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Polymer films nanoimprinted with checkerboard patterns of square wells align calamitic �rodlike� liquid
crystals vertically, horizontally, or tilted depending on the depth/width ratio of the wells. The liquid crystal
prefers planar orientation on polymer films that are smooth but when the films are topographically patterned,
the increasing elastic energy density as the wells become narrower eventually overcomes the surface anchoring
of the polymer and the liquid crystal director field makes a transition from planar to homeotropic. Similar
effects have been demonstrated in both nematics and smectics, and the behavior is confirmed by theory and
computer simulation.
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I. INTRODUCTION

Controlling the alignment of anisotropic soft matter using
engineered surfaces is of great interest as a fundamental
problem as well as in applications such as liquid crystal �LC�
devices and organic electronics and photonics �1–5�. Topo-
graphic patterning has been used with some success to align
a variety of soft materials by guiding their self-assembly on
prepared substrates �6–15�, the scale, and geometry of the
patterns being tailored to achieve specific alignment condi-
tions. Most previous studies of the guided alignment of LCs
have been limited to surface modifications producing in-
plane �planar� alignment �8–13�. Obtaining vertical �homeo-
tropic� or tilted molecular alignment is crucial, however, for
organic photonics as well as for advanced LC displays
�1,2,14–17�. We show here that calamitic �rod-shaped� LCs
which have planar alignment on a smooth polymer film
adopt tilted or homeotropic �vertical� alignment when this
film is imprinted with periodic patterns of nanoindentations
that are sufficiently narrow and deep.

Uniform alignment of liquid crystals, a necessary condi-
tion in most LC applications, is commonly achieved by me-
chanical rubbing, a technique best suited to achieving uni-
form planar alignment of LCs over large areas. More
sophisticated and versatile alignment schemes are necessary
to expand the possible applications of LCs. With this goal,
many alternative techniques including photoalignment and
alignment by chemically patterned surfaces have been ex-
plored �18–21�. We have studied the alignment of LCs by
topographic patterning, an alignment technique, which is
particularly interesting because the three-dimensional �3D�
shape and scale of the patterns can potentially be engineered
to control the organization and, in principle, the local order
of a variety of LCs, with different molecular shapes and
exhibiting different phases. This method exploits the well-
known tendency of LCs to minimize their elastic and anchor-
ing energy in the vicinity of a topographically patterned sub-
strate in order to manipulate locally the overall alignment of

the LC molecules in cells that are several microns thick
�6,7�. For example, sixfold and fourfold symmetric patterns
have been demonstrated to give in-plane multistable align-
ment of the director, and topographic line patterns have been
used for zenithal bistable alignment, which exploits switch-
ing between vertical and hybrid alignments, raising the pros-
pect of novel displays with ultralow power consumption
�3,8,9,17�.

The direct fabrication of nanoscale topographically pat-
terned devices is costly and time consuming because this
generally involves electron-beam �e-beam� lithography or
atomic force microscopy �AFM�, where patterns are written
point by point or inscribed line by line on each individual
substrate. Using nanoimprinting techniques, however, allows
many replicas to be produced from a master mold �22,23�. In
this process, plastic photopolymerizable material is spin
coated onto a substrate, squeezed tight against the mold, and
then polymerized in situ by UV light. The substrate with the
now topographically patterned polymerized surface �the
“replica”� is then separated from the mold. Both uniform and
bistable in-plane alignment of nematics by such nanoim-
printed polymer films have been observed �9–13�.

The size of the nanoimprinted patterns depends on the
mold fabrication technique. Nanoscale molds are conven-
tionally prepared by e-beam lithography or UV photolithog-
raphy, where the pattern size is usually on the order of
0.1–1 mm. By stitching the patterns together in e-beam
writing, the pattern size of the molds can be increased to
about �1 cm �24�. Although this size is not large enough for
regular displays, nanoimprinting is nevertheless a convenient
tool to study self-assembly of LCs on 3D patterns of various
geometry and scales, with potential application to advanced
small scale displays, nanophotonics, or electro-optics.

