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We present an experimental measurement of the slip length of air flow close to solid surfaces using an
atomic force microscope �AFM� in dynamic mode. The air was confined between a glass surface and a
spherical glass particle glued to an AFM cantilever. The Knudsen number was varied continuously over three
decades by varying the distance between the two surfaces. Our results show that the effect of confining the air
is purely dissipative. The data are described by an isothermal Maxwell slip-boundary condition, and the
measured slip-length value was 118 nm.
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The fluid flow close to solid surfaces has been studied in
detail during the last century �1–13�. The velocity profile of a
thin fluid film exhibits a phenomenon known as a slip, which
means that the fluid velocity near the solid surface is not
equal to the velocity of the solid surface. The existence of
slip was first predicted by Maxwell for gas flow close to a
wall �1�. Slip is important for ultrathin films, especially when
the fluid is confined. Due to the recent advances in micro-
and nanoelectromechanical systems �MEMS and NEMS�
�e.g., micro- and nanofluidics� and in computer-storage de-
vices, the available space for the gas is reduced, and the laws
governing the flow at this scale need to be understood
�4,6–9,12,13�. To describe the gas flow, a Knudsen number
KD has been introduced, and it is related to the molecular
mean free path of the gas, �, and the characteristic length of
the flow domain, D, as KD=� /D. When the Knudsen number
is on the order of 0.01 or larger, rarefaction of the gas has to
be taken into account and slip occurs on the surfaces �5–9�.
The slip velocity is given by Maxwell’s slip conditions for an
isothermal wall,
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where b is the slip length, � is the accommodation coeffi-
cient that is a measure of the fraction of the gas molecules
that are reflected diffusively from the solid surface, V and Vs
are the tangential velocity in the fluid flow and its value at
the surface, respectively, and z is the vertical axis, orthogonal
to the solid surfaces. The slip length is defined as the nega-
tive vertical intercept of the velocity profile.

Our research is motivated by recent work on the measure-
ment of liquid slip on solid surfaces using an atomic force
microscope �AFM� in contact mode �14–17� and surface
force apparatus �SFA� �18,19�. In the AFM experiments, the
viscous force acting on a spherical surface has been mea-
sured during approach at a constant velocity to a solid sur-

face. For hydrophobic surfaces, the measured viscous force
was always smaller than the calculated one assuming a no-
slip-boundary condition. By adding to the expression of the
calculated force a function that takes into account the liquid
slip �20�, researchers extract the slip-length value from their
data. These techniques were applied successfully to different
surfaces and different liquids. However, such apparatuses are
not suitable for the study of gas flow because the induced
viscous force is very low, due to the viscosity of the gas
being lower by two orders of magnitude, and is difficult to
measure accurately. In the dynamic force apparatus, the liq-
uid slip on hydrophobic surfaces has been measured within a
resolution of 1 nm �19�. But the stiffness of the cantilever
that is used is too high �on the order of several thousand
N/m� to be able to measure the forces due to confined gases,
and the quality factor is low �on the order of 30� with a low
sensitivity to probe the hydrodynamic interaction of the
confined gas.

In this paper, we used an AFM in dynamic mode to in-
vestigate the confined air flow close to solid surfaces. The air
was confined between a glass surface and a spherical glass
particle glued to an AFM cantilever. Due to the high-quality
factor of the cantilever far from the solid surface, the addi-
tional damping induced by the hydrodynamic interaction
during the confining of the gas can be probed accurately by
just measuring the variation of the amplitude and the phase
of the cantilever as the sphere approaches the solid surface.

For a cantilever oscillating with a small amplitude com-
pared to the range of the interaction length �� ,b�, the inter-
action force acting on the cantilever can be linearized and
has two contributions; one is a conservative term �−kHz� due
to the elastic compression of the film, and the other is a
dissipative term �−�Hż� due to viscous damping during the
squeezing; kH and �H are hydrodynamic interaction stiffness
and damping coefficients, respectively, and z is the instanta-
neous position of the cantilever. The motion of the cantilever
is then described by m*z̈+ ��0+�H�ż+ �kl+kH�z
=F0 exp�j�t� and the driving force*Corresponding author. FAX: �1-614-292-0325.
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Q
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where m* is the effective mass of the cantilever, �0 is the
bulk viscous damping far from the surface and is related to
the quality factor Q and the resonance frequency �0 via the

equation Q=
m*�0

�0
, kl is the cantilever stiffness, and A0 is the

amplitude of the oscillation far away from the interaction
region. The steady-state solution z=A exp j��t+�� of the
above equation gives the stiffness and damping coefficients
�21�:

kH = kl�A0 cos���
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and

1 + �H/�0 = −
�0A0

�A
sin��� , �4�

where A and � are the measured amplitude and phase of the
oscillation, respectively, and � is the driving frequency of
the cantilever.

