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Changes in the resonant frequency �f and the dissipation factor �D of a quartz crystal microbalance due to
adsorption of molecules onto the electrode surface in solutions at different concentrations have been numeri-
cally analyzed. It has been found that the contribution from the solution due to the variation of the concentra-
tion can mask the overall behaviors of the �f and �D isotherms. However, if the solution is sufficiently dilute
or the contribution of the solution can be characterized accurately, the corrected �f and �D, as a function of
the solution concentration, will reveal characteristic features of the adsorption processes for the adsorbed films.
Specifically, steplike behaviors will be displayed in �f isotherms, which correspond to layer formation and
layer-by-layer growth of the films, but the onsets of the steps usually do not coincide with the layer completion.
Oscillatory behaviors will be revealed in �D isotherms if the adsorbed molecular layer is soft at low concen-
tration and becomes rigid near layer completion.
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I. INTRODUCTION

The adsorption of atoms or molecules on an interface is
ubiquitous and controls many physical, chemical, and bio-
logical processes �1,2�. One simple yet effective approach to
study adsorption phenomena is to probe the response of ad-
sorption versus some parameters which are directly related to
the chemical potentials of the adsorbates at a constant tem-
perature, generating so-called adsorption isotherms �3–19�.
When adsorption occurs in a gaseous or vacuum environ-
ment, the chemical potentials of the adsorbates are directly
related to the vapor pressures of their vapor phases under
equilibrium. Thus, vapor pressure isotherms have been
widely used in characterizing the adsorption processes and
have proven to be highly sensitive for detecting subtle
changes in the properties of adsorbed films on various sub-
strates �13–16�. Novel phenomena, such as layer-by-layer
growth and wetting and nonwetting of adsorbed films, have
been revealed unambiguously from the results of vapor pres-
sure isotherm measurements �17–22�.

For adsorption occurring on a solid-liquid interface, the
adsorbed film is sandwiched in between two condensed
phases. The situation is often complicated by the presence of
the bulk liquid covering the solid substrate, which renders
many experimental surface study techniques difficult to use.
In the case of the physisorption of neutral molecules, the
chemical potential of the adsorbed film is determined mainly
by the concentration of the adsorbates in solution; thus, the
adsorption isotherms will usually be measured against the
concentration. Among several techniques, quartz crystal mi-
crobalance �QCM� has been widely applied to isotherm mea-
surements and in studies of adsorption both in gaseous
phases and in solutions in recent years �23–36�. The tech-
nique is based on the piezoelectric property of a quartz crys-

tal, which can oscillate in a thickness shear mode at a reso-
nant frequency with an extraordinarily high quality factor
and is very sensitive for detecting small amounts of mass
deposited on the electrode surface and changes in an ad-
sorbed film when operated in vacuum or in a gaseous envi-
ronment �23–25�. When used in solution, the technique suf-
fers from the fact that the interactions between the adsorbed
film and the solution generate significant energy dissipation
to the oscillation, which broadens the resonant peak and re-
sults in a reduced sensitivity for detecting the adsorbed enti-
ties. On the other hand, the broadening of the resonant peak
provides an additional parameter for characterizing the prop-
erty of the adsorbed film, although detailed relationships be-
tween the dissipation factor and the microstructure of the
adsorbed film remain to be worked out �28–36�. The changes
of the resonant frequency and the dissipation factor of a
QCM operated in solution are found to be sensitive to the
viscoelastic profile, rather than the adsorbed mass, of the
adsorbed film on the interface �30,36�. In a recent study of
macromolecules adsorbed on the gold-plated electrode sur-
face of a QCM, the measured frequency shift as a function of
the concentration of the adsorbed molecules shows a steplike
behavior in the concentration of the adsorbed molecules,
reminiscent of the layer formation seen in the adsorption in
the vapor phase �26,27�. However, it is not entirely clear if
the features observed in the resonant frequency isotherm in
solution can be interpreted in the same way as that for fea-
tures displayed in vapor pressure isotherms.

