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Ordering of hard spheres inside hard cylindrical pores
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Isothermal-isobaric simulations on the ordering behavior of hard spheres upon confinement are presented.
The radii of the confining cylinders go from 1.1 to 2 in units of the diameters of the hard spheres adsorbed. In
all the range of pressures considered the spheres were located in concentric layers, as many as the radius of the
hard cylinder would permit. When the pressure increases, the hard spheres go from being loosely arranged to
the formation of ordered structures. This change is marked in all cases by a distinct break in the density of
spheres in a narrow pressure range. When the tube radius is smaller than 1.5, the high-pressure ordering is
determined by the number of coplanar spheres you can have within a circle of radius equal to that of the
confining tube. For wider tubes, the change upon compression is determined by the formation of defected
two-dimensional triangular lattices wrapped to fit inside the particular cylinder we are considering.
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I. INTRODUCTION

The behavior of simple fluids under confinement could be
rather complex (see, for instance, Ref. [1] and references
therein). This means that if we want to have a reasonable
picture of it, we should take into account both the pure con-
fining effects and the interaction of the constrained species
with the walls of the confining media. For instance, it is well
known that when the adsorbate-adsorbent interaction is
greater that the adsorbate-adsorbate one, the freezing point of
the confined species increases with respect to its bulk coun-
terpart. The opposite happens when the relative order of the
strength reverses [1-6]. When the confining walls are made
of the same atoms or molecules than the adsorbate, the freez-
ing point decreases with the size of the pore. This is common
to both cylindrical and slit pores.

Another topic of study is the ordering of the adsorbed
species inside the tube. Obviously, this should depend on the
size of the pore and on the wall-adsorbate interaction. In
cylindrical pores, the majority of the theoretical studies have
been made on tubes of radius equal to or greater than 20,
with ¢ as the diameter of the adsorbed species [1,2,4-6],
even though there are some simulations on or including nar-
rower pores [7-12]. Among them, Refs. [7-9,11] are on the
subject of hard spheres inside hard pores. Apart from its
theoretical interest, these last results could be used to under-
stand the recent experimental findings about colloids inside
very narrow rectilinear pores [13,14] and, to a lesser extent,
the confining effects of other substances inside narrow tubes
[15-17].

The aim of this work is to study the effect of confinement
in the structure of hard spheres located inside hard tubes of
radii in the range between 1.1 and 20 in a given range of
reduced pressures. Here, and in the remainder of the paper, o
will be the diameter of the hard spheres confined in the
tubes, with all the lengths given in units of o. Our goal is not
to have the absolute maximum package ratio as in Ref. [8]
but to consider the average equilibrium configurations of a
set of hard spheres when the pressure increases, taking into
account the influence of the entropy in the configurations
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obtained. The plan of this paper is as follows: in Sec. I we
will describe the model and simulation details, while Sec. 111
will be devoted to describe the results obtained. Finally, we
will state our conclusions in Sec. IV.

II. MODEL AND SIMULATION DETAILS

Our primary goal was to study the variation in the order-
ing of hard spheres located inside perfectly rigid hard tubes
under compression in the z direction (the main axis of the
confining tubes). To do so, we performed isothermal-isobaric
(NPT) Monte Carlo simulations in the reduced pressures
range P*=0-20. P* was taken as the simplified form for
BPo>, and it will be used in that way in the remainder of the
paper. B=1/kgT, where kg is the Boltzmann constant and T
is the temperature. The radii of the confining tubes were R
=1.2,1.3,14, 1.5, 1.7, and 20. This means that the maxi-
mum distance of any sphere to the center of the tube should
be lower or equal to R—0.50. In all cases the number of
particles was N=800, number that we checked to be sure that
was enough to avoid size effects. To do so, we repeated some
of the simulations in the region immediately below and
above the density breakings (see below), keeping constant all
the other variables but changing the number of spheres (N
=1600,3200). We found no appreciable change in the vari-
ables tested, with the results similar to the ones for N=800
within a single standard deviation. All the data were obtained
by averaging over 3 X 10° simulation steps. The number of
discarded simulation steps varied from tube to tube but in all
cases were at least 3 X 10°, and enough to assure that in the
3 X 10° ones taken to calculate the results presented here, the
volume of simulation cell had no particular bias. Each Monte
Carlo step comprised an attempt to change the volume of the
simulation cell, and 2N trials to move a hard sphere chosen
at random. The maximum movement distance was fixed to
ensure a percentage of success around 40%. The same con-
trol was applied to the change in the volume of the cell
containing the spheres, i.e., a success ratio between 30% and
40%. Since the cylinders were considered to be perfectly
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rigid, the change in the volume translated into a change in
the length of the simulation cell.

