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We consider the interaction of multivalent counterions with spherical polyelectrolyte brushes �SPBs�. SPBs
result if linear polyelectrolyte chains �contour length 60 nm� are densely grafted to colloidal spheres of 116 nm
in diameter. When dispersed in water the surface layer, consisting of chains of the strong polyelectrolyte
poly�styrene sulfonic acid�, will swell. Recent work �Mei et al., Phys. Rev. Lett. 97, 158301 �2006�� has
demonstrated that spherical polyelectrolyte brushes undergo a collapse in the presence of a mixture of monova-
lent and multivalent counterions. The collapse crossover could be well described by a mean-field approach.
Here we demonstrate that the application of a mean-field approach is well founded by simulation results done
with molecular dynamics �MD�. MD simulations show that over a wide range of multivalent counterion
concentration the effects of ion correlation and fluctuations can be neglected. Higher-valent counterions are
shown to interact strongly with the polyelectrolyte chains of the SPBs and thus exhibit a much reduced osmotic
activity in the system. This reduction is the driving force for the collapse.
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I. INTRODUCTION

Polyelectrolyte brushes are systems in which polyelectro-
lyte chains are attached densely to a planar or curved surface.
The term brush denotes a system in which the grafting den-
sity � as expressed by the number of grafted chains per unit
area is high enough so that neighboring chains strongly in-
teract and are stretched away from the surface. Attaching
long polyelectrolyte chains to colloidal core particles leads to
spherical polyelectrolyte brushes �SPBs� as shown schemati-
cally in Fig. 1 �1–4�. The main feature of polyelectrolyte
brushes is the strong confinement of the counterions within
the brush layer first predicted by Pincus as well as Birshtein,
Borisov, and Zhulina �5,6�. If monovalent counterions are
present, the high number of charges present in such a poly-
electrolyte brush will therefore lead to a strong stretching of
the attached chains in order to alleviate the concomitant os-
motic pressure of the counterions. This prediction is in full
agreement with all experimental data available so far in pla-
nar systems �7–16� as well as in strongly curved polyelectro-
lyte brushes �2,3,17,18�. A recent review of these investiga-
tions was presented in Ref. �4�. By now, polyelectrolyte
brushes in the presence of monovalent counterions may be
regarded as rather well-understood systems.

A major point of interest is the investigation of collapse
transitions in polyelectrolyte systems. Up to now, theoretical
investigations of density profiles in planar polyelectrolyte
brushes have been done by considering possible phase tran-
sitions within the brush layer and their dependence on sol-
vent quality and grafting density �6,19–23�. However, much
less attention has been paid to the interaction of polyelectro-
lyte brushes with multivalent counterions. Within the frame-
work of mean-field theories, a weak swelling of the brush
layer was predicted �24�. More recently, Santangelo and Lau

have calculated counterion fluctuation effects on planar poly-
electrolyte brushes �25�. They predicted that fluctuation
terms may lead to a collapse transition of the brush height
with increasing ion valency. A recent experimental investiga-
tion of the interaction of spherical polyelectrolyte brushes
with trivalent counterions done in our group clearly demon-
strated that a mean-field approach is capable of describing
the swelling of the brush in a nearly quantitative fashion
�26�. As argued in Ref. �26�, the trivalent counterions are
strongly correlated with the polyelectrolyte chains of the
brush layer. Thus, they may be regarded as fully condensed
to the polyelectrolyte chains and do not contribute to the
osmotic pressure within the layer. Initial molecular dynamics
�MD� simulations presented there indeed pointed to a much
reduced mobility of the trivalent ions as compared to the
monovalent counterions. However, a clear proof of this con-
jecture could not yet be given.
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FIG. 1. Schematic representation of the spherical polyelectrolyte
brush investigated in this study. Anionic polyelectrolyte chains are
grafted to colloidal particles �radius R� made from solid polysty-
rene. The particles are immersed in aqueous salt solutions with
defined ionic strength. The thickness L of the brush layer is mea-
sured for different ionic strengths by dynamic light scattering. The
ionic strength in the system is adjusted through the concentration ca

of added salt. The equilibrium concentration cs of salt within the
brush layer can be treated in terms of a Donnan equilibrium.
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Here we present a comprehensive investigation of spheri-
cal polyelectrolytes in the presence of multivalent counteri-
ons. We compare results of data obtained from MD simula-
tions to recent experimental data �26�. From a detailed
analysis of the MD results, it will become apparent that mul-
tivalent counterions exhibit a much more pronounced inter-
action with the polyelectrolyte chains than monovalent ions.
MD simulations will furthermore allow us to discuss the ef-
fects of fluctuations within the system. In this way the appli-
cability of the mean-field approach applied in Ref. �26� can
be discussed in detail.

