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The radiometric force on several configurations of heated plates placed in a stagnant gas is examined
experimentally, with a high-resolution thrust stand, and numerically using the direct simulation Monte Carlo
method and a discrete ordinate solution of a model kinetic equation. A wide range of pressures from 0.006 to
6 Pa was examined, corresponding to Knudsen numbers from 20 to 0.02, in argon and helium test gases. The
radiometric force, important in a number of emerging micro- and nanoscale applications, is shown to be mostly
area dependent in the transitional regime where it reaches its maximum at Kn�0.1.

DOI: 10.1103/PhysRevE.79.041201 PACS number�s�: 51.10.�y, 47.45.Dt, 47.45.Gx

The kinetic theory of gases predicts the existence of a
force resulting from nonequilibrium temperature gradients in
a fluid. This force on a surface, usually called radiometric, is
induced by thermally driven gas flow where the local mean-
free path is comparable to the flow gradient length scale.
This makes radiometric forces important in various low-
density environments as well as micro- and nanoscale sys-
tems. The radiometric forces may generally be created by
various sources such as radiation or resistive heating. The
repulsion and attraction of bodies induced by radiation re-
ceived a great deal of attention from a number of prominent
scientists in the 19th and 20th centuries �1�. The first pub-
lished experiment was conducted by Bennet �2� who re-
ported in 1792 the negative result of light directed to a paper
vane suspended by a fiber thread in vacuum. At that time, he
was unable to see any motion distinguishable from the effect
of heat. The first successful experiment was conducted by
Fresnel �3� who observed in 1825 a repulsion between two
suspended foil vanes when sunlight was focused on them in
a low-pressure container.

In the 1870s, Crookes �4,5� proposed different types of
apparatus to investigate the radiometer effect; one of them
became known as the Crookes radiometer. It consists of an
airtight glass bulb containing a partial vacuum with a set of
vanes mounted inside the bulb on a spindle; the vanes rotate
when exposed to light or another heat source. Crookes incor-
rectly suggested that the force causing the vanes to move was
due to photon pressure. This theory was originally supported
by Maxwell who had predicted this force. Reynolds had ini-
tially proposed a reasoning based on surface outgassing, and
then presented a more rigorous explanation based on kinetic
theory �6�. According to the latter theory, the gas in the par-
tially evacuated bulb is the main driving force responsible
for the rotation of the vanes.

Reynolds also took part in the experiments conducted by
Schuster �7� that turned up the first experimental evidence of
gas forces being the dominant cause of the radiometric ef-
fect. In this experiment, the radiometer case was suspended
by parallel fibers and light was directed onto the vanes. The

radiometer case was pushed in the direction opposite the
vanes, proving that the radiometric phenomenon is caused by
the interaction between the heated side of the vane and the
gas. The kinetic theory explanation given by Reynolds is in
fact a free molecule approximation of the radiometric effect:
the molecules colliding with the hot side leave with an in-
creased velocity relative to those colliding with the cold side.
This leads to a larger momentum change on the hot side, and
results in the motion of the vanes with the hot side trailing.

The situation is, however, different in transitional or near-
continuum flow. The molecules with higher velocities leave
the hot side of the vane and collide with incoming molecules.
These collisions cut the surface flux more efficiently than
those reflected on the cold surface �8�. Essentially, this
means that these effects compensate each other, and pres-
sures in the center of the vane are equal. This theory was first
proposed by Reynolds �8�. At about the same time, Maxwell
�9� also showed that an unbalanced force exists near the edge
of the heated side of the vane, where the heat flow in the gas
is nonuniform. Almost 50 years later, Einstein presented a
simple theory �10� that related the force on the vanes to their
perimeter. This edge dependence of the vane force has found
partial confirmation in experimental work �11�, where the
force was found to depend on perimeter, although not to the
extent Einstein has predicted. Since about that time, the edge
theory has become widely accepted.