In this work, we have numerically analyzed the changes
of the resonant frequency �f and the dissipation factor �D
of a QCM adsorbed with molecules in solutions of different
concentration using a continuum mechanics model. The re-
sults of the calculation show that usually the contribution
from the solution to the viscoelastic response measured by
the QCM is important. If the viscosity of the solution as a
function of the concentration can be characterized accurately,
so that the contribution from the solution can be appropri-
ately subtracted off, the corrected �f and �D as a function of
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the concentration in solution will reveal the intrinsic features
associated with layer formation and multilayer growth of a
film. The calculated results show that in this case �f iso-
therms will reveal characteristic features of adsorption such
as steplike behavior associated with the layer formation and
layer-by-layer growth; �D isotherms may display a broad
bump associated with the completion of an adsorbed layer
and an oscillatory variation associated with the layer-by-
layer growth behavior of multilayer films. These results are
consistent with the currently available experimental data.

II. METHODS AND MODELS

As molecules adsorbed on the electrode surface of a QCM
submerged in solution, the adsorbed film with a varying con-
centration profile from layer to layer is sandwiched between
a solid substrate and a bulk liquid. A detailed derivation of
the changes in the resonance frequency �f and �D from the
wave equation for bulk shear waves propagating in a homo-
geneous viscoelastic medium has been worked out by
Rodahl and Kasemo �29�. The acoustic response of the QCM
adsorbed with two layers in a homogenous liquid medium
was further calculated by Voinova et al., which treats the
solution as a semi-infinite Newtonian fluid �34� and assumes
that each adsorbed layer can be described by a Voight-based
viscoelastic model with distinct viscosity � j and shear modu-
lus � j and no slippery boundary condition at the boundaries.
These results have been extended to the case in which the
adsorbed molecules form multilayers with a varying vis-
coelastic profile in the layers normal to the interface �36�:
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where �b= �2�b /�b	�1/2 is the viscous penetration depth in
solution, �hj is the thickness of the jth adsorbed layer; �b
and �b are the density and the viscosity of the solution, re-
spectively; �q and hq are the density and thickness of the
quartz crystal electrode, respectively. In the calculated results
presented below, the third overtone of a 5-MHz frequency is
assumed. The results can be scaled if other frequencies or
overtones are used. In Eqs. �1� and �2�, the densities of the
solution and the adsorbed film, and the parameters which
describe the viscoelastic properties of the solution and the
film, all depend on the concentration of the adsorbates in
solution. The first terms in these equations involving �b /�b
are the contributions directly from the solution, which are the
same as those in the case of a bulk liquid covering the sur-
face of the QCM derived by Kawazana and Gordon �28�. In
principle, the contribution described by this term can be
characterized independently by measuring the viscosity of
the solution as a function of the concentration of adsorbed
molecules. It is known that for solutions dissolved with mac-

romolecules at low concentration, typically below the semi-
dilute concentration, the viscosity of the solution usually dis-
plays a linear dependence on the concentration �37�. At
higher concentrations where macromolecules start to tangle
together, the viscosity rises more rapidly with concentration,
its dependence on the concentration having been described
as a power law with an exponent roughly equal to 3.5 �37�.
The typical semidilute concentrations for many solutions of
macromolecules are found to be around 10%. Since the ef-
fects from the solution on �f and �D are not the main focus
of this study, we consider the cases where the saturated con-
centration of adsorbates in solution is below 10%, the typical
semidilute concentration �37�. Thus, the concentration de-
pendence of the viscosity of the solution in these cases can
be expressed as