Homeotropic alignment in nematic LC cells has tradition-
ally been obtained using special polyimide films, photopoly-
mers, or hydrophobic self-assembled monolayers �SAMs�
�25–28�. There have also been a few investigations of using
structured surfaces to induce nonplanar alignment of the di-
rector. For example, Lazarouk et al. �29� recently demon-
strated that porous anodic nanostructures give homeotropic
alignment and Zhang et al. �14� reported a transition of the
tilt angle �the angle between the surface and the director�*noel.clark@colorado.edu
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from planar to a �40° pretilt of a nematic LC on polymer
films linearly patterned in alternating directions using
AFM oxidation. Kitson and Geisow �15� used micron-scale
arrays of square posts prepared by photolithography to
control the tilt of the LC director from the surface and to
achieve bistability.

In this paper, we describe the alignment of calamitic LCs
by three-dimensional checkerboard patterns made using
thiol-ene photopolymerization-based nanoimprinting. By re-
ducing the periodicity of the patterns, we can achieve uni-
form homeotropic alignment of both nematics and semetics.
Homeotropic alignment induced by topographic patterning
has not been observed previously, possibly due to the strict
requirements on the dimensions of the patterns required, as
will become apparent below.

II. EXPERIMENT

A. Mold preparation

The mold was prepared using electron-beam lithography
and successive reactive ion etching �RIE�. A superpolished
silica wafer �size: 12.5 mm; thickness: 3.2 mm� was cleaned
with acetone and methanol and then coated with 10 nm of
chromium by electron-beam evaporation. The wafer was
then coated with poly�methyl methacrylate� �PMMA�, with
spin coating at 4000 rpm for 40 s. The coated wafer
was then baked on a hotplate at 180 °C for 5 min. Patterns
of checkerboards were written on the PMMA using an
electron-beam writing system, JEOL 6400 SEM controlled
by NanoPattern Generation System �JC Nabity�. Regions
about 80 �m�80 �m in size were written with exposure
doses of 260 �C /cm2. The sizes of the squares in the three
different patterned regions were 200, 400, and 600 nm, re-
spectively. The PMMA film was developed in a solution
�MIBK and IPA, 1:3 by volume� for 60 s and rinsed in an-
other solution �MIBK and IPA, 1:9 by volume� for 20 s. The
wafer was baked again on a hot plate at 100 °C for 3 min.
The exposed chromium film was removed by wet etching,
and then the silica plate was etched 420 nm into the substrate
with the chromium pattern as an etch resist using a RIE
system. The RIE process was carried out in octafluorocy-
clobutane �C4F8� plasma in an inductively coupled plasma
etching system �MESC Multiplex ICP� with a chamber pres-
sure of 6.6 mTorr. The chromium coating was then removed
by wet etching. Finally, an n-octadecyltrichlorosilane �OTS�
self-assembled monolayer was coated on the patterned silica
wafer to reduce the surface free energy of the mold.

B. Nanoimprinting

Replicas of the mold were made by a nanoimprint process
using photopolymerization �22�. A small amount of the
thiol-ene photopolymerizable material was put on a small
glass slide ��10 mm�10 mm�, which was then pressed
against the mold at about 20 psi in a nitrogen gas chamber
and exposed to UV light ��=365 nm� from light emitting
diodes for 5 min to polymerize the material under pres-
sure. The slide was then separated from the mold, leaving
a replica of the mold on the surface of the polymer film.

The polymerizable material is a mixture of triallyl-1,3,5-
triazine-2,4,6�1H,3H,5H�-trione and pentaerythritol tetra-
kis�3-mercaptopropionate� with the addition of 0.1 wt %
photoinitiator �2,2-dimethoxy-2-phenylacetophenone
�DMPA�� �30,31�.

C. Measurement of anchoring energy

The anchoring energy of a smooth thiol-ene polymer film
was determined by measuring the optical transmission of a
homogeneous nematic cell as a function of applied voltage
across the cell using a 5 kHz square wave. The cell was
prepared using two polymer replicas with line patterns 8 �m
wide and �400 nm high prepared on ITO-coated glass
slides. The thickness of the polymer films �3.1 and 3.8 �m�
was found by measuring the interference of light before
separating each replica from the mold. The slides were posi-
tioned such that the patterns on opposite cell surfaces were
parallel and overlapping. The empty cell gap was measured
to be 3.8 �m by interference spectroscopy. After filling with
nematic LC �5CB�, the cell showed uniform alignment.

