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Flexoelectricity in nematic domain walls
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Flexoelectric effects are studied in the domain walls of a nematic liquid crystal device showing the Freed-
ericksz transition. Walls parallel to the alignment direction have a strong twist distortion and an electro-optic
effect dominated by e;—e3 is seen. Walls perpendicular to the alignment direction have a strong splay-bend
distortion and an electro-optic effect dominated by e;+e5 is seen. This allows the study of both flexoelectric

coefficient combinations in a single device.
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I. INTRODUCTION

Flexoelectricity in nematic liquid crystals was first dis-
cussed by Meyer nearly 40 years ago [1]. Since then there
has been a considerable amount of work undertaken to un-
derstand, measure, and exploit the flexoelectric effect [2].
There has been renewed interest in recent years because of
the potential for the exploitation of flexoelectricity in the
switching of bistable display technology [3,4] and the high-
speed behavior of the chiral-flexo-electro-optic effect [5].

The flexoelectric effect is a direct coupling between the
molecular field of a liquid crystal and induced dipoles. The
result is a distortion dependent electric polarization which
can be expressed in terms of splay and bend vectors as

Piexo=€N(V-n) +¢5(V X Nn) Xn, (1)

where n is the nematic director, e; is the splay flexoelectric
coefficient, e; is the bend flexoelectric coefficient, and Py,
is the resulting polarization.' There is no twist term in the
polarization because of the inversion symmetry of helical
structures.

As a result of the interaction between the flexoelectric
polarization and externally applied electric fields there are
some interesting phenomena which are not due to the con-
ventional coupling with the dielectric anisotropy of the liquid
crystal. In his original work Meyer suggested the possibility
of a periodic domain pattern containing alternate regions of
bend and splay distortion [1]. In fact there are a wide range
of (hydrodynamic) flexoelectric patterns possible [6], and the
relation between flexoelectric domains and transient switch-
ing behavior has proven interesting [7].

There is in fact a direct link between a pattern originally
suggested by Meyer and the chiral-flexo-electro-optic effect
presented by Patel and Meyer [5]. In this effect an electric
field is applied perpendicular to the helical axis of a chiral
nematic material leading to a field dependent tilt in the optic
axis in a plane containing the helix axis but orthogonal to the
field direction. The chiral-flexo-electro-optic effect has re-
ceived attention due to its fast, linear and in-plane electro-
optic properties [8,9]. The behavior can be understood by
considering a plane cutting in a direction containing the nem-

'Note that in some work the flexoelectric polarization is written as
Piexo=€,n(V-N)+e,n X (VX n) which is equivalent to Eq. (1) un-
der the conditions e;=¢; and e, =—e5.
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atic molecular axis and the applied field. Under electric field
application this plane effectively rotates, leading to a splay-
bend distortion and a consequent flexoelectric polarization
[5]. Analysis of the behavior, with the assumption that the
reorientation can be represented by a single angle ¢ around
an axis parallel to the applied field, leads to
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where Q is the magnitude of the helical pitch wave vector, E
is the applied electric field (assumed uniform), and K, ;, K»»,
and K35 are the usual splay, twist, and bend elastic constants.
It is notable that the effect depends on the combination of
flexoelectric coefficients e;—e; (often those working on this
effect use the alternative convention for the flexoelectric
polarization, resulting in the combination of coefficients
e +e, in the equation for ¢ [5]).