The inversely proportional dependence of the radiometric
force of a vane placed in a temperature gradient, derived in
�10�, is similar to the high-pressure part of the general de-
pendence proposed by Brüche and Littwin �12� that com-
bines both high and low-pressure regimes as

F =
1

�a/p� + �p/b�
. �1�

This expression reflects the fact that the radiometric force
has a maximum at some pressure that depends on gas and
geometric properties, quantitatively shown as early as 1919
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�13�. At low pressures, a free-molecular area force is the
dominant one, with the force increasing with pressure. At
high pressures, the collisional edge force becomes dominant,
and the force decreases as pressure increases.

The phenomenon that drives Crookes’ radiometer has
been summarized by Draper �14� who in effect described our
present understanding of it. A temperature gradient exists on
the surface if tangential stresses are to arise. These stresses
are the result of thermal transpiration, with the gas moving
over the surface from the cold to the hot side. Following this
explanation �14�, the principal force that contributes to the
rotation of the vanes in the pressure regime where the radi-
ometer is most effective, is the force created near the edges
�a zone with the dimensions of a mean-free path �, according
to �10��. Among the studies that appeared during the second
half of the last century, research papers on the subject �15,16�
need to be mentioned, whereas most other publications con-
sisted of historic analyzes and overviews.

Interest in radiometric phenomena started to grow rapidly
in the last decade, primarily because the radiometric phe-
nomena were found to be useful in a number of different
micro- and large-scale devices. One of the most important of
these is atomic force microscopy �AFM�, a research field
that, although invented back in 1986 �17�, has been brought
to the forefront of the modern nanotechnologies in the last
several years �see, for example, �18–20��. The temperature of
an AFM cantilever can increase due to resistive heating un-
der piezoelectric excitation or due to heating by a laser that
senses the cantilever displacement. For low-pressure AFM,
the radiometric force �or, as it is often referred to in AFM
literature, Knudsen force� is generated by thermally induced
rarefied gas flow. This radiometric force can also affect AFM
measurements of heated samples. On the other hand, the oc-
currence of radiometric force in heated AFM cantilevers can
provide thermal actuation for mass detection, thermogravim-
etry, heat-flow measurements, and thermal processing
through local heating on submicron scale �21�.

The radiometric force in application to modern microac-
tuators has been studied in �22�, where the direct simulation
Monte Carlo �DSMC� method �23� was used to model forces
on vanes mounted on an armature. This method, along with
experimental measurements, has been employed in �24� to
study a concept of an optomicroengine that uses radiometric
forces. Subsequently, Passian with co-workers have exam-
ined radiometric phenomena both experimentally and ana-
lytically �see, for example, �25,26��, mostly with application
to microcantilevers. The use of radiometric forces as an ap-
proach to study gas-surface translational energy accommoda-
tion has been suggested by Passian et al. in �27�. A new
concept of a high-altitude aircraft supported by microwave
energy that uses radiometric effects has also been put for-
ward in �28�.

The above referenced modern studies of radiometric phe-
nomena have been supported by modern measurement tech-
nologies that allow higher accuracy and by state-of-the-art
numerical methods that rely heavily on parallel computing.
These two factors, along with the revived interest in the ap-
plication of radiometric phenomena, have prompted the au-
thors to revisit the contribution of the “collisionless” �area�
versus the “collisional” �edge� forces to the total radiometric
force.

The main objective of this work is to examine experimen-
tally radiometric forces created by rarefied gas flows on
heated plates of different shapes, and to analyze numerically
the change in the total force as a function of gas pressure.
While experimental measurement of the radiometric force
has benefits of correctly accounting for different factors,
such as gas-surface accommodation, internal structure of
molecules, and complex three-dimensional geometries, nu-
merical modeling provides detailed information of gas flow
properties.

Three radiometer vane geometries were used in the ex-
periments, and each consisted of a Teflon insulator placed
between two aluminum plates. A resistive heater was located
between one of the plates and the Teflon insulator, and the
temperature of the hot side of the device was maintained by
varying the power input to the heater. Each of the plates and
insulator are 0.32 cm thick, and when assembled yield a
device thickness of 0.95 cm. The first device was a circle
11.1 cm in diameter, the second device was a rectangle with
the same area and dimensions of 7.62�12.7 cm2, and the
third was a smaller circular vane with a diameter of 8.6 cm
with an area and perimeter smaller than both of the previous
devices.

