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When a stochastic system evolves from its unstable state the phenomenon of transient multimodality may
appear, namely for a period of time, probability distribution develops a larger number of maxima than it
possesses in the initial and in the stationary states. We investigate the influence of potential fluctuations
generated by a Gaussian white noise on this effect. Some general conditions which suffice for the occurrence
of noise induced transient multimodality are presented. The opposite phenomenon, namely the noise suppres-
sion of transient multimodality, is shown as well.
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I. INTRODUCTION

A widespread belief admits noise as a nuisance which
blurs, garbles, or demolishes well-defined deterministic be-
havior of dynamical systems. During the last few decades,
however, a number of phenomena have been identified in
which noises also play constructive roles—they can increase
some desired properties of systems, or even create some
completely new features. The best known effects are noise
induced transitions �NIT� �1�, stochastic resonance �2�, or
directed transport in Brownian motors �ratchets� �3�. The first
of these concerns the qualitative change of stationary prop-
erties of a system driven with a strong enough noise. In a
single-variable case this effect is seen as the appearance or
disappearance of some—one or more—new maxima of the
stationary probability distribution function �PDF� while in-
creasing noise. The noise alters the PDF’s modality. The
value of its intensity plays a similar role as the deterministic
control parameter—when it exceeds its critical value some
new stable states �maxima of PDF� arise and the existing
ones lose their stability, e.g., a former maximum of PDF
turns into a minimum.

In the standard description of one-dimensional Brownian
motion �4� the modality of stationary PDF is determined by
the number of minima of potential U�x�, which governs the
deterministic part of evolution. The additive noise affects the
width and the relative heights of the maxima, only. An abrupt
change of the value of the control parameter by crossing its
critical value involves the qualitative change of potential
form and, consequently, stationary PDF—the new one has a
different number of maxima and minima, or their locations
are mutually converted. The question arises how the system
evolves from its initial to final state, or how the transitions
between the PDF’s of different number of maxima go in
time. The knowledge of those transient states may be of im-
portance, e.g., for selection of states in ecological evolution
or in species dynamics �5�; or for technical applications, if
some of the ways, in which the switching on/off processes
are being realized, may destroy a system �6�, etc. Specially
interesting is the case in which the change of one of the
system’s parameters implies a lack of stability of the initial

state. The problem known as decay of an unstable state was
analyzed extensively by many authors some 20–30 years
ago �7–9�. The paradigm of the evolution states, as presented
by Suzuki �7�, that the PDF initially centered at the unstable
state broadens in time until, at some time moment tb, the
wide hump breaks up into two peaks, which move away
from the initial position of maximum, eventually forming the
stationary bistable form. The evolution of PDF maxima re-
sembles supercritical pitchfork bifurcation with time being
the control parameter—beginning from a one-hump form the
PDF changes into a two-hump one. The number of maxima
is associated with the shape, first of the initial PDF, later of
the stationary PDF. Or, in other words, with the number of
minima of potential U�x�—the initial one has a single-well
form, while the change of the control parameter alters it to
the two-wells form.

Nonetheless, this is not the only possible scenario of
evolving from one-to two-modal PDF. Namely, a transient
stage with a three-hump form of PDF may appear before the
final bimodal shape arises. This phenomenon, called tran-
sient multimodality �TM�, resembles subcritical pitchfork
bifurcation. It has been reported in �10–13� and later inves-
tigated systematically by the present author �14–16�. Particu-
larly, it has been proven �14� that if near the unstable point
the potential is flat enough the effect has to appear. It is
worth mentioning that transient bimodality was also identi-
fied for stochastic evolution through a region of a very slow
deterministic motion, e.g., in explosive chemical reactions
and combustion �17–20�, or in optical bistability �10,21–24�.
Quite recently TM has been reported also for relaxation in
monostable potentials �25�.

