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Energy losses of test particles in magnetized two-component plasmas are investigated within the framework
of the linearized Vlasov-Poisson theory, taking into account the dynamic polarization effects of both the plasma
ions and electrons. General expressions of the potential and stopping power are obtained and calculations are
performed for protons in a magnetized hydrogen plasma. The influences of the magnetic field, the angle
between the proton velocity and magnetic field, and certain plasma parameters on the stopping power are
studied. Numerical results show that for low particle velocities and strong magnetic field the dynamic polar-
ization effects of the plasma ions become obvious and contribute mainly to the stopping power.
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I. INTRODUCTION

The energy loss of charged particles in plasmas have been
an interesting topic, which is motivated by some applica-
tions, such as the inertial confinement fusion �ICF� driven by
ion beams �1–5�, and the neutral beam injection �NBI�
�6–10� in the magnetically confined fusion plasmas. Espe-
cially, it has been proven that the NBI is a highly successful
means of plasma heating, in which fast injected neutral par-
ticles are converted into fast ions within the plasma after
impact ionizations and charge exchanges, and the fast ions
slow down by transferring their energy and momentum to the
plasma.

Usually, two main approaches, the dielectric theory and
the binary collision approximation, are adopted in the inves-
tigations of the energy loss of charged particles in plasmas
�11,12�. The basic assumption of the dielectric theory is that,
being considered as a perturbation of the target plasma, the
charged particles lose their energy by polarizing the sur-
rounding plasma during the interaction. In this formulation,
the linearized Vlasov-Poisson equations are usually em-
ployed to investigate the plasma polarization and the energy
loss of the test particles in target plasma, which has been
described as a Maxwellian plasma. The binary collision ap-
proximation, on the other hand, assumes that the stopping
takes place in successive binary collisions between the
charged particles and plasma particles. These two approaches
above are only valid in the regimes where the plasma is close
to ideal and the coupling between the test particle and the
plasma target is weak. Besides, computer simulation meth-
ods, such as PIC and dynamic simulation, may be used to
describe the strong-coupled interactions of the test particle
with the plasma targets �11�.

During the past decades, a number of theoretical calcula-
tion have been presented within theoretical framework of
both the dielectric theory and the binary collision approxi-
mation �4,13–23�. Earlier, energy losses of charged particles
have been investigated in plasmas without external magnetic
field �4,13–15,17�. The maximum of the stopping power was

observed near the thermal velocity of the plasma electron,
and the most important property of the stopping power at
small velocities is the well-known linear velocity depen-
dence theory provided that the plasma density is not too high
�4,17�. It was found that the stopping is enhanced with the
increase of the plasma density, while it is reduced as the
temperature increases �17�.

For the magnetic confinement fusion and electron cooling
process, the magnetic field would play an important role in
the stopping power �16,18–23�. An adequate analytical
model for the stopping power in the case of extreme magne-
tization was presented �18,20�, in which the “friction law”
S�u2 �where S is the energy loss rate and u is the particle
velocity� is obtained in contrast to the linear velocity depen-
dences without magnetic fields. In the subsequent work �23�,
the stopping power is calculated for arbitrary angles between
the particle velocity and magnetic field, and a strong de-
crease of the energy loss has been noticed as the angle varies
from 0 to � /2. In Ref. �21�, the authors concentrated on the
quantum mechanical treatment of the energy loss in magne-
tized plasma, in which analytical results were derived for the
limit of high and low particle velocities, and the existence of
the magnetic field is responsible for the reduction of the
stopping power at high particle velocities, while enhancing
the stopping power at low particle velocities.

However, to our knowledge, most of the theoretical stud-
ies on energy loss in magnetized plasmas have made the
common assumption that the test particle travels in the elec-
tron plasmas with fixed ion background. And this assumption
is justified if the ratio between the test particle velocity and
plasma electron thermal velocity u /vTe� �me /mi�1/3 �where
me is the mass of the electron and mi is the mass of the ion�
as discussed in Ref. �15�. In this case, the dynamic polariza-
tion of ions and their effects on stopping charged particles
could be neglected. Actually, without an external magnetic
field, the ions in plasmas give an appreciably peaklike con-
tribution to the stopping power only for particles with small
velocities �4�, and this kind of contribution is relatively small
for big mass differences between electrons and ions �24�.
However, in some applications, such as confined fusion, the
effects of ion stopping have been found to be important �5�.
In neutral beam injection experiments, the fractions of the*ynwang@dlut.edu.cn

