onset of buckling in which the
capsule membrane folds. Since T2

P goes periodically positive
and negative, we observe that the capsule goes through re-
peated membrane folding and recovery stages when D�t�
�Do and D�t�	Do, respectively.

The angular orientation and shape deformation are
strongly coupled to each other. This coupling has a major
influence on the capsule dynamics during the transition from
swinging to tumbling mode. We now explore the coupling
between the orientation dynamics and the shape deformation
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FIG. 4. �Color online� Instantaneous shapes for the OS, VB, and
TU motions at Ca=0.05. For all cases, �=0.7. From top to bottom,
� varies as 3, 7, and 10 �compared with Fig. 2�. For the OS case, we
show the contours of the principal tension T2

P in arbitrary unit. The
darker �blue in color� region corresponds to a high compressive
stress. The numerical mesh for capsule surface discretization is also
shown.
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in more detail. Figure 5�a� shows the inclination angle at
which the maximum elongation occurs. We see that the angle
at which the capsule elongation reaches its maximum is less
than the extensional direction of the flow �� /4�. This angle
decreases with increasing Ca �and hence increasing shear�.
With respect to �, the angle first decreases rapidly during the
OS and VB modes but becomes nearly independent of � in
the TU mode. Further, this angle is independent of �. At low
Ca and low �, the shape relaxation is fast compared to the
flow time, and the elongation is in phase with the shear flow.
At high Ca and high �, the relaxation is slow, and the elon-
gation continues for ��t��� /4. Figure 5�b� shows the incli-
nation angle at which D�t� reaches its minimum. In the OS
mode, this angle is positive. With increasing � the angle
decreases rapidly as the transition to VB and TU modes oc-
cur. In the VB mode, minimum D occurs for −� /4���0.
In the TU mode, the compression continues beyond −� /4
due to slower relaxation, and the minimum D occurs near
�=−� /2.

We now show that the shape deformation is maximum for
the intermediate � values when the VB modes occur. For
this, we consider the amplitude �D of the deformation pa-
rameter in Fig. 6. We also examine the value of �L−B�min
�not shown�. Several interesting results are noted here which
further elucidate the role of shape deformation on the emer-
gence of the VB modes. �i� For a given Ca and �, the am-

plitude �D first increases but then decreases, and �L−B�min
first decreases to nearly zero but then slightly increases with
increasing �. The maximum of �D occurs at an intermediate
� for which the VB-type motion occurs so that the capsule
momentarily attains a circular shape in the shear plane lead-
ing to �L−B�min�0. �ii� �D and hence, shape oscillation,
increases with decreasing Ca and �. �iii� The viscosity ratio
at which �D reaches its maximum increases with increasing
Ca and �, implying that the VB-type mode onsets at a lower
� for lower shear rates and �. Note that a clear increase in
�L−B�min in the TU regime is observed for Ca�0.1. For
higher Ca, such an increase is not significant for the range of
� considered here as a significant deformation occurs in the
TU regime.

Now we present results showing the role of shape defor-
mation in causing departures from the KS and SS models.
The time-average inclination angle �o is shown in Fig. 7�a�
and compared with the KS theory. Both the numerical results
and the KS theory show a decrease in �o with increasing �.
The agreement between the theory and the numerical results
is better for weakly deformable capsules �low Ca� but poor
for more deformable capsules �higher Ca�. A significant dif-
ference between the theoretical and the numerical results oc-
curs in the VB and TU modes, and hence, at higher �. In the
KS theory, the transition from the tank treading to tumbling
occurs when �o=0 via a saddle-node bifurcation; �o de-
creases faster as � approaches �c. In contrast, the numerical
results show a very slow decrease in �o near the transition. In
the simulations, tumbling occurs even for �o	0. Such a
slow decrease in �o has been reported earlier for vesicles
with viscous membranes in �24� using stochastic simulations.
Our results show that a qualitatively similar trend occurs for
capsules as well and can be predicted by deterministic simu-
lations. This slow decrease in �o is due to a nonharmonic
variation in � w.r.t. time arising from the large-amplitude
shape deformation and is discussed later.

