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Stress and displacement around a crack in layered network systems mimicking nacre

Yuko Aoyanagi and Ko Okumura
Department of Physics, Graduate School of Humanities and Sciences, Ochanomizu University, 2-1-1, Otsuka, Bunkyo-ku,
Tokyo 112-8610, Japan
(Received 24 September 2008; published 17 June 2009)

Nacre is a natural composite material which has been studied because of its remarkable structure and its
strength. In this paper, we revisit a layered model of nacre proposed previously [K. Okumura and P. G. de
Gennes, Eur. Phys. J. E 4, 121 (2001)] in order to understand the physical reasons for the toughening via
numerical simulation. We construct a two-dimensional lattice model which reflects the layered structure and
perform a numerical study. This grid model reproduces the essential features predicted by the analytical
solutions to the previous model and the results elucidate the reasons why the tip-stress concentration is reduced

and tip displacement is enhanced in the layered system.

DOI: 10.1103/PhysRevE.79.066108

The shiny beautiful material on the surface of pearls or
inside walls of certain seashells is called nacre, which is
known to posses a remarkable toughness [1,2] and has at-
tracted a considerable attention [3—7]. In nacre, hard sheets
are glued by thin soft sheets on submicron scale to form a
layered structure. As a matter of fact, each hard sheet is
composed of polygonal thin plates; the plate itself is com-
posed of nanograins embedded in soft matrix [8]. Due to this
rather complex structure various mechanisms have been pro-
posed: the stepwise elongation of adhesive fibers [9], a
threshold strength originating from thin compressive layers
[10], the reduction in crack-tip-stress concentration [11], the
pull-out resistance opposing to roughness of layer interfaces
[12], the presence of mineral bridges between the aragonite
platelets [13], and the microscale waviness of the plates [14].
Various theoretical and computational approaches include
elastic [10,11,15] and viscoelastic models [16], microme-
chanical [17] and finite-element models [14,18,19], a fuse
network model [20], and so forth.

In this paper, we consider a layered model of nacre (Fig.
1) proposed in [11], ignoring complex structures beyond the
layered structure. For this model, analytical solutions for
crack problems are obtained for a few cases [11,21], from
which one possible mechanism of toughening of nacre has
emerged: crack-tip stress is reduced while crack-tip displace-
ment is increased. However, physical reasons for the reduc-
tion and increase have not been elucidated. Here, in order to
clarify the physical pictures for them, we construct and study
a two-dimensional network model.

In the analytical model (Fig. 1), hard layers (thicknesses
d;, and Young modulus E;) are glued together by soft layers
(thicknesses d; and Young modulus E,) where the period of
stripe d is defined as d=d,+d,,. In nacre, we expect that the
small parameters 5 and e, (E,= egE),, d,=¢,d,) satisfy the
condition

e=gpdld, = eple; = (EJE,)(dld,) < 1. (1)

By focusing on the leading-order contributions in the &
expansion of the elastic energy, we showed [11,22] that, for a
line crack running in the x direction [as in Figs. 1(a) and
1(b)] under the plane strain condition (thick plate), the domi-
nant component of the displacement field is the y component
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(u,) which satisfies a reduced Laplace equation,

( & +i>u),=0, (2)

a2 a9y?

where the reduced x coordinate, )EEx/v’;, has been intro-
duced. The boundary value problems of this equation have
been solved for a semi-infinite line crack [Fig. 1(a), [11,23]]
and for a finite crack of length a [Fig. 1(b), [21,24]] in an
infinitely long (thick) plate of width L. In the latter case the
appropriate fixed-grip boundary conditions in the upper half
plane (y>0) are as follows:

uy,=uy at y=1L/2,

u,=0 for y=0, x<-a/2 or x>a/2,

du,=0 for y=0, =—a/2<x<al2 (3)

