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Propagation of a kinematic instability in a liquid layer: Capillary and gravity effects
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In this experimental and theoretical study a single drop impact onto a liquid layer of finite thickness is

investigated. It is focused on the formation, expansion, receding, and merging of a cavity generated by the
impact. The shape of the cavity is observed and the evolution of its diameter is measured at various times after
impact. The drop velocity, the initial film thickness, and the liquid properties are varied in the experiments. The
propagation of the crater diameter in the liquid layer is described theoretically using the kinematic discontinuity
approach. The mass and momentum balance equations of the liquid layer account for the inertial effects,

surface tension, and gravity. A remote asymptotic solution for the temporal evolution of the crater diameter is
obtained. The theoretical predictions agree well with the experimental data.
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I. INTRODUCTION

This study is motivated by a challenging problem of mod-
eling of spray impact onto a rigid wall. Among the applica-
tions of these phenomena are spray coating and painting,
spray cooling, and spray atomization. An example of spray
impact onto a rigid curved substrate is shown in Fig. 1. In
these images the outcome of single drop impacts, the fluctu-
ating liquid wall film, uprising jets and sheets, impacting,
and secondary drops can be seen. The convex shape of the
target is chosen for the convenience of the spray impact ob-
servation since it allows one to capture the shape of the lig-
uid layer generated by spray impact along the target’s gen-
eratrix. Note that such observations are not so convenient in
the case of spray impact onto a flat target since the wall film
fluctuations at different distances from an observer hide each
other.

The spray impact is characterized by the creation of free
sheets bounded by a rim. This rim is often very unstable; it is
disturbed by the wall film fluctuations and drop interactions
on the wall. Rim instability leads to the formation of the
fingerlike jets and generation of secondary drops. The variety
of phenomena encountered during spray impact is described
in [1]. The rim sometimes even detaches from the free liquid
sheet [2] and then breaks up into secondary drops following
the capillary instability [3,4].

Three basic elements of spray impact modeling have to be
considered: single drop impact onto a liquid layer, interaction
of two (or several) drops on the wall, and flow in a liquid
layer. These elements include the understanding of the hy-
drodynamics of the corresponding flows, typical length and
time scales, and mechanisms of instability.

Comprehensive reviews of single drop studies can be
found in [5-7]. The collision of a single drop with a liquid
layer can result in sticking, rebound, deposition, and splash
[8], depending on the impact parameters. In [9,10] two types
of the splash were observed: prompt splash (immediately
after drop impact) and corona splash. Also the formation of a
cavity and then the emerging of a central fingerlike jet was
observed in the case of high velocity impact into a deep pool
or onto a relatively thick film [11]. Numerous studies of the
drop impact onto a liquid film are focused on the experimen-
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tal investigation and modeling of the splash threshold, crown
propagation, observations of the rim fingering, parameters of
the secondary drops, etc. [9,12-14]. The studies are devoted
to the investigation of drop impact into relatively thin
[15,16], moderate [17,18] (comparable with the initial drop
diameter), or thick liquid layers [11,19].

One of the significant results of the experimental and the-
oretical study [20] is the theoretical model of a flow gener-
ated by drop impact and the emergence of the uprising liquid
sheet. A remote asymptotic solution for the film flow in the
liquid layer is obtained in the dimensionless form

_ 7
(t=7

3 (1a)

. (1b)

where /i is the dimensionless film thickness, 7 is the time, and
u is the radial velocity. 7 and 7 are constants. The initial drop
diameter is used as a length scale and the impact velocity as
the velocity scale. Expression (1) describes well the radially
expanding flow generated by drop impact onto a dry wall
[21] or the velocity field in the inner region of the flow
generated by drop impact onto a liquid film [22,23].

Next, the dynamics of the motion of the crown base is
described theoretically, approximating it as a propagation of
a kinematic discontinuity in the liquid film. The expression

FIG. 1. Spray impact onto a rigid convex substrate.
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for the dimensionless radius of the crown, R..., is obtained in

the form

cr

R, =VB(t-1), (2)

where B is a constant. This constant is determined by the
initial phase of the drop initial deformation and penetration
in the liquid film. Generally it must depend on the Reynolds
and Weber numbers as well as on the dimensionless initial
film thickness. In the case of inertia dominated drop impact
(like drop impact considered in the present study) the effects
of the viscosity and surface tension are negligibly small and
the parameter [ is determined solely by the initial thickness
of the undisturbed liquid film [20].

