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Numerous experimental and computational studies have been carried out in recent years to understand the
mechanisms governing the compaction of granular systems. Here the problem is further investigated from a
different perspective. We compact spheres by a vibrational annealing method and show how the interactions
between them and the walls determine the final structure. Dry spheres self-assemble only in body-centered-
tetragonal structures, while cohesive ones surpass such density and reach the most compact face-centered-cubic
phase. We argue that such polymorphism is due to a molecularlike behavior induced by a compensation
mechanism between free and vibrational energies.
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I. INTRODUCTION

Granular systems are normally found in disordered states
and in repose. The two conditions are related: grains are
non-Brownian particles and therefore, under the influence of
gravity, they find mechanical equilibrium at random configu-
rations. However, such random structures relax into many
others when they are slightly perturbed, following a dynamic
behavior characterized by hierarchical relaxation phenomena
with different time scales �1–3�. Over the last five decades,
the scientific efforts aimed at understanding the mechanisms
behind granular relaxation have been enormous. We know
today, for instance, that vibrated spherical grains compact in
random-close-packed �rcp� configurations �4�, that they reach
such phases in a logarithmic fashion �5�, that their compac-
tivity drops when the volume fraction increases �6�, and that
aggregates of face-adjacent tetrahedra are the essential fea-
ture of dense disordered packings �7�. We know as well that
granular assembling may occur under special vibration or
shearing conditions �8–11�. But, despite the accumulated
knowledge, granular relaxation is still a conundrum.

In order to clarify our understanding on this subject, we
must look into related phenomena occurring at other scales.
In microscopic systems, for example, molecular packing has
a very well-established grammar �12�, which is based on a
simple but powerful relationship: G=E−TS. This expression
determines how entropy �S� and enthalpy �E�, at a given
temperature T, compete to determine the free energy �G� of
the system. An equivalent relationship is A=U−TS, where A
is the Helmholtz free energy and U the internal energy of the
system. We use one or the other depending on whether the
pressure or temperature is constant.

The balance between entropy and enthalpy �or internal
energy� plays a fundamental role in the thermodynamic be-
havior of physical, chemical, and biological systems
�13–15�. The mechanism is simple �15�: when the well of the
interaction potential between the constituents of the system
is deep �i.e., when the intermolecular attraction is strong�,
vibrational entropy is hindered and the free energy increases.

However, when the attraction is weak, entropy prevails.
This conceptual framework has also been used in mesos-

copic systems. After years of debate, it has been finally un-
derstood why a colloidal hard-sphere suspension, where par-
ticles do not interact and therefore enthalpy �or internal
energy� is zero, crystallizes. The rationale is the following
�16–18�: when a suspension is prepared at high concentra-
tions, particles are geometrically arrested and barely move
�vibrational entropy is zero�; however, there is a tendency for
the system to optimize G and the only way to do this is by
increasing the entropy. Enthalpy is nonexistent because hard
spheres do not interact, yet crystallization occurs due to the
increase of entropy �when the system crystallizes, particles
are now free to erratically oscillate around their equilibrium
positions�.

Can we extend these ideas to understand the self-
assembly of granular systems? This is the question we would
like to answer here. We have recently carried out experi-
ments on granular crystallization and reported our findings in
two previous contributions �9,10�. In the following we give a
brief account of such results.