It has been argued in �14�, then confirmed analytically
�15� and experimentally �16�, that the occurrence of TM dur-
ing the decay of an unstable state is of a deterministic nature,
i.e., its appearance depends only on the deterministic prop-
erties of the system �potential�. Although some randomness
�either random initial conditions or noise driving the system�
is required to identify its existence, however the very effect
does not belongs to the class of noise-induced phenomena
�26�. For further convenience we call it the deterministic
transient multimodality �DTM�.

In view of the above discussion on the number of maxima
in the stationary state it seems natural to ask whether noise
can also generate transient multimodality of PDF during re-
laxation from an unstable state. This question is addressed in*jiwanisz@fizyka.umk.pl
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the present paper. After beginning with a brief reminder of
the main ideas used in the analysis of DTM �Sec. II�, we
formulate the problem and present general conditions which
suffice for the appearance of noise induced transient multi-
modality �NITM� during the decay of an unstable state �Sec.
III�. Next �Sec. IV�, we define all generic cases of the con-
sidered system and discuss the influence of different param-
eters of stochastic perturbation on the scenario of the PDF
evolution. Some examples are presented and discussed in
Sec. V and some final remarks complete the paper �Sec. VI�.

II. DETERMINISTIC TRANSIENT MULTIMODALITY

Consider an overdamped Brownian particle moving in the
field of a bistable potential U�x� and driven by a �thermal�
Gaussian white noise ��t� of zero mean, correlation
���t���t���=2q��t− t�� and intensity q. Its dynamics is given
by the Langevin equation

dx

dt
= − U��x� + ��t� , �1�

or, equivalently, by the Fokker-Planck equation �FPE�

�

�t
P�x,t� =

�

�x
U��x�P�x,t� + q

�2

�x2 P�x,t� , �2�

for the PDF P�x , t�. Initially the particle is located either
exactly at the top xin=xt of the barrier separating potential
wells, or with a probability distribution P�x ,0�= Pin�x� some-
where in its vicinity. For simplicity we assume symmetry of
the problem, i.e., U�x�=U�−x� and Pin�x�= Pin�−x�, which
guarantees the space evenness of P�x , t� during the entire
evolution. Particularly, at any time moment PDF possesses
an extremum at x=xt=0: initially a maximum of Pin�x� and
finally a minimum of its stationary form Ps�x�. This means
that initially the second x derivative of P�x , t� at x=0 is
negative, while finally positive. Thus a time moment tb�0
exists at which this derivative changes its sign. To investigate
this temporal transition from one-to two-humped form of
PDF let us consider the second x derivative of the FPE �2� at
x=0:

Ṗ�2��t� = U�4�P�0��t� + 3U�2�P�2��t� + qP�4��t� , �3�

where f �n��t����n /�xnf�x , t��x=0, ḟ�t���� /�tf�x , t��x=0, and we
have exploited the evenness of U�x� and P�x , t�. When t= tb,

then P�2��tb�=0, but also Ṗ�2��tb��0. Since the maximum has
still to be at x=0, so P�4��tb��0. Comparing the signs of
both sides of Eq. �3�, one concludes that the necessary con-
dition for their equality is

U�4� � 0. �4�

If not, i.e., if

U�4� � 0, �5�

the only possibility to ensure the fulfilment of the equality in
�3� is P�4��tb��0. This means that before the maximum of
PDF at x=0 disappears, there already exist two other
maxima at the points x�0. So, for some interval of time

ending at t= tb the PDF P�x , t� has still possessed three
humps. Thus, the transient trimodality phenomenon occurs
�14�.

The condition �4� is fulfilled, e.g., for the quartic potential
�6�

U4�x� =
1

4
bx4 +

1

2
ax2, �b � 0� . �6�

It displays supercritical pitchfork bifurcation as a alters from
positive to negative values, thus for a�0 the state x=0 be-
comes unstable. Potential �6� is generic for the Suzuki’s
scheme �7� of temporal transition from the mono- to the
bimodal form of P�x , t�. On the other hand, the sixth-order
potential