Figure 7�b� shows the variation in �o with Ca and com-
pares the results with the SS theory in the OS regime. Note
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that in the SS theory, the effect of shear rate is considered via
1 /Ue which is proportional to but not equal to Ca. Thus a
qualitative comparison can be obtained between the theory
and the numerical results by choosing a range of values of
1 /Ue. The numerical results show that in the OS regime, �o
decreases with increasing Ca �or �̇�. In contrast, the SS
theory predicts that �o is nearly insensitive to �̇ in the OS
regime. This discrepancy is because the SS theory neglects
the large deformation of capsules which is important at high
�̇. More elongated shapes that occur at an increasing �̇ lead
to a reduced �o. The decrease in �o with increasing Ca has
been observed earlier in experiments �6� and numerical simu-
lations �16,17� for spherical capsules, and is in qualitative
agreement with the present results for nonspherical capsules.

One important effect of the shape deformation on the ori-
entation dynamics is a nonharmonic variation in the inclina-
tion angle ��t� with time which results in an “asymmetry”
about its time-average value �o. The asymmetry in ��t�, in
turn, leads to nonzero values of �o, even in the TU regime
�Figs. 7�a� and 7�b��, thus departing from the KS theory. We
now quantify the asymmetry in ��t� as follows. For an OS
mode, ��t� is always positive, and the asymmetry in ��t� can
be defined by the ratio �2 /�1 where �1 is the time taken by
the capsule to go from �min to �max, and �2 is the time to go
from �max to �min. In the absence of an asymmetry, the ratio
�2 /�1 would be unity. The numerical results for �2 /�1 is
shown in Fig. 8 as a function of the viscosity contrast �. In
the OS regime, the numerical results show that �2 /�1	1.
This apparently implies that the capsule swings faster in the
direction opposite to the rotational motion of the flow. This is
because the compression occurs over a longer time, while the
elongation occurs much rapidly �Fig. 2�. As � increases, the
ratio �2 /�1 increases. It then approaches � as the VB mode
onsets at higher �. In the VB and TU regimes, ��t� becomes
negative. Then �1 and �2 are computed as the times for which
��t� is negative and positive, respectively �see the inset of
Fig. 8�. The numerical results show that as the capsule tran-
sits from the VB-type to TU-type motion with increasing �,
the ratio �2 /�1 decreases from large values and approaches
unity at higher �. The KS theory predicts that �2 /�1 is always
unity for a tumbling capsule. The numerical results show that

�2 /�1 can be greater than unity in the TU regime. This im-
plies that the capsule spends more time in the extensional
quadrant of the shear flow �though the capsule actually may
be under compression even in this orientation, Fig. 4�.

Another example of the coupling between the shape de-
formation and orientation dynamics is shown by the ampli-
tude �� of the inclination angle as in Fig. 9. The numerical
results are compared with the SS theory. Figure 9�a� shows
the variation in �� with respect to the viscosity contrast � for
a given Ca. As � increases, �� /� increases from small val-
ues in the OS regime and approaches unity in the TU regime.
In this respect, a qualitative agreement between the numeri-
cal results and the SS theory is observed. However, the SS
theory predicts a sharp jump in �� near �=�c, while the
numerical results show a much slower increase. The slower
increase in �� is due to the emergence of the VB modes for
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which large-amplitude shape deformation occurs which is
not considered in the SS model.

Figure 9�b� shows the variation in �� with respect to Ca
for a given �. Here we have chosen the data in the OS re-
gime for clarity. The prediction based on the SS theory is
also shown by choosing a range of 1 /Ue, for which the nu-
merical data closely follows the theoretical prediction. Simi-
lar to the SS theory, the numerical �� decreases with in-
creasing Ca �and so �̇�. So the SS theory can capture the
qualitative trend of �� with respect to �̇ but not with �.