A spherical glass particle �diameter of 34 �m�, purchased
from Duke Corporation, was glued on the cantilever-tip side
of silicon tapping cantilever �resonance frequency of
332 kHz and Q of 420� using an epoxy glue. The substrate
used was a flat glass surface. The substrate surface roughness
measured using a 10-nm-radius silicon tip cantilever over 4
�4 �m2 was 1.2 nm and peak-to-valley distance of less than
4 nm. The experiments were performed using a commercial
AFM �NanoScope III-extended Multimode, Veeco Instru-
ments� at ambient laboratory conditions. The vibrating am-
plitude and phase are measured using a lock-in amplifier

�Signal Recovery Model 7280�. Figure 1 shows the ampli-
tude and phase spectra of the cantilever far from the glass
surface �2000 �m� and at a distance of 3 �m. By approach-
ing the surface the resonance frequency remains unchanged
and only the amplitude and phase vary. To study the interac-
tion due to the confined air, instead of measuring the ampli-
tude and phase spectra as a function of the distance, we use
an amplitude modulation �AM� mode. We fix the operating
frequency and record the vibration amplitude and phase ver-
sus the distance. The distance between the substrate and the
mean position of the tip is reduced at a rate 0.572 �m /s until
the two surfaces touch each other, and then they are moved
apart with the same rate.

Figure 2 shows the measured amplitude and phase and the
dc deflection of the cantilever as the distance between the
glass sphere and the glass substrate is reduced. The cantile-
ver was vibrated close to the resonance frequency �20 Hz
below the resonance frequency� with an amplitude of 1.3 nm
far from the surface. For each sphere-substrate surface gap,
the amplitude and phase of the cantilever and the dc deflec-
tion of the cantilever were measured. The dc deflection al-
lows one to determine the contact position of the two sur-
faces with an accuracy better than 1 nm �Fig. 2�b��. Note in
Fig. 2�a� that due to the squeezed viscous air between the
sphere and the surface, the amplitude starts to reduce at a
distance far away from the surface. To get the amplitude very

FIG. 1. �Color online� Amplitude and phase spectra of the
cantilever obtained at two different positions from the glass surface. FIG. 2. �Color online� �a� The measured amplitude and phase of

the cantilever as the glued sphere approaches the glass substrate
�the vibration frequency is 139.8 kHz, the amplitude far from the
interaction is 1.3 nm, and the gas pressure is 1 atm�. The modula-
tion on the amplitude signal is due to the interferences due to mul-
tiple reflections on both surfaces �cantilever and substrate� of the
laser light used to measure the cantilever motion. �b� The dc deflec-
tion of the cantilever that allows one to determine the zero distance
�contact position of the two surfaces�. The inset shows a close-up of
the dc-deflection curve at small distance.
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far from the surface �2000 �m�, the two surfaces were dis-
placed using a stepper motor. From the amplitude and phase
data, we calculated the interaction stiffness and damping us-
ing Eqs. �3� and �4�. Figure 3 shows the damping 1+�H /�0
and the stiffness kH as the distance D was diminished. The
damping increases as the sphere approaches the glass surface
due to the increase of the viscous drag force; however, the
stiffness is unchanged and is equal to zero. From this obser-
vation, we infer that there is no elastic part in the force and
the interaction is purely dissipative. Note here that the com-
pression effect in our situation of a sphere vibrating close to
solid surfaces is lower than the usual studied case of air
squeezed between two parallel disks �13�. In our case, the
squeezing is only important for the surface area of the sphere
close to the glass surface; the rest of the sphere does not
contribute to the squeezing.

For a gas confined in a volume v with a fixed number of
molecules, the variation of the volume has to be compen-
sated by a variation of the pressure, 	p

p 
 	v
v . One may expect

that as the sphere vibrates it induces a volume change which
has to be compensated for by the pressure change, which
results in an elastic force that will act on the sphere glued to
the cantilever. Our experiments show that it is not the case
and the interaction is purely dissipative �no elastic part�. Dur-
ing the vibration of the sphere, the gas has the time to escape
from the confining region. For the usual cases encountered in
MEMS and NEMS, the surfaces are parallel with a gap that
does not depend on the lateral direction parallel to the sur-
faces �13�. For those cases, the gas compression is character-
ized by a squeeze number that is calculated after lineariza-
tion of the Reynolds equation �13,22,23�, �= 12
�L2

patD
2 , where L

is the typical length of the surfaces, pat is the atmospheric
pressure, and 
 is the viscosity, which is pressure indepen-
dent for an ideal gas. For a small gap, the squeeze number in
the case of parallel surfaces can be very large. In our case,
the gap has a radial dependence, which is given in the lubri-
cation approximation by h�r��D+ r2

2R , where D is the closest
distance between the sphere and the substrate. Using the
same argument, we calculate the gas squeeze number that is
equal to �sphere= 4
�R

patD
. Introducing our experimental values

into the above expression, we see that even at a distance as
small as D=100 nm, �sphere=0.13�1, and thus the compres-
sion effect is negligible.