In the theoretical study [24] the effect of the viscosity on
the propagation of the kinematic discontinuity is taken into
account. It was shown that if the impact Reynolds and Weber
numbers are high enough, the influence of the viscosity on
R, is negligibly small. In [23] the theory [20] is generalized
for nonaxisymmetric drop impact (for example, oblique im-
pact, impact onto a moving film, interaction of two drops)
and an analytical solution for the crown shape is obtained.

The classical expression (2) for the crater radius is sup-
ported by the numerous experimental data [17] and by the
results of numerical simulations of drop impact [25]. Expres-
sion (1) describes well the film thickness created by drop
impacting onto a dry spherical target [26] while the film is
thicker then the viscous boundary layer.

However, it has been observed in [27] that in the case of
drop impact onto a layer formed by spray impact, the crater
diameter reaches a maximum and even starts to reduce. Such
behavior cannot be described by Eq. (2). In [27] the devia-
tion from the square-root law (2) is attributed to the crown-
crown interaction. In the present study the diameter evolu-
tion of the cavity/crown produced by a single drop impact
also deviates from the "2 law. This deviation can be thus
explained only by the influence of surface tension and grav-
ity which are not accounted for in the derivation of Eq. (2).

The main subject of the present experimental and theoret-
ical study is the investigation of the crater generated by a
single drop impact onto a liquid layer. The crater initially
expands in the radial direction. Next, the crater diameter
reaches a maximum and then reduces in size. The temporal
variation of the cavity diameter and its maximum value are
measured for various impact parameters. The ratio of the
layer thickness to the initial drop diameter is of order of
unity. Such a ratio, 0.5-2, is typical for real spray impact
processes. The evolution of the crater, its penetration depth,
and its diameter have all been measured at various time in-
stants of impact and at various impact parameters.

The developed theoretical model for the cavity propaga-
tion at large times after impact generalizes the method of the
propagation of a kinematic discontinuity [20,23]. It shows
that the propagation of a kinematic discontinuity is influ-
enced by gravity and surface tension.

In this paper the term crater is just another word for a
cavity generated in the liquid layer by drop impact. More-
over, since the thickness of a free crownlike uprising sheet is
usually much smaller that the initial drop diameter, the terms
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TABLE 1. Physical properties of the liquids used (at 20 °C) and
the range of investigated parameters.

Distilled water 1-propanol
Density, p (kg/m?) 999 805
Viscosity, 7 (Ns/m?) 9.9x 107 2.3%1073
Surface tension, y (N/m) 7.27% 1072 236X 1072
Ohnesorge number 0.0021 0.0112
Weber number 105-343 189-541
Froude number 94-300 127-373
Reynolds number 4690-8570 12000-20000

crater diameter, cavity diameter, and crown diameter de-
scribe the same value.

Note also that kinematic discontinuity is not a physical
phenomenon. This term is used to denote a simplified theo-
retical approach describing the film flow in the vicinity of the
base of the crownlike sheet. Kinematic discontinuity sepa-
rates the wall film into two regions of different thicknesses
and different velocities. Kinematic discontinuity is the
method of theoretical analysis used in this paper.

II. CAVITY GENERATED BY DROP IMPACT:
EXPERIMENTAL OBSERVATIONS

Three parameters are varied in our experiments to inves-
tigate the influence of surface tension, viscosity, and inertia
on the outcome of drop impact. These are the Ohnesorge
number, Oh= 7/ \e"pr;, Weber number, We:pU*zD;/ v,
Froude number, Fr=U*?/(gD?), and the dimensionless
initial film thickness H:H*/Dé. Here D’ is the drop initial
diameter, U is the impact velocity, H* is the initial film
thickness, 7 is the viscosity, 7 is the surface tension, and p is
the density of the liquid.

Two fluids (distilled water and 1-propanol) are used in the
experiments for drop and wall film formation. The initial
drop diameter is fixed at 2.97 = 0.11 mm for distilled water
and 2.22*+0.05 mm for 1-propanol. The impact velocity
varies in the range 1.68 +0.096 to 2.91 =0.193 m/s for dis-
tilled water and 1.7+0.140 to 2.83*=0.085 m/s for
1-propanol. The most important material and impact param-
eters are given in Table 1.