PHYSICAL REVIEW E 79, 016405 �2009�

1539-3755/2009/79�1�/016405�7� ©2009 The American Physical Society016405-1

http://dx.doi.org/10.1103/PhysRevE.79.016405


total beam energy that have gone to electrons and to ions are
important quantities, which can describe the slowing-down
process of the neutral beam �6,8�. As indicated in Ref. �8�,
for the beam energy higher than a critical energy Wc, the
energy of the beam is lost predominantly to electrons. As the
beam energy approaches Wc, energy loss to ions becomes
important. Thus, one expects that for low particle velocity,
the dynamic polarization of ions may exert a considerable
influence on the stopping power. And the case under a strong
magnetic field is also our concern.

In this work, a linearized dielectric theory is put forward
to calculate the potential and energy loss of charged particles
in magnetized two-component plasmas. The influences of
magnetic field, the angles between the particle velocity and
magnetic field, and the plasma parameters on the energy loss
are taken into account. We focus our attention on the stop-
ping power in the regions of low particle velocity and in the
presence of the magnetic field, trying to reveal the impor-
tance of the dynamic polarization effects of ions and their
contribution to the charged particle’s energy loss. The paper
is organized as follows. In Sec. II, the linearized Vlasov-
Poisson equations are solved by means of Fourier analysis,
obtaining a general form for the induced potential. In Sec.
III, numerical results are discussed to analyze the stopping
power of magnetized two-component plasmas. Finally, we
give a short summary in Sec. IV.

II. INDUCED POTENTIAL

Consider a Cartesian coordinate system with r= �x ,y ,z� in
Fig. 1, which is immersed in a large volume of magnetized
plasma with density n0. The magnetic field B0 applied in the
plasma is homogeneous and directed along the z axis. We
shall use the subscripts �=e for plasma electrons and �= i
for plasma ions. Now a charged particle with charge Z1e and
velocity u moves in the magnetized plasma at an angle �0
with respect to the magnetic field B0. The test particle is
considered as a point charge and the space-charge density
associated with it is �ext�r , t�=Z1e��r−ut�.

The linearized Vlasov equation of the two-component
plasma may be written as

�f�1

�t
+ v ·

�f�1

�r
+ �c��v 	 b� ·

�f�1

�v
=

q�

m�

�


�r
·
�f�0

�v
, �1�

where f�= f�0+ f�1; f�1 is the first order perturbation of f�.
And, the self-consistent electrostatic potential 
 is deter-
mined by Possion’s equation

�0�
2
 = − �ext�r,t� − �

�

q�� dvf�1�r,v,t� , �2�

where b is the unit vector parallel to B0 ,q� ,m� and
�c�=q�B0 /m� are the charge, mass, and cyclotron frequency
of � species, respectively. We denote the unperturbed distri-
bution function of � species as f�0, which is taken uniform
and Maxwellian,

f�0�v� =
n�0

�2�vT�
2 �3/2 exp	−

v2

2vT�
2 
 , �3�

with vT�=�kBT� /m� the thermal speed. Here, T�, n�0 are the
temperature and the unperturbed density of the � species,
respectively. For simplicity, we shall assume ne0=ni0=n0. In
Eq. �3�, the temperatures of the electrons and the ions may be
different, with each species described by its own Maxwellian
distribution.

By means of the space-time Fourier transform

f�1�r,v,t� =� � dkd�

�2��4 f�1�k,v,��eik·�r−ut�, �4�

E�r,t� =� � dkd�

�2��4 E�k,��eik·�r−ut�, �5�

Eqs. �1� and �2� can be solved and the expression of the
potential can be obtained by integrating along the unper-
turbed trajectory,


�r,t� =
Z1e

�0�2��3 � dk
exp�ik · �r − ut��

k2��k,k · u�
. �6�

Here, ��k ,�� is the dielectric function of the homogeneous
two-component plasma, which has been given by Ichimaru
�25�, and could be written in the form as