Flexoelectric behavior in a hybrid aligned nematic (HAN)
structure (which involves planar splay-bend distortion) de-
pends on the combination of coefficients e;+e3. The switch-
ing in this case can be used as an analogy to that in bistable
devices [10]. HAN structures have also been used to deter-
mine values of the sum of the flexoelectric coefficients using
a number of techniques [11,12]. For these structures the
torque on a director tilted by an angle 6 is given by

_ IE
torque = — (e} + e3)sin 6 cos 019_2’ (3)
where 7 is the direction across the thickness of the device and
0 is measured away from the aligning surfaces. It is notable
that this torque term involves field gradients [13].
In general, for an electric field E the bulk torque can be
written in terms of the molecular field, giving a flexoelectric
torque F}’:n X hy, where h; is of the form [2]

hy=(e; —e3)[E(V-n) - (V@ N)E]-(e; +e3)(n- V)E.
(4)

From this it can be seen that bulk flexoelectric torques ap-
pear in two terms: (i) a term in e;—e; which is related to
gradients in the director, and is the only term when the field
is uniform (as assumed in the chiral-flexo-electro-optic case);
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(ii) a term in e, +e; which is related to gradients in fields (it
is generally the only bulk term when the director and field
are coplanar, as in the HAN case). Although sum and differ-
ence terms are seen to be important in the cases discussed
above it is additionally interesting to consider further struc-
tures in which such terms can be observed.

II. DOMAIN WALLS

In the well know Freedericksz transition in nematic liquid
crystals [14] there is a degeneracy in the induced tilt direc-
tion under field application. In general this is observed for
so-called parallel aligned liquid crystal devices but not for
antiparallel aligned. In the latter case the net pretilt in the
director orientation (before field application) ensures that
when a field is applied all director reorientation takes place
homogeneously. However, in parallel aligned cells the initial
net pretilt is zero and the result is that under field application
two different director reorientation processes take place. Ex-
perimentally this can be observed as domain formation, as
seen in the polarizing microscope image shown in Fig. 1(a).
Here the regions inside the domains and outside the domains
have reoriented in opposite senses, with the domain wall
being the interface between regions. This can be best under-
stood by illustrating the director structures involved.

Figure 2 shows a model of the structure in the vicinity of
a domain wall, where the cross section shown is taken par-
allel to the alignment direction and the wall is running per-
pendicular to this direction. The region to the left is “seeded”
to switch in one reorientation direction and the region to the
right is “seeded” to switch in the opposite sense (this is done
by slightly breaking the symmetry of the surface conditions
in these two regions). Here the director remains in the plane
of the illustration and the domain wall has a splay-bend
structure. Although the wall enclosing a domain of reorien-
tation is always the interface between the tilted reorientation
states seen in Fig. 2 the detailed structure of the wall varies
from place to place. For example, at a point where the do-
main wall runs parallel to the alignment direction the struc-
ture of the interface region is somewhat different from that
discussed above. This can be seen by comparing Fig. 2 with
the structure model shown in Fig. 3(a), which is obtained by
taking a cross section perpendicular to the alignment direc-
tion in the vicinity of a wall running parallel to it. In this case
the director tilt in the two domains is out of the plane of the
illustration, making the structure slightly harder to visualize.
However, the structure becomes clear if a cross section line
is taken through the midplane of the structure viewed from
above. This is shown in Fig. 3(b), which indicates that in this
case the wall is basically a twist structure.

In fact, because the twist elastic constant for a nematic
material (K,,) is generally smaller than the splay and bend
constants (K, and Ks3) twist structures are of lower energy.
This causes the domains to be oval (otherwise round do-
mains might be expected) and also means that the splay-bend
distortion is limited to a small region where the wall is per-
pendicular to the alignment direction. Such behavior can be
seen in Fig. 1(b) which shows part of the domain wall when
the device is oriented so that the bulk alignment shows ex-
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FIG. 1. (a) Polarizing microscope image of domain formation
during the Freedericksz transition in a parallel aligned nematic lig-
uid crystal device with a voltage of 2 V ac between the cell elec-
trodes. When a field is applied the direction of tilt reorientation is
degenerate, and the regions inside and outside of the domains have
switched in opposite senses. The domains are stabilized because the
walls get pinned by spacer balls within the device. (The surface
alignment orientation is indicated by the double ended arrow and
the polarizer/analyzer orientations by the + symbol.) (b) Polarizing
microscope image of a domain wall when the device is oriented to
show extinction between crossed polarizers. The point at which the
wall has a splay-bend structure also shows extinction and is indi-
cated by the arrow on the image. (The surface alignment orientation
is indicated by the double ended arrow and the polarizer and ana-
lyzer orientations by the + symbol.)

tinction. There is only a small region where the wall is dark,
indicating in-plane splay-bend distortion.