In both cases the original field u, has a discontinuous
jump at the crack surface [e.g., x<0, y=0 in Fig. 1(a)]: u, is
positive for y=0* but negative for y=0~. This singularity can
be avoided by considering an auxiliary field and analytical
solutions are obtained in [11,21]. For example, for the fixed-
grip boundary conditions in Eq. (3), we obtain compact ex-
pressions for tip stress and tip displacement. In particular, in
the limit, L<d=a/ Ve, which includes the case L=a, the
displacement at x=a/2—r and the stress at x=a/2+r are
given by

u(x=al2—-ry=0"= 28_1/4KL\/_7‘/E;,,

y
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FIG. 1. Layered structure (a) with a semi-infinite crack and (b)
with a finite crack. In (b), the right crack tip is located at
(x,y)=(a’/2,0). Gray stripes correspond to soft thin layers.
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FIG. 2. (a) The illustration of lattice model with a crack in the
middle to be stretched in the y direction, where d,=1l,, d=3ly, a
=3l,; the dashed line stands for the weaker spring. The fracture tips
are located at the soft “layer.” (b) and (c) Magnified view of the
right crack tip located in the middle of soft layer with d =3/, and
dy=5l,, respectively (d,a>d,).
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where K;=0,\L/(2m) is the stress intensity factor in the
nonlayered case [25]; r and oy=E,u,/L measure the dis-
tance from the tip and the remote stress, respectively. In the
two equations in (4), the tip displacement is enhanced by a
factor £7'/* while tip-stress concentration is reduced by a
factor &' compared with the nonlayered case. For the
boundary value problem indicated in Fig. 1(a), we obtain the
same scaling relation around the crack tip [11]. This is natu-
ral because in both problems the only length scales available
are L=aqa and r [24].

As indicated above, we shall construct a two-dimensional
grid model for numerical studies (Fig. 2) which reproduces
the tendency stipulated in the two equations in (4). In this
problem, we have several well-separated length scales:
strictly speaking, we must satisfy the relations

d;<dy(=d)<r<a(=L)<L,, (5)

where L, is the system size in the x direction. In the follow-
ing, to ease the calculational burden we relax this condition;
below we set the separation between two adjacent variables
in Eq. (5) less than 1 order of magnitude. Nonetheless, we
will see that this relaxation is allowed to attain our goals:
reproduction of the tendency and elucidation of the physical
pictures.

The two-dimensional grid model is composed of M X N
points, initially arranged in a two-dimensional square lattice
(Fig. 2), with each point X;; connected to the four nearest

neighbors Xl(;) ,

Xiv1j (s=1)

x = { X (5=2) )
Y Xi—lj (S =3)
Xij—l (s=4),

with a linear spring of natural length ;. The four springs
attached to a point (i, ;) provide force reflecting the layered
structure whose « (x or y) component is given by

M N 4

Fija= >S>> k(i,j,S)(Xl(-j) -X;;- 9, (7)

i=1 j=1 s=1

where
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FIG. 3. The reference nonlayered network at equilibrium of
original size, (L,L,)=(100ly,300[y), with a crack of length
a=1011, stretched to 200/, in the y direction.
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The spring constants k(i,j,s) are set to constant k, or
k,=(E,/ E},)k, <k, to reflect the desired layered structure [see
Fig. 2(a)] while the special care is required for this setting at
the boundary (e.g., j is either 1 or N) to realize the fixed-grip
condition. A pseudoline crack of length a=(n+1)l, is intro-
duced into the network by cutting n bonds in the middle
(y=0), i.e., by setting k(i,j,s) to zero at corresponding
points (j=N/2 for s=2 and j=N/2+1 for s=4 for even N).
For technical convenience, we set the crack tips in the
middle of soft layers (see Fig. 2) although, qualitatively, re-
sults below are not sensitive to this choice. The network with
the crack thus introduced is stretched in the y direction so
that the displacement at upper and lower ends, initially lo-
cated at y==*+L/2, is *eL/2 (see Fig. 3 for the nonlayered
system).

The equilibrium force distribution as in Fig. 3 is obtained
via numerical calculations by solving coupled equations of
motions,

dx.,
e (9)

Ty = Fiie

The dynamics can be relaxed to a unique equilibrium state
after a sufficient time ¢. The damping constant 7 changes
only the dynamical process to reach the equilibrium state:
results below are insensitive to 7.

A similar but nonlayered model composed of nonlinear
springs is discussed recently in [26,27]. In [26] the x and y
components of X ; vector are coupled. On the contrary, in
the present model, the x and y components are independent
so that the interdistance between the adjacent points X; ; in
the x direction is always fixed to /y; this might seem to be an
oversimplification but has strong advantages: e.g., the x co-
ordinate of tip position is always fixed to the original posi-
tion, which technically eases the interpretation without
changing the physical tendency.
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FIG. 4. Stress distribution around the crack at y=1/,/2 for vari-
ous E /E), with d=10[y and d =1,. The crack is located at y=0 and
the right crack tip is located at x=a/2; here, the distance from the
tip r is defined as r=x—a/2.