The light from a halogen lamp passed through a polarizer,
the cell, and then an analyzer to a spectrometer. The polarizer
and analyzer were crossed and oriented at 45° to the line
pattern. The optical transmission T was measured at 458 nm,
the wavelength at which the transmission was a maximum
with no voltage applied across the cell, as a function of the
applied electric field. The retardation � was computed from
the transmission using the relation, T�sin2�� /2�. The retar-
dation at 0 V was found to be 9.4 rad, which matches the
retardation �= �2��nd /�� calculated assuming the director
is nearly parallel to the polymer surface, confirming that the
polymer favors planar orientation. The voltage at which the
retardation went to zero was 170 V, from which the satura-
tion voltage Vs across the 5CB layer, assumed to have a
dielectric constant of �LC=18, was calculated to be 22.6 V.
The dielectric constant of the polymer ��P=5� was found by
measuring the capacitance of a capacitor filled with a poly-
mer film of known thickness. Finally, the anchoring energy �
of the polymer film was calculated to be 9�10−5 J m−2

=0.09 erg cm−2 using the following relation:

� =
VsK2��0 �� K3�1/2

tK1
,

where K1, K2, and K3 are the splay, twist, and bend Frank
elastic constants of 5CB, �� is the dielectric anisotropy of
5CB, and �0 is the permittivity of free space �32�.

D. Preparation of liquid crystal cells

Nematic and smectic liquid crystal �5CB� cells were as-
sembled with replicas on one surface and octadecyltriethox-
ysilane �OTES� SAM-coated glass slides on the other. To
maintain the cell gaps, epoxy mixed with 1.2 or 7 �m silica
spheres was used, respectively, for the 5CB and 8CB cells.

III. RESULTS

Figures 1�a� and 1�b� show AFM images of 200 and 400
nm square patterns on a replica. The measured depth of these
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wells is about 400 and 600 nm, respectively, a difference that
may reflect inefficient etching or be an artifact caused by the
inability of the AFM tip to access the bottoms of these nar-
row wells. The buttes on the replica are higher at their cen-
ters, probably due to the shape of the mold: after reactive ion
etching, it is expected that the centers of the wells in the
mold would be somewhat deeper than the edges. The pattern-
ing is uniform in each 80 �m square area.

Since liquid crystals are birefringent, the director field can
be determined unambiguously by observing the LC cell be-
tween crossed polarizers, the optical transmission of the cell
depending on the director orientation relative to the polariz-

ers. Figures 1�c� and 1�d� show depolarized transmission
light microscopy images of the nematic liquid crystal �5CB�
cell. The director is homeotropic at the SAM and planar at
the polymer surface everywhere it is not patterned. In Fig.
1�c�, the upper left region, which is patterned with the 200
nm squares, is dark while the two other regions, patterned
with 600 and 400 nm squares, are brighter. When the cell is
rotated, as shown in Fig. 1�d�, the 200 nm checkerboard area
remains dark, confirming that this region is essentially ho-
meotropic. The other two patterned regions in Fig. 1�d� are
partially extinguishing, with the average director field of the
coarser checkerboards pretilted along a diagonal direction �at
	45° to the squares�, similar to the planar bistable orienta-
tions seen in earlier experiments �9�. As the periodicity of the
checkerboards increases, the degree of homeotropic align-
ment becomes weaker and the degree of ordering decreases
near the boundaries of the patterned regions, as observed
previously in related systems �30�. It is clear that the align-
ment is being determined by the patterned thiol-ene surface
rather than by the homeotropic SAM, since the regions that
are not patterned show significant birefringence and no indi-
cation of homeotropic alignment. Even assuming the SAM
imposes perfect homeotropic anchoring, the critical thickness
�dc=K /�� for the transition from a hybrid state to a uniform
homeotropic configuration is calculated to be only 78 nm,
which is much smaller than the thickness of our cells �33�.

Homeotropic alignment is also observed in the area of the
smectic liquid crystal �8CB� cell patterned with 200 nm
wells, as shown in Fig. 2. Homeotropic �dark� regions occur
even in the 400 and 600 nm patterned regions of this cell, in
coexistence with planar �focal conic� domains, although the
planar orientation clearly becomes more dominant as the
wells get wider. The boundaries of the patterned regions are
much sharper in the smectic case than in the nematic because
bend and twist distortions of the director are forbidden in
smectics �34,35�.