��k,�� = 1 + �
�

k�
2

k2�1 + �
n

�

� − n�c�

	W	 � − n�c�

�k���T�/m��1/2
 − 1��n���� , �7�

where k�= �n0e2 /�0T��1/2, W is the plasma dispersion func-
tion

W�Z� = 1 − Z exp�− Z2/2��
0

Z

dy exp�y2/2�

+ i��/2�1/2Z exp�− Z2/2� , �8�

�n���= In���exp�−��, �=k�
2 T� /m��c�

2 , and In is the
modified Bessel function of the nth order. The symbols � and
� denote the components of the vector k parallel or perpen-
dicular to the external magnetic field, respectively. Also, the

FIG. 1. Geometry of the vectors involved in this paper.
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dielectric function of a homogeneous two-component plasma
without external magnetic field can be given as �25�

��k,�� = 1 + �
�

k�
2

k2 W	 �

k�T�/m��1/2
 . �9�

In general, the potential can be separated into two parts, viz.,


�r,t� =
Z1e

4��0�r − ut�
+ 
ind�r,t� , �10�

where the first part is the bare Coulomb potential of the test
particle and the second part is the induced potential caused
by the test particle. In the cylindrical coordinates �see corre-
sponding geometry in Fig. 1�, the induced potential can be
written as


ind�r,t� =
Z1e

�0�2��2�
0

�

k�dk��
−�

+�

dk�

��k�,k�,k · u,r,t�
k�

2 + k�
2 ,

�11�

where

��k�,k�,k · u,r,t� = Re��−1�k�,k�,k · u� − 1�cos�k · �r − ut��

+ Im�− �−1�k�,k�,k · u� − 1�

	sin�k · �r − ut�� . �12�

Here, we take k ·u=k�u� +k�u�, and ��k� ,k� ,��=�r+ i�i in
terms of its real part �r and imaginary part �i.

In this paper, we only take into account a hydrogen
plasma and the main parameters used here are closed to the
parameters in fusion plasmas. The base values of the param-
eters are as follows, unless otherwise indicated: the plasma
density, n0=1018 m−3; the unperturbed densities of plasma
electrons and plasma ions, ne0=ni0=1018 m−3; the ion tem-
perature, Ti=500 eV; and the electron temperature,
Te=1 keV. We have the ion charge qi=e and the mass ratio
mi /me=1836 for a hydrogen plasma. Besides, we take
the following dimensionless quantities as k�→k�De,
k�→k�De, k→kDe, �→� /�pe, u→u /vTi, and
�c�→�c� /�p�, where De=��0Te /n0e2 is the Debye length
of the electrons and �p�=�n0q�

2 /m��0 is the plasma fre-
quency of the � species. In addition, a proton with fixed
charge Z1e=e is taken as the test particle.

We first plot �a� the real part �r�k� ,k� ,�� and �b� the
imaginary part �i�k� ,k� ,�� of the dielectric function as a
function of � in the units of �pe=�n0e2 /�0me for various
values of magnetic field in Fig. 2. Here, k�De=1 /2,
k�De=1 /2 are kept fixed. One can see that �r�k� ,k� ,��
decreases obviously with the increasing magnetic field.
Meanwhile, the magnetic field enhances �i�k� ,k� ,�� only in
the low frequency region and shows almost no effects in the
high frequency regions. In particular, one can see from Figs.
2�a� and 2�b� that both �r�k� ,k� ,�� and �i�k� ,k� ,�� have
two minimum or maximum values near the frequencies
�pi /2 and �pe /2, corresponding to collective excitations of
the ions and electrons.

In Fig. 3, we show the dependences of the potential 
 on
the dimensionless distance �z−zd� /De for protons traveling
parallel to the magnetic field, with Figs. 3�a� and 3�b� shown

for different values of magnetic field and particle velocities,
respectively. One may notice from Fig. 3�a� that, for the case
of the particle velocity u /vTi=3.01, as the magnetic field
increases, the magnitude of the wake potential increases sig-
nificantly due to the stronger polarization of the medium.
Also as shown in Fig. 3�b�, as the velocity of the particle
increases, the wake potential shows a longer oscillation tail
behind the test particle, similar to the case without the mag-
netic field.