We were interested in characterizing the change in the
detailed distribution of the spheres within the cylinder upon
increasing the axial pressure. To do so, we checked the pos-
sible formation of helical structures. A perfect helix is de-
fined by the following expressions [8]:

d=R-0.50, (1)
= Zp-1=4d, (2)
b, =0, (3)

where d is the distance from the center of the tube to the
position of the particle, z, is the position in the z axis of the
particular sphere considered (n), with z,—z,_; as the differ-
ence in the locations of two consecutive spheres in the same
helix, and ®, is the angle between the two the centers of
these two spheres and the center of the tube. If the helices are
not perfect, d, z,—z,_;, and ®, should have some dispersion
around a single maximum.

If the tube is wide enough, we can use an alternative
description to that of the helices; any of the concentric layers
we can see (if more than one) can be seen as the result of the
wrapping up of a two-dimensional triangular lattice inside
the tube. That structure will have more or less defects de-
pending on the distance of this cylindrical shell to the center
of the tube and on the external pressure. To quantify the
quality of this approximation, we calculated the hexatic order

parameter as [(®g)|, where
SRS
Dg=—2, — 2, exp(i66;). (4)
N7 Nic'jk !

The average over the parameter was made over the respec-
tive simulation runs. In principle, ®4 would depend on the
cutoff distance to define the nearest neighbors of each atom i.
To avoid that, different cutoff distances were tried to assure
that a particular election did not change the results. ¢, is the
angle defined by the atoms j, i, and k, with j and k as two of
the nearest neighbors of atom i. N;, is the number of the
closest neighbors of atom i, and N, is the total number of the
corresponding angles for the same atom. [(®¢)| was calcu-
lated with the actual positions of the hard spheres in the
corresponding layer without any projection in a two-
dimensional plane.

III. RESULTS
A. Narrow cylinders (R <1.350)

In this subsection we will characterize the ordering upon
compression of sets of hard spheres confined in tubes narrow
enough to allow at most one layer of those spheres inside,
starting by Fig. 1. There, we show the equation of state
(EOS) corresponding to a tube of radius 1.2¢-. There, the y
axis represents the applied reduced pressure (8Pc”) and in
the x one we displayed the reduced density as the number of
spheres divided by the volume of the simulation cell. This
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FIG. 1. Equation of state for hard spheres confined inside a hard
cylinder of radius 1.2¢. Dashed line indicates the same quantity for
a three-dimensional bulk system in the same density range. SPo>
means reduced pressure (8=1/kgT; kg: Boltzmann constant; T:
temperature), while o is the diameter of the hard spheres. p is the
number density, i.e., the number of spheres divided by the cylinder
volume (1.447a>L, where L is the average length of the simulation
cell in units of o).

volume is expressed in units of the cube of the length unit, o.
The error bars are of the size of the symbols and not shown
for simplicity. The form of the curve is similar to the EOS of
the system of the confining radius 1.1o considered in Ref.
[9]; one can observe an increase in the equilibrium density
with pressure, and the existence of a breaking around P*
=14 (instead of 15 for the 1.1o case). The dashed line in the
figure is the liquid branch of the Hall equation of state for a
bulk system of hard spheres and was taken from Ref. [18].
The solid branch was not displayed because it starts at higher
densities than the represented in the figure. It can be seen that
for all the reduced pressures considered, the equilibrium den-
sities are always lower than in bulk, an effect of the impos-
sibility of the spheres to fill uniformly the space inside the
tubes. All the confined arrangements considered in this paper
have similar EOSs, with the main variations being the re-
duced pressures of the density breakings and the particular
equilibrium densities at each pressure, both functions of the
tube diameter. The discontinuities in the EOSs are associated
with a change in the disposition of the spheres inside the
tubes practically indistinguishable from a first-order transi-
tion. However, a careful study of the 1.10 case made in Ref.
[9] suggests that it is not the case, favoring the conservative
hypothesis of a crossover between two ordering patterns.