U6�x� =
1

6
cx6 +

1

4
bx4 +

1

2
ax2, �c � 0� , �7�

is generic for the TM case. Namely, the bistable form of
U6�x� is guaranteed by the negativeness of the quadratic term
a�0, while b determines the sign of U�4�. For b�0, the
inequality �5� holds. The effect of TM during the decay of an
unstable state has been demonstrated both numerically �14�
and experimentally �16�. Assuming the weak noise approxi-
mation, the present author has obtained �15� some formulas
for the points xcr and time tcr at which the two side maxima
and minima originate. The agreement with numerics �15� and
experiment �16� have been reasonably good. Let us mention
that for the potential U6�x� the effect of TM can be seen also
for b�0 up to a critical value bc �15�. This is so because Eq.
�4� is only a necessary and not a sufficient condition for the
Suzuki’s scheme of evolution. A more careful analysis of
signs in Eq. �3� leads to the conclusion that U�4� must be
positive enough to ensure the equality of both sides of this
equation.

III. NOISE INDUCED TRANSIENT MULTIMODALITY

The aim of this paper is to investigate the evolution of an
overdamped motion in the presence of both additive and
multiplicative noises. So we generalize Langevin equation
�1� to the following form:

dx

dt
= − U��x� − V��x���t� + ��t� . �8�

The multiplicative term in this equation has the sense of a
stochastic perturbation of the potential and the underlying
dynamics can be understood as Brownian motion driven by
the thermal noise ��t� in the field of random potential
U�x , t�=U�x�+V�x���t�. Like ��t�, the multiplicative noise
��t� is a Gaussian white one, it has zero mean, correlation
���t���t���=2Q��t− t��, and intensity Q. We assume also that
both noises are correlated ���t���t���=2		qQ��t− t��, with
the correlation rate 	 taking values from +1 for complete
correlation, through 0 for uncorrelated, to −1 for totally an-
ticorrelated noises.

Since both noises are white, one can easily write FPE
associated with �8�. In the Stratonovich interpretation it reads
�27�
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�

�t
P�x,t� =

�

�x

U��x� +

1

2
G��x��P�x,t� +

�

�x
G�x�

�

�x
P�x,t� ,

�9�

with the x-dependent diffusion function

G�x� = q + 2		qQV��x� + QV��x�2. �10�

For simplicity, as in Sec. II, we consider only the symmetric
case which requires that G�x�=G�−x�. This means that V�x�
has to have a well-defined parity property: it must be odd for
	�0, and either odd or even for uncorrelated noises �	=0�.
Finally, we assume that the bistable form of stationary PDF
is preserved, i.e., we do not consider perturbations which
could lead to noise induced transitions in the stationary state
of the system. Hence, the stationary solution Ps�x� of �9� has
three extremes at the points given by the roots of equation

U��x� +
1

2
G��x� = U��x� + 		qQV��x� + QV��x�V��x� = 0.

�11�

By symmetry the minimum is located at x=0, which requires
that

U�2� +
1

2
G�2� = U�2� + �		qQ + QV�1��V�3� + Q�V�2��2 � 0.

�12�

We call �12� the unstability condition �USC�. From the form
of the second x derivative of the FPE �9� at the point x=0,

Ṗ�2��t� = �U�4� +
1

2
G�4�
P�0��t� + �3U�2� +

9

2
G�2�
P�2��t�

+ GP�4��t� , �13�

one can infer, following similar arguments as in Sec. II, that
if

U�4� +
1

2
G�4� = �U�4� + �		qQ + QV�1��V�5� + 4QV�2�V�4�

+ 3Q�V�3��2� � 0, �14�

then the three-hump form of PDF—transient trimodality—
does appear while evolving from the unstable state. If such a
transient structure is absent in the unperturbed case �1� then
�14� is the sufficient condition for the appearance of the
noise induced transient multimodality �NITM�. Conversely,
if despite the condition �5� the sign of the inequality in �14�
is opposite, one may expect that multiplicative noise destroys
TM. In what follows we call inequality �14� the transient
multimodality condition �TMC�. Let us note, that any quali-
tative variation of a transient state caused by multiplicative
noise is possible only for a sufficient degree of nonlinearity
of the perturbation. For uncorrelated noises, V�x� should
have a nonvanishing third �for odd case� or fourth �for even
case� derivative at the unstable point. The possible correla-
tion of ��t� and ��t� becomes significant for an even higher
derivative—the fifth one.