III. STOPPING POWER

The stopping power of the test particle S is defined as the
energy loss of the particle per unit length due to the plasma
polarization. From Eq. �11� it is straightforward to calculate
the induced electric field Eind=−�
ind, and the stopping
force acting on the particle. Thus, the stopping power of the
particle becomes

S = Z1e
u

u
· � �
ind

�r
�

r=ut

=
�Z1e�2

�0�2��3 � d3k

k2

k · u

u
Im	 − 1

��k,k · u�
 . �13�
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FIG. 2. The real part �r�k� ,k� ,�� �a� and imaginary part
�i�k� ,k� ,�� �b� of the dielectric function vs � for various values of
the magnetic field. Here, k�De=1 /2, k�De=1 /2.
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To show more clearly the contribution of plasma ions and
electrons to the stopping power, an approximation �12,26� is
introduced here in which the effective, dynamic particle-
electron and particle-ion interactions are replaced by the
statically screened interactions. In this approximation the
stopping power reads as

S =
�Z1e�2

�0�2��3 � d3k
k · u

u

k2

�k2 + �2�2 Im ��k,k · u� . �14�

Here the parameter �= �De
−2 +Di

−2�1/2 describes the collective
static shielding of the test particle, and the imaginary part of
the dielectric function takes the form as

Im ��k,�� = �
�

���k�
2

k2�k���T�/m��1/2�
n

�n���

	exp− 	 � − n�c�

�k���T�/m��1/2
2�
� Im �e�k,�� + Im �i�k,�� .

The simplified stopping power S in Eq. �14�, which neglects

the dynamic collective modes in the plasma �26�, is mainly
determined by the imaginary part of the dielectric function.
In order to show the ion and electron contribution to the
stopping power, we plot Im ��k ,��, Im �e�k ,��, and
Im �i�k ,�� as a function of � in Fig. 4. Here k�De=1 /2,
k�De=1 /2, B0=1 T, and the other parameters are the same
as those in Figs. 2 and 3. It is clearly seen that the ion
polarization contributes mainly to the part located at low
frequencies, while a reversed behavior can be observed for
the electrons excitation. Thus, the stopping power in magne-
tized two-component plasmas might be calculated approxi-
mately by first taking into account only the ions dynamically
at the low frequency part, and then only the electrons at the
high frequency part, and finally, adding the two contributions
together, as S�Se+Si. This treatment of the stopping power
in magnetized two-component plasmas is similar to that
without a magnetic field �4�.

In Fig. 5, we show the influence of the magnetic field on
the stopping power as a function of the proton velocity u /vTi,
with the angle �0=� /6, and the other parameters the same as
those in Figs. 2 and 3. Both Figs. 5�a� and 5�b� show that the
stopping power has two maximum values, with one located
near the thermal velocity of plasma ions vTi corresponding to
the collective excitation of plasma ions, and with the other
one near the thermal velocity of plasma electrons vTe with
respect to the collective excitation of plasma electrons. From
the low particle velocity region u /vTe�1, it is easily seen
that the test proton is exposed to more stopping significantly
from the plasma ions with the increasing magnetic field. This
is also indicated in Fig. 2�b�, in which the imaginary part of
the dielectric function at low frequencies increases signifi-
cantly with the increase of the magnetic field. However, for
particles with high velocities u /vTe�1, we notice that the
increase of the magnetic field also enhances the stopping
power for the case of the weak magnetic field �ce /�pe�1,
but only makes the electron stopping profiles shift slightly to
the lower velocity region for stronger magnetic field
�ce /�pe�1. As we all know, under the influence of a strong
magnetic field, the motion of the electrons transverse to the
magnetic field becomes increasingly restricted. In this case,
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FIG. 3. The potential 
 along the z axis as a function of the
distance �z−zd� /De for �a� different values of the magnetic field
with fixed particle velocity and �b� different values of the particle
velocity relative to vTi with a fixed magnetic field. Here, �0=0 for
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the electrons cannot respond thoroughly to the disturbance
from the intrusive ions. On the contrary, the dynamic polar-
ization of the plasma ions becomes more active, leading to
the increasing energy transfer from the test ion to the plasma
ions. These results suggest that in the presence of a weak
magnetic field, the energy losses of the incident ions with
low velocities is smaller than those with high velocities,
while under the strong magnetic field, the ions with low ve-
locities play an important role in the energy exchange with
plasmas.