�b = �1 + 
c/c0 + 
�10c/c0�3��w, �3�

where c and c0 are the concentration and the saturated con-
centration of adsorbates in solution, �w is the viscosity of the
pure solvent, and 
 is a coefficient. The concentration depen-
dence of the viscosity of the adsorbed molecular layers at the
interface should take the same form as Eq. �3�, except that
the concentration may vary from layer to layer; thus, the
term c /c0 should be replaced with � j, the coverage of the
adsorbed molecules in the jth layer, and � j =1 corresponds to
the completion of the adsorbed layer. The relationship be-
tween the concentration and the shear modulus � j of the
adsorbed layers can be quite complicated; it may depend not
only on the concentration, but also on the configuration of
the molecules, as well as the measuring speed �38�. For cer-
tain types of polymers dissolved in water, the studies found
that the appearance of elasticity occurs at concentration
much higher than the semidilute concentration. Theoretical
modelings have predicted that a concentration dependence
semiflexible polymers solution follows a power law with an
exponent of around 2–3 �39�. Without knowing what exactly
relationship between the concentration and the elastic modu-
lus of the adsorbed layers should be used in calculating the
viscoelastic responses, we have varied the ratio � /�	 and
found that as � /�	�0.1, the shear modulus of the adsorbed
layers has almost no effect on the frequency shift of a QCM,
and as � /�	0.1, an order of magnitude increase of this
ratio results in a less than 3% increase of the resonant fre-
quency shift, but the effect of the elastic modulus of the
adsorbed layer to the dissipation factor can be quite large
�36�. In this work, we assumed that the concentration depen-
dence of the shear modulus of the adsorbed layers follows a
power-law —i.e., ����3, where � is a coefficient. The dif-
ference between the coverage dependence of the shear modu-
lus and the viscosity of the film is that at the low-coverage
limit, � approaches zero, while � approaches the value of the
solvent. At higher concentration, � /��� /
, which is a con-
stant. It should be noted that the assumptions used in the
calculation may not be completely appropriate when the vis-
cosity and the shear modulus of an adsorbed layers become
high, but on the other hand, in the limit where the viscosity
and the shear modulus of an adsorbed film are high, the �f
and �D measured by a QCM should be reduced to that de-
scribed by the Sauerbrey equation �23�. So the results of the
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calculation should reveal the intrinsic behavior of molecules
adsorbed on a solid-liquid interface �23�.

The most important factor which determines �f and �D
as a function of the concentration might actually be the
growth behaviors of the adsorbed film as the concentration in
solution varies, according to Eqs. �1� and �2�. The growth
behaviors are determined mainly by the interactions between
the adsorbed molecules and substrate and between the ad-
sorbed molecules and solvent �40–42�. The purpose of this
work is to explore that for a given growth mode of adsorbed
molecules whether or not the resonant frequency and the
dissipation factor isotherms reveal the characteristic behav-
iors of the growth behaviors. For this purpose, we used the
Langmuir model of adsorption �43� and the Brunauer-
Emmett-Teller �BET� model of adsorption for calculating �f
and �D for the growth of monolayer and multilayer films,
respectively �44�. The results of the calculations are then
compared with the detailed features presented in these two
adsorption models.

III. RESULTS AND DISCUSSIONS

A. Growth of a liquidlike monolayer

The first step to investigate the viscoelastic response mea-
sured by a QCM in solution is to check if the characteristic
behavior of a monolayer growth can be revealed in the �f
and �D isotherms. For this purpose, we used the Langmuir
adsorption model to describe the film growth mode. The
model assumes that surface adsorption sites are equally ac-
tive and each site can adsorb only one molecule and a dy-
namic equilibrium exists in free molecules in solution and
the adsorbed molecules on the surface �43�. The change of
surface coverage � of the adsorbed molecules is governed by
a balance of the rates of adsorption and desorption of the
molecules, which yields the equilibrium coverage at a given
concentration:

�eq = c/�c + k−1� . �4�

The ratio between adsorption and desorption coefficients, k
=ka /kd, determines the variation of the coverage versus the
concentration in solution. The coverage approaches 1, which
corresponds to a complete monolayer of adsorbed molecules,
at high concentration. The characteristics of Langmuir
growth are a rapid rise in the coverage at the low concentra-
tion, followed by a plateau in the coverage, indicating the
completion of a monolayer.