We reported previously that the director in nematic cells,
where the alignment layer is patterned with wide shallow
wells, orients parallel to the glass substrates �9,30�; the LC is
also aligned parallel to the inner faces of each well, leading
to a bistable distorted planar state with the average director
orientation along a diagonal of the square similar to the con-
figuration shown in the inset of Fig. 3. The transition to
homeotropic orientation when the wells are narrow and deep
can be understood as follows: as the width of a hypothetical
well of fixed depth with planar alignment is reduced, the
spatial gradients of the director field increase. The Frank
elastic energy density �which is proportional to the square of
these gradients� increases correspondingly until it exceeds
the planar anchoring energy of the polymer film, at which
point the bottom of the well goes homeotropic and this also
becomes the preferred director orientation in the cell. Ac-
cording to this picture, homeotropic alignment should be pre-
ferred in narrow deep wells.

IV. THEORY

To calculate the elastic energy of the LC in the topo-
graphically patterned regions, we assume that the surface

���

���

��� ���

FIG. 1. �Color online� Topographically patterned alignment lay-
ers and nematic LC textures. Checkerboard patterns �a� of 200 nm
squares and �b� of 400 nm squares imprinted on a polymer replica
imaged using atomic force microscopy. The vertical and horizontal
white scale bars in �a� and �b� represent 400 and 500 nm, respec-
tively. �c� Depolarized transmission light microscopy image of a
hybrid nematic �5CB� cell with checkerboard patterns of different
square sizes �200, 600, and 400 nm from top to bottom� on one
surface and an OTES SAM-coated glass slide as the other. The
�pink� 600 nm patterned region has the highest birefringence, and
the director is approximately planar. �d� The same sample rotated
counterclockwise by 45°. The 200 nm patterned area remains dark,
confirming that the director orientation there is homeotropic. The
gap between the two surfaces was established by 1.2 �m silicon
beads. The scale bars in �c� and �d� represent 20 �m.
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comprises an array of idealized square wells with flat tops.
As long as the director in the well remains in the plane of the
surface, the director field 
�x ,y� is two dimensional and sat-
isfies Laplace’s equation in the one-elastic constant limit.
The director field in the well can be determined exactly in
this model using conformal mapping techniques described in
detail in the Appendix. The elastic energy in a well of width
L is then found to be

F = �Kh�ln�L

�
	 − 0.617 386¯
 ,

where K is the Frank elastic constant, � is the radius of
topological defects in the corners of the well, and h is the
well depth. A similar result has been found for nematics con-
fined to cylindrical pores �36,37�. The free-energy density of
an array of such square wells when h=400 nm is plotted in
Fig. 3. The dependence on well width was computed by mul-
tiplying the number of wells per unit area by the elastic en-
ergy of a single well, assuming the director field varies in
two dimensions only as depicted in the inset. The energy of
each of the defects �shown as vertical �red� lines in the inset�
was taken to be Fdefect=�Kh /4 �38�. Taking the average elas-

tic constant of 5CB as K=7.2 pN �39�, this theory predicts
that when the wells are less than L�456 nm wide, the elas-
tic energy density of the distorted planar state of the 5CB/
thiol-ene system exceeds the surface energy anisotropy and
the homeotropic state is favored.

V. NUMERICAL SIMULATION

In highly frustrated nematics, where local biaxiality and
gradients in the order become important, the free energy can-
not be described satisfactorily using a Frank elastic model
based on a scalar order parameter S and the director n. In this
case, a full tensorial representation, using a tensor order pa-
rameter Q, is required to correctly describe the nematic
structure �40,41�. We have computed the director configura-
tion in LC cells topographically patterned with channels �or
two-dimensional �2D� wells� h=400 nm deep with widths in
the range 200�L�800 nm using a finite-element imple-
mentation of a tensorial nematic description �42�. We find
that the director field in each well adopts a hybrid configu-
ration in this model, with the director orientation changing
from planar to homeotropic as we move away from the bot-
tom center of the well �43�.