A first insight into what happens when pressure is raised
is given in Fig. 2 for the same tube already considered in the
previous figure. There, we display the radial density for three
different pressures (P*=3: full line; P*=8: dotted line; and
P*=18: dashed line). We can see that even for the lowest
pressure of the three, all the spheres are located in a shell
whose maximum peak moves very little upon compression,
with no obvious discontinuity associated with the abrupt
change in density around P*=15 displayed in Fig. 1. The
only difference is the width of the shell that narrows progres-
sively, leaving a wider longitudinal hole in the center of the
tube. This kind of hole has been observed experimentally in
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FIG. 2. Radial density (number of spheres per unit volume) for
the same system than in the previous figure for BPo>=P*=3 (solid
line); P*=8 (dotted line) and P*=20 (dashed line). In all cases, we
see only one sphere layer inside the tube. The volume of the cylin-
der is given in units of o°.

charge stabilized confined colloids [16]. Since the interaction
between the particles and the wall is purely repulsive, the
reasons of the formation of the layer are entropical; there is
more space accessible to the spheres in the outer shell than in
the smaller center of the cylinder axis, so it is more probable
to find all sphere there.

To understand the nature of the change in the ordering, we
will use the data in Table I and Fig. 3. In that table, we see
the minimum radius needed to have m hard spheres in the
same plane. The limits have been obtained by simple geo-
metrical arguments. In the figure we displayed the number of
spheres per unit length, m, in units of o as a function of the
reduced pressure. From top to bottom we have the case for
R=1.4,1.3, 1.2, and 1.10. The easiest one to interpret is the
last one; when the pressure increases, the number of spheres
in a slice of width o increases until its theoretical limit of
three (see Table I) at P*=15. The breaking at this pressure is
due to the alternate rotation of the equilateral triangles
formed to fit together in the closest way possible (see Fig. 4).
If we suppose that the spheres in each of the triangles share
the same plane and consider that the minimum distance be-
tween two spheres equals o, a simple geometrical calculation
gives us that the minimum distance between those planes is
0.8c0. That will produce an arrangement with and average of
3.75 spheres per o in the limit of perfect fitting versus the

TABLE 1. Minimum radius to contain a set of m coplanar
spheres. A single number correspond to a ring of spheres located
close to the tube wall. Two numbers indicate the number of spheres
inside one of those rings (first number) and how many of them we
can find inside that ring (number after the plus symbol).

Confining radius (o) Number of spheres (1)

1.08 3
1.21

1.35 5
1.50 6+1
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FIG. 3. Number of spheres per unit length (in units of o) as a
function of the tube radius in the same units. From top to bottom we
have, R=1.4, 1.3, 1.2, and 1.10. The error bars are smaller than the
size of the symbols and not shown for simplicity.

~3.5 value at P*=20 of Fig. 3. This difference could be due
to the existence of defects that will destroy the long-range
order, as found for this system in Ref. [9].