It is interesting to consider the structure of the domain
walls together with the earlier comments made on flexoelec-
tricity. The director in splay-bend walls remains in one plane,
and in addition there will be field gradients in this plane due
to the dielectric anisotropy of the non-uniform structure.
These are the conditions outlined above for a flexoelectric
torque dependent on the sum of the coefficients e +e3. How-
ever, the structure in the twist wall is similar to a small
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FIG. 2. A model of the director structure in a splay-bend domain
wall. The region to the left has been seeded to switch in one reori-
entation direction and the region to the right in the opposite direc-
tion. The interface region is the domain wall structure at the point
indicated in Fig. 1(b) and the cross section is taken parallel to the
alignment direction (perpendicular to the wall direction at this
point).

segment of helix in a chiral-flexo-electro-optic arrangement.
Therefore, in this case, we might expect a flexoelectrically
induced reorientation dependent on the difference of the co-
efficients e, —e5 [i.e., behavior similar to that defined in Eq.
(2) above]. In the discussion below modeling of this behav-
ior is presented, together with experimental observations.

III. MODEL

By dealing only with cross sections perpendicular to a
domain wall the problem under consideration becomes two
dimensional. A coordinate system is chosen with z being the
direction across the thickness of the liquid crystal layer and x
being the direction in the plane of the device surfaces, or-
thogonal to the local domain wall. The director is n
=(n,,n,,n.), and the position-dependent potential is V. All
variables are functions of x and z only, being independent of
the y direction (the direction parallel to the local domain
wall). The bulk energy density is then

1
f=5{Kn(V- n)?+ Kp(n -V X n)%+Ky3(n X V X n)2

1
- EAEG()(n . E)2 - Pflexo . E, (5)

where A€ is the dielectric anisotropy and other terms have
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FIG. 3. (a) A model of the director structure in the vicinity of a
domain wall running parallel to the alignment direction. The re-
gions to the left and right have switched in opposite reorientation
directions and the interface now has a twist structure. (b) A cross
section through the center of the director structure shown in (a),
viewed from above. This clearly shows the twist structure, which is
similar to a small segment of a chiral nematic. Behavior analogous
to that seen in the chiral-flexo-electro-optic effect [5] may therefore
be expected.
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been defined above. In the two-dimensional system under
consideration expansion of the flexoelectric polarization [Eq.

(1)] gives

n
Jdn, &n,) !

Piexo =€ (
flexo 1 Ix 9z

( on, ﬁnz> on,
n - |—-—n,—/~
\oz  ox Y ox
ony

&n},
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on, ( on, o”n)
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9z dz  dx

(6)

Some care needs to be taken in the determination of the local
electric field because it can be influenced by both dielectric
anisotropy and flexoelectric polarization. However, the field
can be obtained by first finding a solution to Poisson’s equa-
tion in the form

V'(_ 6()EVV+Pﬂex0):0, =6=6ij=6L5ij+A6ninj,

™)

where €, is the relative permittivity perpendicular to the
director, and the electrode voltages set the boundary condi-
tions on V. (The director components are represented by
ny=n,, ny=n,, and ny3=n,) Knowledge of V then allows the
field to be found from E=-VV, which can be seen from Eq.
(7) to be nonuniform if the dielectric tensor € and/or the
flexoelectric polarization Py, are themselves nonuniform,
which will be the case for the structures illustrated above.

