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field is extensively developed. The Liouville space, usually used to deal with the calculation of Stark profiles
in dense plasmas, and the Floquet theory, developed to solve time-periodic problems, have been joined together
to solve the time-dependent Liouville equation in the so-called Floquet-Liouville formalism. The strong-
oscillating-field spectroscopic signatures and their error estimations are discussed for hydrogen- and heliumlike
aluminum lines.
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I. INTRODUCTION

The interaction of a laser-produced plasma with a strong
oscillating electric field has been studied for many years �1�.
The spectroscopic signatures of this strong electric field, pro-
duced either by an intense laser pulse of frequency �L or by
Langmuir oscillations of frequency �pe �electronic plasma
frequency�, can be observed on the line shape as dips �2–4�
or satellites �5,6�. As for plasmas produced by long-pulse
lasers, the alteration of the emitted line shapes by the Lang-
muir oscillations occurs during the pulse. For laser plasmas
generated by high-powered short pulses, the hot dense
plasma does exist when the laser is off �7�, and, therefore,
this laser will not affect the lines emitted from this radiating
plasma. Hence, in order to create a strong oscillating electric
field interacting with a preformed plasma, a second delayed
short-pulse laser has to be used. We address our work to such
experimental issues, where the strong oscillating field due to
the second laser will modify the Stark profiles.

Oks �8� and Alexiou �9� were the first to work on this
topic. They used the wave functions basis of the “dressed
atom” �10� to take into account the coupling between the
atom states and the oscillating field. The resulting effective
radiating system is then submitted to the ion and electron
microfields treated as stochastic perturbations, as usual in
standard line broadening theories. In these works, the effect
of the oscillating field on the interaction of the emitter with
the plasma is then treated. As we will see, in the work pre-
sented here, we use implicitly dressed emitter states includ-
ing the static ionic interaction, and only the electron mi-
crofield is treated as a stochastic perturbation.

Later Peyrusse �11� proposed another formulation, for Ly-
man lines. In his work, a nonperturbative treatment of the
oscillating field interaction with an emitter submitted to an
ionic microfield was developed using Floquet theory �12,13�.
The effect of the free-electron interaction was then taken into
account as a perturbation. In the work reported in the present
paper, we extend Peyrusse’s development to a more general
formalism for the calculation of the line shapes involved in
the emission of plasmas interacting with a strong monochro-
matic oscillating field with a linear polarization. This task is

performed by reformulating the Floquet theory, previously in
a Hamiltonian formulation �11�, into a Liouvillian one �14�,
which is better adapted for line shape calculation involving
the dynamical evolution of a great number of atomic states.
This formulation, well known in mathematical computing of
deterministic dynamical systems, is highly efficient in atomic
spectroscopy for the evolution of the multistate system den-
sity matrix.

In fact, the presence of the strong electric field in the
plasma will introduce not only a coupling with the emitters
perturbed by the plasma, as described above, but also a cou-
pling with the ion and electron perturbers. More precisely,
this last coupling will modify the thermal properties of the
plasma �electron velocity distribution, electronic tempera-
ture, ionic populations, etc.� leading to a change in the mi-
crofield distributions. In other words, the oscillating field has
two effects on the emission of a radiator surrounded by a
plasma: first, the alteration of the plasma-radiation interac-
tion itself and, second, the alteration of the perturber distri-
butions to be used in the spectral line broadening process. In
Oks’s, Alexiou’s, and Peyrusse’s work �8,9,11�, just as in the
present contribution, this second effect is not taken into ac-
count.

As for the second effect evoked above, the modifications
of the plasma properties will consist essentially in the elec-
tronic distributions of velocity �15�, leading for example to a
modification of the laser absorption coefficient �16�, or to a
modification of the collisional rates �17� in atomic kinetics.
When all these modifications are taken into account, the re-
sults of our work will essentially be affected by the modifi-
cation of the electron broadening operator due to the aniso-
tropy and the non-Maxwellian distribution of the electron
velocity. For a strongly coupled plasma, the electron broad-
ening operator, consistent with the presence of the oscillating
field in the plasma, could be obtained, for instance, by using
molecular dynamic simulations, involving all interactions be-
tween ions and electrons in the plasma, plus all interactions
with the strong oscillating field. Simulations have been per-
formed for computing the electronic broadening in strongly
coupled plasmas, not submitted to an oscillating field
�18,19�. To close this discussion, which offers further oppor-
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tunities, we recall that, in the present work, we use the con-
ventional electron broadening operator �20�.

After a description of the Floquet-Liouville formalism for
the Stark profile �Sec. II�, the detailed line shape in plasmas
submitted to strong oscillating fields is analyzed as well as
the accuracy of the simulations �Sec. III�. Finally, in Sec. IV,
the strong-oscillating-field spectroscopic signatures and their
error estimations are discussed for hydrogen- and heliumlike
aluminum lines emitted in recent laser-plasma experiments.

