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Analytical expressions for the collision frequency for momentum transfer and the friction force experienced
by a Maxwellian ion population drifting with respect to the uniform neutral atom background are derived. The
calculations make use of different models for the collision cross section for momentum transfer accounting for
the relative speed vr between the colliding particles. These results are compared with the currently used
semi-empirical equations for the friction force and collision frequency in the fluid equations for weakly ionized
plasmas. The kinetic model calculations are in agreement for suprathermal ion flows while they present
discrepancies of orders of magnitude for subthermal ion drift speeds ud. However, for the collision cross
section �m�1 /vr, the magnitude of the friction force results proportional to ud and the collision frequency
becomes constant regardless of the magnitude of the ion drift speed in both cases. These results are relevant for
ion populations drifting in a plasma which could be approximated by shifted Maxwellian distributions, as in
collisional plasma sheaths or plasma double layers.
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I. INTRODUCTION

The collisional transference of energy and momentum
from flowing ions to the neutral atom background are rel-
evant processes in weakly ionized plasmas �1,2�. High en-
ergy groups of ions are observed in experiments �3–8� and
different technological applications make use of this fact.
The material modification techniques by ion implantation ac-
celerate groups of ions to impact the target material in order
to modify its surface properties �3–5�. Fast ions are always
found in plasma double layers accelerated downstream by
the plasma voltage drop with drift speeds higher than the ion
thermal velocity �7,6�. The increments of energetic ions in
the exhaust plasma plume of ion thrusters for space propul-
sion improve the thrust and operational efficiency of these
devices �8�.

These ions flow under large scale electric fields which
develop into the bulk plasma and the elastic and charge ex-
change collisions convey momentum and energy from the
accelerated ions to the neutral atoms. The motions of both
species become coupled reaching to equal kinetic tempera-
tures KBTi�KBTa=KBT �1,2�. Therefore, these fast ion
populations are often approximated by shifted Maxwellian
distribution functions �3–6�.

However, the kinetic description of these flowing ions re-
quires solutions of the Boltzmann equation for the ion distri-
bution function f i�vi ,r , t� far from equilibrium,

� �

�t
+ vi · �r� f i +

1

mi
�v · �Fef i� = � �f i

�t
�

col
, �1�

where ��f i /�t�col is the ion collision operator and Fe the ex-
ternal driving force. The macroscopic conservation laws for
ion density, momentum and energy are obtained by taking
moments of Eq. �1� �1,2�.

In these fluid equations the fluid friction force Fia be-
tween flowing ions and neutral atoms accounting from the
collisional momentum transfer between both species is

Fia = − nina�ia	�m�vr�vrvr
 . �2�

The particle number densities are ni and na and �ia
=mima / �mi+ma� is the reduced mass �1,2�. The vector I f
= 	�m�vr�vrvr
 is the average of the relative speed vr=vi
−va of colliding particles, �vr�=vr and the momentum trans-
fer cross section �m�vr� over the ion f i�vi ,r , t� and neutral
atoms fa�va ,r , t� energy distribution functions,

I f =� vrvr�m�vr�faf idvidva. �3�

In this equation, the total cross section �m�vr�=�el�vr�
+�cx�vr� considers the contributions of both elastic �el�vr�
and charge exchange �cx�vr� collisions �1,2�.

However, due to the complexity of the collision operator,
exact or even approximate solutions of the above Boltzmann
equation are exceptionally rare. Therefore, approximate ex-
pressions are used for Fia, in nonequilibrium plasmas where
the electron temperature is KBTe�KBT, the relevant colli-
sional speed is the ion sound velocity cs=2KBTe /�ia �2�.
This latter is usually large compared with the drift velocity
ud=ui−ua between the ion ui and neutral atom ua fluid ve-
locities. In this case, the cross section �m�vr� in Eq. �3� is
currently approximated by a constant value �c��m�cs�,
leading to

Fia � − ni�ia�m�ui − ua� ,

where �m=na�ccs is the constant collision frequency for mo-
mentum transfer �1,2�.

