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By using Hirota’s bilinear method and symbolic computation, solutions for a variable-coefficient nonlinear
Schrödinger equation are obtained theoretically. It is found that the type of the solutions changes with the
different choices of the group-velocity dispersion coefficient �2�z�. According to those solutions, the relevant
properties and features of physical and optical interest are illustrated. In addition, an effective technique for
controlling the shape of the pulses is presented. The results of this paper will be valuable to the study of the
future development of ultrahigh rate and long-distance optical communication systems.
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I. INTRODUCTION

In various branches of physical and engineering sciences,
nonlinear evolution equations �NLEEs�, especially the
variable-coefficient ones, have become more and more inter-
esting �1–3� as computerized symbolic computation rapidly
develops �1–3�, among which the nonlinear Schrödinger
�NLS�-type models have recently riveted much attention of
the researchers in long-distance optical-fiber communica-
tions �1,4–8�.

In a real optical-fiber transmission system, the varying
dispersion and Kerr nonlinearity are of practical importance
with the consideration of the inhomogeneities resulting from
such factors as the variation in the lattice parameters of the
fiber media and fluctuation of the fiber’s diameters �9�, and
the variable-coefficient NLS-type models for optical fibers
are often considered to be more realistic than the standard
one in that the variable coefficients can reflect the inhomo-
geneities of media and nonuniformities of boundaries. There-
fore, investigations on the variable-coefficient NLS-type
models for optical fibers have become very fruitful �4–8�.
References �10,11� have demonstrated a different pulse com-
pression technique based on exact solutions to the NLS-type
equation interacting with a source, variable dispersion, vari-
able Kerr nonlinearity, and variable gain or loss. The results
of Ref. �12� have revealed that chirped soliton can all be
nonlinearly compressed cleanly and efficiently in an optical
fiber, which is described by the NLS equation with varying
coefficients. Based on the mapping of the NLS-type equation
with varying parameters to the NLS-type equation with con-
stant dispersion and nonlinearity coefficients and an arbitrary
varying gain function, Ref. �13� has presented an effective
technique for finding the parabolic similariton solutions. In
the case of the NLS-type equation with designed group-
velocity dispersion �GVD�, variable nonlinearity, and gain or
loss, Ref. �14� has analytically demonstrated the phenom-

enon of chirp reversal crucial for pulse reproduction. Using a
variable-coefficient NLS-type equation, transmission profile
of a single soliton in the optical fiber with an inhomogeneous
region is studied numerically in Ref. �15�.

With symbolic computation �1–3�, in this paper, we focus
on the following variable-coefficient NLS model �16�:

i�Az +
�

2
A + �1�z�At� −

1

2
�2�z�Att + ��z��A�2A = 0, �1�

where A is a complex function of z and t, the subscripts z and
t denote the partial derivatives with respect to the distance
and time. � is the attenuation constant, �1�z�, �2�z�, and ��z�
are the inhomogeneous functions, respectively, related to the
reciprocal of the group velocity, GVD, and nonlinear loss or
gain. In practical applications, Eq. �1� and their various spe-
cial forms �17–26� are of considerable value not only for the
description of amplification or absorption and compression
or broadening of optical solitons in inhomogeneous optical-
fiber systems �17–21�, but also for the study of stable trans-
mission of managed solitons �18,23–26�. However, results, to
the best of our knowledge, have not been seen for obtaining
two or more types of solutions for Eq. �1� at one time al-
though they are of considerable physical importance as men-
tioned earlier.

Being motivated by the above intriguing aspects, in the
present work, we wish to undertake a detailed analysis of the
dynamical features associated with the solutions for Eq. �1�
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FIG. 1. �Color online� Evolution of the bright soliton via solu-
tion �12�. The parameter adopted here is �=1.
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to identify the various possibilities and the underlying poten-
tial technological applications. Hirota’s method based on the
computerized symbolic computation �1–3� has made it exer-
cisable to solve Eq. �1�. In particular, via the obtained ex-
plicit expressions for the solutions, we point out that the type
of solutions depends on the coefficients of Eq. �1�. To start
with, we will consider the coefficients of Eq. �1� based on the
dispersion profiles of the dispersion-decreasing fiber �DDF�,
and identify the properties of various types of solutions. Ob-
viously, the bright soliton solutions can be found for a spe-
cific choice of soliton parameters. More interestingly, we
also point out that when the coefficients are chosen as the
parameters of the dispersion profiles of the DDF, there exists
the periodic solutions and other solutions.