The case of R=1.20 is different. According to Table I in
this tube there is not enough room to have four coplanar
spheres in the xy plane. This means that the lower branch of
the curve in Fig. 3 should end before that number. However,
the upper part of it is basically a horizontal line for m=4.
The reason could be deduced from Figs. 5 and 6. In Fig. 5
we displayed the normalized distribution of the cosine of the
angle between two consecutive spheres and the center of the
tube at P*=20. The dotted lines are the simulation results
and the dashed line is a fit to a Gaussian of mean —0.13. The
reason why the cosine distribution is not a delta is because
what we have here are the real configurations including de-
fects and allowing for some entropic disorder. This means
that each sphere forms with its closest neighbor angles,
which vary from ~84° to ~114°, with a maximum probabil-
ity at ~98°. The normalized distribution of the z, distance
between the same consecutive spheres is shown in Fig. 6.
There, the symbols and line have the same meaning as in the

FIG. 4. Perfectly fitting triads of spheres in a maximum packet
configuration for a cylinder of radius R=1.10.
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FIG. 5. Normalized distribution of the cosine of the angle
formed by two consecutive spheres for a cylinder of R=1.2¢ at
P*=20. Open squares: simulation results; dashed line: fit to a
Gaussian. See further explanation in the text.

previous figure. The mean of the Gaussian is 0.24¢ within a
range between 0.1 and 0.40. Both Figs. 5 and 6, together
with the fact extracted from Fig. 2 that the spheres are lo-
cated close to the wall, indicate the high regularity in the
angles and distances typical of a helical distribution with
some defects in the structure. The formation of this helix
allows the spheres to explore the z coordinate of every slab
of length ¢ and press as many of them as the corresponding
to the next radius limit in Table I. A similar helix is formed in
the high-pressure limit of the R=1.3¢ tube. In Fig. 7 the full
squares show the simulation results for this radius and P*
=16. The fitting Gaussian now has a maximum around 0.21c
and the distances in the z axis are in the range 0—0.4¢. This
indicates that with pressure, m will increase until 5, the num-
ber corresponding to the next limiting radius in Table I
(1.350). The upper branch of the curve goes to this limit
slower than in the 1.20 case, probably because the difference
between the actual radius of cylinder and the closest radius in
Table I is greater in the 1.30 tube. Since all helices are chiral
structures, for those radii, those described above are chiral
orderings.

This interpretation of how the spheres arrange with in-
creasing pressure is fully compatible with the customary
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FIG. 6. Same as in the previous figure but for the distance in the
z axis between two consecutive spheres.
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FIG. 7. Same as in Fig. 6 but for R=1.30. Open squares: P*

=10; full squares: P*=16. Error bars are of similar size as in the
previous figure and were not shown for simplicity.

view of a set of m helices intertwined given in Refs.
[8,10,16], and obtained by visual inspection. Figures 8 and 9
(lower and upper parts, respectively) show representative
snapshots corresponding to P*=20 for R=1.2 and 1.3¢ that
confirm the existence of such helices in our present case.
Hodak and Girifalco [10] established that both schemes are
algebraically compatible. This means that we can describe
the high-pressure arrangements by means of a single helix,
with given a and 6 parameters [see Egs. (2) and (3)] common
for all the N spheres in the cylinder or, define m subsets of
N/m spheres, each of them with the same a’ and 6" param-
eters, but different than the ones in the single helix case. The
upper and middle parts of Fig. 8 give us an idea about the
ordering process in the R=1.20 cylinder; the loosely ordered
structure at P*=6 (upper part) orders itself in something
similar to a columnar arrangement around P*=10 (middle
part) to be rearranged upon pressure as the helical structure
already discussed at P*=20 (lowest part).

The open squares in Fig. 7 give us the normalized distri-
bution of z distances for R=1.3¢, but now for P*=10. The
pattern found does not correspond to a helix; there are two
maxima, at z~0 and z~0.77c. This situation is similar for
R=1.20 in the pressure range between P*=10 and the order-
ing breaking (P*=14 or P*=15, depending on the tube). The
only difference is in the location of the second maxima at the
latter radius, at 0.460, and not shown for simplicity. The
pattern in Fig. 7 suggests that in this pressure range, most of
the spheres are located approximately on the same plane,
with a minority of them trying to fit in the holes left. At

FIG. 8. Representative snapshots for some sphere arrangements
inside a tube of R=1.20 at different pressures. From top to bottom:
P*=6, 10, and 20.
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FIG. 9. Same as in the previous figure but for P*=20 and dif-
ferent confining radii. From top to bottom: R=1.3, 1.4, 1.5, 1.7, and
20.

lower pressures (below approximately P*=6), the spheres
form loose shells with z, distributions with wide Gaussians
centered at z=0 (see the case for R=1.40 below). In any of
those structures, the angle between two consecutive spheres
does not have a single peak as in the case of the helices
discussed above.