The paper is organized as follows. In Sec. II we briefly
outline the main experimental findings related to the collapse
of spherical polyelectrolyte brushes in the presence of triva-
lent ions. Special emphasis is laid on possible experimental
problems that may disturb these measurements. Section III
discusses these findings in terms of a mean-field approach
while Sec. IV is devoted to the MD simulations of these
systems in the presence of counterions in a valency range
from 1 to 4. Most notably, we shall discuss the effects of
correlations and fluctuations on spherical polyelectrolyte
brushes. The brief Sec. V concludes this paper.

II. SPHERICAL POLYELECTROLYTE BRUSHES
IN PRESENCE OF TRIVALENT COUNTERIONS:

DYNAMIC LIGHT SCATTERING

The spherical polyelectrolyte brushes were synthesized
using the method devised previously �1�. The systems inves-
tigated here are quenched spherical polyelectrolyte brushes
carrying chains of the strong polyelectrolyte poly�styrene
sulfonic acid�. When dispersed in water the surface layer
consisting of such a polyelectrolyte brush will swell. The
core particles are practically monodisperse �cryo transmis-
sion electron microscopy gives r=56�2 nm� and the hydro-
dynamic radius RH determined by dynamic light scattering
�DLS� is related to the brush height L through RH=R+L
where R denotes the radius of the core particles. All systems
investigated here have been fully characterized in Millipore
water with regard to their structural parameters, namely, the
contour length Lc=60 nm of the grafted chains, the radius
R=58 nm of the core particles, the mass per particle mP
=1.07�10−15 g, and the grafting density �=0.064 nm−2

giving the number of chains per unit area.
Dynamic light scattering was done using a Peters ALV

4000 light scattering goniometer. A small amount �10 �l� of
a given suspension of the SPBs �solid content 1.43%� was
added to the respective salt solution to a particle concentra-
tion of 55 ppm. The change of the salt concentration caused
by adding the SPBs can hence be neglected. This problem
has been checked in separate experiments �26�. The suspen-
sion are transferred into clean tubes made of quartz and the
DLS measurements were conducted mostly at an angle of
90°. In some cases measurements have been done using dif-
ferent scattering angles �30°–150°�. The correlation function
was checked in all cases to exclude possible disturbance by
the onset of aggregation. The thickness L of the brush layer
is calculated from the hydrodynamic radius RH through L
=RH−R.

Dynamic light scattering was done at very high dilution,
corresponding to volume fractions below 10−4. It thus gives
the brush thickness L in the limit of infinite dilution. Possible
disturbances by mutual interaction between different par-
ticles can be excluded. Moreover, electroviscous effects
modifying the diffusion coefficient are of negligible impor-
tance. Hence, DLS gives direct access to L for various salt
concentrations. Since we are dealing with a quenched brush
in all cases to be discussed here, the pH in the system does
not influence L �2�. The thickness L thus obtained can be
directly compared to data obtained for the thickness of planar
brushes.

As mentioned above, full replacement of the monovalent
counterions of the particles by the trivalent La3+ ions leads to
immediate flocculation unless the ionic strength is below
10−4M. Hence, we immersed the particles in mixtures of salt
solutions containing La3+ and Na+ ions in a given ratio.

Figure 2 shows the relative thickness L /Lc of the brush
layer of the quenched SPB in the presence of trivalent La3+

counterions, taken from our previous work �26�. The param-
eter I is the overall ionic strength of added salt. At first a
marked shrinking is observed, which is most pronounced for
an ion concentration ratio �=cLa3+ /cNa+ �0.001, depending
on the ionic strength I. For low concentration ratio �, the
suspension remains stable, but higher � is followed by co-
agulation of the particles for I�0.006M. The coagulation of
the particles points to an effective attraction between the par-
ticles. Recently, Tirrell and co-workers demonstrated that
multivalent ions lead to attraction between planar polyelec-
trolyte brushes �27�. The strong shrinking of the brush layer
upon addition of trivalent counterions must first be traced
back to the enormous lowering of the osmotic pressure
within the brush layer. On average, three monovalent coun-
terions are replaced by one La3+ ion, thus reducing the os-
motic pressure by a factor of about 3. In addition, the strong
binding of the multivalent ions to the polyelectrolyte chains
leads to further decrease of the osmotic pressure. In the fol-
lowing, the various aspects of the theoretical treatment of
these experimental findings are discussed.
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FIG. 2. �Color online� Relative brush thickness L /Lc in presence
of a mixture of monovalent �Na+� and trivalent �La3+� counterions
vs ion concentration ratio �=cLa3+ /cNa+. Parameter of the different
sets of data is the overall ionic strength I. The lines are theoretical
calculations obtained from mean-field theory; see Sec. III for fur-
ther details. This figure is taken from our previous work �26�.
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III. MEAN-FIELD THEORY OF SPB COLLAPSE

We begin with the case of a single SPB in the presence of
a mixture of mono- and multivalent counterions without
added salt. Although a simplification, we assume that the
SPB is completely neutralized by its counterions, i.e., the
vast majority of the counterions are captured inside the SPB.
This is justified as long as the SPB is highly charged. In fact,
experimental studies has proven that more than 95% of the
counterions are located inside the highly charged brush �17�,
depending on the grafting density �.

