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We describe an efficient technique for measuring the effective interaction potential for pairs of colloidal
particles. The particles to be tested are confined in an extended optical trap, also known as a line tweezer, that
is projected with the holographic optical trapping technique. Their diffusion along the line reflects not only
their intrinsic interactions with each other, but also the influence of the line’s potential energy landscape and
interparticle interactions mediated by scattered light. We demonstrate that measurements of the particles’
trajectories at just two laser powers can be used to correct explicitly for optically induced forces and that
statistically optimal analysis for optically induced forces yields autocalibrated measurements of the particles’
intrinsic interactions with remarkably few statistically independent measurements of the particles’ separation.

DOI: 10.1103/PhysRevE.77.051401 PACS number�s�: 82.70.Dd, 87.80.Cc, 42.40.Jv, 05.40.Jc

Colloidal interactions tend to be diminutive, often no
greater than a few femtonewtons, and typically are masked
by vigorous Brownian motion. Nevertheless, they govern the
microscopic stability and macroscopic properties of colloidal
dispersions. Monitoring these interactions therefore is useful
for understanding and controlling the many natural and in-
dustrial processes governed by colloidal dynamics.

This paper introduces an efficient and accurate method for
measuring the interactions between a pair of colloidal par-
ticles that minimizes the measurement duration by optimiz-
ing the use of data. Combining optical micromanipulation
�1�, digital video microscopy �2–5�, and a new analytical
scheme based on adaptive kernel density estimation �6�, this
method requires just a few thousand measurements of the
interparticle separation to characterize the pair potential of
micrometer-scale particles in water. It also avoids experi-
mental artifacts identified in previous studies of colloidal in-
teractions and automatically separates the measured pair po-
tential into intrinsic and optically induced contributions.

Section I reviews methods for measuring colloidal inter-
actions with an emphasis on the practical considerations that
have limited their widespread adoption. This section also
highlights some of the benefits and challenges of confining
colloidal particles to one dimension using extended optical
traps known as line tweezers. Section II briefly describes our
holographic implementation of line traps, which have been
described in detail elsewhere �1,7�. The principal contribu-
tions of this paper are presented in Sec. III, which addresses
the statistical mechanics of interacting colloidal particles on
a line trap. This discussion develops a statistically optimal
analysis of trapped particles’ trajectories that yields accurate
results for the pair potential with exceedingly small data sets.
We apply these methods to a well-studied model system in
Sec. IV to demonstrate that just 4000 statistically indepen-
dent samples of two particles’ trajectories can suffice to mea-
sure their pair potential to within �0.5kBT.

I. MEASURING COLLOIDAL INTERACTIONS

Most methods for measuring colloidal interactions use
digital video microscopy �2,4,8� to track particles’ motions.
They differ in how the particles are handled during the mea-
surement and in how the pair potential is recovered from the
measured trajectories. For instance, colloids’ interactions can
be inferred from the pair distribution function of dispersions
in equilibrium. Imaging measurements of the distribution
function �9–11� involve large numbers of particles with suf-
ficiently uniform properties that interpreting the many-
particle statistics in terms of an effective pair potential is
meaningful. This approach is limited, therefore, to measuring
interactions among identical particles and cannot be applied
to heterogeneous samples. Acquiring sufficient statistics to
measure interactions at small separations requires large data
sets and long experimental runs �3�. Maintaining sufficiently
uniform conditions over the courses of such a measurement
can be challenging �12,13�. Increasing the particles’ concen-
tration to obtain results more quickly introduces many-body
correlations that can obscure the pair potential �14,15�. Even
imaging an equilibrium dispersion poses challenges because
high-resolution microscopes have a limited depth of field
�16,17�, three-dimensional imaging techniques can be too
slow to acquire snapshots of the particle distributions, and
confining the particles to a plane can modify their interac-
tions �5,18,19�. The images themselves can be subject to
artifacts, identified in Ref. �4�, that must be addressed with
care to obtain meaningful results �4,5�.