Figure 10�a� shows the variation in the lengths of the
semimajor and minor axes w.r.t. the inclination angle � for
OS, VB, and TU cases. A large variation in the axis lengths is
evident here. For all cases, the major axis shows a greater
change in its length than the minor axis, that is, 
Lmax
−Lmin
	 
Bmax−Bmin
. For the OS case, we see that there is a
small asymmetry in L and B about the mean inclination angle
�o. The elongation of the major axis �i.e., when L is increas-
ing� occurs over a smaller variation in � than its contraction.
Similarly, the contraction of the minor axis occurs over a
smaller variation in � than its elongation. This asymmetry
implies that the capsule shape at ��t�	�o is not a mirror
image of that at ��t���o. The asymmetry increases further in
the VB mode. When the TU mode is considered for which
�o�0, we see that L and B are still asymmetric about �o
=0. The major axis starts to grow, and the minor axis starts
to contract when �=�max �OS and VB modes� or � /2 �TU
modes�. The elongation of the capsule continues for �

�� /4. The contraction of the major axis, and elongation of
the minor axis, starts even for �	0 when the capsule is
oriented in the extensional quadrant of the flow.

Figure 10�b� shows the rates of elongation and contrac-
tion, dL /dt and dB /dt, over �. For all modes �OS, VB, and
TU�, the elongation and contraction rates show asymmetry,
that is, they are higher when � is positive than when it is
negative. Note that the overall deformation is described by
the Taylor parameter D. The results imply that dD /dt is
higher when the capsule is aligned with the compressional
direction of the shear flow. Thus the elongation of the cap-
sule from a compressional state occurs faster than the other
way.

Figure 11 shows the variation in the angular velocity �̇
with respect to �. The results for the OS and TU regimes are
shown in Figs. 11�a� and 11�b�, respectively. In Fig. 11�a� we

compare the numerical results ��̇num� with the SS theory

��̇SS� by choosing a value of 1 /Ue �but for same � and �� for

λ

∆θ
/π

5 10 150

0.2

0.4

0.6

0.8

1

α=0.7

X

X
X

X

∆θ
/π

0.1 0.2 0.3 0.4

5 10 15 20

0

0.1

0.2

0.3

0.4

Ca

1/Ue

(b)

(a)

FIG. 9. �Color online� Amplitude of oscillation of the inclination
angle w.r.t. �a� � and �b� Ca. In �a�, numerical results are shown by
symbols and solid lines �green circle Ca=0.05, red square Ca=0.1,
and blue delta Ca=0.2�. The dashed-dotted line is the result of the
SS model for 1 /Ue=5. All results are for �=0.7. In �b� the numeri-
cal results are for �=4 �circle� and �=2 �x�. The dash line is the
result for the SS model at �=4. All results are for �=0.6.

θ/π

L,
B

-0.4-0.200.20.4

0.7

0.8

0.9

1

1.1

1.2

1.3

Major axis

Minor axis

θ/π

dL
/d

t*
,d

B
/d

t*

-0.4-0.200.20.4
-0.2

-0.1

0

0.1

0.2

(b)

(a)

FIG. 10. �Color online� �a� Variation in the semimajor �L, filled
symbols� and minor �B, open symbols� axes w.r.t. the inclination
angle �. Symbols are as follows. OS case: red circles ��=0.7, Ca
=0.05, �=4�. VB case: green squares ��=0.7, Ca=0.05, �=7�. TU
cases: blue diamond ��=0.7, Ca=0.05, �=10�, and black delta ��
=0.6, Ca=0.05, �=7�. �b� dL /dt �filled symbols� and dB /dt �open
symbols� for the similar cases as in �a�.

PROSENJIT BAGCHI AND R. MURTHY KALLURI PHYSICAL REVIEW E 80, 016307 �2009�

016307-8



which the best agreement is found. The horizontal axis in the

plot is ���t�−�min� / ��max−�min�. In this regime, �̇ becomes
positive and negative due to capsule oscillation. However,


�̇num
 is lower when the capsule swings clockwise in the
direction of rotation of the flow �i.e., when � goes from �max
to �min� than when it goes the other way. This asymmetry is
the result of the shape deformation in which elongation oc-
curs faster and over a smaller extent of ��t� as discussed

before. The magnitude of �̇num in the counterclockwise swing
increases rapidly with increasing �, while that in the clock-
wise swing increases at a slower rate. The asymmetry also
increases with decreasing Ca. The numerical results can be
matched with the SS theory by choosing an appropriate value
of 1 /Ue. We also noted that the effect of changing Ca can
also be matched when we proportionately change Ue, as
shown in the figure. However, the effect of changing � is not

predicted correctly by the SS theory which shows that �̇SS is
nearly insensitive to changing �.