Based on the arguments of Alexander and de Gennes the
brush size can be determined by balancing the forces of the
polyelectrolyte chains by the osmotic pressure forces from
the trapped counterions �24,28,29�. The chain forces consist
of an elastic part and an excluded volume Flory-type contri-
bution, yielding a total chain force Fch

Fch = −
3kTfL

Na2 + v0kT�fN�2 9�R + L�2

8	��R + L�3 − R3�2 . �1�

The parameters are the chain number f =4	�R2, with R be-
ing the core radius, the degree of polymerization N, and the
excluded volume parameter v0�a3. The monomer size a is
around 0.25 nm �30,31� and kT is the thermal energy. The
brush thickness can be calculated by balancing the chain
force with the osmotic pressure forces that arise from the
confined counterions. In a mixture of multi- and monovalent
counterions, the osmotic pressure force inside the brush is
given by

Fp
i = kT�c+

i + cq+
i �4	�R + L�2, �2�

where c+
i is the concentration of monovalent counterions in-

side the brush and cq+
i that of the multivalent ones with va-

lency q. The concentrations are number densities Nx /Vin,
with Nx being the number of counterions of species x �x
= + ,q+� and Vin= �4	 /3���R+L�3−R3� being the brush vol-
ume. According to the experimental system we consider
without loss of generality the case that the SPB is negatively
charged and the counterions positively charged. We used
here only the ideal gas contribution to the osmotic pressure.
We shall investigate in Sec. IV the importance of virial con-
tributions to the osmotic pressure. Balancing Eqs. �1� and �2�
yields the brush thickness L. The variables are c+

i and cq+
i .

Using the neutralization condition qcq+
i +c+

i =cm, with cm
= fN /Vin being the charged monomer concentration inside
the brush, it is possible to calculate the brush thickness as a
function of the ion ratio �=cq+ /c+, with cq+ and c+ denoting
the overall ion concentrations in the SPB solution. We will
compare this approach with simulation results in the next
section.

We now consider the case where salt is added to the sys-
tem. There are only the ideal osmotic pressure terms of the
added salt ions that have to be accounted for. The remaining
osmotic pressure force Fp is now:

Fp = 
�4	�R + L�2, �3�

with the ideal osmotic pressure difference 
�
=kT�x=q+,+,−�cx

i −cx
o�; the concentrations cx

o are the ion con-
centrations outside of the brush. Again, the brush thickness L

is obtained by the force balance Fch=Fp. However, there are
now six dependent variables, namely, cx

i and cx
o �x=q+ , + ,

−�. We solve the problem by taking into account the Donnan
equilibrium, which is

cq+
i

cq+
o = � c+

i

c+
o�q

= � c−
o

c−
i �q

. �4�

The neutralization conditions inside and outside the brushes
are

qcq+
i + c+

i = cm + c−
i , �5�

qcq+
o + c+

o = c−
o . �6�

If the ionic strength I= �1 /2��x=q+,+,−qx
2cx is fixed, the brush

thickness L can be calculated with respect to a given concen-
tration ratio �=cq+ /c+. Note that Eqs. �1� and �3�–�6� have
to be solved simultaneously.

A few remarks should be made regarding Eq. �4�. The
ratios stem from the condition that at equilibrium the differ-
ence of the chemical potentials inside and outside the brush
of each ion component vanishes; see the Appendix. It should
also be noted that only the ideal gas contributions of the
chemical potentials remain. Electrostatic contributions
treated in a mean-field fashion cancel one another out if the
density distributions of each ion species possess the same
profile.

We now apply the theoretical approach, namely, the cal-
culation of the brush thickness from Eqs. �1� and �3� to the
experimental data presented in previous work �26�. Here we
take advantage of the Donnan equilibrium �4� together with
Eqs. �5� and �6�. Figure 2 displays the comparison of theory
and experiment. Evidently, the mean-field approach captures
all of the salient features of the experimental data: At a low
ratio �, the reduced thickness L /Lc of the brush stays prac-
tically constant. In this regime the height of the brush is
therefore determined only by the ionic strength in the sys-
tem. At higher �, the reduced thickness decreases drastically
until a constant value is reached. Obviously, strong ion ex-
change has led to an enrichment of the trivalent ions at the
expense of the monovalent counterions as shown in previous
work �26�. The mean-field approach expounded in this sec-
tion describes the ratio � at which the collapse starts, as well
as the fact that L /Lc of the brush coincides with the final
stage for all ionic strengths used in the experiments. Given
the various sources of experimental error as well as the sim-
plifications of the theory, the agreement of theory and experi-
ment can be considered quantitative. Moreover, the collapse
of the brush layer is not brought about by a phase transition
but only by a strong reduction of the osmotic pressure due to
the replacement of monovalent by trivalent counterions. The
next section will explain this unexpected result by discussing
detailed MD simulations of this system.