II. FLOQUET-LIOUVILLE FORMALISM

A. Stark line shape in the Liouville formalism

The calculation of Stark profiles within the Liouville for-
malism is well known �21� and extensively used �22–24�.
The starting point of the line shape calculation is the deter-
mination of the dipole correlation function �14�

C�t� = Tr�dd�t��� , �1�

where d is the emitter dipole moment and � the density ma-
trix of the emitters and the thermal bath �ions and free elec-
trons�. The spectral distribution is then given by the Fourier
transform of the dipole correlation function,

I��� =
1

�
Re �

0

�

ei�tC�t�dt . �2�

The weak coupling between the emitter and the perturber
ions and electrons allows one to write the density matrix � as
a product form ��a���e���i�, �a�, �e�, and �i� standing for the
emitter, the free electrons and the perturber ions, respec-
tively.

In a first approximation of the Stark formulation, ions are
considered as static during the time of interest, and the ionic
field, reproducing the global effect of the perturber ion, is
then taken constant during the radiative transitions. This field
F occurs as a parameter, and the final profile result is an
average over the ionic fields, taking into account the ionic
field distribution in the plasma. The trace takes care of all
transitions involved. The resulting correlation function is

C�t� =� Q�F�Trae�dU�F,t����a���e�d��d3F , �3�

where Q�F� is the ionic microfield distribution function and
U�F , t� the evolution operator depending parametrically on
the microfield value F. After this average over the ionic
states, the trace runs only over the emitter and electron states.

The evolution operator U�F , t� in the Liouville space sat-
isfies the Schrödinger equation

i
dU�F,t�

dt
= L�F,t�U�F,t� , �4�

whose solution is

U�F,t� = exp�− i�
o

t

L�F,t��dt�� . �5�

L�F , t� is the Liouville operator, which can be expanded as

L�F,t� = La + Li�F� + Lof�t� + Le�t� , �6�

where La, Li, Lof, and Le are the Liouville operators for the
isolated emitters, and the emitter-ion, emitter–oscillating-
field, and emitter–free-electron interactions, respectively.

Following the assumption that the effect of the external
field on the free-electron field is neglected, the Liouville op-
erator is expressed as a sum of two Liouville operators: one
operating on the emitter states, Lr�F , t�, and the second only
on free-electron states, Le�t�. We obtain

L�F,t� = Lr�F,t� + Le�t� �7�

with Lr�F , t��Lr�t�=La+Li�F�+Lof�t�.
The trace over the emitter and electron states in �3� can

then be expressed as

Trae	d exp�− i�
o

t

�Lr�F,t�� + Le�t���dt�����a���e�d�
 .

�8�

Because the trace over electron states of the commutator
�Lr ,Le� vanishes �i.e., Tre��Lr ,Le��=0, because the average
over free-electron states does not depend on the radiator
states�, the trace in the correlation function acts on a product
of exponentials, and �8� can be written as

Trae	d exp�− i�
o

t

Lr�F,t��dt��
�exp�− i�

o

t

Le�t��dt�����a���e�d�
 �9�

or

Trae�dUr�F,t�Ue�t����a���e�d�� �10�

when using the evolution operators acting on the emitter and
the electron states, respectively.

In the impact approximation the trace of the electron evo-
lution operator over electron states can be replaced by a non-
Hermitian operator e−�et, where �e is the electron broadening
operator �25,26�. In this context, the trace �10� can now be
written as

Tra�dUr�F,t�e−�et���a�d�� . �11�

Finally, the correlation function reduces to the trace over
emitter states only,

C�t� =� Q�F�Tra�dU�F,t����a�d��d3F , �12�

with the global evolution operator depending on the Liou-
ville operator Lr,

U�F,t� = exp�− i�
o

t

Lr�F,t��dt� − �et�
= exp�− i�

o

t

�Lr�F,t�� − i�e�dt�� .
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Introducing the vector notation of the tetradic basis �	
�
= �	� � �
�, we can rewrite the trace in �12� as

Tra�dU�F,t����a�d�� � 
d†�U�F,t����a�d� �13�

where the vectors �d� and ���a�d� are defined as

�d� = �	
�
	�d�
� �14�

and

���a�d� = �	
��
�


	���a����
��d�
� . �15�

The formalism developed above is identical to the formalism
developed in Refs. �14,21�. The only difference is that in our
case the Liouville operator is now time dependent and the
time integration remains. This is due to the time dependence
of the oscillating field.

Since the time dependence in the Liouville operator is
periodic, we can use the Floquet theory and replace the time-
dependent Liouville formulation by an equivalent time-
independent eigenvalue problem.

B. Floquet-Liouville operator

The application of the Floquet theory to solve the time-
dependent Schrödinger equation was first formulated by
Shirley �12�. Chu and Telnov �13� have published an ex-
tended report on the utilization of the Floquet theory for
solving quantum problems involving periodic interactions.
This technique using quasienergies allows the transformation
of the time-dependent differential equation into an infinite
eigenvalue problem. The periodic nature of the field interac-
tion provides to the quasienergies and associated states prop-
erties useful for the calculation of the evolution operators.