We further show the locations of the two maximum values
in the stopping power for different magnetic fields in Fig. 6.
Here Smax 1 and Smax 2 represent the maximum values at rela-
tively low and high velocities, respectively. And the other
parameters are same as those in Fig. 5. The locations of the
two maximum values are indeed near the thermal velocities
of plasma ions and electrons.

Figure 7 shows the influences of different angles �0=0,
� /6, � /3, and � /2 on the stopping power in plasmas with
magnetic field B0=1 T. One can see from this figure that, as
the angle �0 increases, both of the stopping power peaks
move to a higher velocity region, indicating the incident ions
with higher energy will experience more stopping. In addi-

tion, the two peak values decrease, showing less effects from
the magnetic field, with the increasing angle �0 between the
magnetic field and the velocity of the test ion.

We further plot in Fig. 8 the stopping power as a function
of the velocity u for different plasma parameters, with only
the angle �0=� /6 and the magnetic field B0=1 T kept fixed.
Figure 8�a� shows that both the magnitude of ion stopping
and electron stopping increase significantly with the increas-
ing plasma density from n0=1018 m−3 to n0=1019 m−3, with-
out any shifts of the peaks location. Figure 8�b� shows us the
stopping power with several electron temperatures, in which
the influences of the electron temperature on the ion stopping
and on the electron stopping are different. The ion stopping
increases slightly, while the electron stopping decreases sig-
nificantly with the increasing electron temperature. In our
opinion, the frequencies of collective modes associated with
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FIG. 5. Influence of �a� weak magnetic field with �ce /�pe�1,
�b� strong magnetic field with �ce /�pe�1 on the stopping power of
protons as a function of the proton velocity u. Here, the plasma
density n0=1018 m−3, the electron temperature Te=1 keV, the ion
temperature Ti=500 eV, and �0=� /6.
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ions are so low that the mobile electrons can easily follow
the motion of the ions and screen their electrostatic fields. So
one can expect that different electron temperatures exert a

slight influence on the ion stopping. Also, the ion tempera-
ture can only affect the ion stopping, as indicated in Fig.
8�c�, where the ion stopping decreases significantly with the
increasing ion temperature. Note that in both Figs. 8�b� and
8�c� the ion stopping exceeds the electron stopping for
Te /Ti�4 �see Ti=500 eV, Te=2 keV in Fig. 8�b� and
Te=1 keV, Ti=250 eV in Fig. 8�c��. So one can expect that
for Te /Ti�1 the dynamic polarization effects of ions may
become very obvious.

IV. SUMMARY

Based on the linearized Vlasov-Poisson theory, we have
studied the energy losses of charged particles in magnetized
two-component plasmas. Influences of the magnetic field,
angle �0 formed by the magnetic field and the proton veloc-
ity, and certain plasma parameters on the stopping power of
both the plasma ions and electrons are discussed. In particu-
lar, we have focused our attention on plasma ions polariza-
tion in the low particle velocity region and the influence of
magnetic field on the stopping power.

Numerical results show that, under the influence of a
strong magnetic field, the dynamic polarization effects of
plasma ions become more obvious and the ion stopping con-
tributes mainly to the energy losses of the incident particle
with low velocity u /vTe�1. On the other hand, the plasma
electrons stopping to the particle with high velocity
u /vTe�1 becomes dominant in the presence of weak mag-
netic effects. We have also investigated the influence of angle
�0 and some plasma parameters on the stopping power. It is
noticed that, with the increase of angle �0 not only the peak
values of both the ion and electron stopping powers de-
crease, but also the positions at which the peak values lo-
cated move to a higher velocity region. Moreover, both the
ion and electron stopping powers increase definitely with the
increase of the plasma density, but show strong dependences
only on their own temperature.

In this work, our results indicate that the ion stopping
becomes important to the slowing-down process of the beam
with a strong magnetic field applied in the plasma. We be-
lieve that the results obtained will provide a helpful reference
to the experiments relative to fusion plasmas, such as heating
by neutral beam injection. And, our further attention will
concentrate on the collision and energy deposition process
for the incident neutral beam with the plasma.
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FIG. 8. Influence of �a� the plasma density n0, �b� the electron
temperature Te, and �c� the ion temperature Ti on the stopping
power of protons as a function of the proton velocity u. Here, the
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