In the case of the no-slip-boundary conditions, the hydro-
dynamic force opposing the motion of the sphere at distance
D from the substrate surface is given by the Taylor equations

FH = �Hż =
6�
R2

D
ż , �5�

where R is the sphere radius, D is the gap between the sur-
faces, 
 is the viscosity of the air, and ż is the instantaneous
velocity of the sphere. The inverse of the normalized hydro-
dynamic damping is given as

�0

�H
=

�0D

6�
R2 . Figure 4 presents
the inverse of the normalized hydrodynamic damping �0 /�H
obtained from the data presented in Fig. 3. We observe that
the data curve does not pass through the origin, which means
that the air flow close to the solid surface presents a slip like
liquid flow close to a hydrophobic surface. To take into ac-
count the slip effect, we introduce a correction function into
the hydrodynamic damping �20�:

�0/�H =
�0

6�
R2

D

f�D�
,

where

f�D� =
D

3b
��1 +

D

6b
�ln�1 +

6b

D
� − 1	 . �6�

Here, the viscosity is taken to be constant and the gas is
allowed to slip on both surfaces with the same slip-length
value b. From the fit, we get a slip length of 118
10 nm.
Uncertainty in the measurements comes from the surface
roughness of the glass as well as the noise present at large
distances. At a large distance, the damping is small, which is
responsible for the scatter. By fitting the data at various dis-
tances, we get a scatter of 
10 nm. For the air at atmo-
spheric pressure and ambient temperature, the mean free path
is 67 nm �5�, and thus the accommodation coefficient that
corresponds to the measured slip length, based on Eq. �1�, is
about �=0.72. The accommodation coefficient was reported
to be in the range of 0.5–1 for different gases on different

FIG. 3. �Color online� The normalized hydrodynamic damping
1+�H /�0 and the hydrodynamic interaction stiffness �kH� versus the
distance �D� for the sphere approaching the glass surface. The inset
shows 1+�H /�0 versus the distance on semilogarithmic plot.

FIG. 4. �Color online� The inverse of the normalized hydrody-
namic damping, �0 /�H, versus the distances between the sphere and
the glass surface. The solid line is the fit curve using theoretical
expression �Eq. �6��. The dashed line corresponds to the linear ex-
trapolation of the signal it intersects the distance axis at position
2b=236 nm.
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surfaces �7,9�. Actually the most used techniques are based
on the measurement of mass flow through a microchannel
�7,9�. For a given microchannel, the gap is fixed, and the
parameter which is varied is the difference of the pressure
between the inlet and the outlet of the microchannel. Thus
the slip is studied for a given gap value. Here the gap is
varied continuously, and thus the gas flow behavior was stud-
ied as a function of the gap �the corresponding Knudsen
number varies from 0.01 to 10�.

The Taylor equation combined with the slip function
�both derived from the Navier-Stokes equation� describes
well our results with good accuracy. Recent results on gas
transport through a carbon nanotubule �9� demonstrated also
that the experiments agree well with the continuous equation.
This study demonstrates that the hydrodynamic continuous
models have to be investigated thoroughly before disregard-
ing them. Our experiments open the way for more study of

confined gas at the nanometer scale.
To conclude, we have presented a measurement of the

vibrations of a spherical glass particle close to a smooth solid
surface. As the distance between the sphere and the surface is
reduced, the damping increases due to the confined gas be-
tween the surfaces. The Knudsen number was varied con-
tinuously over three decades by varying the distance between
the two surfaces. Our results show that the effect of flow on
the cantilever is purely dissipative, which means that the
fluid is not compressed even at high Knudsen number. Fur-
thermore the damping is described by the Taylor equation, in
which we introduce a correction factor that takes into ac-
count the slip of the gas on the surfaces. The extracted slip
length is 118 nm, which corresponds to an accommodation
coefficient of �=0.72 for air on the glass. The atomic force
microscope in dynamic mode been successfully used to mea-
sure the slip length in a confined gas.
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