In the previous section, we developed the formalism of
the spectral line shape in the Liouville space �using tetradic
states �	
�= �	� � �
��. The next step is to formulate the Flo-
quet approach in the Liouville space. The link from the first
formalism to the other is straightforward.

In the Liouville space, the global time-dependent Liou-
ville operator has matrix elements given by

L	
,�
�t� = H	��t��

 − H

�t��	� − i�	
,�

e , �16�

where the Hamiltonian H includes ionic Stark interactions
and the oscillating field, �	
 is the Kronecker delta function,
and �	
,�


e is the electron broadening operator. Invoking the
Floquet theory described in the Appendix we can transform
the time-dependent Liouville operator into a time-
independent Floquet-Liouville operator LF. This operator sat-
isfies, as demonstrated in �27�, an eigenvalue equation in-
volving a matrix of infinite dimension:

�
��

�
k


	
;n�LF���;k�
��;k���
,m� = ��
,m
	
;n���
,m� .

�17�

In �17� ���
,m� represents the eigenvector corresponding to
the eigenvalue ��
,m, and the states �	
 ;n�= �	
� � �n� are
expressed in the generalized tetradic Fourier basis. The op-
erator LF can be written more explicitly as


	
;n�LF��
;m� = L	
,�

�m−n� + m��	��

�nm �18�

with

L	
,�

�k� = H	�

�k� �

 − H


�k��	� − i�	
,�


el �k0, �19�

H	

�k� = H	
�k,0 + V	
��k,1 + �k,−1� , �20�

H	
 = E	�	
 − 
	�d · F�
� , �21�

V	
 = −
1

2

	�d · E�
� . �22�

In these expressions H	
 is the ionic Stark Hamiltonian, and
V	
 the interaction with the oscillating field. d is the dipole
moment of the emitter and F and E are the intensity of the
ionic microfield and of the oscillating field, respectively.

The term V	
��k,1+�k,−1� in Eq. �20� comes from the sca-
lar product 
	 ,n�−d ·E cos �t�
 ,m�. In order to evaluate the
scalar products in Eqs. �21� and �22�, we introduce the com-
plex vector basis e0=ez, e1=−�1 /�2��ex+ iey�, e−1= �1�2��ex
− iey�, taking the electric field oscillations along the z axis,
i.e., d ·E=d0E. The ionic microfield F may have any orien-
tation with respect to the oscillating field E, so that the scalar
product in �21� will be expressed as

d · F = d0F0 − d1F−1 − d−1F1, �23�

where F0,�1 has been defined as

F0 = Fz, F1 = −
1
�2

�Fx + iFy�, F−1 =
1
�2

�Fx − iFy� .

�24�

The vector F can be decomposed into parallel and perpen-
dicular components with respect to the oscillating field. Each
microfield component can then be written as

F0 = F�, F1 = −
1
�2

F�ei�, F−1 =
1
�2

F�e−i�. �25�

Due to the z-axis rotation invariance, one can choose �=0.
All these notations introduced in the matrix elements �21�

and �22� lead to

H	
 = E	�	
 − 
	�d0�
�F� + 
	�d1�
�
F�

�2
− 
	�d−1�
�

F�

�2

�26�

and

V	
 = −
1

2

	�d0�
�E . �27�

The matrix �18� has the same periodic properties as in the
Floquet-Hamiltonian formulation:

��
,m+k = ��
,m + k� , �28�


	
;n + k���
,m+k� = 
	
;n���
,m� . �29�

Due to the non-Hermitian nature of LF, there exists a bior-
thogonal relationship between left and right eigenvectors,
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��
,m
−1 ��	
,n� = �	��

�nm, �30�

where 
��
,m
−1 � and ��	
,n� are left and right eigenvectors.

From this property, we deduce


��
,m
−1 �LF = ��
,m
��
,m

−1 � ⇔ LF
† ���
,m

−1 � = ��
,m
−1 ���
,m

−1 �
�31�

and as consequence

��
,m
−1 = �

�
,m
* . �32�

C. Determination of the evolution operator
in the Floquet-Liouville formalism

Starting from Shirley’s formulation �12�, the evolution
equation is expressed in the Liouville formulation,

i
d

dt
��t� = L�t���t� �33�

relating the density operator � to the evolution operator U,

U�t,t0� = ��t��−1�t0� . �34�

We then use Floquet’s formulation �see the Appendix�,

��t� = ��t�e−iQt, �35�

where ��t� is a matrix of LF eigenstates and Q a diagonal
matrix, the elements of which are the quasienergies �	
,n.

The density operator �35� can be written

��t� = �
	
,n

�
�
,m

�	
;n�
	
;n���
,m�
��
,m�e−i��
,mt.