An example of such impact is shown in Fig. 2. The im-
ages shown in this figure are obtained using a charge coupled
device (CCD) digital camera. The time sequence of drop
impact is obtained by varying the delay time of camera trig-
ger using the same impact parameters. This method is based
on the high repeatability of the drop impact events.

In Fig. 2 the impact of a water drop is compared with the
impact of a 1-propanol drop. The difference in the outcome
of drop impact and the rate of crater formation is caused by
the difference in the surface tension of both liquids, its vis-
cosity, and density. More precisely, the Weber number of
impact of a l-propanol drop (shown in the left column of
Fig. 2) is higher than that of a water drop impact (right
column). The Froude numbers in these two experiments are
similar therefore the gravity effect is almost the same. Fi-

046305-2



PROPAGATION OF A KINEMATIC INSTABILITY IN A ...

—

t=1.5
spalsh

crown

" crater
reaches the

———————————— ~bottom

Emerging |
ofa
central

FIG. 2. Single drop impact onto a liquid layer. Comparison of
the shapes of the craters formed by 1-propanol (We=527, Fr=330,
Re=2080, left) and water (We=343, Fr=280, Re=8700, right) drop
impacts at various time instants. The dimensionless film thickness is
H=2.0. The 1mpact parameters are Dp 2.2 mm, U =2.7 m/s for
1-propanol and D =3 mm, U =2.9 m/s for dlstllled warter.

nally, the Reynolds number in both experiments is rather
high. It is known that at such high impact Reynolds numbers
the effect of viscosity on the crater propagation is not sig-
nificant [24]. The effect of viscosity at such a high Reynolds
number is expressed by the appearance of a thin viscous
boundary layer which is by definition not able to influence

PHYSICAL REVIEW E 77, 046305 (2008)

FIG. 3. (Color online) Sketch of a kinematic discontinuity
propagating toward the liquid layer: 1 is the target, 2 the inner
region, 3 the outer static undisturbed region, and 4 the uprising
crownlike sheet.

the outer flow and thus the propagation of a cavity.

The mechanism of drop impact onto a liquid layer can be
subdivided into several phases.

(i) Drop impact onto the surface of the liquid layer and its
initial deformation.

(ii) Prompt splash leading to the almost immediate forma-
tion of very small jets and secondary drops.

(iii) Formation of a cavity (crater) and emergence of a
crown-like sheet bounded by a rim [23,28].

(iv) Expansion of the crater, reaching of the maximum
diameter.

(v) Appearance of capillary waves on the surface of the
cavity.

(vi) Receding and merging of the cavity.

(vii) Emergence of a central jet.

In all our experiments the crater diameter reaches its
maximum diameter and then recedes. Therefore its propaga-
tion cannot be described by a square-root time dependence.
For a constant relative initial thickness of the liquid layer the
total time of the cavity propagation increases for higher val-
ues of the Weber number.

III. PROPAGATION OF A KINEMATIC DISCONTINUITY

If the drop impact velocity is high enough (the Reynolds
and Weber numbers are much higher than unity), the flow
associated with the crater expansion is governed mainly by
inertia, surface tension, and gravity. We describe the expan-
sion of the crater by the propagation of a kinematic discon-
tinuity [20] which divides the liquid film into the inner re-
gion of thickness 4*(r, ) and the outer stationary undisturbed
film of constant thickness H*. The average through the film
cross-section velocity is denoted u*(r,r). The sketch of the
propagating kinematic discontinuity is shown in Fig. 3.

A. Governing equations

It can be shown that the remote asymptotic solution (1)
exactly satisfies the mass and the momentum balance equa-
tions for the inviscid flow even if the capillary forces and
gravity are significant. The velocity of the propagation of the
kinematic discontinuity can be found by applying the quasis-
tationary Bernoulli equation [23]. In the present paper this
equation is modified accounting for the average pressure
drop assomated with grav1ty, p ~ pg(H —h*)/2, and surface
tension, p ~—y(R.; +R2 h. Here R; is the curvature of the
film proﬁle The expression for the capillary pressure is ob-
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tained from the Young-Laplace relation, whereas the term in
the brackets is the approximate expression for the total cur-
vature of a surface of rotation. The Bernoulli equation yields
the following equation for the velocity U, of the propagation
of the kinematic discontinuity:

p' = U.)?* ., pUcr?
5 p'}'_ 5 +pg.