This approximation apparently fails for large drift speeds,
as in collisional sheaths or plasma double layers where ions
are accelerated by potential drops larger than the electron
thermal energy KBTe. Thus, for drift velocities of the order of*luis.conde@upm.es
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cs the effective ion speed for collisions is the ion drift veloc-
ity ud rather than the ion sound speed. Therefore, in order to
account for either large or low values of ud, in Eq. �2�, this
latter is currently replaced by

Fia�k,ud� = − ni�ia�m�k,ud�ud, �4�

where �m�k ,ud�=na�ia�k ,ud�ud is the collision frequency,
and

�ia�k,ud� = �o� cs

ud
�k

. �5�

The value for �o is determined from experimental data fitting
of the momentum transfer cross section and 0�k�2 is a
dimensionless parameter �9,10�.

The above expression for �ia�k ,ud� is suggested by the
dependence of the experimental data with the relative speed
vr of colliding particles �2,11–15�. In the classical approxi-
mation �m�vr��1 /vr for collisions between ions and nonpo-
lar neutrals, and �m�vr��1 /vr

2 for polar atoms or molecules
�11–15�. These cross sections are also consistent with the
suggested models of �m�vr� for ion flux models in plasma
sheaths �12� as well as with the experimental results for
charge exchange and transport for ions �13,14�. The cross
sections with �ia�k ,ud� with k=0 and 1 are also employed in
Ref. �15� to relate the collision properties with the stationary
momentum distributions in weakly nonideal plasma of a stel-
lar core.

The friction force Fia�k ,ud� has been widely employed in
modeling collisional plasma sheaths for both classical
�9,10,16–20� and dusty plasmas �21,22�. The constant mean
free path model �16,20� with the collision rate �m�ud�
=ud /�i, where �i=1 / �na�o� is the ion mean free path and is
obtained with k=0. The constant collision frequency ap-
proximation �9,10,16–20,22� where �m�na�ocs is also re-
covered for k=1. Finally, the constant drag force model with
Fia=�ininacs

2 and �m�ud�=na�ocs
2 /ud is also deduced with k

=2.
However, the calculation of the actual friction force and

collision frequency between drifting species in a plasma re-
quires of a kinetic approach �23–25,27–29�. In the following
analysis, the ion distribution functions are modeled as shifted
Maxwellians in order to derive analytic expressions for the
macroscopic friction force and collision frequency of the fast
ion groups observed in the experiments �3–8�. This approxi-
mation represents the lowest order contribution to the non-
equilibrium single ion kinetic theory distribution of Eq. �1�
�1,2�.

To the best of our knowledge, no analytical expressions
are available for the ion drag force and the elastic collision
frequency of ions moving into a neutral gas for the cross
sections �m�k ,ud� for k=0, 1, and 2 using this approximation
for f i�vi ,r , t�.

As we shall see, this model friction force is strongly de-
pendent on the expression for the cross section. For drift
speeds over the ion thermal velocity, the force Fia�k ,ud� may
differ by orders of magnitude in accordance to the value of k.
The currently used Eqs. �4� and �5� with k=0 and 2 consti-
tute a good approximation in the limit of drift speeds ud

higher than the ion thermal speed c�. However, the discrep-
ancies with these kinetic calculations are of orders of mag-
nitude for ud�c�. For the particular case of k=1, the friction
force results proportional to the drift speed and the collision
frequency also constant for all values of ud.

II. THE FRICTION FORCE

The ion and neutral atom velocities are considered in the
laboratory frame where the neutral atom background is at
rest. The ion speed vi=wi+ud is decomposed into a random
component wi and a constant drift speed ud. Then, g=vi
−va and G= �mivi+mava� /M where M =ma+mi are the rela-
tive and center of mass velocities of colliding particles.

The ion and neutral populations are considered with equal
kinetic temperatures in accordance with the experimental
evidence �3–8�. The electric field in the plasma which accel-
erates the ions is constant in time and points along a fixed
direction in space, parallel to the drift speed ud.