Many of the limitations and much of the time and diffi-
culty involved in equilibrium interaction measurements can
be avoided by using optical tweezers �20� to arrange pairs
�21� or clusters �15� of particles into appropriate configura-
tions. Colloidal interaction measurements based on optical
tweezer manipulation generally fall into two categories: mea-
surements performed with intermittent or blinking traps, and
those performed with continuously illuminated traps. In the
former case, particles positioned by optical tweezers are re-
leased by extinguishing the traps �18,21–23� and the result-
ing nonequilibrium trajectories can be analyzed with a
Fokker-Planck formalism �21,23� to yield the equilibrium
pair potential. This approach has the benefit that the par-
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ticles’ interactions are measured while the tweezers are ex-
tinguished, ensuring that the results are not contaminated by
light-induced phenomena �21�. It also lends itself to mea-
surements of dissimilar particle pairs �18�. “Blinking twee-
zer” measurements also require large data sets, however, and
only work if the relaxation to equilibrium is free from kine-
matic effects, such as hydrodynamic coupling �24–27�. Dem-
onstrating the absence of such artifacts is difficult.

Both long sampling times and nonequilibrium effects can
be avoided by tracking the motions of particles trapped in
optical tweezers. Accurate measurements of dynamic inter-
actions, such as hydrodynamic coupling, can be extracted
from observations of the coupled diffusion of particles indi-
vidually trapped in optical tweezers �28,29�. Fast pair poten-
tial measurements can be realized by replacing the discrete
optical tweezers with extended optical line traps �1,30–36�,
which allow trapped objects freedom of motion in one di-
mension. Appropriately sculpting the trap’s one-dimensional
force landscape optimizes statistical sampling �35�. Previous
reports of line-trap interaction measurements have relied on
separate calibrations of the lines’ longitudinal potential en-
ergy landscape �37�, and have accounted for light-induced
interactions by extrapolating measurements at multiple laser
powers to obtain the zero-power limit �34,35,38�. These cali-
brations and background measurements can be time-
consuming and exacting, particularly if optical forces cannot
be described simply, or if measuring optically induced inter-
actions is one of the goals.

Using holographic methods to project line traps �1,7,39�
and optimal statistical methods �6� to analyze the particles’
trajectories addresses all of these issues. In particular, this
combination eliminates the need for single-particle calibra-
tions altogether and explicitly distinguishes particles’ intrin-
sic interactions from one- and two-particle optically induced
interactions. The result is a reliable, robust and, above all,
rapid method for measuring colloidal interactions.

II. HOLOGRAPHIC LINE TRAPS

We project extended line tweezers using shape-phase ho-
lography �1� in the optimized �40� holographic optical trap-
ping configuration �41,42�. Our system is built around an
inverted optical microscope �Nikon TE2000U� with a 100
� oil-immersion objective �SPlanApo, NA 1.4�. Light from a
frequency-doubled Nd:YVO4 laser �Coherent Verdi� is im-
printed with phase-only holograms by a liquid crystal spatial
light modulator �Hamamatsu X8267–16� before being
brought to a focus by the objective. The same lens is used to
form bright-field images on a charge coupled device �CCD�
camera �NEC TI 324A II� at a system magnification of 135
nm/pixel. When used to project a shape-phase hologram en-
coding a line trap �1�, this system brings the beam of light to
a diffraction-limited focus as an anastigmatic conical wedge.
The three-dimensional intensity distribution for such a trap is
shown as a volumetric reconstruction �7� in Fig. 1�a�. The
line’s image in the focal plane, shown in Fig. 1�b�, has a
half-width of 200 nm. The axial half-width is roughly three
times larger, which also is consistent with diffraction-limited
focusing. These intensity gradients establish the extended

three-dimensional potential energy well within which colloi-
dal particles can be captured. The image of 1.5 �m diameter
colloidal silica spheres trapped along the line in Fig. 1�c�
demonstrates the trap’s ability to hold particles in three di-
mensions.