To demonstrate that our lattice model can reproduce the
original tendency in the two equations in (4), we show the
result of stress and deformation in Figs. 4-7 for a system
with L,=300/,, L=100/,, and a=101[, for various d,, d, and
E,/E, to change & given in Eq. (1). In all plots, stress and
displacement are those for the beads located at y=1,/2 before
stretch, while the crack is introduced by cutting 100 springs
located at y=0 (i.e., spring connecting the beads originally
located at y= *1,/2).

The continuous curves for E,/E,=1 or d,/d=0 corre-
spond to the nonlayered case (all springs are set to k;,), which
are references for stress reduction and displacement increase.
As expected, these reference lines for stress and d1splace-
ment qualitatively reproduce the well-known 1/ Vr and \r
profiles, respectively [25,28]. In the layered cases, all the
curves are singular in the regions of soft layers: the stress
curves are dropped sharply at the “soft layers,” while the
displacement curves make “discontinuous jumps” at the soft
layers; the curves for “layered grid model” are intermittent
but the “envelope curves” or “overall profiles” reproduce the
tendency in the two equations in (4)—as & in Eq. (1) gets
smaller, the stress concentration profiles and the displace-
ment profiles in layered cases are reduced and augmented
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FIG. 5. Tip displacement around the crack at y=1/y/2 and for
various E/E; with d=10l, and d,;=[,. Here, the distance from the
tip r is defined as r=a/2-x.

PHYSICAL REVIEW E 79, 066108 (2009)

d/d=00 -
d/d=05 x
dJd=015 o
d/d=025 =
0
30 T T 70 T : |+
Ty
250 | _ 65T T A
© 60 Fx e
© @ n XX
200 | 55422800k 55t ]
1

G /0

0 é@ 1 Az, 1 daao.

0 10 20 30 40 50
r/l,

FIG. 6. Stress distribution around the crack at y=[,/2 for vari-
ous d/d with d=20ly and E/E;=100, where r=x—a/2.

from the corresponding nonlayered continuous curves, re-
spectively; and this is confirmed by changing & in two dif-
ferent ways, i.e., by varying E,/E, with d/d, fixed (Figs. 4
and 5) and vice versa (Figs. 6 and 7). Note here that we
expect that the grid model approaches the continuum model
under the condition given in Eq. (5).

Now that we have confirmed that our naive calculations
capture the tendency of the original analytical model, we can
discuss the physical picture of the stress reduction and dis-
placement enhancement predicted by analytical solution
based on these plots: the displacement enhancement in the
layered system clearly comes from the large deformation of
the soft springs in the meshed system. This implies that the
hard springs are less deformed, which leads to the reduction
in stress because overall stress oy, is governed by the hard
layers: oy, ~E,e;, for d,>d, where ¢, is the strain in the
hard layers. This picture based on the grid model elucidates
the analytical behavior in the continuum limit, as announced.

These pictures are independent of the details in setting
numerical calculation. For example, we changed the position
of tip, slightly within the soft layers or even outside to the
hard layers, to find that these changes do not cause any quali-
tative differences [29]; we made the amount of stretch
smaller (about 1/10) and changed the system size to find no
qualitative changes. In addition, to confirm that our result is
not affected by the anisotropy of the square lattice (this is
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FIG. 7. Displacement around the crack at y=1[,/2 for various
dy/d with d=20I, and E,/E;,=100, where r=a/2-x.
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important in some cases, e.g., [30]), we performed simula-
tion with a square lattice lying at 45° from the layers to find
essentially the same results as above. In this sense, our quali-
tative understanding is robust.

The numerical model in this paper is based on the analyti-
cal layered model mimicking nacre introduced in [11]. As
stated before, this original model does not reflect more de-
tailed structure: an infinite hard layer in the analytical model
is, in reality, a collection of hexagonal plates, which consist
of grains, etc. However, it is still interesting to see how the
original model compare with the real nacre [quantitative
comparison directly with the present numerical model is not
appropriate since we relaxed the required condition in Eq.
(5) for realistic calculations]; the correct order of magnitude
of the fracture energy can be reproduced from the model if
we assume that the soft layer is like a standard soft gel (E;
=1 MPa) [11], in which case the & parameter is around
1/5000. This semiquantitative agreement encourages us to
expect that the simple analytical model captures one of the
essential toughening mechanisms of real nacre so that the
present paper dealing with a corresponding numerical model
offers physical reasons for toughening of real nacre. At any
rate, the present study gives some insight on and a guide for
toughening of artificial layered materials motivated by nacre.