We have shown that hexagonal-close-packed �hcp� struc-
tures can be obtained by an epitaxial technique in triangular
confinement �9�. In this technique, particles are incorporated
while the system vibrates, and self-assembly occurs layer by
layer in a sequence of planes ABABA. . ., according to the
standard description of close-packed polytypes. Face-
centered-cubic �fcc� structures are not commensurable in
such confinements and for this reason their growth is geo-
metrically forbidden �the same happens with hcp structures
in square boxes�. Thus, in order to self-assemble fcc struc-
tures by this epitaxial technique, we must look for the right
confinement. What happens, however, in closed systems �i.e.,
when all the particles are already inside the container�? Is it
possible to transit from a disordered to an ordered phase? To
answer this question some previous works have been carried
out �8,10,11�. We have reported, for instance, that self-
assembly in closed systems is possible if vibrational anneal-
ing �VA� is used �10�. The method consists in shaking the
granular assembly with a sinusoidal vibration; where the fre-
quency � �amplitude A� is continuously increased �de-
creased� in such a way that the dimensionless acceleration
�=A�2���2 /g remains constant. At the beginning of the vi-*cruiz@mda.cinvestav.mx
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bration, when the amplitude is large and the frequency small,
most of the assembly is a dense gas. Slowly, the assembly
becomes a fluidlike system where the beads reduce their ve-
locity but still move all around the container. Finally, at high
frequencies and small amplitudes, the system is a solid
where beads only vibrate around their equilibrium positions.
At this stage fractures are annealed away and a perfect crys-
tal forms. In Fig. 1 we depict the mentioned evolution �the
solid line is the hyperbola A vs � with �=3�. Using this
technique, we have discovered that dry beads in rectangular
confinements self-assemble in body-centered-tetragonal �bct�
structures, while cohesive beads form fcc crystals �10�.

In this contribution, we advance our understanding in this
matter, claiming that a mechanism analogous to the entropy-
enthalpy compensation principle �used in microscopic sys-
tems �15�� might be at the source of the observed granular
polymorphism. Experiments are carried out, and the results
thoroughly discussed, to sustain this idea.

II. EXPERIMENTAL DETAILS

The experimental setup is a vertical shaking system
driven by a function generator �HP-33120A�, an amplifier,
and a controlling computer. The initial conditions of the an-
nealing �amplitude and frequency�, and the rate of the cool-
ing program, are given to the computer at the beginning of
the process. As long as the annealing rate is not too fast to
quench the system in a disordered structure, this rate is not
crucial. Rectangular plexiglass cells �the dimensions of
which go from 2.54 to 12 cm per side and 20 cm in height�

are used in the experiments. Other experimental details of
this work are given throughout the paper.

III. GRANULAR POLYMORPHISM

Our first experiment aims to reproduce the results re-
ported in �10� in a different fashion. It deals with the simul-
taneous assembling of spherical beads in a container with
two identical vessels. Figure 2�a� shows these vessels
charged with monodisperse ball bearings �equal quantities in
each one�. After an annealing similar to the one depicted in
Fig. 1, bct structures are formed in each one of the compart-
ments �Fig. 2�b��. Both of them have a width of five primi-
tive cells, and the planes parallel to the walls are hexagonal.
This type of structure leaves channels along the vertical axis
�it is translucent along this direction� and therefore it is not
optimally compacted. The packing fraction of an infinite bct
structure is 0.69, which is smaller than 0.74, the highest
packing fraction corresponding to the fcc structure.

Repeating exactly the same annealing process, but previ-
ously adding to the left vessel several drops of oil �19�, we
obtain two different phases: fcc and bct �see Fig. 2�c��. The
assemblies are simultaneously annealed in the same vibration
conditions, yet they self-organize differently. The fcc struc-
ture has a width of six primitive cells, and the plane parallel
to the page is the �100� plane. The higher compaction of the
fcc structure is clearly observed if we compare the height of
both phases in Fig. 2�c�. Finally, if we add oil to the right
vessel, two fcc structures are obtained �see Fig. 2�d��.

The above sequence clearly shows that the addition of oil
triggers the transition from bct to fcc arrays. Three important
aspects should be mentioned before we try to explain the
origin of this transition. First, the oil added to the assemblies
is uniformly distributed through all the beads by shaking the
cell for a few minutes at a large � before the annealing is
started. Second, while the exact amount of oil required to
form the fcc cohesive structures is not crucial, if the system

FIG. 1. The vibrational annealing method. It consists in a pro-
grammed sinusoidal vibration given by a hyperbolic function at
constant �. At large amplitudes �and low frequencies� the system is
a steady-state dense gas. Thereafter, at intermediate values of am-
plitudes and frequencies, the system becomes a fluid where convec-
tion is clearly observed. Finally, at small amplitudes �high frequen-
cies� the system is a vibrating solid, where fractures are annealed
away to form a single crystal. The time scale is only illustrative; it
gives an idea of the usual cooling rate to achieve crystallization. As
long as the three phases described above are observed, other cool-
ing rates give similar results.