IV. GENERIC CASES

Both conditions �12� and �14� are expressed by means of
the values of derivatives of potentials U�x� and V�x� at x
=0, up to the fourth �for U�x� and for even V�x�� or fifth �for
odd V�x�� order. Thus, without loss of generality, one may
consider only a system with polynomial shapes of potentials.
We take the unperturbed potential U�x� in the form of U4�x�
�6� or U6�x� �7�, and one of the forms

Ve�x� =
1

4

x4 +

1

2
�x2, for the even case, �15a�

Vo�x� =
1

5
�x5 +

1

3

x3 + �x, for the odd case, �15b�

for the perturbing potential V�x�. Consequently, the inequali-
ties �12� and �14� read

a + Q�2 � 0, �16�

b + 4Q�
 � 0, �17�

for even perturbation Ve�x�, and

a + 2	qQ
	 + 2Q�
 � 0, �18�

b + 4	qQ�	 + 2Q�2�� + 
2� � 0, �19�

for odd perturbing potential Vo�x�. Further, for the even per-
turbation, Eq. �11� is given by a fifth-order polynomial which
has only three solutions as far as the USC �16� is satisfied,
which guarantees the bimodal form of stationary PDF. For
the odd perturbation, Eq. �11� results in the seventh-order
polynomial and the number of its zeros depend in a very
complicated way on the system parameters. However, one
can easily show, e.g., by means of the Descartes’ rule of
signs, that if both inequalities �18� and �19� are fulfilled, then
the stationary state is also bistable. Thus, for any of the ge-
neric cases discussed here, the inequality �14� represented by
�17� or �19� expresses the sufficient condition for the devel-
opment of TM during the evolution from the unstable state at
x=0.

As has been mentioned in Sec. II, TM can also appear
with the opposite sign of inequality �14�. For the evolution
with a single additive noise �1�, the theoretical analysis of
this sort of TM presented in �15� has been based on the weak
noise approximation and has been confirmed by numerics
�15�, as well as by an electronic analog experiment �16�.
Unfortunately, a similar approach cannot be applied in the
present problem since we consider effects caused by a noise
of finite intensity Q. So, in what follows, we present only
some numerical results for this case aiming to display some
examples of different ways of evolution rather than to inves-
tigate this short-lived effect.

A. Uncorrelated noises

We begin the detailed analysis of the role of potential
perturbation from the case of uncorrelated noises �	=0� and
even potential V�x�=Ve�x�. The USC �16� is fulfilled for a
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not too large perturbation Q� �a� /�2, while the TMC �17�
yields that large enough potential perturbation is able to sig-
nificantly modify the scenario of evolution. Thus, for some
intermediate size of perturbation 1 / �4b�
��Q� �a� /�2, one
expects either the appearance of a multihump form of PDF
�for b�0 and �
�0�, or suppression of existing DTM �for
b�0 and �
�0�. Since the sign of the inequality �17� de-
pends on the product �
, so for any case of transient evolu-
tion the unstability of x=0 can be easily preserved. In Fig. 1
we present an example of evolution in which the potential
perturbation induces TM �Fig. 1�b��, while this effect is ab-
sent in the static potential U4�x� �Fig. 1�a��.

In order to observe any effect of random perturbation on
the transient states, the potential V�x� has to be a sufficiently
complex function—both second and fourth derivatives of
V�x� should not vanish at x=0. The same signs of V�2� and
V�4� lead to cancellation while opposite ones support the TM
effect. In the first case, the two leading terms of perturbation
act in the same way, increasing the rate of the dynamics �8�.
Consequently, most of the members of an ensemble of
Brownian particles can leave the region of the instability
around x=0 at a similar time moment, and soon enough, so
that the fastest of them do not reach the region of the bottom
of potential well. In the second case, these two leading terms

act in opposition, which leads to prolongation of dwelling in
the unstability region. Thus, some particles of the ensemble
stay for a long time around the top of the barrier while the
others, which have left this region earlier, begin to accumu-
late at the bottom of the well. Consequently, two new PDF
humps build up while the initial one at x=0 still exists.