�36�

Taking into account the periodic property �29� and the bior-
thogonal relationship �30�, one can write �36� as

��t� = �
	
,n

�
�


�	
;n�
	
;n���
,0�
��
,0�e−i��
,0t �37�

and

�−1�t� = �
	
,n

�
�


���
,0
−1 �
��
,0

−1 �	
;n�
	
;n�ei��
,0t.

�38�

The evolution operator �34� then becomes

U�t,t0� = �
	


n

�
�


�
��

l

�	
;n�
	
;n����,l�
���,l
−1 ��
;0�

�
�
;0�e−i���,l�t−t0�. �39�

Since ����,l� forms a complete basis, we can write the evo-
lution operator �39� more compactly,

U�t,t0� = �
	


n

�
�


�	
;n�
	
;n�exp�− iLF�t − t0����
;0�

�
�
;0� , �40�

and consequently its matrix elements,

Uab,a�b�
�t,t0� = �

n


ab;n�exp�− iLF�t − t0���a�b�;0�ein�Lt,

�41�

where we have written


ab�	
;n� = 
ab�	
� � �n� � 
ab�	
�ein�Lt. �42�

In Eq. �41�, the periodic property of the eigenvector allowed
the removal of the sum over �m� states, and the setting of the
state �m�= �0�, arbitrarily.

We see in Eq. �41� that the evolution operator is defined
on the tetradic basis �	
�, and the Floquet-Liouville operator
is defined on an infinite generalized tetradic Fourier basis
�	
 ;n�. The reduction of the tetradic Fourier basis �	
 ;n� to
the tetradic basis �	
� is performed by summing over all
projections of the Floquet-Liouville operator on the subspace
with a fixed mode n.

In Sec. II A, when we averaged over electron states and
defined a time-independent electron broadening operator, we
averaged over all initial times, taking into account only the
difference t− t0 �25�. Introducing the new variable s= t− t0,
we can express the time evolution operation in terms of ini-
tial time and elapsed time s as

U	
,�
�s,t0� = �
n


	
;n�exp�− iLFs���
;0�ein�Lsein�Lt0.

�43�

The time-averaged evolution operator is then obtained by
integration over all initial times t0, keeping constant the in-
terval s:

Ū	
,�
�s� = lim
�→�

1

�
�

0

�

�
n


	
;n�exp�− iLFs�

���
;0�ein�Lsein�Lt0dt0. �44�

Since the only dependence on t0 in the integrand is in the
exponential, the nonzero contribution will be when n=0, and

Ū	
,�
�s� takes the form

Ū	
,�
�s� = 
	
;0�exp�− iLFs���
;0� . �45�

Finally, the average over initial time has removed the sum
over Fourier modes, and only the mode n=0 remains.

We have thus defined all necessary operators to calculate
the intensity profile �2�.

III. LINE PROFILE DETERMINATION

A. Calculation

The electric dipole moment operator d occurring in Eq.
�3�, can be decomposed in the vector basis e0, e1, e−1, and a
correlation function Cq�t� can be associated with each polar-
ization state corresponding to the component q. The resulting
intensity for each polarization state will be
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Iq��� =
1

�
Re �

0

�

ei�tCq�t�dt . �46�

Substituting the expression for the component �q�t� we ob-
tain

Iq��� =
1

�
Re �

0

�

ei�t� Q�F�
dq
†�U�F,t����a�dq�d3F dt ,

�47�

dq standing for the dipole moment component q.
The two integrations are interchangeable, so that

Iq��� =� Q�F�� 1

�
Re �

0

�

ei�t
dq
†�U�F,t����a�dq�dt�d3F .

�48�

Expressing the evolution operator in terms of the matrix
components of the Floquet-Liouville operator, �48� gives

Iq��� =� Q�F�

�� 1

�
Re �

0

�

ei�t
dq
†�P0 exp�− iLFt�P0���a�dq�dt�d3F ,

�49�

where P0 is the projector on the Floquet subspace n=0,

P0 = �
	


�	
�
	
;0� . �50�

Equation �49� can be compacted as

Iq��� =� Q�F�Jq,F���d3F , �51�

where Jq,F���= �1 /��Re�0
�ei�t
dq

†�P0 exp�−iLFt�P0���a�dq�dt
represents the line shape in the presence of an oscillating
field with a polarization q, and when an ionic field F is
perturbing the emitter. Iq��� still depends on the oscillating
field.

The presence of the oscillating field introduces a polariza-
tion of the space, forcing us to consider the orientation of the
ionic microfield with respect to the oscillating field. We have
seen in Sec. II B that the relevant ionic field components are

the parallel and perpendicular ones. Taking into account
these two components, within the assumption of an isotropic
ionic microfield, �51� may be written as �11�

Iq��� =
1

2
�

0

�

W�F��
−1

1

Jq,F,����d� dF , �52�

where �=cos �, � being the angle between the ionic mi-
crofield direction and z axis. The parallel and perpendicular
components are then F� =F� and F�=F�1−�2, where F is
the ionic microfield intensity. W�F� represents the distribu-
tion function restricted to the ionic microfield intensity.