FIG. 2. �Color online� Monodisperse beads in a double con-
tainer. There are 1100 ball bearings �1.56 mm diameter� in each
vessel. �a� Randomly packed in each vessel; �b� after the vibrational
annealing, bct in both vessels; �c� 20 �l of oil, with viscosity 1 cP,
were added to the left vessel before the annealing process. The
cohesion produced by the oil triggers the formation of a fcc struc-
ture. In the right vessel the spheres are dry and the bct structure
forms again. �d� 20 �l of oil, with viscosity 1 cP, were added to the
right vessel before the annealing process. Now the spheres are wet
in both vessels and fcc lattices are formed.
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becomes saturated with too much, fcc structures are never
formed. In Fig. 3 we show a structure, previous to saturation,
where both bct and fcc phases coexist. Third, the polymor-
phism observed in the double container occurs thanks to the
fortunate fact that the cross section of the vessels can be
commensurate with both structures. This happens when
Nbct

�3�Nfcc
�2, where Nx is the number of complete cells

�bct or fcc�. The reader can verify that this is satisfied for
the following cases: �Nbct ,Nfcc�= �5,6� , �9,11� , �14,17� ,
�18,22� , �27,33� , . . ..

IV. GRANULAR COHESION

It is well known that granulates change their mechanical
properties when a small amount of liquid is added to them
�20�. Liquid bridges between particles give place to capillary
forces and, therefore, the granulates behave differently. Ex-
perience shows, for instance, that damp sand is better for
making sandcastles than dry sand �21�. The packing of a
powder is also affected by the addition of a liquid, especially
in those cases where van der Waals forces are small �22�. The
cohesive force between two particles consists of two parts:
the surface tension � acting at the wetting perimeter, and a
term arising from the capillary pressure in the liquid �23,24�.
The expression for this force is �25�:

F = ���r2�r1 + r2�/r1� , �1�

where r1 and r2 are: r��1+h�sec �−1� and r�1+ �1+h�tan �
− �1+h�sec ��, respectively, with h=s /2r, s the separation
distance, r the radius of the spheres, and � the angle the
meniscus makes with the surface of the bead �see inset in
Fig. 4�. In the literature on cohesive systems one normally
finds plots of F vs � with s constant, or F vs s at constant �;
the solid and dashed lines, respectively, in Fig. 4. But in
practice, if we want to reproduce such plots in the laboratory
with real data, we will need the continuous addition of the
cohesive liquid. Indeed, if s varies, liquid has to be added in
order to keep the meniscus with the same shape �constant ��;
if, instead, � varies, liquid has to be added in order to keep s
constant. In our experiments, however, neither s nor � is
constant, since liquid is not incorporated once the assemblies
start the process of annealing.

We can evaluate the cohesive interaction in our assem-
blies by measuring the force between two isolated beads, as
a function of s; see Fig. 5. This force is representative of the

pairwise force acting on each particle during the annealing
experiments. We observe that the force increases monotoni-
cally with s. In order to fit the data, we use the cohesive force
given by Eq. �1�, assuming a linear relationship between �
and s �see the lower inset in Fig. 5�. The value found for � is
in good agreement with the surface tension of the oil used in
the experiments �28 dyn/cm�. In Fig. 5 we also depict the
hard-wall interaction between spheres when s=0.

FIG. 3. �Color online� Cohesion is poor because the system is
close to oil saturation. Therefore, bct and fcc phases coexist.

FIG. 4. Force between two cohesive spheres. The solid line is F
vs �, keeping s constant. The dashed line is F vs s, keeping �
constant. The cohesive bridge between the spheres is schematically
depicted in the inset.