If the perturbing potential is odd V�x�=Vo�x�, the condi-
tions �18� and �19� are more complex—up to three different
derivatives of V�x� calculated at x=0 can influence the way
of evolution. The unstable character of x=0 is guaranteed if
the first and third derivatives have opposite signs or one of
them disappears. If their signs are the same, then the perturb-
ing noise cannot be too intense, namely Q� �a� / �2�
�. The
value of the left-hand side of the inequality �19� increases for
nonvanishing V�3� as well as for the same signs of V�1� and
V�5�. In these cases, TM is suppressed by the multiplicative
noise, or it even disappears. The opposite signs of V�1� and
V�5� cause an appearance or an increase of TM. As an ex-
ample, in Fig. 2 we plot the case when DTM appears in a
potential U6�x� �Fig. 2�a��, while a strong enough odd per-
turbation suppresses it �Fig. 2�b��.

In the last case, both the first and the third terms of Vo�x�
act in opposition, so, as for an even perturbation Ve�x�, their
common effort is to slow the evolution around x=0. How-
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FIG. 1. Evolution in the field of potential U4�x� �6� for a=−1
and b=1 without �a� and with �b� potential perturbation which in-
duces the TM effect. The perturbing potential has the even form
�15a� with �=−1 and 
=1. The noises intensities are q=0.02 and
Q=0.4, while the Gaussian initial distribution is centered at x=0
and has the variance 0.02.
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FIG. 2. Evolution in the field of potential U6�x� �7� for a=−1,
b=−1, and c=2 without �a� and with �b� potential perturbation
which suppresses the TM effect. The perturbing potential has the
odd form �15b� with �=�=0, 
=1, and the intensity of the perturb-
ing noise is Q=1. The initial distribution and q are the same as in
Fig. 1.
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ever, the existence of the second term 
x3 /3 in Vo�x� always
increases the rate of evolution, even if 
 has the opposite
sign to either � or �.

B. Correlated noises

If the noises ��t� and ��t� are mutually correlated, then, in
accordance to our assumption, V�x�=Vo�x� and the previous
discussion about the influence of an odd perturbation on the
way of evolution should be completed by an analysis of the
role of nonzero 	. In both UNC �18� and TMC �19�, this
correlation manifests itself through additional terms propor-
tional to 	. In UNC this term is proportional to the value of
the third, while in TMC to the value of the fifth derivative of
V�x� at x=0 �see �12� and �14��. So the stochastic mutual
dependence of additive and multiplicative noises can lead to
a qualitative modification of the evolution from the unstable
state only if the nonlinearity of the perturbation is of high
enough degree. If 
�0, then the cross correlation of both
noises may either increase or cancel an unstable character of
x=0, but in any case it suppresses the TM effect. Similarly, it
follows from Eq. �19� that depending on the sign of �, either
correlation �	�0� or anticorrelation �	�0� can either sup-
port or suppress the TM effect. This dependence of TMC on
� means that correlation between ��t� and ��t� becomes im-
portant for the way of evolution only far enough from the
unstability. Inserting Vo�x� into �8� one obtains

dx

dt
= . . . − �x4��t� + ��t� , �20�

where dots mean the terms irrelevant for the present discus-
sion. The complete correlation �	=1� or anticorrelation �	
=−1� means that ��t� and ��t� have the same or opposite
signs, respectively. The negative sign of �	 means that the
two terms on the right-hand side of �20� have the same sign
so they cooperate in the dynamics. Thus far enough from x
=0, the multiplicative noise increases the stochastic factor of
evolution which enlarges the rate in which some trajectories
leave the unstable region. The influence of mutual correla-
tion of both noises on transient states is illustrated in Fig. 3,
where we display the time dependence of the position of the
extrema of PDF for different values of 	. When both noises
are correlated strongly enough �1�	�	c�, the evolution of
extrema is similar to the supercritical pitchfork bifurcation,
while for weakly or anticorrelated noises �	c�	�−1� it fol-
lows the subcritical pitchfork bifurcation scheme. For the
data used the change of the way of evolution takes place for
	c�0.3.