The structure of the present paper is as follows. In Sec. II,
with the aid of symbolic computation, the bilinear form of
Eq. �1� is obtained by use of Hirota’s bilinear method. In
Sec. III, some special solutions are explicitly presented based
on their bilinear forms, and the detailed analysis of the soli-
tons via the obtained soliton solutions are illustrated. Finally,
our conclusions of this paper are given in Sec. IV.

II. BILINEAR FORM FOR THE VARIABLE-COEFFICIENT
NLS EQUATION

In the anomalous dispersion regime ��2�z��0�, Eq. �1�
takes the form in normalized coordinates,

iu� + 1
2u�� + ��u�2u = 0, �2�

where u is the normalized amplitude and

� =
���2�z��dz

T0
2 , A = 	P0 exp
−

�

2
z�u��,�� ,

� =
t − ��1�z�dz

T0
, � =

��z�P0 exp�− �z�T0
2

��2�z��
, �3�

in which, P0 is the peak power of the incident pulse, � and �,
respectively, represent the normalized time and the normal-
ized propagation distance. T0 is the half-width �at 1 /e inten-
sity point� of the input pulse. In practice, it is customary to
use the full width at half-maximum �FWHM� in place of T0.
For a hyperbolic-secant pulse, the two variables are related
as TFWHM=2 ln�1+	2�T0�1.763T0.

By introducing the dependent variable transformation �27�

u =
g��,��
f��,��

, �4�

where g�� ,�� is a complex differentiable function and f�� ,��
is a real one, after some symbolic manipulations, the bilinear
form of Eq. �2� is obtained as


iD� +
1

2
D�

2�g · f = 0, �5�

D�
2 f · f = 2��g�2. �6�

Here, Hirota’s bilinear operators D� and D� �28,29� are de-
fined by
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FIG. 2. �Color online� A propagating envelope pulse with the cosine profile in the DDF. The parameter adopted here is �

= ���z�P0 exp�−�z�T0
2� / ��2�z��, ��z�=1, �2�z�=−18 cos�cos−1� 1

18�z�. �a� temporal evolution for the pulse, �b� the amplitude variation for the
pulse at the moment of t=0.
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FIG. 3. �Color online� An envelope pulse with the Gaussian profile in the DDF. The parameter adopted here is �
= ���z�P0 exp�−�z�T0

2� / ��2�z��, ��z�=1, �2�z�=−18 exp�−�ln 18�z2�. �a� Temporal evolution for the pulse, �b� the amplitude variation for the
pulse at the moment of t=0.
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D�
mD�

n�a · b�

= 
 �

��
−

�

���
�m
 �

��
−

�

���
�n

a��,��b���,���
��=�,��=�

. �7�

Equations �5� and �6� can be solved by introducing the
following power series expansions for g and f:

g = �g1 + �3g3 + �5g5 + ¯ , �8�

f = 1 + �2f2 + �4f4 + �6f6 + ¯ , �9�

where � is a formal expansion parameter. Substituting Eqs.
�8� and �9� into Eqs. �5� and �6� and equating coefficients of
the same powers of � to zero can yield the recursion relations
for fn�� ,�� �n=2,4 ,6 , . . . � and gn�� ,�� �n=1,3 ,5 , . . . �.

III. SOLUTIONS FOR THE VARIABLE-COEFFICIENT
NLS EQUATION

The bilinear form for the variable-coefficient NLS equa-
tion has been presented by use of Hirota’s bilinear method in
Sec. II. Next, we will give some special solutions from the
bilinear equations �5� and �6�, exhibit the related graphics of
them, and make a detailed analysis to identify the various
possibilities and the underlying potential technological appli-
cations.

A. One-solitonic solution

To obtain the one-solitonic solution for Eq. �2�, we as-
sume that

g1 = e	, �10�

where 	=k�+ �
1+ i
2��+�0 with 
1, 
2, and �0 as arbitrary
real constants, k is a pending complex parameter. Substitut-
ing g1 into the resulting set of linear partial differential equa-
tions, and after some calculations, k is determined to be

k =
i

2
�
1 + i
2�2,

and

f2 =
�

4
1
2e	+	*,

gn��,�� = 0 �n = 3,5, . . . � ,

fn��,�� = 0 �n = 4,6, . . . � , �11�

where the asterisk denotes the complex conjugate. Without
loss of generality, we set �=1. Thus, the solution can be
explicitly expressed as

u =
g

f
=

g1

1 + f2
=

e	

1 +
�e	+	*

4
1
2

=
�
1�
	�

ei
2�+�i/2��
1
2−
2

2��

�sech�− 
1
2� + 
1� +
1

2
ln � − ln�2�
1��� . �12�

According to Eq. �12�, we will get different types of so-
lutions, which are determined by the parameter �. The value
of � mainly depends on the dispersion profile of the DDF. To
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FIG. 4. �Color online� A propagating envelope pulse with the exponential profile in the DDF. The parameter adopted here is �
= ���z�P0 exp�−�z�T0