IV. MD SIMULATION OF A SINGLE SPB

A. Simulation model

The simulation model is analogous to the one used for
simulating polyelectrolyte �PE� stars �32,33�. Csajka et al.
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used a similar model for simulations of planar polyelectro-
lyte brushes with monovalent counterions �22�. We set simi-
lar values for the grafting density � and charge fraction �.
The brush is located in the center of a cubic box of edge
length l. The chains that are grafted on the core surface are
initially free to move �first 120 000 time steps� on the surface
of the core particle, which is kept fixed at the central posi-
tion. Thereafter the positions of the grafting monomers are
kept fixed during the adjacent simulation runs. We used a
time step of 0.002
, with 
=	ma2 /� being the time scale.
The mass m and the diameter a of the counterions are the
same as for the monomers. There is no added salt in this
model system. � is the Lennard-Jones energy scale �see Refs.
�32,33��. The box edge was kept at l=160a, the number of
chains was set to f =40, and the radius of the hard core is
R=6a, yielding a grafting density �a2=0.068. The degree of
polymerization is N=30 and that of ionization �=1.0, repre-
senting full charging, which yields a SPB bare charge of
1200
e
; e is the elementary charge. The temperature was
held at the desired value of T=1.2� /k using a stochastic
method according to the Langevin equation �22,32�. The
Coulomb interactions are calculated using the Lekner tech-
nique �34,35�, where the Bjerrum length was set to 3a, cor-
responding to a value in water of 7.1 Å. All other parameters
are the same as reported in Refs. �32,33�.

After an equilibration run of 500 000 time steps we cal-
culated all desired quantities for further 250 000 time steps
�500
�. We extended the production run to 2500
 for cases
with only one type of counterion �cq+=0⇔�=0 or c+
=0⇔�→�� and with equal amounts of them �cq+
=c+⇔�=1� with q=1–4. We observed that our measured
quantities deviate weakly from the short-run results, e.g., the
largest deviation of the brush thickness is around 8%; for
most cases we obtained discrepancies of less than 1%. With
a production time of 500
 or 2500
 we exceed the relaxation
time. This quantity is obtained from the autocorrelation func-
tion �ACF� of the fluctuations of the radius of gyration Rg of
the whole brush, given by C�t�= �dRg�t�dRg�0��, with t being
the time. The fluctuations are defined as dRg�t�=Rg�t�− �Rg�
and dRg�0�=Rg�0�− �Rg� �22,36�. The normalized ACF is
plotted in Fig. 3 for different counterion valencies. C�t� de-
cays very fast, almost irrespective of the valency of counte-
rions. From C�t� one can extract a relaxation time 
r
=
0

tmC�t�dt / �1−C�tm��, with tm being the length of the time
intervals for the measurement of C�t�. The computed values
of 
r are given in the legend of Fig. 3. They range between
15
 and 18
, and do not depend on the ion ratio �. The
values of the relaxation time of spherical brushes are very
similar to the values observed for planar brushes, which has
been shown to be around 14
 at approximately the same
grafting density �22�. The relaxation time of brushes is much
shorter than for linear chain, in analogy to findings for star
polymers, where the relaxation time scales with f−0.5, faster
than linear chains in a good solvent �37�.

B. Collapse of SPB

We present results obtained from MD simulations of
SPBs regarding the collapse of the brush layer at different

ion concentration ratios �. We observe within this parameter
range, for the case of the presence of monovalent counterions
only ��=0�, an osmotic brush, in agreement with recent
works �31,38,39�. Keeping the whole system charge neutral,
we studied the following SPBs in the presence of a mixture
of monovalent and di-, tri-, and tetravalent counterions at
various concentration ratios �. No additional salt ions are
included in the simulation system.

We present results for the change in the center-to-end dis-
tance of the SPB if monovalent ions are partially exchanged
by multivalent ions according to a given ratio �. Figure 4
shows two snapshots of a brush and gives a first impression
of the effects occurring if the ratio between monovalent and
trivalent counterions is unity ��=1�. The trivalent ions are
almost completely confined within the brush, whereas a frac-
tion, although small, of monovalent ones is also outside the
brush. The upper snapshot shows also the polyelectrolyte
chains in a coiled configuration. No stretching can be ob-
served any longer in contrast to the case �=0. As mentioned
above, this is due to a weaker osmotic pressure.