Here, we should mention that there has been a contro-
versy on the estimation of E,. In [2], they assumed E;
=4 GPa, an experimental value of keratin, because the direct
measurement was impossible to explain their data on nacre
as a composite material. Since then some researchers have
used this value in their papers (e.g., [31]). On the contrary,
many magnified photographs of the soft layer have indicated
that the soft layer is like a gel (see, for example, a recent
paper on in situ experiments [32]), for which the standard
value in polymer physics is £;=1 MPa [33]. In addition, in
a recent study [34], the authors derived an even smaller value
E;=100 Pa from deflection experiment. Overall, this con-
troversial situation over two decades shows the difficulty in
determining E,. Note that our theory as a model of nacre can
be acceptable almost in any cases because the required con-
dition e <1 is satisfied if E,<a few gigapascals.

We state that the continuous curves for E/E,=1 or
d,/d=0 correspond to the nonlayered case because in such a
case the network becomes homogeneous consisting of only
one kind of spring. However, the continuous numerical
curves shown in the above where E/E;,=1 or d;/d=0 do not
coincide with the curves calculated from the analytical solu-
tion (although we confirmed that they agree quite well if we
introduce a numerical prefactor); this is because the math-
ematical limit matching with the analytical solution is the
limit e — 1 with letting E/E, and d/d, closer to zero and
infinity, respectively.

To better understand the physics of our results, it is quite
interesting to compare our result with those in the context of
a version of shear-lag models [35]. This two-dimensional
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model for a composite consists of strong fibers sandwiched
by matrix with the following restriction: tension of the com-
posite is supported only by fibers while shear is carried only
by the matrix (a similar idea is also found in [5]). Looking
back our results of simulation, we notice that soft layers are
strongly sheared while hard layers are stretched (rather than
sheared). The restriction set by hand in the shear-lag model
seems to be realized naturally (without setting by hand) to a
certain degree in our numerical results. At this level of a
rough understanding, our soft modulus E; can be practically
regarded as a shear modulus while Ej, as a Young modus (we
cannot define the Poison ratio in an unambiguous way in our
model). By the way, in [36] the authors compared, in the
context of the shear-lag model, a continuum treatment with a
discrete one, which is similar in spirit to the present work;
they discuss the position of the crack tip in the soft matrix
and indicate a best position in agreement to the continuum
treatment (in our case since our discrete model is a finite
system, contrary to theirs, this kind of qualitative comparison
is impossible).

To reflect real scales in nacre, L is around several centi-
meters while significant sizes (a) of crack fatal to nacre
would range from submillimeter (note that our model is ap-
plicable when a>d) to a few centimeters: L/a ranges from 1
to 100. In our simulation the ratio is very restricted, on the
order of 1 (i.e., 1 or 3); however, it would be interesting to
compare our numerical results in the case of L=3a and those
in the case of L=a. Basically, we think that our numerical
results for L/a=1 and 3 correspond to the limit L=a of the
analytical solution obtained in [21], in which another limit of
L>a is also considered; comparing these two limits of the
analytical solutions, we can conclude that the reduction in
the stress concentration is weakened as L gets larger, which
is consistent with the comparison of the cases L/a=1 and 3
of our numerical results. Studying the cases of larger ratio
L/a and comparing the results with the previous works in the
shear-lag model [36,37] would be interesting, which will be
discussed elsewhere.

In conclusion, we have succeeded in developing a layered
grid model for the previous analytical model mimicking na-
cre; the grid model reproduces the important features [two
equations in (4)] of the original analytical model. The result-
ant stress and displacement distributions in the grid model
give physical insights on the reason of the reduction in the
stress concentration and displacement enhancement due to
the layered structure: strong deformation in the soft layers
increases the overall displacement field, which in turn re-
laxes the deformation in the hard layers to reduce the stress
concentration since continuous stress field o, is essentially
governed by the hard modulus: o, ~ Ee,, for d,>d,.
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