V. EXAMPLES

Following this general analysis, in this section we present
some examples.

A. Additive noise

The simplest way of introducing a second noise ��t� into
the dynamics is to add it to the Langevin equation �1�, so
V��x�=1 in �8�. The only effect of ��t� is a modification �an

increase or decrease� of the diffusion constant q→G �see Eq.
�10��. It does not modify the position of extremes of Pst�x�
nor the sufficient condition for TM �5�.

B. Linear perturbation

Very often while discussing the role of a multiplicative
noise, one deals with a random perturbation linear in x, i.e.
with V�x�=1 /2x2. This potential is an even function so we
can consider only the case of uncorrelated noises. Since the
extremes of Pst�x� are given by the roots of the equation �a
+bx2+cx4+Q�x=0, so the noise ��t� can modify not only
their location but also their number and character. This is a
manifestation of the celebrated noise induced transition ef-
fect �1�. On the other hand G�4��x��0, so the noise ��t� does
not influence the sign of the inequality �14� and has no im-
pact on the TM effect.

C. Fluctuating barrier

Langevin equation �1� with a bistable form of potential
U�x� is a paradigm for the standard Kramers problem �28� of
an escape over a potential barrier. As is well known, a sto-
chastic perturbation of the barrier can modify the escape rate
leading to the effect of resonant activation �29�. Inasmuch
this effect is caused by colored perturbing noise, the correla-
tion of two white noises can lead to giant enhancement of
activation �30�. In any case, the activation problem considers
an opposite way of particle movement �i.e., from the bottom
to the top of the potential� than the one we are interested in
here �from the top to the bottom�. As a next example we
consider a system used by the present author for an analysis
of resonant activation �31�. Namely we assume that pertur-
bation disturb the height of the barrier leaving its shape un-
changed, i.e.,

V�x� = �U�x� , �x� � xmin;

0, �x� � xmin.
� �21�

The limitation of V�x� to the region between the minima

xmin of U�x� only, is insignificant for the present problem

0 1 2 3
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FIG. 3. Time dependence of the positions of the extremes of
PDF for different values of the correlation rate 	=−1.0,
−0.75, . . . ,1.0. The deterministic potential has the form U4�x� �6�
with a=−1 and b=1, the perturbing one has the odd form �15b�
with �=
=0 and �=2. The initial distribution and q are the same
as in Fig. 1, while Q=1.
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because we investigate the existence of a multihump struc-
ture of PDF in the vicinity of the top of the barrier. Since
U�x� is even, so is V�x� and, in accordance with our assump-
tion, we can consider only the case of uncorrelated noises
	=0. The UNC reads a�1+aQ��0, so the perturbing noise
cannot be too large Q�1 / �a�. The TMC gives b�1+4aQ�
�0. The expression on the left-hand side changes its sign
when the noise intensity Q is greater than Q0=1 / �4�a��.
Thus, for b�0, a large enough noise can destroy transient
multimodality, while for b�0 and Q�Q0 the effect does
exist. Let us note, however, that because TMC �14� is the
sufficient condition for the appearance of TM, so this effect
can exist also for some region of Q�Q0 or Q�Q0, respec-
tively.

D. Laser with fluctuating pump parameter

As the last example we choose a model of laser in which
the pumping parameter is subject to rapid time dependent
fluctuations. The necessity of considering the pumping
mechanism as a stochastic process had been identified in the
beginning of the 1980s �32�, while discussing some experi-
mental results on the statistics of light emitted by a dye laser
�33,34�. Since then, some hundred papers dealing with dif-
ferent aspects of the problem have been published signifi-
cantly contributing to the theory of multiplicative noises.
Leaving aside the detailed discussion about the results of the
previous investigations we mention only that the crucial
question of this problem concerns the process of evolution of
the laser after switching it on. Its dynamics may be described
by a Langevin equation for the amplitude x of the emitted
light, while the switching event means a sudden change of
the stability of the system at x=0. So we arrive just within
the very topic of the present paper.