In these conditions, the energy distribution fa�va� of neu-
trals with speed va is a Maxwellian with temperature KBT,
while the velocity distribution function for ions could be
approximated by

f i�vi� =
1

�3/2ci
3 exp�−

�vi − ud�2

ci
2 � ,

where ci=2KBT /mi and ca=2KBT /ma are the ion and neu-
tral thermal speeds.

The average in Eq. �2�, Ik�ud�= 	�m�k ,vr�vrvr
, is

Ik�ud� =
e−ud

2/ci
2

��caci�3 � gg�m�k,vr�

	exp�−
mivi

2 + mava
2 − 2vi · ud

2KBT
�dvidva,

which is transformed into

� gg�m�n,g�exp�−
g2 + 2g · ud

c�
2 �

	exp�−
G2

cm
2 +

2G · ud

ci
2 �dGdg

where cm=2KBT /M and c�=2KBT /�ia. The drift speed ud
points along a fixed direction and therefore ud ·G
=udG cos 
, where 
 represents the angle between G and ud.
The integral over G is

IG�ud� = 2��
0

+�

exp�−
G2

cm
2 �G2dG

	 �
0

�

exp�2Gud cos 


ci
2 �sin 
d
 ,

and integrating

IG�ud� =
2�ci

2

ud
�

0

+�

sinh�2udG

ci
2 �G exp�−

G2

cm
2 �dG .

We obtain
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IG�ud� = �3/2cm
3 exp�ud

2cm
2

ci
4 � ,

and the average Ik�ud� reads

Ik�ud� =
e−ud

2/c�
2

��c��3
Pk�ud� , �6�

where

Pk�ud� =� �m�k,g�gge−�g/c��2
e−�g·ud�/c�

2
dg .

Because of the symmetry, the only contribution to Pk�ud� lies
along the direction parallel to the drift speed ud. As before,
g ·ud=gud cos � where � is now the angle between g and ud
and therefore,

Pk�ud� = 2�ûd�
0

+�

�m�k,g�g4e−�g/c��2
dg

	�
0

�

exp�−
2gud cos �

c�
2 �cos � sin �d� ,

where ûd=ud /ud is the unit vector along the direction of the
drift. After the integration, we obtain

Pk�ud� = 2�ûd�
0

�

�m�k,g�g4e−�g/c��2

	� c�
2

gud
cosh�2gud

c�
2 � −

c�
4

g2ud
2 sinh�2gud

c�
2 ��dg

In Refs. �25,26� a similar equation was deduced for the drag
force between dust particles and flowing ions in a dusty
plasma. The values of the friction force were obtained by the
numerical evaluation of the integral because of the more in-
volved expression for the collision cross section between
dust and ions.

Introducing the dimensionless relative g̃=g /c� and drift
ũd=ud /c� velocities, Eq. �6� becomes

Ik�ũd� = ûd
c�

�

e−ũ2

ũ
�

0

�

�m�k,c�g̃�

	e−g̃2
g̃3�S�ũd, g̃� + S�− ũd, g̃��dg̃ , �7�

where

S�g̃, ũd� = �1 −
1

g̃ũd
�e2g̃ũd.

Finally, we introduce in Eq. �7� the expression for the
total cross section suggested by Eq. �5�,

�m�k, g̃� = � cs

c�
�k�o

g̃k . �8�

The expression for the friction force between the ion and
neutral atom populations is

Hia�k, ũd� = − nani�ia
�o

�

cs
k

c�
�k−2�Qk�ũd�ûd. �9�

The magnitude of the friction force Hia�k , ũd� is determined
by the functions Qk�ũd� which are odd functions of ũd. The
constant cross section model corresponding to k=0 in Eq. �8�
leads to

Qo�ũd� =
1

4ũd
2 �2ũd�1 + 2ũd

2�e−ũd
2

+ �4ũd
4 + 4ũd

2 − 1�� erf�ũd�� ,

�10�

where erf�ũd� is the error function. For the collision cross
section between ions and nonpolar atoms �k=1�, we obtain

Q1�ũd� = �ũd. �11�

Finally, setting k=2 in Eq. �8�, for the collision cross section
model for ion and polar molecules,

Q2�ũd� =
e−ũd

2

ũd

+ ��1 −
1

2ũd
2�erf�ũd� . �12�

These functions Qk�ũ� are represented in Fig. 1 for the dif-
ferent values of k.