The nematic texture that minimizes the thermodynamic
free energy F of the system may be found using a tensorial
description, in which the nematic phase is fully described by
a tensor order parameter Q, and the nematic distortions are
expressed by spatial variations in the eigenvectors and eigen-
values of Q. In general, Q is a symmetric, traceless tensor of
second rank, Q=S1�n � n− 1

3I�+S2�m � m− 1
3I�, where S1

and S2 are scalar order parameters, and n, m, and n�m are
the eigenvectors of Q, with the corresponding eigenvalues
�2S1−S2� /3, �2S2−S1� /3, and −�S1+S2� /3 �44�. In the case
of uniaxial order, two of these eigenvalues are equal, so S1

���

���

FIG. 2. �Color online� Topographic alignment of smectic-A liq-
uid crystal. �a� Depolarized transmission light microscopy image of
a smectic �8CB� cell with checkerboard patterns of different square
sizes on one surface and an OTES SAM-coated glass slide for the
other surface. The gap between the two surfaces was maintained by
7 �m silicon beads. The center pattern has 200 nm squares, with
600 and 400 nm square patterns at the top middle and top-right
corner, respectively. The boundaries of the patterned regions �indi-
cated by dashed lines� are sharper than in the nematic cell in Fig. 1.
The larger scale patterns show homeotropic regions coexisting with
the planar �focal conic� texture favored in the non-patterned areas of
the replica. �b� The same sample rotated counterclockwise by 45°.
The white scale bars represent 20 �m.
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FIG. 3. �Color online� Comparison of LC surface anchoring and
elastic energies with well size. The curve �blue� shows the elastic
energy density of LC in a distorted planar configuration �see inset�
on checkerboard patterns as a function of well width L. The hori-
zontal line �red� represents the surface polar anchoring energy, i.e.,
the energy density of homeotropically oriented LC. The thick ver-
tical lines drawn along the edges of the well represent defects in the
director field. These defects terminate at the tops of the wells, with
the director field in the bulk LC above varying continuously in
space.
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=0, S2=0, or S1=S2, and the largest eigenvalue is 2S /3,
where S is S1 or S2. In the biaxial states, the three eigenval-
ues are all different, with the maximum biaxiality arising
when one eigenvalue is zero. This description enables the
analysis of textures of highly frustrated calamitic nematic
materials by taking into account local biaxial configurations,
as in the case of the core of a defect �45� or of order recon-
struction phenomena �46�. Moreover, the Q tensor model can
describe the effect of an isotropic surface on the nematic
molecules, for instance a surface giving planar degenerate
anchoring �with the nematic director constrained to be paral-
lel to the surface� but where the nematic order is biaxial �47�.

We define a Landau–de Gennes free-energy functional,

F�Q,�Q� = Fd�Q,�Q� + Ft�Q� + Fs�Q�

= �



�fd �Q,�Q� + f t�Q�� d
 + �
�

fs �Q� d� .

The terms fd �Q ,� Q� and f t �Q� are the volumetric free-
energy densities due to the elastic and thermotropic contri-
butions, and the term fs�Q� is the surface free-energy density
due to the interaction of the nematic material with the bound-
ing surfaces. The thermotropic free-energy density is typi-
cally a truncated expansion in the scalar invariants of the
tensor Q,

f t�Q� = a tr �Q2� −
2b

3
tr �Q3� +

c

2
„tr �Q2�…2.

The coefficients a, b, and c are in general temperature de-
pendent, but it is usual to approximate this dependency by
assuming that b and c are independent of temperature while
a=��T−T��=� �T, where ��0 and T� is the temperature at
which the isotropic phase becomes unstable. At each tem-
perature T, this term forces the calamitic nematic phase to
assume an equilibrium state with a scalar order parameter Seq
that minimizes f t�Q� given by

Seq��T� =
b

4c
�1 +�1 −

24 ac

b2 	 .

The elastic density energy fd�Q ,�Q� penalizes any deviation
from a spatially homogeneous texture of Q, any gradient of
Q, leading to an increase in the distortion energy. Specifi-
cally,

fd�Q,�Q� =
L1

2
�Qij,k�2 +

L2

2
Qij,j Qik,k +

L6

2
Qlk Qij,l Qij,k,

where Qij,k is the spatial derivate of the ijth element of Q
with respect to the xk geometric coordinate, and L1, L2, and
L6 are related to the Frank elastic constants K1, K2, and K3 by

L1 =
1

6Seq
2 �K3 − K1 + 3K2� ,

L2 =
1

Seq
2 �K1 − K2� ,

L6 =
1

2Seq
3 �K3 − K1� .