We also observe that the trivalent ions are closely packed
on the surface of the colloidal core, as can be seen from Fig.
4. In Fig. 5 we plot the radial charge distribution obtained
from the difference of the monomer density distribution �m
and that of the counterions �q+: �m�r�−q�q+�r�. Shown are
cases at which only one type of counterion is present, i.e.,
�→0 for q=1, and �→� for q�1. Apart from modulation
in the dense core region due to packing arrangements of the
particles, the brush is completely neutralized by the counte-
rions due to their correlation with the chains. This is the case
for q�1 in particular. We will quantify these correlations in
the next section in more detail. Here we shall focus on the
collapse transition of the brush with varying �. For this pur-
pose we computed the center-to-end distance Rce of the ter-
minal monomers located at ri

t, which is given by Rce
2

= 1
f �i=1

f �ri
t−Rc.m.�2; Rc.m. denotes the position of the center of

mass of the SPB. In Fig. 6 we show the brush thickness L as
calculated from 	��Rce−R�2�. We normalized L to the con-
tour length Lc.

The theoretical calculations are in good agreement with
simulation results for the trivalent �q=3� and tetravalent �q
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q=1 and 4. The corresponding relaxation times 
r are given in the
legend.
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=4� cases. The theoretical results are obtained by minimizing
Eqs. �2� and �1�. It is assumed that multivalent ions do not
contribute to the osmotic pressure 
� in Eq. �3�. This is due
to the strong electrostatic binding of the ions to the chains.
The contribution of monovalent counterions to the osmotic

pressure is 80% of the confined monovalent ions; around
90% of all monovalent counterions are confined according to
simulation results for the case of no added multivalent ions
��=0�. The portion of ions that contribute to the osmotic
pressure is in line with recent reported experimental results
�26�. We keep this fit parameter constant for all �. However,
for the divalent case it is observed that the assumption that
those counterions do not contribute to the osmotic pressure
leads to poor description of the simulation results. Obviously
the divalent ions are not as strongly bound to the chains as
ions with higher valency. Hence, a significant number of di-
valent ions possess translational entropic contributions. A
best fit with the simulation results is obtained if one assumes
that 1/3 of all divalent ions are osmotically active �dashed
line in Fig. 6�.

We stress that the assumption that the multivalent counte-
rions possess no or only partial osmotic activity is in line
with the theoretical treatment of the Donnan equilibrium �4�.
Since the ions are strongly bound to the chains their entropy
is implicitly accounted for with the monomer chains, i.e.,
they move with the monomer chains. This is analogous to the
osmotic pressure occurring in polymer solutions: The os-
motic pressure of the polymer solution is directly related to
the polymer density and not to the monomer density.

Since the simulation system does not contain additional
salt ions, the collapse range of � in Fig. 6 is different from
the range of the real systems shown in Fig. 2. In the experi-
mental system � is given by the ratio of all multi- and
monovalent ions, i.e., counterions from the SPB and from the
salt. A direct comparison between the results of the simula-
tion model and those of the experiment can be achieved by
considering the relative brush thickness with respect to the
ratio of confined ions, �i=cq+

i /c+
i . With the mean-field model

we can calculate the amount of trapped ions according to the
Donnan equilibrium and the neutralization conditions Eqs.
�4�–�6�, yielding �i. For the salt-free case �model system�,
we set cq+

i =cq+ and c+
i =0.9c+, according to simulation re-

FIG. 4. �Color� Snapshots of SPB obtained from MD simula-
tion. In both pictures monovalent �blue spheres� and trivalent �red
spheres� counterions are shown. The upper picture shows the poly-
electrolyte chains, represented by yellow colored spherical mono-
mers, which are grafted with one end on the surface of the colloidal
core particle �big gray sphere in the center�. The lower picture is
shown without the chains. The multivalent counterions are fully
within the brush whereas the monovalent ions are partially outside.
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sults. In Fig. 7, we plot the relative brush thickness L /Lc
with respect to �i for the model system �salt-free case with
q=3�, and for the experimental system �added salt, q=3� at
different ionic strengths I. The plots show that the collapse
transition of the salt-free system occurs in the same range of
�i as that of the experimental SPB with added salt. It clearly
demonstrates that the concentration ratio of the confined ions
is the seminal quantity for the brush extension. Note that the
brush thickness also decreases with addition of salt due to
the osmotic pressure from the �co�ions outside the brush.
Evidently, the results of the MD simulations underscore the
justification of applying a mean-field approach when discuss-
ing the experimental data shown in Fig. 2. In particular, MD
simulations justify the assumption of neglecting the contri-
bution of the trivalent ions in the calculation of the osmotic
pressure within the brush layer. This central point will be
discussed in further detail in the subsequent sections.