III. THE ELASTIC COLLISION FREQUENCY

The elastic collision frequency for momentum transfer be-
tween ions and neutral atoms �1,2� is fm�k ,ud�=naniCk�ud�
where the collision rate Ck�ud� is given by

Ck�ud� =� �m�k,vr�vrfa�va�f i�vi�dvidva.

Using the center of mass G and relative g velocities and
following the steps of Sec. II, the integration over G leads to
a scalar equation similar to Eq. �6�,

10
-1 10
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1 10
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Normalized drift speed u
~

d= ud/ cµ

10
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10
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10
1

10
2

10
3

10
4

Q
k(u~ d)

k = 0

k = 1

k = 2

FIG. 1. �Color online� The function Qk�ũd� proportional to the
magnitude of the friction force Hia�k , ũd� for the cross sections
given by Eq. �8� with k=1, 2, and 3.
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Ck�ud� =
e−�ud/c��2

�3/2c�
3 � �m�k,g�g exp�−

g2 − 2g · ud

c�
2 �dg .

After the integration over the angle � between g and ud and
introducing the dimensionless speeds g̃ and ũd as before,

Ck�ud� = c�

2
�

e−ũd
2

ũd
�

0

�

�m�k, g̃�g̃2e−g̃2
sinh�2ũdg̃�dg̃ .

The elastic collision frequencies for momentum transfer
fm�k , ũd� are calculated from this last equation using the
cross section models �m�k , g̃� of Eq. �8�,

fm�k, ũd� = nani�o

cs
k

c�
�k−1�Dk�ũd� . �13�

The even functions Dk�ũd� of the dimensionless drift speed
are positive and the result for k=0 is

Do�ũd� =
e−ũd

2

�
+ �ũd +

1

2ũd
�erf�ũd� . �14�

For the collision cross section between ions and nonpolar
neutrals, D1�ũd�=1, leading to a constant collision frequency
fm�1, ũd�=�onanics independent of the dimensionless drift
speed. Finally, for k=2,

D2�ũd� =
erf�ũd�

ũd

. �15�

Again, the magnitude of the collision frequency is deter-
mined by the functions Dk�ũd� which are represented in Fig.
2.

IV. DISCUSSION

From Fig. 1 it is deduced that the different cross section
models �m�k , ũd� of Eq. �8� give for ũd�1 values of
Hia�k , ũd� different by orders of magnitude. In the opposite
limit of low drift speeds Qo�8ũd /3 and Q2�4ũd /3, the

magnitude of the friction forces become proportional ũd in
all cases.

However, for k=1 corresponding to the collision cross
section �m�vr��1 /vr, we obtain Q1�ũd�=�ũd regardless of
the value of the drift speed. In this case the friction force
results are proportional to ũd for either suprathermal and sub-
thermal ion flows.

In order to compare Hia�k , ũd� of Eq. �9� with the friction
force predicted by Eq. �4� this latter is rewritten as

Fia�k, ũd� = − nani�ai
�o

�

cs
k

c�
�k−2�Rk�ũd�ûd, �16�

where

Rk�ũd� = �ũd
�2−k�, �17�

and these functions are represented together with Qk�ũd� in
Fig. 3.