The terms in Egs. (5) and (7) for the system under con-
sideration here are explicitly written out in the Appendix. In
order to calculate the director structure a set of Euler-
Lagrange equations for n,, n,, and n, are determined from
the energy density [i.e., from Eq. (5)]. (Although not com-
plex in principle, these equations have many terms and are
therefore not reproduced here. They can, however, be easily
reproduced from the equations in the Appendix.) These
Euler-Lagrange equations are then solved on a regular grid
using a simple relaxation method. In order to work out the
potential distribution (and hence E) from Poisson’s equation
the same method is also used. Using a simple relaxation
approach is suitable here because both the director structure
and potential are smooth and continuous.

Initially the case when the externally applied electric field
is ac of a frequency where dielectric interactions dominate
over flexoelectric effects is considered (i.e., a frequency in
the kHz range). In this situation the flexoelectric coupling in
the energy density (5) can be ignored and therefore it is not
necessary to include the flexoelectric terms in the Euler-
Lagrange equations. Taking this approach allows the struc-
tures of the domains walls seen in Fig. 1 to be modeled, and
it is these which are illustrated in Figs. 2 and 3. For the
splay-bend wall structure (Fig. 2) the director at the surface
is constrained to be in the x-z plane. In the region to the left
of the wall in Fig. 2 the director at the lower surface is in the
x direction and the director at the upper surface is tilted from
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FIG. 4. (a) The change in the structure shown in Fig. 3(b) when
a dc field is applied across the device leading to flexoelectrically
induced distortion. Reorientation of the director within the twisted
region of the wall takes place in the plane of the liquid crystal
device. As expected this behavior is closely related to that seen in
chiral nematics [5]. (b) The behavior of the structure when a field of
opposite sign is applied.

the surface by a few degrees. In the region to the right of the
wall in Fig. 2 the director at the upper surface is in the x
direction and the director at the lower surface is tilted by
negative a few degrees. On field application (for amplitudes
greater than needed to induce the Freedericksz transition) the
two regions undergo switching in opposite directions. The
result of this is the formation of the splay-bend wall at the
interface. For the twist wall case (Fig. 3) the director at the
surface is constrained to be in the y-z plane. Again, surface
pretilts are used to seed Freedericks transitions in opposite
directions in the left and right regions, leading to the inter-
face structure shown. Now the model can be used to consider
how these domain wall structures are influenced by flexo-
electricity by reintroducing the flexoelectric coupling terms.
This will represent the behavior when the applied field is dc
(or low frequency ac).

Figure 4 shows the effect on a cross section through a
twist wall of including flexoelectricity and applying a posi-
tive (and negative) dc signal to a device. In comparison with
Fig. 3(b) we see, as anticipated, that the region of twist
within the domain wall reorients in the same manner as the
structure in the chiral-flexo-electro-optic effect [5]. Adjust-
ment of the flexoelectric coefficients shows that this effect is
dependent on the combination e; —e5. Although field gradient
effects dependent on e;+e53 can have a small influence on the
details of the wall structure, the dominant flexoelectrically
induced reorientation within the twist wall is controlled by
the coefficient difference. When applied fields are small the
effect is linear and the magnitude of the response appears to
be consistent with the behavior described by Eq. (2), al-
though it is not identical. For example, at the center of the
structure shown in Fig. 4 the in-plane reorientation angle
under field application is approximately 0.33 radians. Now
the effective pitch of the helix in the middle of the domain
wall illustrated in Figs. 3 and 4 can be estimated to deter-
mine the magnitude of the helical pitch wave vector and
together with the flexoelectric coefficients, elastic constants,
etc., this can be used in Eq. (2) to estimate the expected
value of in-plane tilt. In this case the predicted tilt is 0.21
radians. This is of the same order as that determined directly
within the twist wall, although is somewhat smaller. The dif-
ference is accounted for by the more complex wall structure.
Nevertheless, with reasonable flexoelectric coefficients the
reorientation can be several degrees and it is expected that
this will be seen experimentally in microscopic images of the
domain wall. The experimental observation of the twist wall
behavior is discussed below.
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It is also interesting to consider the behavior of the splay-
bend wall (shown in Fig. 2) for dc signals when flexoelec-
tricity is included. As anticipated this structure is uninflu-
enced by interaction between applied fields and
flexoelectricity when the coefficients are such that the com-
bination e, +e5 is zero (even though e, —e; may be nonzero).
But the wall structure does change due to flexoelectric inter-
actions provided the sum of the coefficients (e;+e3) is not
zero. Therefore the behavior confirms numerically the point
noted above that when the director and field are coplanar
then the only flexoelectric terms of importance are those in
e1+e3. Provided e;+ej is nonzero then the structure of the
wall is slightly different under positive and negative applied
signals. In particular, the effective width of the wall is dilated
for one sign of field and compressed for the opposite sign of
field. However, unless rather exaggerated flexoelectric coef-
ficients are used it is difficult to see the changes in wall
width in illustrations of cross sections through the director
structure. Nevertheless, by examining the director tilt in the
mid-plane of the cell it can be seen that changes in wall
width of up to 10% (between positive and negative applied
fields) may be expected. Therefore it is hoped that this can be
observed experimentally in microscopic studies of the splay-
bend wall behavior. These investigations are discussed be-
low.