C. Correlation effects

We present a microscopic analysis of possible correlation
and fluctuation effects. In our MD simulations various quan-
tities are measured to obtain information about those effects.
We start with the analysis of the osmotic pressure � and its
contributions. The osmotic pressure consists of ideal and
virial contributions and is calculated via �22,40,41�

� = kTc + W , �7�

W =
1

3V
� �

i=1

Ntot−1

�
j=i+1

Ntot

�rij · Fij
s � + �UCoul�� . �8�

The ideal term is directly related to the monomer and coun-
terion densities c=Ntot /V, with Ntot being the total particle
number in a volume V. We use the brush volume Vin, since
the vast majority of all particles are within the brush. The
remaining particles outside the brush, i.e., a small fraction of

monovalent counterions, hardly possess significant entropic
contribution to the brush pressure. The virial term W ac-
counts for the pair interaction, namely, for the short-range
forces Fij

s on particle i due to j, along the interaction coordi-
nate rij =ri−r j. In our MD simulations these forces consist of
the Lennard-Jones and finite extensible nonlinear elastic
�FENE� forces between bonded monomers. In addition there
is the electrostatic energy UCoul which contributes to the
virial term W.

In Fig. 8 the total osmotic pressure is shown as a function
of � for the considered multivalent cases �q=2,3 ,4�. It can
be observed that until ��1 the total osmotic pressure is
around 0, in particular if one takes into account the error
bars, which are around 0.01kT. However, for higher values
of �, i.e., when the number of multivalent counterions ex-
ceeds that of the monovalent ones, a significant negative
value of the total pressure is observed, although the absolute
scale is quite small ��0.1kT�. Nevertheless, it is a significant
trend that with increasing valency an unstable region occurs.
This is in line with other observations made in polyelectro-
lyte networks. Let us look into more detail of the various
virial contributions that cause this negative total pressure,
similarly to the analysis of Yin et al. �41� applied to poly-
electrolyte networks. For this purpose we further decompose
the virial term W into the following contributions:

W = WCoul + Wion
s + Wchain

s , �9�

WCoul =
1

3Ntot
�UCoul� , �10�

Wion
s =

1

3Ntot
� �

i=1

Nion−1

�
j=i+1

Nion

�rij · Fij
s � + �

i=1

Nion

�
j=1

fN

�rij · Fij
s �� ,

�11�
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FIG. 7. Relative brush thickness L /Lc versus the concentration
ratio �i of the confined ions. Shown are theoretical results for the
SPB with trivalent counterions �q=3� of the model system and the
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brush thickness also decreases with increasing ionic strength. The
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Wchains
s =

1

3Ntot
� �

i=1

fN−1

�
j=i+1

fN

�rij · Fij
s �� . �12�

Note that these contributions are calculated per particle, i.e.,
they are divided by the particle density c. The first term
WCoul consists of all electrostatic interactions, the second
term Wion

s is a sum of all short-range interactions, i.e.,
Lennard-Jones interactions, among counterions �first sum in
Eq. �11�� and among counterions and monomers �second sum
in Eq. �11��. The last term Wchains takes into account the
short-range interactions between monomers only, namely, the
Lennard-Jones and FENE potentials.

As was already reported for the case of planar brushes and
PE networks, the overall negative electrostatic virial term
WCoul is canceled by the positive short-range ion virial term
Wion

s �22,41�. Here we show the sum of both terms and ob-
serve qualitatively the same result; see Fig. 9. The electro-
static interactions are completely outmatched by the short-
ranged excluded volume interaction of the counterions. The
Lennard-Jones contribution measured between ions is very
small, i.e., the second sum in Eq. �11� is vastly dominant.
This points to an increasing condensation of the ions in gen-
eral with increasing multivalent ion fraction. However, for
higher valency electrostatic correlations become more impor-
tant. Nevertheless, the Coulomb virial term WCoul is still can-
celed by Wion

s . This is in agreement with results of Csajka et
al. �22� for the case of planar brushes with monovalent coun-
terions, and the study of PE networks by Yin et al. �41�,
where the same effect was reported for trivalent counterions.

This means that the observed negative pressure in Fig. 8
stems from other contributions. The remaining third term in
Eq. �9�, Wchains

s , and the ideal contributions remain in our
analysis. Since the latter is always positive the only negative
contributions occurs in Wchains. In particular, the bond poten-
tial, expressed by the FENE term, is responsible for the
negative virial contribution, as in the PE network study of
Yin et al. �41� Obviously, the stiffness of the chains is re-

duced. Previous works have demonstrated that counterions
that are strongly correlated with a chainlike macroion, such
as DNA strands, can reduce their stiffness tremendously,
reaching collapsed configurations �42–46�. However, we
stress that the observed collapse is already completed at ion
ratio ��1.

The decrease of the osmotic pressure due to higher elec-
trostatic correlations corresponds to strong condensation. We
verify this by showing monomer counterion pair correlation
functions at limits where solely one type of counterions is
present �see Fig. 10�. As expected, the first correlation peak
increases with increased valency, i.e., condensation becomes
stronger. Note that the correlation peak is more than three
times higher for multivalent ions than for monovalent ones.
Also, with increasing valency a second peak arises. For the
tri- and tetravalent cases a small third bump even occurs.
Obviously more structure is established around each con-
densed ion. We conclude that strong condensation takes
place for multivalent counterions. As we guessed in our pre-
vious work, only at high fraction of multivalent counterions
��1 do correlation effects become important. However,
above this point the collapse is almost accomplished.