Thus, it is apparent that Fia�k , ũd� given by Eqs. �16� and
�17� is the limit for suprathermal ion flows of Hia�k , ũd� and
as in Eq. �17�, in the limit of large drift speeds Qo�ũd� / ũd

2

�� and Q2�ũd���.
However, for subthermal drift speeds the values predicted

by Fia�k , ũd� with k=0 and k=2 are rather different from
those given by Eq. �9�. The constant cross section model
�k=0� underestimates in Eq. �16� the friction force for ũd
�1, while for the cross section �m�vr��1 /vr

2 the values of
R2�ũd� lie about two orders of magnitude over those of
Q2�ũd�. Nevertheless, for �m�vr��1 /vr corresponding to k
=1, the friction forces predicted by Eqs. �16� and �9� are
identical for all values of ũd.

The collision frequency �m�k ,ud� from Eqs. �4� and �5�
can be expressed as

�m�k, ũd� = na�o

cs
k

c�
�k−1�Sk�ũd� , �18�

where
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k = 1

k= 2

FIG. 2. �Color online� The function Dk�ũd� proportional to the
elastic collision frequency fm�k , ũd� for the cross sections given by
Eq. �8� with k=1,2, and 3.
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FIG. 3. �Color online� The magnitude Qk�ũd� of the friction
force given by Eqs. �10�–�12� �solid lines� compared with the val-
ues of Rk�ũd� of Eq. �17� �dotted lines�.
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Sk�ũd� = ũ�1−k�, �19�

which are compared in Fig. 4 with the functions Dk�ũd� for
k=0 and 2.

For �m�vr���c constant �k=0�, the collision frequency
grows with ũd in Fig. 2 in agreement with the observed in-
crement of the friction force in Fig. 1. On the contrary, for
k=2, the collision frequency decreases for ũd�1 in Fig. 2
and the friction force leads to a limit value in Fig. 1. While
the amount of momentum transferred in each collision incre-
ments with the drift speed, the number of collisional events
for ũd�1 decreases, leading to small increments in the fric-
tion force. Finally, for the cross section model �m�vr�
�1 /vr, the collision frequencies given by Eqs. �18� and �13�
are equal to those for the friction force. Both are constant and
independent of the relative drift speed.

Therefore, �m�k , ũd� is again a good approximation of
fm�k , ũd� with k=0 and k=2 for suprathermal flows and in
the limit of large ũd we obtain Do�ũd�� ũd and D2�ũd�
�1 / ũd as in Eq. �19�.

On the contrary, the functions So�ũd� and S2�ũd� differ by
orders of magnitude from Do�ũd� and D2�ũd� for ũd�1. In

addition, for ũd�0 the collision frequency reaches an equi-
librium limit value. As is evidenced in Fig. 4, for low drift
speeds we obtain Do�ũd�=D2�ũd��2 /�, but this is not the
case for the collision frequencies �m�k , ũd� calculated using
Eq. �19� with k=0 and 2.

V. CONCLUSIONS

For large collision frequencies between ions and neutral
atoms both populations of particles are in thermal equilib-
rium and the ion velocity distribution function could be ap-
proximated by a drifting Maxwellian �1,29�. This is the case
of collisional plasma sheaths or double layers where ions
flow in the plasma with respect to the neutral atom back-
ground driven by electric fields which are extended along
many collisional mean free paths �6,29�.

In these conditions, Figs. 1 and 2 evidence that the fric-
tion force Hia�k , ũd� between both species is strongly depen-
dent of the elastic cross section model for momentum trans-
fer �m�k , ũd�. The results for the different cross sections are
similar for subthermal flows while the values for either the
collision frequency and friction forces apparently differ for
udc�.

From Figs. 3 and 4 it is deduced that the current used for
the drift dependent friction forces and collision frequencies
of Eqs. �4� and �5� agree with the limit for suprathermal ion
drift speeds of Eqs. �9� and �13�, while for subthermal flows
ud /c��1 the discrepancies are of orders of magnitude.

Finally, for the particular case of the collision cross sec-
tion �m�vr��1 /vr, which is in agreement with the experi-
mental data �12,13�, the friction force results proportional to
ud and the collision frequency constant for either suprather-
mal and subthermal flows.

These results are also valid for other colliding species
where the elastic collision cross section models of Eq. �5�
apply.
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