Each of these devices was individually mounted on a
modified nano-Newton thrust stand �nNTS� �29� located in-
side of a 3.0 m diameter vacuum chamber. Here, the mount-
ing was accomplished with a much smaller attachment than
in previous work �30�, where a small threaded rod of dimen-
sion 0.22�4 cm2 was used. When calibrated using a set of
electrostatic combs �31�, the nNTS provides very accurate
and repeatable data with typical force resolution of approxi-
mately 0.1 �N and statistical scatter around 1%.

Experimental data were obtained for each device by
evacuating the chamber to a base pressure below 10−3 Pa. A
constant voltage was applied to the resistive heater, which
was affixed by a pressure sensitive adhesive and only slightly
smaller in diameter than the vane itself. This resulted in the
main radiometer surfaces reaching temperatures of approxi-
mately 419 K �hot� and 394 K �cold�, although these values
varied somewhat for the different devices tested. A finite
element thermal model was used to confirm that the high
conductivity of the aluminum surfaces and the large size of
the heating element led to a variation in temperature over the
surface of each plate of �0.1 K. Actual temperature mea-
surements were taken continually very near the edges of both
the hot and cold sides as force measurements were being
made for each pressure tested. As small variations
��0.5 K� between the hot and cold plates occurred due to
varying background pressures, results presented are normal-
ized by the temperature difference between the hot and the
cold plates ��T� at the time each force measurement was
made. Verification of this normalization method has been
conducted for temperature differences varying from 4 to 30
K, and an exceptional linearity of the radiometric force with
�T was observed. Note that this result indirectly verifies the
measurements of �32� for a microcantilever. The background
pressure inside the chamber was varied from 0.1 to 1.2 Pa,
where both the upper and lower bounds were limited by the
pumping capacity of the facility used. Argon was utilized as
the test gas.

SELDEN et al. PHYSICAL REVIEW E 79, 041201 �2009�

041201-2



The use of a kinetic approach is necessary to model ra-
diometric flows, as it would allow one to properly account
for rarefaction effects, such as thermal stresses in the gas and
thermal slip on the surface �33�. At present, the DSMC
method is the most powerful and widely used kinetic ap-
proach to the solution of the Boltzmann equation, the main
equation for dilute gases. The DSMC method is a statistical,
particle-based approach, which fundamental principle is the
splitting of continuous motion and collisions of molecules at
a time step �t into two sequential stages: free-molecular
transfer and collision relaxation. This approach however suf-
fers from high computational cost compared to the conven-
tional computational fluid dynamics �CFD� methods for solv-
ing continuum flow problems. The computational cost of
DSMC is especially significant for low speed flows, where it
is impacted by flow dimensionality, long time to reach steady
state, low signal-to-noise ratio, multiple physical scales usu-
ally involved, and other factors.

There is a number of alternative DSMC-based approaches
proposed to deal with the problem of low signal-to-noise
ratio that allow significant reduction in macroparameter sam-
pling time compared to the standard DSMC method �see, for
example, �34,35��. Although all these techniques do allow
significant reduction in the steady-state time averaging cost,
they do not deal with the reduction in computational cost
associated with the long time to reach steady state, which is
often the main issue for modeling low speed flows. A plau-
sible numerical alternative for such flows is a deterministic
solution of a simplified form of the Boltzmann equation
known as a kinetic model equations. In these equations, the
complex collision integral of the Boltzmann equation is re-
placed by a simplified model that provides an approximation
of the collisional relaxation of the velocity distribution func-
tion. Bhatnagar-Gross-Krook �BGK� �36� and ellipsoidal sta-
tistical �ES� �37� kinetic models use a nonlinear relaxation
term instead of the full Boltzmann collision integral, and
possess the same collision invariants as the Boltzmann equa-
tion. Both BGK and ES models satisfy the Boltzmann’s H
theorem expressing the increase in entropy of the gas under
consideration. Kinetic models should also reproduce the gas
transport coefficients—viscosity, thermal conductivity, and
species diffusivity—resulting from the Boltzmann equation.
The primary advantage of this numerical alternative is its
high computational efficiency.