IV. EXPERIMENTS AND RESULTS

The device used in the experimental work consists of a
parallel rubbed alignment liquid crystal cell of thickness
4.35 wm, filled with a material with the following proper-
ties: K;;=10.2 pN, K»,=5.8 pN, K33=12.7 pN, Ae=8.9,
An=0.159. In order to examine the behavior of a wall ex-
perimentally the intensity is plotted along a particular direc-
tion for polarizing microscope images of the type shown in
Fig. 1 (referred to here as taking a line scan). Initially the line
scan is taken for a splay-bend wall in the small region where
the domain wall runs perpendicular to the alignment direc-
tion, at the point indicated in Fig. 1(b). To investigate the
influence of flexoelectricity separate images (and line scans)
are taken with positive and negative applied signals. In prac-
tice a low-frequency square wave is applied and a series of
images taken, in order to minimize the influence of ions on
the results. This ensures that field gradients are principally
due to the effects of dielectric anisotropy. Example line scans
are shown in Fig. 5(a), where the solid and dashed lines are
for opposite signs of applied signal and the device is oriented
at 45° to the crossed polarizers.

Using the approach to director structure modeling out-
lined above, together with a simple extended Jones routine to
model the optical properties [15] the predicted transmission
intensity for the splay-bend wall behavior is shown in Fig.
5(b). This shows the same behavior as the experimental re-
sults in Fig. 5(a), with opposite signs of applied signal lead-
ing to slightly different wall widths as observed. However,
there are also some differences between the theoretical and
experimental results. In both the experimental and theoretical
case the wall appears as two dips in transmission with a peak
in the center. This basic structure is dictated by the thickness
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FIG. 5. (a) Transmission through the splay-bend wall extracted
by plotting intensity along a line within polarizing microscope im-
ages (taking a line scan). Line scans are taken along the alignment
direction, perpendicular to the local wall direction, at the point in-
dicated in Fig. 1(b), with polarizers at =45° from the alignment
direction. The two data sets with solid lines have one sign of ap-
plied field (+2 V) and the two data sets with dashed lines have the
opposite applied field (-2 V). (b) Calculated transmission line-
scans for the splay-bend wall, using the methods outlined in the
main text. The two lines shown have opposite signs of applied field
(positive and negative 2 V in this case). In general the behavior of
data shown in (a) is reproduced, with some small differences (due
principally to the limitations of the optical modeling methods used).