FIG. 5. �Color online� Experimental values for the cohesive
force between two spheres �diameter 1.56 mm� as a function of s.
The force was measured with an analytical balance and a microme-
ter. The continuous line is the best fit using the expression given by
Eq. �1� �� is considered to change linearly with s, lower inset�. The
dashed line is the best fit using a constant value of �. The vertical
line is the repulsive force during collisions. Two dry and cohesive
touching spheres �upper inset�, where the oil bridge is observed
with a microscope. The thickness of the oil layer covering the co-
hesive spheres is around 10 �m. The surface tension is 28 dyn/cm.
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V. FREE AND VIBRATIONAL ENERGIES

In general terms, the internal energy of a microscopic sys-
tem is the sum of two contributions. The first contribution Ef
accounts for the free energy of the system and is able to do
work; the second, Ev, is associated with entropy and unable
to do work. Due to the impossibility of reaching absolute
zero temperature, a microscopic system will always have
both energies. A granular system, however, is usually in “ab-
solute” repose �at �=0�, and its internal energy is equal to its
free energy �gravitational, cohesive, or repulsive if the par-
ticles are charged�. But if the system is vibrated, energy ap-
pears in the form of kinetic energy due to particle vibrations
�26�.

Building a theoretical framework to account for nonfree
energies, relating these to entropy, and understanding the
trade-off between free and nonfree energies in granular sys-
tems is beyond the aim of this paper. Nevertheless, the fol-
lowing experiments do support the idea that this mechanism
exists, and here we aim to advance our understanding of this
issue.

A. Dry assemblies

We vibrate two dry assemblies: rcp �before annealing� and
bct �after annealing�. These are vibrated at the same condi-
tions, using a sinusoidal vertical vibration. The frequency
and amplitude of the vibration are 100 Hz and 60 �m, re-
spectively �corresponding to �=2.4�. At these vibrating con-
ditions, both structures are mechanically stable, meaning that
no macroscopic bead rearrangements are observed. The only
effect produced by the vibration is that the beads jiggle
around their equilibrium positions, and this jiggling produces
bead-bead and bead-wall collisions. The experiment consists
simply in measuring, using an accelerometer �DeltaTron-BK,
1000 mV/g� attached to one of the walls of the container, the
vibration produced by such collisions. If the vibrating mate-
rial was a consolidated solid �for instance: the spheres of the
assembly were glued together� the signal given by the accel-
erometer would be only the 100 Hz sinusoidal input vibra-
tion. A loose structure, however, will produce high-frequency
noise superimposed on the sinusoidal signal. We find that a
bct structure produces more jiggling than a rcp one �Fig. 6�.
The obvious conclusion is that the rcp structure is hindered
with respect to the bct. This resembles the phenomenon oc-
curring in hard-sphere suspensions, where due to geometrical
arresting it is seen that a crystal has more vibrations than the
glassy phase �16�.

More experimental evidence is mounted in this direction:
we filmed the vibrated structures with a high-speed charge-
coupled device �CCD� camera �Photron DRS 512
�512 pixels�. Figure 7 depicts the x-y coordinates for two
given spheres, one in the bct structure and the other in the
rcp �see the insets�, during 500 continuous frames taken at
1500 frames/s. Clearly, the wiggling areas are different. If we
consider that a small wiggling area means vibrational arrest,
it is clear that particles in the rcp structure are more arrested
than particles in the bct crystal. Since the maximum vibra-
tion amplitude in this experiment is very small �60 �m�, the
phase separation observed in strongly vibrated granular sys-

tems �see Fig. 1 or Ref. �27�� is not observed here. Never-
theless, despite the homogeneity in the density of both struc-
tures, we take the precaution of following spheres located at
the same height. In Fig. 8 we show the wiggling area during
the same number of frames but this time averaged over 100
spheres. The results confirm the accelerometer measure-
ments.

The internal energies of the vibrating rcp and bct struc-
tures are

FIG. 6. �Color online� Fourier transforms of the vibration signal
�inset a� produced by two different structures �inset b� when they
are subjected to a sinusoidal vibration of 100 Hz and amplitude
60 �m. The red spectrum corresponds to the rcp and the black one
to a bct phase. Due to jamming, the rcp structure produces less
jiggling. The diameter of the spheres is 1.56 mm.