The line appears less bright at its ends because it is de-
signed to have a parabolic intensity profile. Shaping the
light’s intensity along the focal line is useful for tuning the
line tweezer’s trapping characteristics �1,39�. Control over
the line’s intensity profile also can be used to mitigate im-
perfections due to aberrations and other defects in the optical
train �43�. The stray light evident in the lower left corner of
Fig. 1�a� results from such practical limitations.

Holographic line traps also can be combined with point-
like holographic optical tweezers to select particular particles
for measurement and to prevent others from intruding.

III. STATISTICAL MECHANICS OF COLLOIDAL
PARTICLES ON A LINE TRAP

The potential energy landscape �v1�x� that a particle ex-
periences at position x along a line trap depends on the la-
ser’s power, �, as well as particle’s properties and the line’s
characteristics. Scattered light also may induce inter-particle
interactions, �v2�x ,y�, that depend on laser power and on the
particles’ positions, x and y, along the line. Contributions to
this light-induced interaction include repulsive radiation
pressure �34,36�, optical binding forces �30,44�, and optically
induced changes in the particles’ intrinsic interactions. It is
reasonable to assume that these optical contributions to the
system’s free energy depend linearly on the laser power, �.
By contrast, the particles’ intrinsic pair potential, u�r�, should
be independent of �. We assume that it depends only on the
center-to-center separation, r= �x−y�.

Once particles are trapped on the line, they diffuse in the
line’s potential energy well with autocorrelation times set by
viscous relaxation �29,40�, which typically is less than 1 s for
micrometer-diameter spheres. This also contrasts with mea-
surements based on many-particle dynamics, which require
long periods of equilibration �3�.

The interacting particles’ dynamics are dominated by ran-
dom thermal fluctuations. Rather than studying their detailed
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FIG. 1. Holographic optical line tweezer. �a� Isosurface enclos-
ing 99% of the projected trap’s intensity obtained from the volu-
metric reconstruction of a projected line trap. �b� Image of a line
trap with a parabolic intensity profile, recorded in the focal plane.
�c� Seven 1.5 �m diameter colloidal silica spheres dispersed in
water and trapped along the line in three dimensions.
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trajectories, therefore, we measure the joint probability
P2�x ,y ;��dxdy to find one particle within distance dx of x
and the other within dy of y. At equilibrium, this is related to
the total potential energy,

w��x,y� = u�r� + ��v1�x� + v1�y� + v2�x,y�� , �1�

through the Boltzmann distribution

P2�x,y;�� = A� exp�− �w��x,y�� , �2�

where A� is a power-dependent normalization and �−1=kBT
is the thermal energy scale at absolute temperature T. The
joint probability can be measured by analyzing digital im-
ages of the trapped particles �2�, taking care �5� to avoid
imaging artifacts at small separations �4�. Inverting Eq. �2�
then yields the total potential, w��x ,y�.

Extracting the intrinsic interaction, u�r�, from w��x ,y� re-
quires a way to account for the light-induced instrumental
contributions, v1�x� and v2�x ,y�. Two approaches have been
reported. The first �34� extrapolates measurements of
w��x ,y� performed at several laser powers to estimate
lim�→0w��x ,y�=u�r�. The extrapolation is model-dependent,
however, and requires several statistically well-sampled data
sets to produce accurate results.

Alternatively, the single-particle contributions to w��x ,y�
can be calibrated by tracking a single particle’s diffusion
along the line before adding the second �37�. The resulting
single-particle probability distribution, P1�x ;��, yields v1�x�
through the Boltzmann distribution. The calibrated single-
particle contributions then can be subtracted from the pair
distribution function to yield an estimate for u�r�. The data
plotted in Fig. 2 were obtained from one-dimensional projec-
tions of the measured single-particle probability distribution,
P1�x ;��. As expected, the line’s longitudinal profile, v1�x�, is
reasonably independent of laser power. These results were
obtained with 2000 statistically independent samples at each
laser power. Substantially more data would be required to
sample the full three-dimensional single-particle distribution,
P1�x ;��. Subtracting ��v1�x�+v1�y�� from w��x ,y� leaves
the optically induced pair interaction uncorrected. Although

some reports find these contributions to be significant
�34,36�, others have found them to be negligibly weak �37�
and have ignored them.