As the thiol-ene polymer gives rise to planar degenerate
anchoring of nematic molecules on the replica, we may ex-
press fs�Q� as fs= �W / 2Ss�� ·Q ·�, where � is the local normal
to the boundary surface, i.e., nematic molecules align paral-
lel to the polymer substrate without any preferred azimuthal
direction �47,48�. In accord with the experimental measure-
ments, we take W=9�10−5 J m−2. The surface scalar order
parameter Ss is assumed to be equal to the bulk scalar order
parameter with a value of 0.5 at �T=−2°. We model the
director configuration in a unit cross section of a LC cell
with a large array of square wells on one substrate by com-
puting the director field across a single infinitely long chan-
nel and applying periodic boundary conditions at the lateral
edges of the numerical domain. The anchoring on the upper
boundary is set to be homeotropic. The simulation geometry
is sketched in Fig. 4.

We express Q as five independent components q1, q2, q3,
q4, and q5 for computational convenience and use a finite-
element method to find the ground configuration of
F�Q ,�Q�, corresponding to solving the following five
coupled nonlinear partial differential equations:



j=1

2
�

�xj
� � fb

�qi,j
	 =

� fb

�qi
for i = 1 ¯ 5

where qi,j = �qi/�xj and

fb = fd �Q,�Q� + f t �Q� .

Even though we solve only a stationary problem, we have for
convenience introduced a time derivative to apply iterations

����������	

�
����
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�	 ����
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FIG. 4. �Color online� Simulation geometry. The director orien-
tation is computed in a cross section of a liquid crystal cell where
one substrate is a polymer replica topographically patterned with an
array of square wells, approximated here by infinitely long chan-
nels. Planar degenerate anchoring is assumed on the replica, with
the upper surface being homeotropic. The simulated domain �shown
in green� extends half way to the next channel in each direction,
allowing the use of periodic boundary conditions
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until a stable steady-state solution is obtained, discretizing in
time via a semi-implicit Euler method �46�. This time-
dependent equation is derived by balancing the dissipative
energy and free-energy variations, where the dissipation re-
sults from director motion and changes in the nematic order
rather than from viscous flow �49�.

Model results for the 5CB/thiol-ene system, summarized
in Fig. 5, show a trend that is in accord with the experimental
observations. The simulations suggest that there should be a
continuous transition from a quasihomeotropic state when
the well width is small �L=200 nm� �Fig. 5�a�� to a quasi-
planar �hybrid� configuration when the wells are wider
�L=800 nm� �Fig. 5�d��. The numerical calculations do not
produce defects along the lower corners of the channels due
to the low anchoring strength of the polymer films. Such
defects would form only if the anchoring strength were
higher.

VI. CONCLUSION

Topographic-pattern-induced vertical �homeotropic�
alignment of rod-shaped liquid crystals in both nematic and

smectic phases has been achieved using deep nanoscale ar-
rays of square wells prepared by nanoimprinting a polymer
alignment layer that prefers horizontal �planar� alignment in
the absence of patterning. When the wells are further apart,
we obtain tilted alignment with nematics and coexistence of
planar and homeotropic domains with smectics. Homeotro-
pic alignment of the nematic phase is predicted theoretically
by comparing the surface anchoring energy of the polymer
with the elastic energy density induced by the patterns, as
well as by computer simulations of the director field in 2D
square channels. The discovery that nanoimprinting can be
used to achieve planar, tilted, or homeotropic alignment on
the same surface suggests that this is a promising approach
for aligning complex LCs at low cost and, more generally,
that topographic patterning could be a versatile tool for al-
lowing custom alignment of anisotropic soft matter such as
block copolymers and organic semiconductors in order to
optimize their performance in novel devices �50,51�. The ap-
plication of the nanoimprint alignment of LCs to real devices
will become more viable as nanoimprint lithography and
mold fabrication techniques advance.
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APPENDIX: ELASTIC ENERGY OF NEMATIC LIQUID
CRYSTAL CONFINED TO A SQUARE WELL

This appendix derives the elastic energy of the equilib-
rium nematic director field in a shallow square well of side L
and depth h, assuming planar anchoring at the boundaries
and a single Frank elastic constant K. Since the director field