In this work, the numerical solutions were obtained with
two kinetic approaches, the DSMC method using the SMILE
computational tool �38�, and a finite difference solution of
the ES-BGK kinetic equation. The two-dimensional �2D�
flow over a 0.95�3.81 cm2 rectangular plate placed in the
center of a 0.45�45 cm2 chamber was modeled in 2D. The
DSMC computations typically used about 250 000 cells,
2�106 molecules, and ran about 2�106 time steps to
achieve acceptable statistical accuracy. The variable hard
sphere �VHS� model of molecular interaction was used with
parameters listed in �23�. Three-blocks nonuniform rectangu-
lar grid was used in the solution of the ES-BGK equation
with the total of 13 359 spatial nodes. The Gauss-Hermite
quadrature of order 16 and three-eighths rule were used for
discretization of velocity magnitude and angle, respectively.
The VHS model viscosity-temperature dependence was used.

Both approaches were using fully diffuse model for gas-
surface interaction.

Note that the linear size of the chamber in the computa-
tions was almost an order of magnitude smaller than in the
experiments. Even for the small chamber, a single DSMC
run took days on a parallel computer, and modeling a full
experimental setup would be impractical from the computa-
tional standpoint. Although using a smaller chamber and, in
the absence of known accommodation laws, assuming a fully
diffuse reflection of molecules on the surface, prevents direct
comparisons with the data, it does allow for a qualitative
analysis of the flow and force behavior. Also, although the
DSMC method is applicable to the entire range of flow re-
gimes from free molecule to continuum, computations at
high pressures �Knudsen numbers on the order of 0.01 and
below� are extremely computationally expensive, and were
not conducted in this work. The high-pressure flows are chal-
lenging to compute with the model kinetic equations as well,
as the time to reach steady state drastically increases, there-
fore limiting the application of the present single-processor
ES-BGK code.

The total radiometric force on the smaller rectangular
plate in argon, computed with DSMC for a range of gas
pressures, is presented in Fig. 1. The results clearly follow
the behavior described by Eq. �1�, where the computed data
peaks at a pressure of approximately 1 Pa, which corre-
sponds to a Knudsen number around 0.1 based on the plate
length. For lower pressures, the numerical results are com-
pared to the analytic free-molecular expression �39�.The re-
sults agree very well for Knudsen numbers of about 10 and
higher, but start to deviate at lower Kn. At lower Knudsen
numbers, molecular collisions start to increase the energies
of incident molecules, therefore degrading the radiometric
force. As the Knudsen number decreases, thermal transpira-
tion effects start to appear, driving gas from colder walls to
the hotter ones. Although in a simple scenario of a cold-to-
hot motion the thermal transpiration should increase the
force, the actual flow is much more complex, as colder
chamber wall may also play a role �see, for example, �40��.
Note that the above comparisons have been conducted for
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FIG. 1. Computed force on small rectangular plate in argon.
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the other gases �helium and nitrogen� and similar patterns
were observed.

The results of the experimental study of different radiom-
eter shapes are summarized in Fig. 2. The experimental error
based on standard deviation ranges from a few percent at the
lowest pressures to less than 1% through most of the curve.
However, due to the normalization by experimental tempera-
ture measurements and the small uncertainty of the calibra-
tion method, the total absolute experimental uncertainty is
�4%. Day-to-day variation in multiple data sets has been
observed to be �1%. The results show that the forces on the
rectangular and large circular plate are very close, while that
on the lower circular plate is systematically lower.