Rather than relying on extrapolations or calibrations to
correct for light-dependent contributions to w��x ,y�, we ex-
plicitly scale them away by combining measurements at two
laser powers, �1 and �2, through the relation

P2
�1/�2�x,y;�2�
P2�x,y;�1�

= exp�− ���1

�2
− 1�u�r�	 . �3�

Adequately sampling the two-dimensional distributions,
P2�x ,y ;��, still would require prohibitively large data sets.
The intrinsic pair potential, however, depends only on the
particles’ separation. We therefore set y=x+r and formally
average Eq. �3� over x and angles in r to obtain

�u�r� =
�2

�2 − �1
ln
� P2

�1/�2�x,x + r;�2�dxd�r

� P2�x,x + r;�1�dxd�r
� . �4�

Equation �4� is useful only if an efficient method can be
found to compute the integrals. Our approach is to treat each
measurement �x j ,y j� of the particles’ positions at time tj as a
discrete sample of the joint probability distribution,
P2�x ,y ;�� at power �. Given N� such measurements, we
compile the nonparametric density estimator �6�,

P̂2�x,x + r;�� =
1

N�

j=1

N�

K�x j − x

h�x j�
	K� y j − x − r

h�y j�
	 , �5�

which should converge to P2�x ,y ;�� as the number of
samples increases. The estimator’s kernel, K�x /h�, is a nor-
malized non-negative integrable function and h�x� is a
smoothing parameter that varies adaptively with the density
of experimentally sampled points. So long as K�x /h� is
smooth and peaked at K�0�, its precise functional form is

found to have little effect on P̂2�x ,y ;�� �6�. Consequently,
we adopt

K�x

h
	 =

1
�2�h

exp�−
x2

2h2	 , �6�

using a width, h, that is adapted to the local density of ex-
perimentally sampled data points. Insufficient broadening
yields needlessly noisy results; excessive broadening ob-
scures features in u�r�. A reasonable estimate for the optimal
adaptive sampling interval can be obtained by iterating

h�x� = � 4

3N�
	1/5�var�P̂2�x,x + r;��� , �7�

where var�P̂2�x ,x+r ;��� is the variance of the joint prob-
ability over the measured values of r.

Using adaptive nonparametric density estimators to com-

pute P̂2�x ,x+r ;�� substantially accelerates convergence,
and therefore minimizes the number of data points required
to obtain a desired accuracy. Whereas the statistical error in
histogram estimators for the projected one-dimensional prob-
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FIG. 2. �Color online� Measured potential energy profile, v1�x�,
for a 1.5 �m diameter silica sphere on a holographic line trap at
three laser powers: �=0.4 W �squares�, 0.6 W �circles�, and 0.8 W
�diamonds�. Data are normalized by � for easier comparison.
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ability density decreases with the number N of data points as
N−1/2, the error for the nonparametric estimator improves as
N−4/5 �45�. The potential, which scales as the logarithm of

P̂2�x ,x+r ;��, therefore also converges as N−4/5.
The integrals in Eq. �4� usually have to be computed nu-

merically. Given their dimensionality and the computational
cost of evaluating the density estimator, Monte Carlo inte-
gration is a natural choice �46�. This approach is inherently
more accurate than computing histograms of the particle po-
sitions because every data point contributes to the estimate
for u�r� without incurring the truncation errors inherent in
binning. Multidimensional histogram estimators, further-
more, involve poorly controlled choices for the size, shape,
placement, and orientation of the bins, all of which can sub-
stantially affect results. None of these considerations arise
for adaptively optimized kernel estimators.