�x ,y� satisfies Laplace’s equation in this limit, this problem
is equivalent to finding the two-dimensional electrostatic en-
ergy of a square well of side L, with potentials 	V0 applied
to alternating sides of the square. The electric potential
V�x ,y� in the well corresponds to the director field 
�x ,y�.
By symmetry, the diagonals of the square will be at zero
potential so the square can be subdivided into four equivalent
45° right triangles with hypotenuse of length L and short
sides of length L /�2. Figure 6 shows the placement of such
a triangle in the z=x+ iy plane, with one of the acute angles
placed at the origin and the long side, at potential V0, lying
along the positive x axis. The left half of the triangle is, by
symmetry, equivalent upon reflection to the right half so the
total electrostatic energy is eight times the energy within the
left half of the triangle. The origin x+ iy=0 is at the intersec-
tion of a side of zero potential and a side of potential V0 so
that the potential is singular at this point. Consequently it is
necessary to exclude a small region near the corner, of radius
�, from the integration, with the result that the total energy
depends logarithmically on �—the radius of defects in the
nematic director field.
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FIG. 5. Simulated director tilt angle ��x ,z� for cross section of
LC cells. The cell has homeotropic anchoring on the top surface and
the bottom patterned with long rectangular channels of depth
h=400 nm and different widths L: �a� 200, �b� 400, �c� 600, and �d�
800 nm. In narrow channels, the orientation of the director is pre-
dominantly homeotropic, while in wider channels the texture gradu-
ally evolves toward a quasiplanar �hybrid� configuration, similar to
the behavior observed experimentally with square wells. The
equivalent cell thickness is t=1.2 �m. The shading shows the local
director orientation: white is horizontal and black is vertical. The
simulations were performed using the material coefficients
of 5CB at temperature �T=T−T�=−2.0 °C: K1=4.1�10−12 N,
K2=2.7�10−12 N, and K3=5.0�10−12 N. The thermodynamic
coefficients of the Landau–de Gennes expansion described in text
were taken to be �=0.13�106 J / �Km3�, b=1.6�106 J /m3,
c=3.9�106J /m3, and a=��T=2.6�105 J /m3, giving a scalar
order parameter Seq=0.345.
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A Schwarz-Christoffel transformation is used here to map
the interior of this triangle into the upper half of the
w=u+ iv plane �52�. Solution of Laplace’s equation in this
upper half plane with boundary conditions,

V = V0, v = 0, 0 � u � + � ,

V = 0, v = 0, − � � u � 0, �A1�

followed by mapping the solution back into the square in the
z=x+ iy plane, gives the desired solution to the potential
problem.

The Schwarz-Christoffel transformation for this geometry
is expressed in differential form as

dz = dx + i dy =
�L5/4dw

�w + L�1/2w3/4 = �A + iB��du + idv� . �A2�

The factor L5/4 is inserted so that all the variables have units
of length. The coefficient � will be determined so that the
triangle has the correct size. Figure 7 shows the result of the
mapping in the w plane.

The energy is an area integral with area element dxdy. To
relate this element to an area in the w plane, we first separate
Eq. �A2� into its real and imaginary parts,

dx = A du − B dv, dy = B du + A dv . �A3�

The Jacobian of the transformation then gives

dx dy = �A2 + B2�du dv . �A4�

In the w plane the potential that satisfies the boundary con-
ditions is constructed as a linear function of the complex
logarithm,

V�u,v� = V0 Im�i − �ln w�/�� . �A5�

Thus

�V

�u
=

V0

�

v
u2 + v2 ,

�V

�v
= −

V0

�

u

u2 + v2 . �A6�

To obtain gradients of the potential in the z plane, we invert
Eq. �A2�,

du + idv =
dx + idy

A + iB
=

Adx + Bdy + i�− Bdx + Ady�
A2 + B2 .

�A7�

Separating this into real and imaginary parts, we obtain

�u

�x
=

�v
�y

=
A

A2 + B2 ,

�u

�y
=

�v
�x

= −
B

A2 + B2 . �A8�

Thus in the z plane the electric field components are

Ex = −
�V

�x
= −

V0

�

�Av + Bu�
�u2 + v2��A2 + B2�

,

Ey = −
�V

�y
= −

V0

�

�Bv − Au�
�u2 + v2��A2 + B2�

. �A9�

Figure 8 shows the equipotentials and electric field in a quar-
ter of the square; the equipotentials radiate outward from the

�
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FIG. 6. �Color online� Equivalent two-dimensional liquid crystal
and electrostatic problems. �a� The liquid crystal is confined to a
square region of width L, with planar anchoring at the boundaries
such that the average director orientation in this region is 
=0. The
director orientation is not defined within defects of radius � at each
corner. �b� The corresponding electrostatic problem considers the
potential in a square region bounded by plates at fixed potentials
V= 	V0. One fourth of the square �shown in green� consists of
a 45° right triangle with its vertex at the center of the square at
point P.