3)

The pressure drop due to the viscous drag is neglected in
the derivation of Eq. (3). This assumption is valid only for
the very high impact Reynolds numbers leading to the cavity
formation and typical of our experiments. At such high Rey-
nolds numbers the viscosity effect is significant only at rela-
tively thin boundary layers. The viscous dissipation in these
layers leads to the thickening of the boundary layer but it
cannot influence the outer solution and thus does not effect
the crown propagation.

The solution of Eq. (3) is

ut H =R ( 1 1 ) y
- —= + -
2u* R, R../)pu*

. 4)
cr
Equation (4) can be written in dimensionless form and sim-
plified accounting for the fact that at large times h*<<H™:
_dR, u H ( 11 ) 1

Ucr_ L= - - .
dt 2 2ubFr u We

— +
R2 Rcr

(5)

Starting from this equation all equations and terms are
written in dimensionless form using the initial drop diameter
as a length scale and the impact velocity as a velocity scale.

This is an ordinary differential equation for the propaga-
tion of the crater radius, R, which can be solved numeri-
cally with the help of Eq. (1) if the value of R, is known.
From geometrical considerations (see the sketch in Fig. 3)
we assume that R, is comparable with the film thickness. In
the present model we assume R,= H/2. This assumption is
based on the fitting of the model predictions to the experi-
mental data. The more precise estimation of the value of R,
could be obtained from a detailed analysis of the crater
shape, which is out of the scope of the present study. It can
be shown that in the case We — o« and Fr— o Eq. (5) has an
analytical solution in the asymptotic form given in Eq. (2)
obtained in [20].

B. Asymptotic solution for the maximum crater radius
at We>1 and Fr>1

Consider now drop impacts with finite but large values of
the impact Weber and Froude numbers. In this case the terms
corresponding to gravity and surface tension become signifi-
cant only at the late stages of the crater spreading. The crater
radius deviates from the asymptotic square-root behavior (1)
when the velocity of the inner region is small enough: u
~Fr~V2 or u~We™"2. The crater radius at this stage is com-
parable with the maximum crater radius R, ... Accounting
for the smallness of the terms involving 1/Fr and 1/We Eq.
(5) can be simplified to the following form:

dR, u H <g+ 1 )1
dt 2 2uFr \H R uWe'

(6)

Ccr max
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The solution of Eq. (6) yields

2H 4  H\T*
R,=\/BT-|—————+—+—|—, (7)
R max We We Fr/H

T=t-1. (8)

The instant T,,,, at which the radius reaches the maximum

can be therefore expressed in the form

2\ -1
BH 4 H). ©)

( 2H
= T
2 \R,, max We  We Fr

Tnax =

The value of the maximum crater radius can now be ob-
tained as the positive real root of the equation

Rcr(T= Tmax) =R/ max» (10)

which with the help of Eq. (7) and accounting for the large
values of We and Fr yields

—
Rcrmax=B\£_ & s (11)
27vG G We
4 H?
G=—+—. (12)
We Fr

The value of the parameter 8 is by definition independent of
the Weber and Froude numbers. It is therefore only a func-
tion of the film thickness, 8= B(H).

In many practical applications, for example, under micro-
gravity conditions or in the case of impact of very small
drops (10—100 wm drops in sprays), the Froude number is
much higher than the Weber number and the effect of gravity
is negligibly small in comparison with surface tension.

Then the maximum cavity diameter and the correspond-
ing time 7,,,,, can be expressed using the simplified equations

——
IB\rH We-H
Rermax = 4 > (13)
BH We (B\We — H)
Tmax= | m—— (14)
8 (BVWe+H)

at Fr— o,

It is not trivial to perform accurate size and time measure-
ments in the experiments with the impact parameters satisfy-
ing the condition Fr>We and thus allowing one to use ex-
pressions (13) and (14). The corresponding drop diameter
and film thicknesses must be much smaller than the capillary
length. More general expressions (7) and (9) must be used to
describe the experiments performed in this study.