Although the numerical integrals in Eq. �4� are computa-
tionally intensive, they reduce the analysis to a one-
dimensional form and thus greatly reduce the number of data
points required to sample u�r� accurately. Analytically fac-
toring out the light-dependent interactions eliminates the
need to calibrate the line-tweezer’s potential energy well and
greatly relaxes constraints on its functional form. In particu-
lar, we do not have to ensure that the trap implements a
specific force profile such as a harmonic well. Instead, we
require only that the particles can move along the line and
that they sample interparticle separations over a specified
range of interest. Colloidal interaction measurements based
on Eqs. �4� and �5� are thus both optimally parsimonious
with data and autocalibrating.

IV. EXPERIMENTAL DEMONSTRATION

We demonstrate our procedure by measuring the well-
understood electrostatic interactions between micrometer-
scale charge-stabilized colloidal silica spheres dispersed in
deionized water. In this case, the electrostatic pair potential
for two spheres of radius a each carrying effective charge Z�

�18,47,48� has the form �49�

�u�r� = Z�2�B
exp�2	a�
�1 + 	a�2

exp�− 	r�
r

, �8�

where �B=e2 / �4�
kBT� is the Bjerrum length in a medium
of dielectric constant 
, and 	−1 is the Debye-Hückel screen-
ing length, given by 	2=4��Bn in a concentration n of
monovalent ions. Previous measurements �2,16,18,21� have
confirmed that Eq. �8� accurately describes the interactions
between pairs of highly charged colloidal spheres provided
they are kept far enough away from charged surfaces
�5,12,13,18,19� or other spheres �14,15�.

We performed measurements on two silica spheres of
nominal diameter 1.53 �m �Bangs Laboratories 5303� dis-
persed in a 40 �m thick layer of water between a glass
microscope slide and a No. 1.5 cover slip. Holographic char-
acterization �50� reveals the mean diameter of the spheres in
this sample to be �=2a=1.45�0.07 �m. The edges of the
coverslip were sealed to the surface of the slide with Norland
Type 63 UV-cured adhesive to prevent evaporation. The

glass surfaces were cleaned by oxygen plasma etching before
assembly.

A holographic line trap L=8 �m long was focused near
the midplane of the sample volume far enough from the
bounding surfaces to minimize their influence on the
spheres’ interactions. The line was designed to come to best
focus uniformly in the microscope’s focal plane, to have uni-
form phase along its length, and a Gaussian intensity profile
�1�. Figure 2 shows the measured potential energy profile,
which differs from the design by roughly 20%. Such varia-
tions would pose challenges if an accurate profile was re-
quired for our analysis. Because none of the spurious local
potential energy wells is deep enough to trap a particle
against thermal forces, however, deviations from the de-
signed profile do not affect our measurement.

The curvature of the line’s potential energy well was ad-
justed to bring the particles into proximity while still allow-
ing them freedom of motion. Three 0.5 h data sets were
obtained at laser powers of �=0.4, 0.6, and 0.8 W. The over-
all efficiency of our optical train is roughly 5%, taking into
account the theoretical efficiency of the line-forming shape-
phase hologram �1�. The total power projected onto each
sphere at the highest power is of the order of 3 mW, which is
comparable to conditions in conventional pointlike optical
tweezers.

Thermal forces cause particles to wander away from the
projected line. Although transverse in-plane root-mean-
square �rms� fluctuations were no larger than 100 nm near
the center of the line trap, and grew to no more than 200 nm
at the ends, axial rms fluctuations were as large as 200 nm
near the center and larger than 500 nm at the comparatively
dim ends of the line. Equation �4� can be generalized to
incorporate averages over the extra dimensions, with the ap-
propriate redefinition of the interparticle separation r. The
additional computational effort and substantial additional
data required for multidimensional integrals would be bur-
densome, however. Instead, we pruned the data set to include
only those measurements with single-particle axial excur-
sions smaller than 200 nm. After this, just 2000 statistically
independent measurements of the particles’ positions were
retained for each laser power, roughly 4% of the total num-
ber of frames acquired.