If the adsorbed layer is liquidlike—i.e., � /�	�1—then
there should be no change in the dissipation factor—i.e.,
�D=0—as shown in Eq. �2�; the adsorption causes resonant
frequency shift only. Figure 1 is a resonant frequency �f
isotherm of the adsorption of molecules with k=4.3�103

and a linear coefficient 
=102 based on the Langmuir
growth mode. The calculated results show that −�f rises
rapidly at the low concentration and then reaches a plateau.
As the concentration further increases, the viscosity of the
solution rises, resulting in a rapid rise in −�f . In this calcu-
lation, the saturated concentration was assumed to be 1%.
The results indicate that even in this low concentration, the

changes in resonant frequency due to the concentration
change can completely mask changes due to the additional
adsorption of the molecules on the interface. As was de-
scribed above, if the concentration dependence of the viscos-
ity of a solution can be characterized independently, the first
term in Eq. �1�, which is purely due to the contribution from
the solution, can be subtracted off from the measured �f .
Also plotted in Fig. 1 is the �f isotherm with the first term
�b /�b being subtracted off. The solution-corrected �f iso-
therm displays a rapid rise and a gradual approaching of a
saturated value, closely resembling the actual growth behav-
ior of a Langmuir growth mode. It should be noted that the
�b /�b term represents the contribution of a bulk solution
without an adsorbed film. As the interface is covered by an
adsorbed layer, due to the acoustic attenuation through the
adsorbed layer, the effect from the covering solution is re-
duced, so the actual contribution from the solution should be
less than that described by the term involving �b /�b. Thus,
the subtraction actually over corrects the contribution from
the solution. This is why when the �b /�b term is subtracted
from �f , it shows a slight drop at the higher concentration,
as can be seen in Fig. 1.

For the adsorption of molecules on a homogenous sub-
strate, the shape of the adsorption isotherm contains informa-
tion about adsorption kinetics. A larger ratio of the adsorp-
tion and desorption coefficients k produces a more rapid rise
in the coverage of adsorbed molecules at the low concentra-
tion. An important question is whether or not such a corre-
lation still holds in �f isotherms measured using a QCM.
Figure 2�a� plots the Langmuir adsorption isotherms with the
value of k chosen to be 4.3�102, 4.3�103, and 4.3�104,
respectively. Figure 2�b� is the calculated �f dependence on
the concentration in solution using the adsorption isotherm in
Fig. 2�a� and assigning 
=103 to determine the viscosity of
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FIG. 1. Calculated resonant frequency shift due to the adsorp-
tion of molecular film in water at room temperature using the Lang-
muir model with the ratio of adsorption and desorption coefficients
k=4.3�103. The viscosity of the adsorbed film versus concentra-
tion is described by Eq. �3� with the coefficient 
=100. The dashed
line is the total resonant frequency shift; the solid line is the reso-
nant frequency after the �b /�b term being subtracted off. The inset
is an illustration of the adsorption on the interface.
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the adsorbed layer. It can be seen from the figures that, in
comparison to the adsorption isotherms, the �f isotherms
maintain their overall shapes, but shift towards lower con-
centrations. This is because �f is determined by the viscosity
contrast between the adsorbed layer and the solution �30,36�;
a small amount of molecular adsorption at the low concen-
tration can result in a −�f which is close to that due to the
adsorption of a complete layer, so the �f plateau appears at
relatively low concentrations.

The coefficient of the linear relationship between the vis-
cosity and the coverage of the adsorbed layer also affects the
shape of the �f isotherms. Plotted in Fig. 3 are �f isotherms
calculated using 
=102 ,103 ,104, respectively, with k=4.3
�103. It is interesting to note that the linear coefficient in the
viscosity relation has a similar effect as that of the ratio of
the adsorption kinetics coefficient k. A larger coefficient in
the layer coverage dependence of the layer’s viscosity pro-
duces a larger viscosity contrast between the adsorbed layer
and that of the solution at a given concentration, an effect
similar to that of the adsorption/desorption ratio of coeffi-
cients k. Although the �b /�b-term-corrected �f isotherms
maintain the shape of the true adsorption isotherms, care
needs to be exercised in interpreting the onset of layer
completion based on the �f isotherms.