To provide more quantitative analysis of the data, the re-
sults are also shown as ratios in Fig. 3 �polynomial approxi-
mations of experimental points were used to provide values
at fixed pressures�. It is clearly seen that in the low-pressure
region the force is proportional to the plate area. This is
decidedly consistent with predictions made by free-
molecular theory. As the flow transitions from the collision-
less regime, the picture becomes distinctly more complex.
While it is readily observed that the plates with larger area
produce more force at their respective peaks, the force-area

ratio does not hold. When comparing the peaks of the large
and small circular plates, it is found that small plate creates
72% of the force of the larger one. Interestingly, this is be-
tween the area ratio �60%� and the perimeter ratio �77%�.
Though it is tempting to presume that the perimeter force
was beginning to dominate, it is not obvious that this is the
case. The uncertainty stems from comparison of the larger
vane data, where the force produced by the circle is decid-
edly similar to that of the large rectangle. It seems quite
contradictory to accepted theory that a device with 14% less
perimeter would create a nearly identical force without an
equivalent increase in heated surface. This unexpected result
may be explained by more efficient pressure redistribution in
front of the circular plate due to vortices, where the vortex
structure and pressure distribution are discussed below.

The vortex structure computed with DSMC �top� and ES-
BGK �bottom� for helium at 2 Pa is illustrated in Fig. 4.
Although qualitatively similar results were observed for ar-
gon, helium results are shown here since the vortices are
noticeably more pronounced for the lighter gas. Two large
counterpropagating vortices are formed in front of the hot
wall, and two small vortices are created near the cold sur-
face. The vortex structure qualitatively agrees with that of
�24�, but is generally more complex than that described by
Kennard �41�. It appears to be driven by the thermal transpi-
ration caused by the temperature differences on the plate
edges and the chamber walls. The maximum flow velocity is
about 5 m/s in front of the hot wall and 1.5 m/s for the cold
wall. Let us remind that these numbers are obtained for a
two-dimensional flow. The DSMC computations conducted
for the corresponding axially symmetric flow show qualita-
tively similar pattern, but indicate that the maximum flow
velocity in front of the hot and cold wall is about 7 and 3
m/s, respectively. Since higher vortex velocity generally re-
sults in larger pressures in front of the plate, this may in part
explain small difference between the circular and rectangular
plates observed in the experiments. The temperature field,
also given in Fig. 4, shows that near the chamber walls the
gas temperature is several degrees higher than the wall tem-
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perature of 300 K. This nonequilibrium between the gas and
the chamber wall indicates that the chamber size impacts the
flow around the plate.

To further explore the dependence of the radiometric
force on area and perimeter, pressure distributions on the
plate surface have been calculated using the two kinetic ap-
proaches. The difference between pressure on the hot side
and pressure on the cold side obtained through the solution
of the ES-BGK equation is presented in Fig. 5 for argon gas.
Only a half of the plate is shown due to the symmetry of the
flow, and Y =0 corresponds to the center of the plate. The

presented pressure difference essentially determines the mag-
nitude of the radiometric force. Note that the DSMC results
are close to ES-BGK, although they have noticeable statisti-
cal scatter and are not shown here. For the lowest pressure of
0.305 Pa, the pressure difference, as well as individual dis-
tributions over the cold and hot surfaces, is nearly flat. This
indicates that free-molecular effects dominate at this pres-
sure, even though based on the Knudsen number �Kn�0.5�
the system is far from free molecular. As pressure increases,
pressure difference near the edges becomes larger than at the
center, thus showing that the “collisional” thermal transpira-
tion forces become noticeable. It is important that �i� the
pressure difference is still relatively flat near 1.2 Pa where
the force is maximum, and �ii� the impact of the edges propa-
gates much further than a single mean-free path, essentially
increasing the importance of the vane area. These statements
hold for all gases under consideration.

In conclusion, the experimental and computational study
has shown that although the influence of the edge effects
increases with pressure, the radiometric force is mostly gov-
erned by area and not edge effects for pressures where this
force is maximum. Although geometric and temperature pa-
rameters considered here are somewhat different from those
in a typical Crookes radiometer, the authors believe that this
conclusion holds for it as well. A number of other important
effects, not addressed in this paper, such as the shear force of
the side walls of the vane, the effect of the chamber walls,
and the influence of surface roughness and vane perforation,
will be a topic of future research.
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