2� / ��2�z��, ��z�=1, �2�z�=−18 exp�−�ln 18�z�. �a� Temporal evolution for the pulse, �b� the amplitude variation for the
pulse at the moment of t=0.
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FIG. 5. �Color online� A propagating envelope pulse with the linear profile in the DDF. The parameter adopted here is �

= ���z�P0 exp�−�z�T0
2� / ��2�z��, ��z�=1, �2�z�=−18�1+ � 1

18 −1�z�. �a� Temporal evolution for the pulse, �b� the amplitude variation for the
pulse at the moment of t=0.
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start with, the other corresponding parameters are chosen as

1=1, 
2=−0.5, �0=1, P0=0.01, T0=4 /1.732 ps, �=4.6
�10−7 cm−1 ��dB=0.2 dB km−1�, LDDF=1 km �LDDF is the
length of the DDF�. In the following, we mainly discuss the
properties of the solutions in different types.

Figure 1, with � chosen as a constant, shows the pro-
pagation of the pulse along the distance z. The pulse is
shown to propagate practically undistorted and exhibits the
properties of the bright soliton which adapts to the long-
distance optical-fiber transmission system. Because �
= ���z�P0 exp�−�z�T0

2� / ��2�z��, when � is a constant,
��z�exp�−�z� is proportional to �2�z�. In this state, the effect
of GVD will offset the decrease of the self-phase modulation
�SPM� because of the loss, and it can be counterbalanced by
the action of SPM due to the nonlinear refractive index at the
same time. When ��constant, Figs. 2–5 display the differ-
ent properties of Eq. �12�. Here, � is determined by the dis-
persion profile of the DDF.

In Fig. 2, the pulse changes along the fiber periodically
when the value of �2�z� is chosen as the cosine profile in the
DDF. The propagation direction of the pulse can also be
changed by adopting the different values of 
1 and 
2. Fur-
thermore, periodical propagation also occurs when �2�z� is
replaced by the sine function. Thus, the phenomena of peri-
odical changes of the pulse propagation may be due to �2�z�,
which is a periodic function in this case. In fact, at the mo-
ment of t=0, we can obtain from Eq. �12� that the pulse
amplitude

�A�2 = �	P0 exp
−
�

2
z� �
1�

	�
�2

=

1

2��2�z��
T0

2 .

In Fig. 2�b�, �A�2=18
1
2 �cos�cos−1� 1

18�z� � /T0
2 at the moment

of t=0, so the pulse amplitude displays cyclical changes. If
the cosine profile of the DDF is changed into the Gaussian

profile, the corresponding pulse is obtained as shown in
Fig. 3.

Figure 3 depicts a short-living pulse with the Gaussian
attenuating amplitude 18
1

2 exp�−�ln 18�z2� /T0
2. The pulse

propagates successfully for a certain distance, but eventually
it disappears due to the Gaussian profile of the DDF. The
changed form of the pulse in Fig. 3�a� is further strengthened
by Fig. 3�b� at the moment of t=0. For the exponential pro-
file in the DDF, there exists another type of solution. Figure
4 illustrates the effect of a pulse with amplitude attenuating
as it progresses along the length of the DDF. The exponen-
tially attenuating amplitude induced by the exponential pro-
file is 18
1

2 exp�−�ln 18�z� /T0
2 in this case. Correspondingly,

when the dispersion profile is the linear profile, we can ob-
serve that the pulse amplitude monotonously grows during
the propagation in Fig. 5. Because the pulse amplitude �A�2
can be represented as �A�2=
1

2�18−17z� /T0
2 at the moment of

t=0, the pulse amplitude increases as the increase of the
propagation distance. It is notable that the pulse width be-
comes narrow with the increase of the pulse amplitude at the
same time.