Namely, the mentioned Langevin equation reads �35�:

dx

dt
= − x�1 −

A

1 + x2
 + ��t� , �22�

with A being the pumping parameter �36�. For A�1 the laser
is switched off �the only stable state is x=0�, while for A
�1 the two stable states are x= 
	A−1. The fraction which
appears in �22� represents the so-called saturation effects in
the lasing medium �37�. Close to the threshold region, i.e.,
for A�1 and thus for small laser field x, this fraction may be
expanded in a series yielding the simplified Langevin equa-
tion with U4�x� potential �6� with the parameters a=1−A and
b=A. If one assumes that the pump parameter is stochastic
A=A0+��t�, then the problem reduces to the one with a lin-

ear perturbation mentioned in Sec. V B and consequently
��t� shows no essential influence on the system evolution.
On the contrary, far from the threshold the effect of ��t� can
be significant. Namely, the UNC �12� and TMC �14� give
Q�A0−1 and Q�A0 /4, respectively. Hence, one expects
that for small pump fluctuations the evolution follows the
Suzuki scenario, for intermediate noise A0 /4�Q�A0−1
TM occurs, while for larger Q the noise induced transition in
the stationary state takes place.

VI. CONCLUSION

We have discussed the way in which a multiplicative
white noise can modify time development of PDF when the
evolution starts from an unstable point. We have formulated
the sufficient condition for the occurrence of the effect of
transient multimodality and discussed different possible
cases in which this noise either induces TM or demolishes it.
The general conclusion from the discussion of the generic
cases agrees with the explanation of TM for decaying from
an unstable state without any multiplicative noise �14–16�.
Namely, TM appears if the evolution proceeds in two regions
of different time scales—the slow “diffusive” one in the vi-
cinity of the unstable state, and the fast “deterministic” one
apart from it. For a static potential these two regions are
defined by the shape of potential U�x�, only. In the present
problem, fast multiplicative perturbation V�x���t� modifies
the x-dependent force acting on the Brownian particle. The
formulas �11�, �12�, and �14� suggest considering U�x�
=U�x�+G�x� /2 in Eq. �9� as a sort of effective potential, at
least in the vicinity of the unstable state. This enables a simi-
lar interpretation of different scenarios of evolution as for the
static case. Namely, it is the shape of the effective potential
which constitutes two regions with different rates of evolu-
tion. The phenomenon of NITM results from the relative
flattening of U�x� around its maximum due to the stochastic
perturbation of potential. In contrary, the multiplicative noise
cancels TM if it increases the steepness of the top region. In
both cases the diffusion function G�x� in the second term on
the right-hand side of �9� is responsible for diffusion only,
which, although state dependent, nevertheless is irrelevant
for the qualitative picture of the evolution.

ACKNOWLEDGMENT

This work was partially supported by the ESF STOCH-
DYN program.

�1� W. Horsthemke and R. Lefever, Noise-Induced Transitions
�Springer, Berlin, 1984�.

�2� L. Gammaitoni, P. Hänggi, P. Jung, and F. Marchesoni, Rev.
Mod. Phys. 70, 223 �1998�.

�3� P. Reimann, Phys. Rep. 361, 57 �2002�.
�4� H. Risken, The Fokker-Planck Equation �Springer, Berlin,

1984�.
�5� A. McKane and M. Tarlie, Phys. Rev. E 64, 026116 �2001�.
�6� D. K. Kondepuki, in Noise in Nonlinear Dynamical Systems,

edited by F. Moss and P. V. E. McClintock �Cambridge Uni-
versity Press, Cambridge, 1989�, Vol. 2, p. 251.

�7� M. Suzuki, Prog. Theor. Phys. 56, 77 �1976�.