The Stark effect splits each initial line into several Stark
components, on which natural and electronic relaxations act
as noise filters �24�.

In the following, we discuss the numerical treatment that
will condition the accuracy of the line profile calculation. A
discretization of the formula �52� leads to a weighted sum as

Iq��� = �
p

WpJq,p��� , �53�

where Jq,p��� is the line shape function for the discretization
abscissa p, for given microfield intensity and direction. The
associated weights Wp depend on the ionic microfield distri-
bution and on the discretization method. In fact, it is a double
summation, as in �52�, that has to be performed hereafter. For
this purpose, the weights Wp stand for a product Wk

�2�Wl
�G�,

holding all the aspects discussed above. Numerical results
have shown that taking Gauss-Legendre quadrature weights
Wl

�G�, with the respective abscissa �, is a good choice for the
angle summation, while two-point integration weights Wk

�2�,
with no constant interval, have to be used, both for perform-
ing the integration of the microfield dependence and for op-
timizing the accuracy of the integration,

Iq��� = �
k,l

Wk
�2�Wl

�G�Jq,k,l��� . �54�

The indices k and l involved in �54� characterize the discreti-
zation abscissa values. In �54�, as well as in subsequent for-
mulas, it is important to underline that the line shapes are
calculated for a fixed oscillating field intensity E.

We now go back to the line shape formulation with the
notations introduced in the double integration �52�. Follow-
ing the Calisti et al. procedure �24�, we diagonalize the
Floquet-Liouville operator LF�F� for every value of the in-
dex p, i.e., for every F and �. In this diagonal basis Jq,p���
can be written as

FIG. 1. Structure of the transfer matrix Mp associated with the
Floquet-Liouville operator.

FIG. 2. Projection of the matrix Mp onto the subspace n=0.
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Jq,p��� =
1

�
Re �

0

�

ei�t
dq
†�P0Mp exp�− i�pt�Mp

−1P0���a�dq�dt

�55�

where exp�−i�pt� is a diagonal matrix, the elements of
which are quasienergy values, and Mp are transfer matrices
from the diagonal basis ����,l

�p� � to the �	
 ;n� basis:

Mp = �
	


n

�
��

l

�	
;n�
	
;n����,l
�p� �
���,l

�p� � , �56�

Mp
−1 = �

	


n

�
��

l

����,l
�p�−1

�
���,l
�p�−1

�	
;n�
	
;n� . �57�

The Fourier transform in �55� can be performed easily, and
leads to the following form for Jq,p���:

Jq,p��� = −
1

�
Im
dq

†�P0Mp�
�

1

� − �	
,n

�

1

� − �	
,0

�

1

� − �	
,−n

�

�Mp
−1P0���a�dq� . �58�

The diagonal matrix in �58� is an infinite matrix in which all
Floquet modes n are considered. In the numerical calcula-
tion; the infinite dimension of this matrix has to be reduced
to a finite number of modes n. As we will see in Sec. III B,
the number of mode to be included in the calculation can
estimated in order to achieve a desired accuracy.

The expression �58� can be written as

Jq,p��� = �
k


k�� − xk� + 	kyk

�� − xk�2 + yk
2 , �59�

where xk and yk are, respectively, the real and imaginary
parts of the eigenvalue �k, and 	k and 
k are the real and
imaginary parts of the complex amplitudes depending on the
values of Mp, d, and ��a�.

Because of the anisotropy introduced by the oscillating
field in the given direction, the observed profile will depend
on the direction of the observation axis with respect to the
field direction. The angle-dependent profile is then given by
�11�

���,�� = �����cos2 � + �����sin2 � , �60�

where � is the angle of observation with respect to the oscil-
lating field axis, and ����� and ����� are the parallel and
transverse profiles observed, i.e., in the field direction and in
the orthogonal direction, respectively. These profiles are ex-
pressed in terms of the polarized radiations f1, f−1, and f0
�corresponding to the electric dipole moment components� as
�����= 1

2 �f1+ f−1� and �����= 1
4 �f1+ f−1�+ 1

4 f0.

B. Truncation error estimation

As seen in the previous sections, the Floquet-Liouville
operator, introduced to solve the time-dependent problem
�Stark effect in a time-dependent external field� leads to a
time-independent treatment carried out thanks to an operator
with an infinite dimension. Nevertheless, the periodic prop-
erty of this operator allows one to consider only the projec-
tion of the Floquet-Liouville operator on the Floquet sub-
space n.

The periodic property of the Floquet-Liouville operator is
highlighted in Fig. 1 through the transfer matrix Mp. This
matrix can be decomposed into a block square matrix A �the
Floquet mode and the eigenvalue being fixed�, the dimension
of which is the dimension of the tetradic basis �	
�. Each
block column represents the set of eigenvectors associated
with the eigenvalues ���,l with a given Floquet mode value.
The horizontal block lines delimit the Floquet subspace in
which the components of the eigenvectors belong. We see
therefore on Fig. 1 that the components corresponding to the
subspace n=0 of the eigenvectors associated to the eigenval-
ues l=0 are equal to the components corresponding to the
subspace n=1 of the eigenvectors associated to the eigen-
value l=1.