Figure 11�b� shows �̇ for the TU cases and compares the
numerical results with the KS and SS theory. Unlike the KS

theory for which �̇KS is symmetric about �=0, the numerical

results show a significant asymmetry. Further, 
�̇num
	 
�̇KS

for ��0, but 
�̇num
� 
�̇KS
 for �	0. Hence the numerical
tumbling velocity is lower than that predicted by the KS
theory when the capsule is in the extensional quadrant of the
shear flow. This is because the capsule spends more time in
the extensional quadrant as shown earlier ��2 /�1	1�. When
the capsule is in the compressional quadrant, the numerical
tumbling velocity is higher than that predicted by the KS
theory because the capsule spends less time here. When we
compare the numerical results with the SS theory, we see that
the SS theory can capture the asymmetrical nature of �̇num to
some extent, but it still differs from the numerical results.

We now consider the capsule dynamics at “high shear”
�Ca�0.2, typically� as shown in Fig. 12. Here we show
time-dependent inclination angle ��t�, deformation parameter
D�t�, and the length of the semimajor and minor axes, L�t�
and B�t�. These simulations are performed for longer times
�t�	50�. Very interestingly, we see that the same capsule
transits from one mode to other over time. For example, in
Fig. 12�a� which is for Ca=0.2 and �=13, we see that the
capsule switches from TU to VB mode at around t��25 after
making one full tumbling motion. In Fig. 12�b� which is for
Ca=0.4 and �=9, the capsule switches from VB to OS mode
at around t��15. In Fig. 12�c� which is for Ca=0.4 and �
=13, we see that two transitions occur: from TU to VB at
t��20 and VB to OS at t��30. We conducted a large num-
ber of simulations going up to �=25. Based on all simula-
tions, we observe three types of transient states which occur
with increasing viscosity contrast as VB→OS, TU→VB
→OS, and TU→VB. The transition is always one way; a
transition in the reverse direction is not observed. In agree-
ment with the results in �19�, therefore, we do not observe
any intermittent dynamics as theoretically predicted by the
SS model �12�.

Based on our simulation results, we present phase dia-
grams on �—Ca plane identifying different dynamical re-
gimes in Fig. 13. At a low Ca, three regimes are observed,
namely, OS, VB, and TU, with increasing �. The VB mode
occurs in the neighborhood of �=�c immediately before
transition from the OS to TU modes. Our results show that
the VB mode exists over a large range of the viscosity con-
trast. The critical viscosity contrasts at which OS→VB and
VB→TU transitions occur increase with increasing Ca and
�. The phase diagrams show that the transitions can be trig-
gered below �c by decreasing Ca. This behavior is in quali-
tative agreement with the SS theory and the experiments of
Abkarian et al. �5� using erythrocytes in shear flow. At higher
Ca, the three transient regimes, VB→OS, TU→VB→OS,
and TU→VB, exist in the region between the OS and TU
modes. The range of � over which these transient modes
occur increases with increasing Ca. Hence, these transient
modes would be important for capsule dynamics at high
shear. �Note that the reference to low shear as Ca�0.1 and
high shear as Ca�0.2 is somewhat arbitrary but motivated
by the different dynamics of the capsule seen in the two
regimes, i.e., the quasisteady versus the transient modes.�

IV. CONCLUSION

We presented numerical results on the dynamics of oblate
shape capsules in shear flow by considering a broad range of
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viscosity contrast, capillary number, and aspect ratio. The
focus of this paper is the coupling between the shape defor-
mation and orientation dynamics, and how this coupling af-
fects the transition dynamics as a function of the viscosity
contrast. At low values of Ca, three distinct modes of capsule
dynamics are identified. �i� At a low value of �, a swinging
or oscillatory �OS� mode occurs during which the capsule
oscillates about a mean inclination angle, but the major axis
always lies in the extensional quadrant of the shear flow so
that 0���t��� /4; the oscillatory motion coexists with the
tank treading of the membrane. �ii� At a moderate value of �,
a vacillating-breathing �VB� mode occurs during which the
capsule swings vigorously about the mean inclination angle
which is close to zero, and ��t� periodically becomes positive
and negative, but a full tumbling does not occur; a significant
compression occurs in this mode leading to the maximum
shape deformation. �iii� At even higher values of �, a pure
tumbling mode �TU� occurs; even in this mode, significant
shape deformation is observed.