B. Wider tubes (R>1.350)

The sphere arrangement for the case of R=1.40 and high
pressures (P*>13) can be understood with the same tools as
that in the previous cases; the pattern should approach that of
the next limiting radius in Table I, in this case, a central
sphere surrounded by five others (R=1.50). In fact, the big
discontinuity around P*=13 could be explained as the cross-
over between a single shell structure (considered in the pre-
vious section for thinner tubes), and one with some spheres
forming a line in the center of the tube. This change can be
visualized from the radial distribution functions of Fig. 10, in
which we see the structures for P*=12 and P*=20. Given the
fitting problems, in the center of the tube we only have a
maximum linear density of ~0.430"'. Below P*=13 and
until P*=10, we have a helical structure of the same kind of
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FIG. 10. Radial densities (number of spheres per unit volume in
units of ¢°) for R=1.40 for P*=20 (full line) and P*=12 (dashed
line). This last case has been enlarged ten times for clarity.
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FIG. 11. Normalized distribution for the z distance between con-
secutive spheres for R=1.40 and P*=3 (open squares) and P*=10
(full squares). Dashed lines corresponds to fits to Gaussians cen-
tered at z,=0 and z,=0.19, respectively. In the last case, the error
bars are similar to the ones for P*=3 and not shown for simplicity.

the ones already seen for previous cases (full circles in Fig.
11, P*=12; maximum at ~0.19¢, with an angle for the helix
of ~77°). The helical structure forms by compression of the
structures at low pressures similar to the one depicted in Fig.
11 (open squares, P*=3), in which the distributions are wide
Gaussians centered at z,,=0, i.e., the spheres tend to accumu-
late in the same z position with respect to each other. Be-
tween the loosely arranged structures and the helical one, we
can find a crossover similar to that of the one we found for
R=1.30 at P*=8.5. In both cases, changes are smoother than
the corresponding density breakings found at P*> 10.

The rest of the figures are related to the cases with bigger
radii than the ones considered until now. Figure 12 is similar
to Fig. 3 but for (from top to bottom) R=2, 1.7, and 1.50. As
in Fig. 3, the error bars that are of the size of the symbols are
not shown for simplicity. In all cases we observe a similar
breaking in the number of spheres per unit length at different
pressures (P*=11, 12, and 13), which decreases with the
radius increases. Below the breaking pressure we do not ob-
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FIG. 12. Number of spheres per unit length (in units of o) as a
function of the tube radius. From top to bottom we have R=2, 1.7,
and 1.50.
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FIG. 13. Number of spheres per unit length located at a distance
smaller than 0.50 from the center of a cylinder of R=1.50. Error
bars are of the size of the symbols.

serve any other discontinuity, but there is a noticeable change
in the slope of the curve around P*=5 for R=1.50. The
explanation to that is given in Fig. 13. There, we display the
number of spheres for that radius located at a distance
smaller than 0.50 from the center of the cylinder. The change
in the slope starts at the same pressure at which the number
of spheres per unit length in that location reaches a value
close to its theoretical maximum of 1. An inspection of Fig.
12 indicates that the high-pressure ordering pattern is such as
to have seven spheres in the same slab or length o, i.e., the
maximum number allowed for this confining radius accord-
ing to Table I. Since to have exactly seven spheres (one in
the center and another six around the first one) we should
have a perfect fit, and this is impossible, the spheres tend to
form the m=7 intertwined helices indicated in the literature
[10] and already mentioned for the cases R=1.2 and 1.30.
However, a simple visual inspection of Fig. 9 suggests that at
least the spheres located in the outer shell of the wider tubes
(R=1.50) can be thought of as located on a two-
dimensional triangular lattice wrapped around the different

16 T

14
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Radial density
o]