More generally the relation between components and
eigenvectors is that all matrices A�l−n�, representing the com-
ponents corresponding to the subspace n of the eigenvectors
associated with the eigenvalue l, are equal if the differences
l−n are equal. The result of the product P0Mp is the projec-
tion of the matrix Mp onto the subspace n=0, as shown on
Fig. 2.
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Depending on the coupling values between the Floquet
subspaces for the Floquet-Liouville operator, there will exist
a value of n for which the matrices Am, �m�� �n�, are negli-
gible. For instance, if there is no coupling between Floquet
subspaces, i.e., if there is no oscillating field, the only non-
zero matrix will be the A0 matrix. The role of this truncation
of the Floquet subspace for controlling the precision of the
line shape is explained progressively in what follows.

As shown in Fig. 2, the left and right sides of the matrix
P0M are formed by matrices An and A−n with n→�. We will
demonstrate that we can choose a value of n for which the
matrix Am ��m�� �n�� is negligible, reducing as a consequence
the number of Floquet modes to be involved in the calcula-
tion of the profiles.

We can have an estimation of this mode number if we
consider the tridiagonal block form of the Floquet-Liouville
operator �Fig. 8 below�. We make the assumption that the
block matrix can be reduced to a scalar value by averaging
the most significant values of the matrix. More precisely we
can take for the diagonal blocks the average of diagonal el-
ements, and for the nondiagonal blocks the element with the
highest absolute value.

We will now go further for the estimation of the precision
of the oscillating field effect when the Stark interaction is
neglected. Considering only the effect of the oscillating field,
the tridiagonal operator has the structure

F = �
�

�	
 − n� V

V �	
 − � V

V �	
 V

V �	
 + � V

V �	
 + n�

�

� ,

where �	
 stands for the averaged transition energy and V
for the interaction of the emitter with the field. As for the
Floquet-Liouville matrix, the number of columns and rows is
2n+1 when considering n modes for the oscillating field.

This matrix can be transformed as G= �1 /���F−�	
I�,
where I stands for the identity matrix, �	
 and � being scalar
values. The two operators F and G have the same eigenvec-
tors and eigenvalues, these quantities being required for the
spectral line shape calculation.

The new matrix G can be written as

G = �
�

− n u

u − 1 u

u 0 u

u 1 u

u n

�

� ,

where u=V /�. The eigenvalues of the matrix G differ from
integers. It is easy to see that “zero” is a particular eigen-
value. The eigenvector corresponding to the zero eigenvalue
has the following components:

X = �
]

− a2

− a1

a0

a1

a2

]

� .

Setting a0=1, the coefficients an are solutions of the system
AY =B, with

A = �
1 u

u 2 u

u 3

�

�, Y = �
a1

a2

a3

]

�, B = �
− u

0

0

]

� .

If we cut the matrix A to the dimension m �m will correspond
to the number of modes to consider�, the value of the last
component am of the vector Y is

am =
um

Cm
�61�

with
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Cm = �
k=0

int�m/2�

�− 1�k+m	k
m �n − k�!

k!
u2k. �62�

In the formula 	k
m are given by the recurrence relation 	k

m

=	k
m−1+	k−1

m−2. The range of k is 0�k� int�m /2� with 	0
m

=1 and 	1
m=m−1. Thus we have demonstrated that the num-

ber of modes m to consider for getting a desired precision in
the line shape calculation is related to the value of the last
coefficient am.

In the case of u�1 we can easily approximate am:

am � �− 1�m um

m!
, �63�

and then evaluate the mode m for which the vector compo-
nents am are negligible. In the case of u�1 the estimation of
m is more complicated, and we have to evaluate the coeffi-
cients Cm in �62� to determine if am is negligible.

As an example, if u is equal to 0.9, the value of the com-
ponent am for m=6 is about 10−3, and since a0=1, we have
a6 /a0�10−3, giving the precision connected to the number
of modes considered. If u is equal to 2 the value of am for
m=9 is about 2�10−3 and we have a9 /a0�2�10−3.

We have thus obtained a method and defined the algo-
rithm to estimate the number of Floquet modes to involve in
the calculation of the line shape in order to achieve the de-
sired accuracy. The number of modes to be considered will
depend on the oscillating field intensity and the spectral re-
gion of interest. Each mode corresponds to a couple of sat-
ellites, located on each side of the central line, at the unper-
turbed energy n��L �with respect to the central line�. The
coupling between modes will then determine the shift and
relative intensities of the different satellites.