IV. RESULTS AND DISCUSSION

In this section the results of experiments are presented
and the theory is validated by comparison with the experi-
mental data. Six of the many impact experiments are selected
and presented in more detail. The impact parameters of these
experiments are given in Table II.
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TABLE II. Parameters of the selected experiments used for discussion and comparison with the theory.

The liquid is 1-propanol.

Experiment We Fr Re H D, max T nax
Exptl 194 133 12070 0.5 3.85 8.9
Expt2 384 261 17000 0.5 4.5 16.2
Expt3 541 373 20100 0.5 4.85 22.8
Expt4 539 369 20120 1.0 5.0 21.3
Expt5 535 366 20040 1.5 4.6 22.5
Expt6 527 365 19830 2.0 43 24.8

An example of the measured evolution of the crater diam-
eter at the initial stage of the crown expansion is shown in
Fig. 4. The square of the crater diameter increases linearly
with time at 1 <t<<6 confirming the theoretical predictions
(2). This behavior is rather surprising since the remote
asymptotic solution (2) is developed for large times 7> 1
only.

At times 7> 6 the behavior of the crater diameter deviates
from the square-root dependence on time. To predict the cra-
ter expansion at the later stages the full theory must be ap-
plied which accounts for gravity and surface tension.

In Fig. 5 the evolution of the crater diameter is shown for
the experiments listed in Table II. In Fig. 5(a) the effect of
the initial velocity is shown whereas in Fig. 5(b) the initial
film thickness is varied. It is obvious that the crater is wider
for the impacts with higher impact velocity, since at higher
Weber and Froude numbers the inertia is more dominant in
comparison with the capillary and gravitational effects. Next,
the impact onto a thicker liquid layer leads to smaller expan-
sion of the crater diameter since the surface tension and the
gravity forces increase for thicker layers.

Additionally, in Fig. 5 the theoretical calculations of the
crater diameter obtained by the numerical integration of the
differential equation (5) are shown. The parameter 7 is a
fitted parameter in these calculations since the detailed de-

24 R 1 R 1 R 1 R 1 R 1
22_- = Exptl 4

1 © Expt2 Yoy
20 P . v L
v Expt3 4 Yo' ol

18 4 vd'vovo G
16 ’ w@agvd;b@b “ B
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o 124 o~ S |
Q10 i
8] vg'.- L
6 L
4] L
1 & L

FIG. 4. Measurement results of the crater diameter for various
experiments at the initial stage of the crater expansion. The impact
parameters are given in Table II. The square of the diameter D, is
shown as a function of the dimensionless time ?.

scription of the initial stage of the crater formation is out of
scope of the present study. It is assumed the parameter 7is a
function of the initial film thickness H. The values of the
parameter 7 are shown in Fig. 6. The magnitude of this pa-
rameter can be best expressed in the form

6.0 1 1 L 1 1
Experiments:
531 o Exptl [
5.0 o Expt2 f
454 x Expt3 [
Theory, Eq. (5)
4.0+ Exptl [
3.5 ---Expt2 L
33'0_ --— Expt3
Q251 L
201 % L
1548 i -
=%
1.0 %(( L
0.5 ’ -
0.0 -+ T T T T T
0 10 20 30 40 50
t
6 " 1 1 1 1 1
(b) Experiments:
o Expt4
54 o Expt5 |}
x  Expt6
Theory, Eq. (5)
4+ —Exptd |
- - - Expt5
- - Expt6
537 v
Q
24 &y +
SX
14 % L
o % 1 -0
o
0+ T T T T il T
0 10 20 30 40 50

FIG. 5. Evolution of the dimensionless crater diameter for vari-
ous experiments. The impact parameters are given in Table II. The
theoretical prediction (lines) are compared with the experiments
(symbols). (a) The effect of the impact velocity, and (b) the effect of
the initial film thickness.
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FIG. 6. Fitted value of the parameter 7 as a function of the
dimensionless initial film thickness H.