JAN IWANISZEWSKI PHYSICAL REVIEW E 78, 021140 �2008�

021140-6



�8� N. G. van Kampen, J. Stat. Phys. 17, 71 �1977�.
�9� B. Caroli, C. Caroli, and B. Roulet, J. Stat. Phys. 21, 415

�1979�.
�10� G. Broggi, L. A. Lugiato, and A. Colombo, Phys. Rev. A 32,

2803 �1985�.
�11� E. Arimondo, D. Danggoisse, and L. Fronzoni, Europhys. Lett.

4, 287 �1987�.
�12� E. Arimondo, D. Hennequin, and P. Glorieux, in Noise in Non-

linear Dynamical Systems, edited F. Moss and P. V. E. McClin-
tock �Cambridge University Press, New York, 1989�, Vol. 3, p.
119.

�13� P. Colet, F. De Pasquale, and M. San Miguel, Phys. Rev. A 43,
5296 �1991�.

�14� J. Iwaniszewski, Phys. Rev. A 45, 8436 �1992�.
�15� J. Iwaniszewski, Phys. Lett. A 171, 278 �1992�.
�16� J. Iwaniszewski, P. V. E. McClintock, and N. D. Stein, Phys.

Rev. E 50, 3538 �1994�.
�17� F. Baras, G. Nicolis, M. Malek Mansour, and J. W. Turner, J.

Stat. Phys. 32, 1 �1983�.
�18� M. Frankowicz and G. Nicolis, J. Stat. Phys. 33, 595 �1983�

595.
�19� M. Frankowicz, M. Malek Mansour, and G. Nicolis, Physica A

125, 237 �1984�.
�20� A. Lemarchand, R. I. Ben Aim, and G. Nicolis, Chem. Phys.

Lett. 162, 92 �1989�.
�21� G. Broggi and L. A. Lugiato, Phys. Rev. A 29, 2949 �1984�.
�22� G. Broggi and L. A. Lugiato, Philos. Trans. R. Soc. London,

Ser. A 313, 425 �1984�.
�23� W. Lange, F. Mitschke, R. Deserno, and J. Mlynek, Phys. Rev.

A 32, 1271 �1985�.
�24� F. Mitschke, R. Desorno, J. Mlynek, and W. Lange, IEEE J.

Quantum Electron. QE21, 1435 �1985�.
�25� M. Mierzejewski, J. Dajka, J. Łuczka, P. Talkner, and P.

Hänggi, Phys. Rev. E 74, 041102 �2006�.
�26� On the contrary, the effect of transient bimodality while evolv-

ing through a flat region of potential is caused by the noise.
�27� Wu Da-Jin, Cao Li, and Ke Sheng-Zhi, Phys. Rev. E 50, 2496

�1994�.
�28� H. A. Kramers, Physica �Amsterdam� 7, 284 �1940�.
�29� C. R. Doering and J. C. Gadoua, Phys. Rev. Lett. 69, 2318

�1992�.
�30� A. J. R. Madureira, P. Hänggi, and H. S. Wio, Phys. Lett. A

217, 248 �1996�.
�31� J. Iwaniszewski, I. K. Kaufman, P. V. E. McClintock, and A. J.

McKane, Phys. Rev. E 61, 1170 �2000�.
�32� R. Graham, M. Höhnerbach, and A. Schenzle, Phys. Rev. Lett.

48, 1396 �1982�.
�33� J. A. Abate, H. J. Kimble, and L. Mandel, Phys. Rev. A 14,

788 �1978�.
�34� K. Kaminishi, R. Roy, R. Short, and L. Mandel, Phys. Rev. A

24, 370 �1981�.
�35� H. Haken, Laser Theory �Springer, Berlin, 1984�.
�36� For simplicity we assume that the amplitude x is real.
�37� S. Zhu, A. W. Yu, and R. Roy, Phys. Rev. A 34, 4333 �1986�.

TRANSIENT MULTIMODALITY IN THE PRESENCE OF… PHYSICAL REVIEW E 78, 021140 �2008�

021140-7