In future studies, off-line excursions can be minimized by
using uniformly bright line traps whose force profiles are
tailored with phase gradients �39�. This would greatly in-
crease data retention rate and correspondingly reduce the
measurement time required to acquire adequate statistics.
Still further improvements in accuracy and efficiency could
be obtained with the use of video holographic microscopy
for precise three-dimensional particle tracking �50�. Acquir-
ing data through conventional bright-field imaging on a para-
bolic line trap therefore should be considered a challenging
test of the analytical methods that are the principal contribu-
tions of this work.

The pruned data were analyzed with Eqs. �4�, �5�, and �7�
to obtain estimates for the intrinsic pair potential, which are
plotted as points in Fig. 3. The results, plotted as circles in
Fig. 3, are consistent with an energy resolution of �0.5kBT
over a range of 25kBT and a spatial resolution of �20 nm,
roughly twice the estimated uncertainty in the individual par-
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ticles’ positions. These results were obtained with the 0.6 and
0.8 W data sets. Quantitative agreement was obtained with
other combinations of data sets. The upper range of acces-
sible interaction energies is limited both by statistics and also
by projection errors for particles very near contact.

Because the energy resolution at a given separation scales
roughly linearly with the number of data points acquired at
that separation �45� the time required to attain a desired res-
olution depends on the rate at which particles explore the
available phase space along the line. This, in turn, depends
on the particles’ viscous relaxation time in the longitudinal
trapping potential. By reducing the number of statistically
independent data points required to achieve a given reso-
lution, optimal statistical analysis reduces the number of vis-
cous relaxation times that a measurement requires, and there-
fore can substantially reduce the duration of a measurement.

By making full use of the available data, optimal statisti-
cal analysis also eliminates the need for statistical oversam-
pling to reduce round-off errors encountered in binning and
bandwidth limitations encountered in power spectral analy-
sis. Consequently, the present approach does not benefit par-
ticularly from high-speed data acquisition, and can be imple-
mented with lower-cost equipment.

The inset to Fig. 3 shows the measured colloidal pair
potential plotted for easy comparison with the prediction of
Eq. �8�. The observed linear trend is consistent with the an-
ticipated screened Coulomb repulsion, and thus with previ-
ous measurements on similar colloidal particles under similar
conditions �16,18,21�. The best-fit slope of this plot suggests
a Debye-Hückel screening length of 	−1=32�10 nm which
is consistent with a n=180 �M total concentration of
monovalent ions.

Based on the dissociation of terminal silanol groups with
an estimated surface coverage of 6 nm−2, the silica particles’
effective charge number is anticipated �3� to be no larger
than Z��6500 and is known to be reduced by the presence
of a neighboring sphere. The generalized �18� charge renor-
malization �47� result,

Z� =
e0

kBT

a

�B
�1 + 	a� , �9�

relates the effective charge number to the effective surface
potential, 0. Taking e0=112 meV yields Z�=5500. The
solid curve in Fig. 3 is the prediction of Eq. �8� for these
values.

If we assume that there are no light-induced interactions,
we can use the calibrated line profile to compute u�r� from
P2�x ,x+r ;�� directly. The results are plotted as diamonds in
Fig. 3.

The difference between u�r� computed in this way and
that obtained from Eq. �4� is the one-dimensional projection
of

� P1�x;��P1�x + r;���v2�x,x + r�dxd�r � �v2�r� ,

�10�

which provides at least a rough estimate for the light-induced
interaction between the two spheres. For �=0.4 W, the re-
sult is consistent with a short-ranged exponential repulsion
with a decay length of 80 nm �see Fig. 4�. Such an optically
induced repulsive interaction is consistent with previous
studies of multiple colloidal particles on extended optical
traps �34�. Presumably, light scattered by one sphere im-
pinges on its neighbor and gives rise to radiation pressure. In
this interpretation, the range of the repulsion is set by the
nontrivial angular distribution of the Lorenz-Mie scattered
light �51�.