IV. RESULTS AND DISCUSSION

In this section we present some calculations of spectral
profiles of aluminum hydrogenlike and heliumlike lines
emitted in hot dense laser plasmas submitted to an external
oscillating field. With these results we will pay particular
attention to the matrix truncation with respect to the error
evaluation and validate the convergence procedure. Finally
we will highlight some exotic structures �satellites and dips�
in the line profiles emitted in the presence of a strong oscil-
lating field.

A. Error estimation and convergence of the line profile

We present results showing the convergence of the line
profile when the number of Floquet modes used increases.
We confirm the link of this convergence with the dependence
of the error estimation on the number of modes considered.

In Fig. 3 we have calculated the Al He-
 line profile
emitted by a laser plasma at density Ne 1021 cm−3 perturbed
by an oscillating field �frequency ��L=1.54 eV and intensity
IL=5�1015 W cm−2�. Those conditions correspond to recent
experiments performed by Renner et al. �28�. Figures 3 and 4
correspond to profiles observed in the direction of the oscil-
lating field �parallel profile� and in the transverse direction
�perpendicular profile�, respectively. In each case the profiles

resulting from calculations using 6, 8, 10, and 12 modes have
been superimposed. The estimated errors using Eqs. �61� and
�62� are given in Table I. These evaluations are obtained
when the Stark effect is neglected.

In fact the convergence will depend on the Stark effect
and on dipole moment component dq �see �52� for instance�.
For these reasons the convergence criteria will be different
for parallel and perpendicular profiles. We see in Figs. 3 and
4 that the parallel profile converges more rapidly than the
perpendicular one. For the parallel profile the convergence is
reached with six modes, while the perpendicular profile
needs about ten modes to have a reliable profile.

B. Line profile calculation

The quasienergies introduced by the Floquet theory pre-
sented above are traduced on the line profiles by the presence

FIG. 3. �Color online� Parallel profiles of the Al He-
 line cal-
culated with different numbers of modes. The number of blocks
�2n+1� characterizes the dimension of the Floquet matrix. Vertical
lines show the n��L positions with respect to the unperturbed line.

FIG. 4. �Color online� Perpendicular profiles of the Al He-
 line
calculated with different numbers of modes. The number of blocks
�2n+1� characterizes the dimension of the Floquet matrix. Vertical
lines show the n��L positions with respect to the unperturbed line.
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of satellite transitions corresponding to the Floquet modes.
The intensity of those satellites depends on the strength of
the coupling between the plasma and the Floquet modes �this
coupling depending on the strength of the oscillating field�
and their position depends on the field frequency �L.

In Fig. 4 concerning Al Ly-	, the fine structure is taken
into account, and for this reason the quasienergies and the
line profiles are not symmetric. When the ionic microfield is
zero �F=0� �Fig. 5�, we can distinguish the Lyman-	 com-
ponents 2s1/2, 2p1/2, and 2p3/2. The last component 2p3/2,
initially degenerate for the isolated ion, is split into two com-
ponents due to the presence of the oscillating field E. When
the ionic microfield F increases, the quasienergy states come
sufficiently close to each other to interact and lead to avoided
crossings. The resulting perpendicular and parallel profiles
are plotted in Fig. 6.

Finally, we have plotted on Fig. 7 the aluminum He-
 line
profiles emitted by a near critical plasma perturbed by an
oscillating field for four different laser intensities. The per-
turbing laser wavelength is �L=0.53 �m. The plasma condi-
tions are Ne=3�1021 cm−3 and Te=150 eV. The Doppler
broadening has been included. The figure shows the evolu-
tion of the line profile when the oscillating field intensity
increases. At 1013 W cm−2 �Fig. 7�a�� the profile is not modi-
fied by the perturbing oscillating field. On Fig. 7�b� parallel
and perpendicular profiles start to differ from each other; we

can see on the blue wing a satellite emerging. When the
intensity becomes higher �Fig. 7�c�� the satellites due to the
interaction with the oscillating field grow while the main
central line decreases. At very high intensity �Fig. 7�d��, the
central part of the line has disappeared and only the satellites
at the positions n��L remain.

V. CONCLUSION

In this work we have described a theoretical formalism
for the calculation of the spectral line shapes emitted by hot
dense plasma in the presence of a strong oscillating field.
The direct coupling between the Stark broadening and the
effect of the oscillating field on the emitter is taken into
account by the Floquet-Liouville approach. This formalism is
highly efficient as it can be directly implemented in any
spectral line shape simulation: it can be applied for the spec-
tra of multielectron radiators and not only for hydrogenlike
and heliumlike transitions. The introduction of the error es-
timation, due to the matrix truncation, in the profile calcula-
tion, allows the convergence of the profiles to be ensured
without computing too many profiles with different numbers
of mode. It is also important to underline that, up to now, to
our knowledge no heliumlike profile computations have been
done in the described conditions.