FIG. 7. �Color online� x-y coordinates of one sphere in the bct
�dots� and rcp �triangles� structures, when they are subjected to
vibration. The positions were taken using a fast camera at 1500 fps,
but only 500 frames were used to obtain the coordinates. It is clear
that the jiggling room for the rcp sphere is less than the one for the
bct. The diameter of the spheres is 1.56 mm, equivalent to 29
pixels.
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Urcp = �
i

mghi
rcp + Ev

rcp �2�

and

Ubct = �
i

mghi
bct + Ev

bct, �3�

where the first and second terms in both equations are the
gravitational and vibrational energies, respectively, hi

rcp and
hi

bct the heights of the beads in the rcp and bct packings
measured with respect to the bottom of the container, and m
their mass. The difference in internal energies is

	Ubct-rcp = �
i

mg�hi
bct − hi

rcp� + 	Ev
bct-rcp. �4�

B. Cohesive assemblies

Figure 9 shows the vibrational response of the bct �dry�
and fcc �cohesive� structures. Clearly, the fcc structure vi-
brates almost like a consolidated solid �its response is quite
sinusoidal�, while the bct structure behaves like a loose ma-
terial �its response is noisy�.

The internal energy for the fcc cohesive vibrating packing
is

Ufcc = Ec
fcc + �

i

mghi
fcc + Ev

fcc, �5�

where Ec
fcc is the cohesive energy of the structure, given by

� j�Fcds �the sum is taken over all contacts�, and Ev
fcc is the

vibrational energy. The difference between bct and fcc inter-
nal energies is

	Ubct-fcc = 	Ec
bct-fcc + �

i

mg�hi
bct − hi

fcc� + 	Ev
bct-fcc, �6�

where Ec
bct is zero and Ec

fcc is a negative number.
Equation �6� can be written as 	H=	U−	Ev, where 	H

is the free energy difference. This equation is similar to the

equation used in thermal systems, 	H=	U−T	S, where 	H
is the Helmholtz free energy difference and 	S the change in
entropy �at constant temperature�.

Figure 10 summarizes what we have described above for
dry and cohesive structures. From a dry bct to a cohesive fcc
structure, the response of the accelerometer is shown when
the structures are vibrated at 100 Hz and 60 �m of ampli-
tude. The greater the high-frequency signal on top of the
sinusoidal wave, the less consolidated is the assembly.

FIG. 8. Average jiggling area calculated for 100 spheres over
500 frames. The bct-dry structure gives the largest area and the
fcc-cohesive structure the least. The size of the points indicates the
error bars.

FIG. 9. �Color online� Fourier transforms of the vibration signal
�inset a� produced by two different structures �inset b� when they
are subjected to a sinusoidal vibration of 100 Hz and amplitude
60 �m. The red spectrum corresponds to the fcc cohesive and the
black one to a bct structure. Due to the cohesive attractive force
between the beads, the vibration signal for the fcc structure is lower.
The diameter of the spheres is 1.56 mm.

FIG. 10. Different structures: �a� bct-dry, �b� rcp-dry, �c� bct-
cohesive, and �d� fcc-cohesive, vibrated at 100 Hz. An external
accelerometer �mounted onto one of the walls of the container�
captures the sum of the sinusoidal input signal of the vibration and
the high-frequency contribution due to the jiggling of the beads.
The larger this latter signal, the less consolidated is the assembly.
Signal �e� is only for reference proposes; it corresponds to a fully
consolidated structure.

SELF-ASSEMBLING OF DRY AND COHESIVE NON-… PHYSICAL REVIEW E 78, 011302 �2008�

011302-5



VI. PHASE TRANSITION

In the following final experiment we crystallize the fcc
cohesive granular assembly shown at the bottom of Fig. 11.
As shown in the figure, we do this by using the lower an-
nealing curve �circles�. Here, cohesion is needed to make the
granular assembly organize into a fcc structure. However, if
this structure is reannealed at a greater � �upper curve with
triangles�, the process renders a different phase: a bct crystal.
It is remarkable that this phase transition occurs only by
increasing the strength of the vibration. When there is no
cohesion �the beads are dry�, regardless of the value of � the
annealing forms a bct crystal; but if cohesion is present, the
system self-assembles into a fcc or a bct �for a greater ��
structure. In other words, when the system is dry its energy
landscape has only one global minimum �the bct phase�, but
it has two �bct and fcc� when there is cohesion. In order to go
from one phase to the other there is a barrier to cross, and
this is achieved by increasing the value of �.