D. Ion mobility

One of the basic assumptions of our mean-field model is
that multivalent counterions are not osmotically active. In the
last section we showed that indeed multivalent counterions
are much more strongly correlated with the chains than their
monovalent counterparts.

As was shown in our previous work for the case of triva-
lent counterions, the mobility of the ions can help to verify
the strong ion binding. In fact, we showed in Ref. �26� that
the self-diffusion coefficient of the monovalent ions is almost
six times higher than that of the multivalent ones at the same
ratio ��=1�. In Fig. 11 we present a comparison of the
mean-square displacement �MSD� of all ions and monomers
for cases where only one type of counterion is present. From
the relation �
r2�=6D0t, the self-diffusion coefficient D0 can
be obtained. Note that the time range shows linear-
dependency behavior. For larger time scales a plateau is
reached �22�; that is not shown here. The results of the MSD
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FIG. 9. Sum of virial pressure terms resulting from all electro-
static interactions WCoul and from short-range forces acting on all
counterions, denoted by Wion

s as a function of the concentration ratio
�. Shown are simulation results of SPBs with monovalent and mul-
tivalent counterions at various valencies q. The limits at �→0 and
�→� represent the cases at which solely monovalent and solely
multivalent counterions are present, respectively. The lines are
guides for the eye.
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data clearly indicate that the mobility decreases significantly
with increasing ion valency. For comparison, the MSD of the
chains is shown as well. Naturally, the monomers possess a
small diffusion coefficient, due to the chain attachment to the
core. However, in contrast to the monovalent ions, the tetra-
and trivalent ions possess only a slightly higher diffusion
coefficient.

We observe the same behavior also in the ion mixture. As
an example, we take the case �=1 and compare directly the
MSD of the monovalent ion with that of the multivalent
ones. This comparison was also done in our previous work,
but only for the trivalent case �26�. Figure 12 shows for all
cases �q�2� the MSD of the multivalent counterions and
that of the monovalent ones. In order to quantify the signifi-
cant difference of mobility of both ion species in the same
brush, we introduce the ratio �=D0�q�1� /D0�q=1�. The
values demonstrate the strong discrepancy in the mobilities.
In addition, we observe minor changes in the MSD of the
monomers or of the monovalent counterions, irrespective of
the type of multivalent ion also present in the system. There-
fore the change of � is solely caused by the valency of the
multivalent ions. We conclude that indeed there must be a

strong correlation of the multivalent counterions. In contrast
to polyelectrolyte networks, we also conclude from our MSD
data that here there is hardly any mobility of the multivalent
counterions, i.e., the translational contribution to the osmotic
pressure is mainly determined by the monovalent counteri-
ons. Only the divalent counterions possess a relatively high
mobility, which underlines their osmotic activity. That ex-
plains why our mean-field model requires a significant frac-
tion of divalent ions—around 30% of ions which are osmoti-
cally active—in order to describe the simulation results for
the size reduction properly �see the discussion of Fig. 6�.
Note that the reduced mobility of the multivalent counterions
is not causing the reduction of the osmotic pressure. The
argument is that strong ion-chain correlation of the multiva-
lent ions leads to condensation and therefore to a smaller
mobility. At the same time the same strong correlation re-
duces the osmotic pressure as well.

E. Fluctuation effects

We now analyze fluctuation effects of the counterions. A
similar analysis was provided in the case of polyelectrolyte
stars �32� with monovalent counterions. The principal idea is
to compare the square of the averaged Fourier transform of
the counterion density profile with respect to the center of
the brush, �̂2�k�, with the Fourier transform of the correlation
function among the counterions, ĝ�k�; k is the reciprocal co-
ordinate. The average �ĝ�k�����̂2�k�� describes the structure
factor S�k� of the counterions. However, ��̂�k��2 is a mean-
field approximation of �ĝ�k��. The latter is computed “on the
fly” and provides an “exact” method to compute S�k� in
simulations. Details of the statistical mechanical justification
of the structure factor calculations are described in Ref. �47�,
and recent applications can be found in Refs. �32,48�. Re-
sults of structure factor calculations shown here for cases
where only one type of counterion is present ��=0,�
→�� are summarized in Fig. 13.