Finally, we can give as a constructive comment that this
formalism could be the starting point for a new formalism
devoted to the calculation of the redistribution of the reso-
nance radiation induced by x-ray lasers. This work enhances
the advance for the diagnostics of the oscillating laser field
from the spectroscopic exotic structures �dips and satellites�
and establishes a link between two communities: the laser-
plasma interaction and atomic physics in plasmas communi-
ties.
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TABLE I. Truncation error estimation for the Al He-
 profile
calculation versus the number of modes used.

Number of
modes

Error
estimations

6 1�10−1

8 1�10−2

10 5�10−4

12 2�10−5

FIG. 5. Quasienergies for the level n=2 of the ion Al12+ versus
the ionic microfield F taken in atomic field units E0 �E0=e /a0

2=1
atomic unit�. The fundamental level is taken for the energy
reference.

FIG. 6. �Color online� Parallel and perpendicular profiles for the
Al Ly-	 line with the same conditions �for the plasma and the
oscillating field� as for He 
 �Fig. 3�.
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APPENDIX

1. General properties of the Floquet states

Let us consider a quantum system driven by a periodic
external field with a frequency �. The time-dependent
Schrödinger equation of this system is ��=1�

H�r,t���r,t� = i
�

�t
��r,t� . �A1�

The Hamiltonian can be divided into two parts

H�r,t� = H0�r� + V�r,t� . �A2�

H0�r� is the unperturbed Hamiltonian with the complete set
of orthonormal eigenstates �	�, and V�r , t� the periodic inter-
action.

The wave function � corresponding to a quasienergy state
can be written as

��r,t� = e−i�t��r,t� �A3�

where the quasienergy � has a real value.
We define the operator H�r , t� as

H�r,t� = H�r,t� − i
�

�t
�A4�

verifying

H��r,t� = 0. �A5�

If we substitute �A3� and �A4� in �A5�, we obtain the eigen-
value equation for the operator H�r , t�,

H���r,t� = �����r,t� . �A6�

Due to the periodicity of the interaction, the function � is
also periodic with the same period �13� ��r , t+2� /��
=��r , t�; thus the function can be expanded in a Fourier se-
ries,

���r,t� = �
n=−�

n=�

An
��r�e−in�t. �A7�

A quasienergy state can then be expressed as

���r,t� = e−i��t���r,t� = e−i��t �
n=−�

n=�

An
��r�e−in�t. �A8�

Note that if we replace the quasienergy �� by ���+m� and
���r , t� by ����r , t�eim�t, Eq. �A6� is still verified, meaning

FIG. 8. Structure of Floquet matrix.

FIG. 7. Parallel and perpendicular profiles for the Al He-
 line perturbed by an oscillating field at different oscillating field intensities.
Vertical lines show the n��L positions with respect to the unperturbed line. Parallel and perpendicular profiles are plotted with solid and
dashed lines, respectively.
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that ��� and ����r , t� are also an eigenvalue and eigenstate of
the equation. However, the function �� in �A8� remains un-
changed. That means that the states �� are physically equiva-
lent if their quasienergies differ by m�. This property will be
very useful for the line shape calculation.

2. Floquet Hamiltonian

The Floquet Hamiltonian is obtained by expanding the
time-dependent wave function ���r , t� on the basis of func-
tions e−in�t. This is equivalent to considering quasienergy
states as superpositions of stationary states with energies
equal to ��+m�.

The function An
��r� in �A7� can be expanded on the basis

of the eigenstates �	� of H0:

An
��r� = �

	

a	,n
� 
r�	� , �A9�

where 
r �	�=�	�r� is an eigenfunction of H0. We now note
down the state �	n� corresponding to the function
�	�r�e−in�t.

An eigenfunction ���r , t� can then be expanded as

���� = �
n

�
	

a	,n
� �	n� , �A10�

where the states �	n� form a complete orthonormal basis



m�	n� = 

�	� lim
�→�

1

�
�

0

�

e−i�n−m��tdt = �	
�nm.

�A11�

Substituting Eq. �A10� into �A6� and operating with 

m�,
we obtain



m�H���� = ��

m���� , �A12�

�
	

�
n

�

�H�n−m��	� − n��	
�nm�a	,n
� = �a
,m

� , �A13�

with

H�n� � lim
�→�

1

�
�

0

�

H�r,t�e−in�tdt �A14�

We can identify in Eq. �A12� 

�H�n−m��	�−n��	
�nm as the
matrix element of the time-independent Floquet Hamil-
tonian,



m�HF�	n� = 

�H�n−m��	� − n��	
�nm. �A15�

If the interaction has a sinusoidal time dependence, the Flo-
quet matrix has a tridiagonal block form as shown in Fig. 8.
We see also that the matrix has a periodic structure with only
the value n�, in the diagonal, varying from block to block.
This structure leads to the following properties for the eigen-
values and eigenvectors:

�	n = �	0 + n� �A16�

and


	,n + p��
,m+p� = 
	,n��
,m� , �A17�

where ��
,m� stands for the eigenvector corresponding to the
quasienergy eigenvalue �
,m.
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