of the device, the optical anisotropy, the voltage applied, and
the dielectric anisotropy (together of course with the elastic
properties of the material). From Fig. 2 we can see that in the
center of the wall the structure is approximately a homog-
enously aligned layer, and for the device under consideration
this leads to the central peak in transmission. At some point
within the wall the tilt is such that the effective birefringence
of the layer is equivalent to a full wave plate, whereas away
from the wall the higher tilt leads to a lower birefringence
(and hence higher transmission). In the theoretical modeling
the position within the wall equivalent to the full wave plate
condition leads to zero transmission. However, in the experi-
ment this does not occur because (a) the light is not mono-
chromatic, (b) there is some diffraction/scattering within the
wall, and (c) the light is not collimated (due to the numerical
aperture of the condenser in the polarizing microscope used).
Nevertheless, although some details of the behavior are not
reproduced in the model, the overall understanding appears
correct and the results indicate a (magnitude) of the sum of
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FIG. 6. (a) Transmission line scans for a twist wall, where the
wall runs parallel to the alignment direction and sample lines are
perpendicular to the wall. The device is oriented with the alignment
direction at 22.5° to the polarizer. Data are shown with a 1.6 V
r.m.s. ac signal (~ kHz), and positive and negative 1.6 V dc signals
(actually extracted from low frequency square wave data). (b) Mod-
eling line-scan data for an applied 1.6 V r.m.s. ac signal (with struc-
ture as shown in Fig. 3) and applied positive and negative 1.6 V dc
signals (with structures as shown in Fig. 4). The general behavior of
data shown in (a) is well reproduced.

the flexoelectric coefficients of |e;+e;|=8X 10712 C m™.
This value is compatible with values others have obtained for
typical materials [12].

Using a similar approach for the twist wall, but now ori-
enting the device at 22.5° to the crossed polarizers in order to
maximize the changes in transmission intensity with director
reorientation in the plane of the device, results can be ob-
tained as seen in Fig. 6(a). In this case there is little change
in the wall width, but the director reorientation (seen in the
modeling illustrated in Fig. 4) leads to changes in transmis-
sion for points of the image line scan within the wall. As-
suming that the changes in transmission at the center of the
domain wall are entirely due to the twist seen in Fig. 4 it is
possible to estimate induced reorientation of the director
within the plane of the device. Using transmission = sin’*(2y)
where y is the in-plane tilt angle (initially 22.5°) the total
switching range between positive and negative applied fields
is 3.7°. The corresponding predicted transmission behavior is
shown in Fig. 6(b), which shows that the model reproduces
the key effects observed, but again there are features in the
data not reproduced in the model (for the reasons listed
above). In this case the data and theory comparison indicates
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a (magnitude) of the difference between the flexoelectric co-
efficients of |e;—e;|=4.4X 107> C m~!, a value not incon-
sistent with previous studies of standard materials [16]. We
can also use this comparison to estimate the effective pitch at
the center of the domain wall, which is here approximately
14 pm. However, using this together with Eq. (2) does not
allow a good estimate of |e; —es| because of the highly non-
uniform structure of the wall.

It is interesting to note that in regions of the domain wall
which are neither parallel nor perpendicular to the alignment
direction behavior which is dependent on a more complex
combination of ¢, and e; may be expected (i.e., not just on
the sum or difference of the coefficients). It was noted above
that when the domain wall is parallel to the alignment direc-
tion there can still be some response due to e;+es, but this
was a rather subtle effect and the response due to e;—e;
dominated. However, when the domain wall is at an angle to
the alignment direction then it will involve splay-bend dis-
tortion (leading to in-plane field gradients and coefficient
sum behavior) and also twist structure (leading to chiral-
flexo-electro-optic—type coefficient difference behavior). In
these regions the effect dependent on e;—e; appears to be
strongest. So, in what we might term a mixed wall, the
changes in transmission due to reorientation of the twist
structure dominates over the rather subtle change in wall
structure due to field gradient terms. In practice the field
gradient term effect is quite difficult to study experimentally
because it must be observed in the small region where the
wall runs perpendicular to the alignment direction [seen as
the region of extinction of the wall in Fig. 1(b)]. Elsewhere
the field gradient effects are less significant. Therefore al-
though it might be anticipated that e, and e; could be deter-
mined directly (rather than just the combinations e;+e3 or
e;—e3) by observing and carefully analyzing the domain wall
behavior in a region where it is at an oblique angle to the
alignment direction in practice this is rather too difficult to
achieve.