7=0.8H'7 at 0.5<H<2. (15)

Several adjustable parameters are used in the model, R,, 7,
and B. Therefore we do not claim that this theory can be used
as a universal predictive tool for the entire possible range of
impact parameters. The proposed theory is used only to ex-
plain the deviation of the crater diameter from the square-
root law in the framework of the kinematic discontinuity
approach and to demonstrate that this deviation can be
caused by capillary forces and gravity. The theoretical curve
shown in Fig. 5 agrees well with the experimental data for
the crater diameter during the expansion phase, it predicts
well the magnitude of the diameter maximum and the corre-
sponding time instant.

Moreover, despite the fact that the theory has been devel-
oped only for the crater expansion, it agrees surprisingly well
with the crater diameter data even for the phase of crater
receding. There are several conditions for such unexpectedly
good theoretical predictions of the receding phase. First, as
observed in the experiments, the thickness of the film in the
outer region remains approximately equal to the initial film
thickness even during the receding phase. Then, the velocity
of the liquid in the outer film during the receding phase is
also relatively small such that the inertial terms in the Ber-
noulli equation (3) associated with the flow in the outer film
are negligibly small. Finally, the most important conclusion
is that the influence of the viscosity in our experiments is
negligibly small. Viscous effects could lead to the decreasing
of the magnitude of the propagation velocity of the crater.
We do not observe such a velocity decrease since the veloc-
ity of receding is comparable with the velocity of spreading.
Therefore, as we mentioned above, the viscosity effect on the
crater expansion is negligibly small if the Reynolds number
is high.

One important parameter in this study, which is relevant
to the spray impact modeling, is the magnitude of the maxi-
mum crater diameter (see Fig. 7). However, in our range of
the impact parameters it is not easy to separate the influence
of the capillary forces and gravity, since both are of the same
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FIG. 7. Comparison of the theoretical predictions of the maxi-
mum crater diameter with the experimental data. The impact param-
eters are in the range given in Table I.

order. In order to model the problem, the experimental data
for the maximum crater diameter is expressed using the ap-
proximate formula (11). One parameter in this expression, 3,
must be a function of the initial film thickness only. Fitting
with the experiments yields the following adjustable function
for B:

B=0.62H"3 at 0.5<H<2. (16)

Next, in order to predict the time instant #,,,,, at which the
crater diameter reaches the maximum, we use the adjustable
functions B and 7in Eq. (9). The results of the comparison of
the theoretical predictions with the experimental data are
shown in Fig. 8. The agreement is rather good indicating that
the assumptions taken in the proposed theory are valid.

30 n 1 n 1 n 1 n 1 n 1
25 -
o)
20 ©
E o)
g @O
5154 =
Q.
=
(]
% 10 4 5 -
B o)
o)
54 -
0 T T T T T T T T T T T
0 5 10 15 20 25 30
t_, theory

max

FIG. 8. Comparison of the theoretical predictions (9) of the
dimensionless time #,,,, with the experimental data. The impact
parameters are in the range given in Table L.
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V. CONCLUSIONS

The present study is devoted to the experiential observa-
tion and theoretical modeling of the cavity generated in a
liquid layer by drop impact with high Weber and high Froude
numbers. The impact parameters are relevant to typical spray
impact conditions. The impact is governed by inertia, but the
capillary and gravitational forces are also significant, espe-
cially at later stages of the crater spreading. It is shown that
the cavity first expands, reaches the maximum diameter, and
then recedes leading to the emergence of a central jet.

The experimental data for the evolution of the crater di-
ameter is collected for various impact parameters and two
different fluids: distilled water and 1-propanol. At the initial
phase of the crater expansion it follows closely the well-
known square-root law predicted in [20]. At later stages,
however, the crater evolution deviates from the expression
2).

In the present paper a theory explaining this deviation by
the influence of the capillary and gravitational effects is pro-

PHYSICAL REVIEW E 77, 046305 (2008)

posed. It uses the propagation of the kinematic discontinuity
approach to describe crater expansion. The approximate ex-
pressions for the maximum cavity diameter and for the cor-
responding time instant are proposed as functions of Froude
number, Weber number, and the dimensionless initial thick-
ness of the liquid layer.

Two empirical functions are obtained by fitting the experi-
mental data to the theory: B(H) and 7(H). With these empiri-
cal functions the agreement between the theoretical predic-
tions and the experimental data is good.
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