This observation is crucial. The bct-fcc phase transition
implies that the vibration energy, which is proportional to �,
competes with the cohesive energy of the system. The result
resembles what occurs in van der Waals systems, where tem-
perature plays a thermodynamic role only because attractive
energy is present. When the free energy is only gravitational
�dry assemblies�, the system is athermal, and � is only a
control parameter.

As long as the particles are not too small �10�, our results
do not depend on the size and type of beads. It is important
to remark as well that glass beads, which have a different
restitution coefficient, render similar results to metallic
beads. Furthermore, it might be argued that oil reduces the
friction between beads and this could induce the self-
assembling into fcc structures. However, graphite powder
was used to reduce this friction and no fcc crystallization was
observed �10�. Very recently we have also obtained fcc lat-
tices if, instead of capillary cohesion, magnetic cohesion is

used �28�, confirming the fact that friction is not an important
issue. Changes in the dissipation due to viscosity may play a
role in the transition, but we believe that the underlying
mechanism driving the transition is the change in free energy
due to cohesion.

In Fig. 12 we show a collection of different crystals. As
long as an integer number of primitive cells fit commensu-
rably inside a container, bct crystals of dry beads might be
formed of any size. The same is valid for cohesive fcc crys-
tals. The condition to grow bct and fcc crystals indiscrimi-
nately in the same container �as in Fig. 2� is satisfied only
when these two integer numbers coincide within some toler-
ance �as discussed above�. Figure 12�j� depicts a fcc crystal,
where a cut has been done in order to show the �111� plane.
This confirms that the crystals shown here are perfect arrays.
Only one bead out of its position will make the structures
clearly imperfect.

VII. CONCLUSIONS

We have studied the self-assembling of spherical beads by
vibrational annealing and observed that dry beads form bct
crystals. When oil �or water� is added to the system, the
spheres subjected exactly to the same vibration protocol
crystallize into fcc structures. We conclude that a trade-off
between free �gravitational and cohesive� and nonfree �vibra-
tional� energies takes place to reduce the free volume of the
assemblies. Furthermore, when there is cohesion, the phase
of the crystals can be selected by the strength of the anneal-
ing ���. In recent work, we observed that magnetic cohesion
also induces self-organization into fcc structures, confirming
our claim that cohesion is the true agent triggering fcc self-
assembling �28�.

FIG. 11. �Color online� Two annealing processes at a different
vibration strength �. The lower annealing �circles� was used to form
the fcc crystal. If this is melted and recrystallized at a larger �
�triangles�, a different phase �bct� forms. The diameter of the
spheres is 1.56 mm.

FIG. 12. �Color online� A collection of granular crystals of dif-
ferent sizes. �a� bct with 9 cells and �b� fcc with 11. Both have 2910
ball bearings of diameter 3.1 mm. �c� bct with 9 cells and �d� fcc
with 11; both with 5026 ball bearings of diameter 1.56 mm. �e� fcc
with 15 cells and 5291 ball bearings of diameter 1.56 mm. �f� fcc
with 20 cells and 8405 ball bearings with diameter 1.56 mm. �g� fcc
with 9 cells of 1243 glass spherical beads of diameter 4mm. �h� fcc
with 5 cells with 666 ball bearings and �i� fcc with 7 cells and 1688
ball bearings, both having beads of the same diameter, 1.56 mm. �j�
the �111� plane of the fcc crystal depicted in �d�. �k� the unit cell of
the fcc structure. This, made of ball bearings, is embedded in a fcc
structure of glass beads. In order to observe it, glycerol is added to
the container to match the refraction index of the glass beads. �l�
Front view of the bct unit cell. �m� Top view of the bct unit cell.
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Future work aims to simulate, by molecular dynamics, the
self-assembling of the systems studied in this work. Evalua-
tion of vibrational energies could help us to determine inter-
nal energies �Eqs. �2�, �3�, and �5�� and relate them to vibra-
tional entropy changes. We hope that our results and
conjectures may capture the interest of people working in
statistical physics and granular materials.
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