V. CONCLUSION

The effects discussed here show the influence of flexo-
electric coupling on the structure of a domain wall in a nem-
atic liquid crystal device undergoing a Freedericksz transi-
tion. The region of the wall running parallel to the alignment
direction has a predominantly twist structure, and a response
similar to that in the chiral-flexo-electro-optic effect is seen.
This leads to in-plane rotation and depends on the flexoelec-
tric coefficient difference (e;—e3). Where the wall runs per-
pendicular to the alignment direction the splay-bend struc-
ture leads to electric field gradients in the plane of the
director. Behavior is then dependent on the coefficient sum
(e, +e3). In principle, these results can be combined to make
independent measurements of e; and es, although the mea-
surement accuracy may not be high. It is also possible to
determine the signs of these terms provided it is know which
tilt states are either side of the wall being observed (i.e.,
which tilt state is inside and which tilt state is outside of the
domain). Although not done here, this should be possible by
using off-axis illumination.
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In the future, work will be extended to undertake more
detailed experiments, using monochromatic collimated light
to ensure that images obtained can be compared directly with
predications. In addition, a more careful analysis will be un-
dertaken using finite-difference time-domain and/or beam
propagation methods to model the optical properties of the
domain walls.

APPENDIX

In the main text the bulk energy density is expressed by
Eq. (5):

1
f= E{Ku(v “N)?+ Kn(n-V X Nn)2+Kz3(n X VX n)?}
! 2
- EAffo(n “E)* = Ppexo - E.

For the two-dimensional system under consideration here the
terms within this energy density equation can be expressed
as

2
(V~n)2=<%+%) ,
ox Jz
on, on,\?
n-VXn2:<—n—l+n—2> s
( ) ) < ox

on an, \? on an,\?
(N XV X n)2=n§<—x——z> +<nx_z+n —X>
"\ 07 ox X :

on, Jn, A% Vv
Pﬂexo'Ez_el +—— )\t
ax Jz

A% on on on
“\dx\ "\ dz ox ox

k% ( on, ( on, dn, ) ) )
+—\-ny7—-n|\—-—" .
Jz 79z dz  Jx

In the main text the internal field is defined by Poisson’s Eq.
(7):
V(- €€V V+Pge) =0,

€=¢€;=€,5;+Aenn;.

The two terms within the divergence operator can of course
be separated to make

-6V - (eVV)+V . Pgn=0.
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For the two-dimensional system under consideration these
terms can then be written as

an, IV , PV n, vV
V- (eVV)=2Aen,——+ (€, +Aen))— +Ae—n,—
= ox ox ox ox

on,dVv on, IV
+ Aen, ——+Ae—n —+ Aen
Y ox 9z dz " ox

on, v azv
+2Aen ——+(ei+A6n)
dz 0z

an IV
Y dz dx

+2Aen.n,——,
oxdz
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(aznx #n, )

v.p (&nx anz> on,
. =e | —+—|—+ + n
lexo ™%\ ox a9z /) ax  \ox*  oxaz) *
on on,\on &Pn &Pn
+(—x+—z)—z+(—x + 2Z>nz
ox dz ) dz dxdz 0Jz ’
on,( dn, dn, +n, &an
+e\ —\———|+n; -5
Jx \ dz ox oxdz ox

B L

-n
x Y ox? Z "y 7%

d
r?nx( on, odn, ) ( r7znx &znz )
gz \ 9z Ix 02 oxdz))
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