The VB mode of capsules as shown in this paper is quali-
tatively similar to that for vesicles described in earlier works,
e.g., �9,10,14,26–28�. These modes occur because at the in-
termediate values of �, the capsule undergoes a significant

compression when ��t� becomes negative, leading to the
near-circular shape, and a reduced hydrodynamic torque. The
capsule, as a result, is unable to make a full tumbling motion.
Due to the significant compression, the capsule shapes in the
extensional and compressional quadrants of the flow are not
mirror images about the mean inclination angle. Further-
more, the compression of the capsule occurs at a slower time
scale, while the elongation occurs much faster. Thus, in the
VB mode, the clockwise swing occurs slower than the coun-
terclockwise swing.

At higher capillary numbers, three types of transient mo-
tions occur, in addition to the OS and TU modes, during
which the capsule switches from one mode to the other. With
increasing �, these modes appear as �i� VB→OS, �ii� TU
→VB→OS, and �iii� TU→VB.

We analyze the coupling between the shape deformation
and orientation dynamics, and we show how this coupling
influences the transition from tank-treading to tumbling mo-
tion as the viscosity contrast is increased. For all modes of
motion �OS, VB, and TU�, a large-amplitude oscillation in
the capsule shape is observed. The coupling between the
shape deformation and orientation is the strongest in the VB
mode during which the amplitude of shape deformation �D
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reaches its maximum, and the capsule shape shows the maxi-
mum compression. Hence the shape deformation is most im-
portant at an intermediate viscosity contrast around �=�c.

The coupling between the orientation dynamics and the
shape deformation leads to a number of significant depar-

tures from the KS theory: �i� a steady inclination angle does
not exist for ���c; �ii� as � approaches �c, the inclination
angle ��t� can become negative without a full tumbling lead-
ing to the VB mode; �iii� the inclination angle �o is depen-
dent on the shear rate, and it decrease at a much slower rate
as � approaches �c, and leads to tumbling even when �o
	0.

The major departures from the SS theory are �i� the exis-
tence of the VB mode at a low Ca for which the shape
deformation is the maximum, �ii� the emergence of the tran-
sient modes VB→OS, TU→VB→OS, and TU→VB, at
higher Ca, and �iii� the absence of any intermittent dynamics.
The occurrence of the VB mode cannot be predicted by the
SS theory, as this mode corresponds to the maximum shape
deformation. Further discrepancies between the SS theory
and the numerical results are as follows: �iv� the SS theory
predicts that the mean inclination angle �o is independent of
�̇ in the OS regime, but the numerical results show that �o
decreases with increasing Ca. �v� The large-amplitude oscil-
lation of the inclination angle at the intermediate � is also not
predicted by the SS theory. Unlike in the SS theory, here the
shape deformation drives the orientation dynamics at the in-
termediate viscosity contrasts.

Several other interesting results are presented. The ampli-
tude of shape deformation �D first increases reaching its
maximum, but then decreases, with increasing �. The major
axis shows a greater variation in length over time than the
minor axis. Compression of the capsule occurs at a slower
rate than its elongation. Compression starts even when the
major axis lies in the extensional quadrant of the flow. Elon-
gation continues for ��� /4; the maximum elongation oc-
curs progressively at an angle lower than � /4 with increas-
ing � and Ca. Further, though the capsule spends more time
aligned with the extensional direction of the flow, it is actu-
ally subjected to a high compressive stress. These results
could help in developing a phenomenological model of non-
spherical capsule dynamics that can further improve the SS
model.
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