B. Growth of a solid-liquid monolayer

If the adsorbed layer is solidlike—i.e., � /�	�1—both
�f and �D will vary with the concentration of the adsorbed
molecules in the solution. To calculate �f and �D isotherms,
one needs to know the relationship between the shear modu-
lus of the adsorbed layers on the concentration of the ad-
sorbed molecules. As was described above, we assume that
in the low-concentration limit the shear modulus of the ad-
sorbed layer has a linear dependence on the concentration—
i.e., ����3, where � is a coefficient. Figures 4�a� and 4�b�
show the calculated �f and �D versus the concentration of
molecules with k=4.3�103 and at the high-concentration
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FIG. 2. �a� Illustration of Langmuir adsorption isotherms �a� and
their corresponding �f isotherms with k chosen to be 4.3�102,
�dot-dashed line�, 4.3�103 �solid lines�, and 4.3�104, �dashed
lines�, respectively. The viscosity of the adsorbed film versus con-
centration can be described by Eq. �3� with the coefficient 
=103.
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FIG. 3. Numerically calculated
�f isotherms for different linear
coefficients used in determining
the viscosity dependence of the
adsorbed film and the concentra-
tion of adsorbed molecules. The
inset is a semilogarithmic plot of
the same figure. The linear coeffi-
cients 
 chosen for using Eq. �3�
are 102 �dashed lines�, 103 �solid
lines�, and 104 �dot-dashed lines�,
respectively. The ratio of adsorp-
tion and desorption coefficients
used in the Langmuir adsorption
model in the calculation is k=4.3
�103.
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limit � /�	=0.5,2 ,10, respectively, at a constant frequency.
The overall shapes of the �f isotherms for solidlike films are
similar to those of liquidlike films. As shown in the figure, a
larger value of the shear modulus further increases the vis-
coelastic contrast between the adsorbed layers and the solu-
tion, shifting the �f isotherms further towards lower concen-
trations.

The general trend of the �D isotherm is governed by the
factor �� /�2	2� / ��� /�	�2+1�, which is proportional to � at
low concentration and �−1 at high concentration where
� /�	 is a constant. As the concentration of the adsorbed
molecules increases from low coverage, the interaction be-
tween the adsorbed molecules and the solvent molecules in-
creases, and so does the energy dissipation. As the adsorbed
layer approaches completion, the solvent molecules are
squeezed out of the layer and the layer becomes more rigid,
resulting in a decrease in the energy dissipation. So it is
expected that the dissipation factor will rise initially, reach a

peak, and then gradually decrease at higher concentration.
Such a trend of decreasing �D at a higher concentration has
been recently observed experimentally �see Fig. 5 in Ref.
�27��. It should be noted that although the linear relationship
may be reasonable at low concentration, the dependence of
the shear modulus of an adsorbed layer on the concentration
of the adsorbates can be complicated at higher concentration.
But in the limit where the shear modulus of the adsorbed
layer becomes large so that adsorbed layer becomes rigid, �f
is reduced to that described by the Sauerbrey equation and
�D approach zero �23�. So the actual rise in the �f isotherms
may be more abrupt and the bump in the �D isotherm may
appear at lower concentration.

C. Growth of multilayer films

The growth behaviors of multilayer films on a solid-liquid
interface can be described by a well-known model proposed
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FIG. 4. Numerically calculated
�a� �f and �b� �D versus the con-
centration of the molecules ad-
sorbed on a surface in a Langmuir
growth mode with k=4.3�103,

=102, and at the high-
concentration limit, � /�	=0.5
�dashed line�, 2 �solid line�, 10
�dot-dashed line�, respectively.
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by BET, who treated the adsorption using a lattice gas model
which allows the molecules to occupy a three-dimensional
array of sites above the solid surface �44�. In this model, the
equilibrium condition which equalizes the adsorption rate
and desorption rate in each molecular layer, at a given rela-
tive concentration c /c0, determines the concentration profile
in the adsorbed layers �44�. If the thickness of the adsorbed
layers cannot exceed a maximum number n, the coverage of
the adsorbed layers can be expressed as �44�

� =
kx

1 − x
�1 − �n + 1�xn + nxn+1

1 + �k − 1�x − kxn+1 
 , �5�

where x=c /c0 is the ratio of the solution concentration and
the saturated concentration, and k is the ratio of adsorption
and desorption coefficients. If the maximum number of lay-
ers allowed is infinite, which corresponds to the case of com-
plete wetting, the above equation is reduced to

� =
kx

�1 − x��1 + �k − 1�x�
. �6�

Using either Eq. �5� or Eq. �6� for finite-layer multilayers or
infinite-layer systems, and choosing a value for the param-
eter k, the concentration profile of the adsorbed layers and its
variation with the solution concentration can be determined.
Following the procedure used in calculating the isotherms
for Langmuir adsorption, the concentration dependence of
�f and �D for BET adsorption were calculated. Figure 5 is a
plot of the calculated �f isotherms for liquidlike adsorbed
films with the maximum number of layers that can form
limited to 2, 3, and infinite �complete wetting case�. The
inset is the corresponding BET adsorption isotherms. The
results demonstrate that �f isotherms follow the adsorption
of the molecules and display the same features as in the BET
isotherms. The number of maximum layers and the wetting

behaviors can be identified in the �f isotherms. Figure 6
shows the calculated �f as a function of the concentration of
the adsorbed molecules in solution for a liquidlike adsorbed
layer with �=0 and solidlike adsorbed layer � /�	=2.
Again, the features displayed in the adsorption isotherms can
all be seen in the �f isotherms, and the features in the iso-
therms for solidlike adsorbed films are simply shifted to-
wards lower concentration comparable to that of liquidlike
films. Figure 7 shows the numerically calculated �D iso-
therms. �D increases with the concentration and displays a
maximum in the process of the first-layer formation, as dem-
onstrated in the �D isotherms for Langmuir growth. In the
multilayer regime, the number of layers formed increases
rapidly with the concentration, the oscillatory variations in
�D from different layers overlap, producing a rapid increase
in the energy dissipation. The drop in the dissipation at close
to the saturation concentration is due to the assumption of
formation of a multilayer rigid solid film at that concentra-
tion and has been observed in the studies of adsorption of
polyelectrolyte molecules �45�. Due to the interactions be-
tween the adsorbed molecules and the solvent molecules, the
adsorbed multiplayer film, especially the top layers, are
probably always diffusive in solution. Apparently, a con-
tinuum mechanics model is not adequate in describing vis-
coelastic properties of layers of molecular thickness. A better
approach would probably require a molecular dynamics cal-
culation which can deal with solid and liquid phases in each
layer to account for the details of the �f and �D isotherms.

IV. CONCLUSIONS

We have numerically analyzed the characteristics of reso-
nant frequency and the dissipation factor isotherms of ad-
sorption of molecules onto the surface of the electrode of the
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FIG. 5. Numerically calculated �f isotherms for liquid like ad-
sorbed films for k=4.3�104, 
=102, with maximum number of
layers that can form to be 2 �dashed line�, 3 �solid line�, and
infinity—i.e., completely wetting case �dot-dashed line�. The inset
shows the corresponding BET adsorption isotherms.
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FIG. 6. Numerically calculated �f isotherms for liquidlike ��
=0� multilayer films with maximum number of layers that can form
to be 2, 3, and infinity �solid lines� and the corresponding solidlike
�� /�	=2� multilayer films �dotted lines� of the same thickness. All
other parameters used in the calculation are the same as those in
Fig. 5. The solidlike multilayer films show more prominent steps
corresponding to layer formation, with the onsets of the plateaus
shifted towards lower concentrations.
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QCM in solution as a function of concentration. The solution
contribution corrected resonant frequency isotherms follow
the behaviors of adsorption isotherms and thus can be used
for characterizing the adsorption properties of the molecules.
The dissipation factor isotherms reveal oscillatory behaviors
which correspond to layer formation and layer completion
for adsorbed layers based on the simple Langmuir and BET
adsorption models. The analysis presented here shows that
the resonant frequency and the dissipation factor isotherms
can be powerful tools for characterizing and studying the

adsorption behaviors of the molecules on a solidlike inter-
face.
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