It shows that with increasing valency the agreement be-
tween �ĝ�k�� and ��̂�k��2 becomes better, even at higher k
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values. Note that, while the former quantity tends to unity
the latter converges to zero as k→�, i.e., they diverge at
high k values �47,48�. At small k values �ka�0.2�, the two
quantities agree. This proves that shape fluctuations are very
weak and that the simulation times are much longer than the
relaxation times. For bigger k values there are differences in
the four cases shown. Since with increasing valencies the
agreement between the two quantities becomes better, fluc-
tuation effects must be weaker. There are basically two rea-
sons for this outcome. The first reason is that with increasing
valency more counterions are condensed or localized inside
the brush, and the overall counterion distribution becomes
very inhomogeneous. Also, in a mixture of multi- and
monovalent counterions, a small but significant fraction of
monovalent counterions is outside the brush, whereas the
multivalent ones are completely trapped inside the brush due
to their strong binding to the chains. This is also illustrated in
Fig. 4. The second reason for the weak fluctuation effects at
high valency is caused by the fact that at the same time the
brush also shrinks with increasing valency, inducing a com-
pact counterion structure similar to a form factor of a spheri-
cal object. In particular, this is well observed for q�3 in Fig.
13. This is in line with the results we obtained so far. We
conclude that fluctuation effects become weaker with in-
creased valency of the counterions. This fact is used in our
mean-field approach described in Sec. III and explains why it
is able to describe the brush collapses observed in experi-
ments and simulation.

V. CONCLUSIONS

In conclusion, we demonstrated that the experimentally
measured brush collapse can be well described by a mean-
field model. The model also describes our simulation results
regarding the collapse of a single SPB in the presence of a
mixture of monovalent counterions and counterions with va-
lencies between 2 and 4. The physical reasons are twofold.
One is the decreased osmotic pressure because there are
fewer ions inside the brush if q monovalent counterions are
essentially replaced by one counterion of valency q. In the
presence of added salt the mechanism of ion exchange is
controlled by the Donnan equilibrium. The second reason for
the collapse results from the strong binding of the ions to the
polyelectrolyte chains. In our simulation study we investi-
gated this aspect in detail. It was confirmed that indeed the
multivalent counterions, in particular at valencies above 2,
are strongly correlated with the chains. Their translational
degree of freedom, expressed by the mobility, is significantly
reduced. As a consequence of the strong ion chain correla-
tion, the osmotic activity of these ions is negligible. This was
a central assumption in the mean-field model and is con-
firmed now by these findings. In contrast, the monovalent
counterions, and partially also the divalent ones, prevent the
brush from a full collapse. A further relevant aspect for our
considerations is the importance of counterion fluctuations.
In fact, the counterion fluctuations have been shown to be-
come weaker as their valency is increased. Again, the strong
binding prevents fluctuations and, hence, their influence is
negligible.

From the analysis of the virial contributions to the os-
motic pressure we note that for ion fractions ��1 the os-
motic pressure becomes negative, although the absolute val-
ues are small. We found that electrostatic contributions are
outmatched by short-ranged excluded volume contributions
of the counterions. The negative value of the total osmotic
pressure at high counterion valency stems from chain contri-
butions. This points to additional attractions that could for-
tify the collapse and that could explain the experimentally
observed coagulation of the SPBs at ionic strengths above
0.006 M. However, we stress that the observed collapse of
the experimental and of the model SPBs is mainly driven by
the reduction of the osmotic pressure inside the brush, and is
therefore primarily of entropic nature.
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APPENDIX: DONNAN EQUILIBRIUM OF A TWO-
COMPONENT SPB-ION SOLUTION

The SPB is dissolved in a mixture of monovalent and
multivalent salt solution. The equilibrium condition for the
concentrations of each ion type �+,q+ ,−� inside and outside
the brush is determined by the requirement that the Gibbs
free energy G�Nx , p ,T� �x= + ,q+ ,−� possess a minimum,
i.e., dG=�x��x

i dNx
i +�x

odNx
o�=0; �x

i/o is the chemical poten-
tial of each component inside �i� and outside �o� the brush;
Nx

i/o is the number of ion species x inside and outside the
brush. In addition, the neutralization condition holds inside
and outside the brush: �xqxdNx

i =0 and �xqxdNx
o=0, respec-

tively, with qx being the valency of each ion species. Since
the total number of each ion species in the system is con-
stant, we also require dNx

i +dNx
o=0. Combining these condi-

tions yields

�+
i − �+

o =
�q+

i − �q+
o

q
, �A1�

�−
i − �−

o = −
�q+

i − �q+
o

q
. �A2�

Although both sides in both equations vanish at equilibrium,
we can extract important information from these relations.
For the sake of simplicity we assume that outside the brush
the ions possess only an ideal contribution to the chemical
potential: �x

o=kT ln�cx
o�. This is justified since most experi-

mental SPBs are measured in dilute solutions. However, in-
side the brush there are also other terms that contribute to the
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chemical potential, such as the electrostatic interactions be-
tween ions. It can be shown in a few steps that these contri-
butions cancel in a mean-field approach as long as all ion
distributions inside the brush possess the same density pro-
file regarding their functional form. This is due to the neu-

tralization condition. In our present case, we assumed that all
ions are homogeneously distributed inside the brush. The
remaining parts are the ideal gas terms �x

i =kT ln�cx
i �. Using

�x
i and �x

o in Eqs. �A1� and �A2� we readily obtain the Don-
nan equation �4�.
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