�

��

����

���
�

��� ��

FIG. 7. The interior of the triangle �green� of Fig. 6�b� is
mapped into the entire upper half of the w plane. The electric field
lines are circles, with the vertical line from S to P in Fig. 6 becom-
ing a circle of radius L. The equipotentials are radial lines at a
constant angle relative to the u axis from the origin to infinity.
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defect at the corner, while the electric field lines start on a
side at high potential and end at a side at low potential.

The electrostatic energy density is

f =
Ex

2 + Ey
2

8�
=

V0
2

8�3

1

�u2 + v2��A2 + B2�
. �A10�

We compute the total energy by integrating the energy den-
sity over the square, assuming the director field is uniform
from top to bottom of the well—this gives a factor h. Then
we integrate over the interior of the triangle and transform it
into an integral over the corresponding region in the w plane
with the help of Eq. �A4�,

F = h� f�A2 + B2�du dv =
hV0

2

8�3� du dv
u2 + v2 . �A11�

The factors �A2+B2� cancel. The interior of the half circle of
radius L in the w plane maps into the triangle OSP of Fig. 6.
The integral is taken over the interior of the circle of radius L
in the w plane. Passing to polar coordinates �R ,�� in the w
plane and inserting the factor 8, the energy will be

F =
hV0

2

�3 �
R=�

R=L RdR

R2 �
�=0

�=�

d� =
hV 0

2

� 2 ln
L

�
, �A12�

where � is the lower limit on the radius R in the w plane.
The lower limit � in the z plane is quite different from �.
Near the origin of the w plane, in the denominator of the
Schwarz-Christoffel transformation we can approximate one

of the factors by assuming that the size of the bite out of the
corner of the triangle in the z plane is small compared to L,
�w+L�−1/2�L−1/2. The mapping function is then approxi-
mately

z = �L3/4� dw

w3/4 = 4�L3/4w1/4. �A13�

The relationship between the defect radii �� in the z plane
and � in the w plane� is thus

� = 4�L3/4�1/4 or � = � �

4�
	4 1

L 3 . �A14�

Inserting this into Eq. �A12�, the energy becomes

F =
hV0

2

�2 ln�4�
L

�
	4

=
4hV0

2

�2 �ln�L

�
	 + ln�4��
 . �A15�

To determine the constant �, imagine integrating in the w
plane from the origin to −L along the negative real axis. The
corresponding path in the z plane should be along the 45°
line from the origin to the upper corner of the triangle. Set-
ting, w=ei�R, and then letting R= tL, the integral is

L

2
+ i

L

2
= �L5/4ei�/4�

0

L dR

�ei�R + L�1/2�ei�R�3/4

= �� L
�2

+ i
L
�2

	�
0

1 dt

t3/4�1 − t�1/2

= �� L
�2

+ i
L
�2

	�� ��1/4�
��3/4�

. �A16�

This can be solved for �,

� =
��3/4�

�2���1/4�
. �A17�

Inserting this into Eq. �A15� gives the total electrostatic en-
ergy,

F =
hV0

2

�2 ln�4KL

�
	4

=
4hV0

2

�2 �ln�L

�
	 + ln� 4��3/4�

�2���1/4�
	


=
4hV0

2

�2 �ln�L

�
	 − 0.617 386¯
 . �A18�

In the liquid crystal, the boundary potential V0 corresponds
to the director orientation 
0=� /4 and the elastic free-
energy density may be written as K��
�2 /2, where K is the
Frank elastic constant. Compensating for the prefactors in-
troduced in Eq. �A10�, we make the replacement V0→� /4
and multiply by 4�K, giving the total elastic energy

F = �Kh�ln�L

�
	 − 0.617 386¯
 . �A19�

� ���

���

FIG. 8. �Color online� Electric field lines and equipotentials in
the interior of one quadrant of the square. The equivalent nematic
director orientation is along the equipotentials, as indicated
schematically by the arrows. A region at the corner with circular
boundary of radius � has been excluded. The figure shows the case
�=0.05L.
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