Peaks in v2�r� might be due to power-dependent changes
in the functional form of v1�x�. Such changes can be seen in
the single-particle potentials in Fig. 2 and might therefore
explain the peaks in the estimate for u�r� at r=1.66 and
1.79 �m in Fig. 3.

Alternatively, structure in v2�r� could arise from interfer-
ence between the two spheres’ scattering patterns. In this
case, the results in Fig. 4 would constitute new experimental
evidence for longitudinal optical binding �30,44�. It should
be emphasized, however, that these features are barely re-
solved over the estimated 1kBT error in v2�r�.

Distinguishing optical binding from power-dependent ar-
tifacts is made difficult in this data set by the line trap’s
parabolic intensity profile. Measurements in uniformly bright
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FIG. 3. �Color online� Measured pair potential for two 1.45 �m
diameter colloidal silica spheres obtain with Eqs. �4�–�7� �circles�
and by subtracting off single-particle optical contributions �dia-
monds�. Inset: data replotted to facilitate comparison with Eq. �8�.
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the measurement.
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FIG. 4. �Color online� Position-averaged light-induced pair po-
tential �v2�r�, at laser power �=0.4 W, estimated from the data in
Fig. 3.
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line traps with phase-gradient longitudinal potential wells are
under way and will be reported elsewhere.

Regardless of the interpretation of v2�r�, ignoring opti-
cally induced pair interactions would lead to subtle system-
atic errors in estimates for the intrinsic pair interaction, u�r�.
In particular, the result for u�r� obtained by applying single-
particle calibrations overestimates the repulsive force at
small separations. The principal consequence for the present
system would be to systematically overestimate the particles’
effective charge number.

The apparent absence of light-induced interactions be-
tween particles trapped on scanned line tweezers �37� may be
ascribed to the smaller size of the silica particles in that
study. Whereas the Mie scattering pattern for 1.5 �m diam-
eter silica spheres at a vacuum wavelength of 532 nm in-
cludes a sizable in-plane component, 1 �m diameter spheres
scatter virtually all light at 488 nm into the forward direction
�50,51�. No optically induced interaction should be expected
unless spheres scatter light toward their neighbors.

The electrostatic interactions between isolated pairs of
colloidal spheres far from surfaces are very well-understood.
The agreement between experiment and theory in this model
system demonstrates that the protocol described above can
be applied with reasonable confidence to systems whose un-
derlying interactions are less well-understood.

V. CONCLUSION

We have described and demonstrated a method for mea-
suring colloidal pair interactions based on particles’ equilib-
rium statistics in an extended optical trap. This method is
self-calibrating in the sense that no a priori information re-

garding the trap’s effective potential energy landscape is re-
quired to measure trapped particles’ interactions. This offers
an advantage in both time and effort over previously de-
scribed methods, which require separate single-particle cali-
brations of the trapping potential.

Our method makes good use of the flexible reconfig-
urability of holographic trap projection through shape-phase
holography. The same analytical technique also can be ap-
plied to line tweezers created with cylindrical lenses, or
through rapid scanning.

Optimizing the transverse stiffness of the trap, particularly
in the axial direction, can substantially improve data reten-
tion efficiency and thereby reduce measurement duration.
The ultimate limit on measurement speed is set, however, by
the particles’ viscous relaxation rate in the line tweezer. This
also can be optimized through holographic control over the
potential energy well’s shape. The use of optimal statistical
analysis then minimizes the number of viscous relaxation
times required for adequate statistical sampling.

Combining optical micromanipulation, digital video mi-
croscopy, and optimal statistical analysis offers an efficient
and effective method to probe colloidal interactions. The
method described here is easily generalized for dissimilar
pairs of particles. Even more appealing is the possibility of
performing multiple simultaneous measurements by project-
ing multiple holographic line traps. This opens up the possi-
bility of using colloidal interaction measurements for process
control and quality assurance testing.
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