B. Two-solitonic solution

The fundamental soliton cannot interact with other soli-
tons in a single communication system under ideal condi-
tions as discussed in Sec. III A. Whereas, there are always
multiple signals in high bit rate and long-distance optical
communication systems. Therefore, it is necessary to study
the multisoliton transmission in a system. In this section, we
mainly concentrate on the interaction between two solitons.
At first, to derive the two-soliton solution, we take

g = g1 + g3, f = 1 + f2 + f4, �13�

where g1=e	1 +e	2, 	 j =kj�+ �
 j1+ i
 j2��+� j�j=1,2� with

 j1, 
 j2, � j as real constants and
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FIG. 6. �Color online� Evolution of the bright two solitons via
solution �15�. The parameter adopted here is �=4.
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FIG. 7. �Color online� Two propagating envelope pulses with
the cosine profile in the DDF. The parameter adopted here is �

= ���z�P0 exp�−�z�T0
2� / ��2�z��, ��z�=1, �2�z�=−18 cos�cos−1� 1

18�z�.
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FIG. 8. �Color online� Two envelope pulses with the Gaussian
profile in the DDF. The parameter adopted here is �
= ���z�P0 exp�−�z�T0

2� / ��2�z��, ��z�=1, �2�z�=−18 exp�−�ln 18�z2�.
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FIG. 9. �Color online� Two envelope pulses with the exponential
profile in the DDF. The parameter adopted here is �
= ���z�P0 exp�−�z�T0

2� / ��2�z��, ��z�=1, �2�z�=−18 exp�−�ln 18�z�.
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kj =
i

2
�
 j1 + i
 j2�2. �14�

Then, by solving the resulting linear partial differential equa-
tions recursively, we can write the explicit form of the two-
soliton solution as

u =
g

f
=

g1 + g3

1 + f2 + f4
=

e	1 + e	2 + A21e
	1+	2+	

1
*

+ A22e
	1+	2+	

2
*

D1

,

�15�

where

D1 = 1 + B21e
	1+	

1
*

+ B22e
	2+	

1
*

+ B23e
	1+	

2
*

+ B24e
	2+	

2
*

+ C21e
	1+	2+	

1
*+	

2
*
,

with

A21 =
���
21 + i
22� − �
11 + i
12��2

4
11
2 ��
21 + i
22� + �
11 − i
12��2 ,

A22 =
���
11 + i
12� − �
21 + i
22��2

4
21
2 ��
11 + i
12� + �
21 − i
22��2 ,

B21 =
�

4
11
2 , B22 =

�

��
21 + i
22� + �
11 − i
12��2 ,

B23 =
�

��
11 + i
12� + �
21 − i
22��2 , B24 =
�

4
21
2 ,

C21 =
�2��
11 + i
12� − �
21 + i
22��2��
11 − i
12� − �
21 − i
22��2

16
11
2 
21

2 ��
11 + i
12� + �
21 − i
22��2��
21 + i
22� + �
11 − i
12��2 .

In solution �15�, we assume that 
11=1, 
12=1, 
21=1, 
22

=−1, �1=2, �2=0.5, and observe the collision behavior be-
tween two solitons when �2�z� is chosen as the parameter of
the dispersion profile of the DDF in Figs. 6–10.

In line with the bird’s-eye view of Figs. 6–10, those ana-
lytic expressions show that solutions could be obtained by a
suitable choice of the variable coefficients for each specific
problem. They provide us with variable-coefficient intensity
surfaces, resulted from the combined contribution of the
variable coefficients in Eq. �1�. Those figures imply that even
if �2�z� is variable in different dispersion profiles, the stan-
dard elastic collisions can also occur. The pulses can interact
with each other unperiodically after being input into the DDF
for distances, and separate unaffected after collision. All of
them vary for the function forms of �2�z�. Therefore, illus-
trated in the above figures, we are able to control the shape
of the pulses by managing the variable group-velocity dis-

persion coefficient �2�z� in optical soliton communication
systems, which are now dispersion managed.

IV. CONCLUSIONS

In this paper, we have presented an effective technique for
controlling the shape of the pulses based on the variable-
coefficient NLS equation, i.e., Eq. �1�. Solutions for Eq. �1�
have been obtained by directly applying Hirota’s bilinear
method. The analysis shows that the features of these solu-
tions mainly depend on the parameter �2�z� describing the
dispersion profiles of the DDF, and thus the pulses for shape
of particles should be observed in experimental applications.
The solutions allow us to characterize numerous propagation
regimes useful for different applications. For instance, the
soliton solution may be of certain value to the study on sig-
nal amplification and pulse compression, the periodic solu-
tion can be used in the dispersion-managed systems, and the
other solutions could further effectively collect the signal
envelopes or be used as the carrier in the communication
systems. We anticipate that these results will have many ap-
plications in the future development of ultrahigh rate and
long-distance optical communication systems.
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