0 02 04 06 038
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FIG. 14. Radial densities for the cases in which R=1.70 for
P*=3 (solid line), P*=8 (dotted line), and P*=20 (dashed line). We
can see that the separation between the outer layer and the central
spheres could be safely established at around 0.6¢ for all pressures.
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FIG. 15. Hexatic order parameter for the outer shell of spheres
in a R=1.50 tube. The breaking at P*=13 coincides with the break-
ing in m we can see in Fig. 12.

cylinders considered. To measure the quality of this approxi-
mation, we calculated the hexatic order parameter [Eq. (4)]
for the spheres located in the outer layers of the cylinders of
radii R=1.5, 1.7, and 20. To determine which spheres were
located on those shells, we resorted to radial distribution
functions similar to the one depicted in Fig. 14 for R=1.70.
There, we can see that the limit between layers could be
stated to be at ~0.60 from the center of the tube for all
pressures. The corresponding limits for R=1.5 and 20 are
~0.5 and o, respectively.

The results for the hexatic order parameters are given in
Fig. 15 (R=1.50) and Fig. 16 (R=1.7 and 20). The error
bars in both cases are of the size of the symbols and are not
displayed for simplicity. In all cases we have an appreciable
jump that coincides with the density breaking we observed in
Fig. 12. This indicates that the change is at least partially due
to the reordering of the structure of the outer layer upon
compression to form quasi-two-dimensional sheets reminis-
cent of two-dimensional lattices on a curved surface. We
should say, however, that the number of vacancies is consid-
erable, since the value of this hexatic order parameter at the
highest considered pressure is still pretty far for the value of
one corresponding to a perfect triangular lattice.
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FIG. 16. Same as in the previous figure but for R=1.70 (open
squares) and R=2¢ (full squares).
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FIG. 17. Upper panel: radial distribution function along the z
coordinate for spheres located at a distance for the center lower than
0.60 for a tube or radius 1.7¢. Full line: P*=3; dotted line: P*=38;
dashed line: P*=20. Lower panel: same as R=20 and a limiting
inner radius of o. Full line: P*=10; dashed line: P*=20.

To see if this ordering of the outer layer is the whole
history, we should also consider what happens with the re-
maining spheres, i.e., the ones located inside the limiting
radius used to define the outer shells. The R=1.70 case is
displayed in the upper panel of Fig. 17. There, we can see the
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change in behavior of the g(z) functions for P*=3 (full), 8
(dotted), and 20 (dashed line), but only for the spheres lo-
cated inside an inner cylinder of radius 0.60. We do not see
any discontinuity in the radial distribution function (g(z))
behavior with pressure, merely a compression, signaled by a
decreasing in the distance between adjacent peaks. In this,
those set of spheres behave similar to the ones confined in a
smooth tube of R<<1.08¢, in which we do not have a density
breaking when the pressure increases [9]. This means that the
change in the ordering at P*=12 for this radius is basically
due to the ordering of the outer shell. This is exactly the
opposite of what happens for the other case, (R=20). There,
there is an appreciable change in the ordering of the inner
spheres around the breaking density pressure (P*=11). In the
lower panel of Fig. 17 we can see the nature of the change;
upon compression the inner spheres order themselves to
form a helical structure, indicated by the three peaks we can
see for z<<o in the g(z) function at high pressures.

IV. CONCLUDING REMARKS

We studied the ordering of hard spheres inside perfectly
hard cylindrical pores. We found that for radii lower that 1.5
times the diameter of a hard sphere, the ordering pattern at
high pressures is determined by the upper limit of how many
spheres we can fit per unit length. This upper limit is given in
Table I and was obtained by purely geometrical consider-
ations. When the confining radius is such as to allow more
than one cylindrical shell of particles, the high-pressure or-
dering depends on the formation of defected two-
dimensional triangular lattices wrapped to fit the correspond-
ing tubes. In the case of R=20, the symmetry breaking due
to the reordering of the spheres is both due to the formation
of this quasitriangular lattices and the ordering of the inner
spheres to produce helical structures similar to those found
inside smooth tubes of radius lower than o [8].
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