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The acoustic responses of molecular films with continuous viscoelastic profiles adsorbed on solid-liquid
interfaces probed by quartz crystal microbalance �QCM� are analyzed using a continuum mechanics model.
The numerically calculated results show that the shift of resonant frequency and the change of dissipation
factor of a QCM are determined mostly by the change of viscoelastic profile of the layers in solution adjacent
to the quartz-solution interface due to the adsorbed molecular film. For films with the same amount of absorbed
mass, the changes in resonant frequency and the dissipation factor vary approximately linearly with the width
of the film-solution interface in the profiles. Other viscoelastic properties of the adsorbed films are also affected
by the profiles.
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I. INTRODUCTION

Although the adsorption of molecules on a solid-liquid
interface plays an essential role in determining the physical,
chemical, and biological processes occurring on that inter-
face, a quantitative study of the phenomena is complicated
by the presence of the liquid covering the solid surface �1–9�.
Because the adsorption occurs in a condensed phase, the in-
teractions between the adsorbates and the solvent molecules
are strong, and, in many cases, cannot be neglected as in the
case of the study of adsorption of molecules in vacuum or
gaseous environments �10�. The strong interaction between
the adsorbates and the solvent molecules also tends to disturb
the adsorbed layers, resulting in a diffusive interface between
the adsorbed layer and the solution with an appreciable in-
terface width �11–28�. Hence the concept of a sharp inter-
face, which is often implied in the description of adsorption
of molecules on substrates in vacuum or in gaseous environ-
ments, may not be applicable to the case of adsorption of
molecules on solid-liquid interfaces, and the results obtained
using the experimental techniques that are traditionally used
for studying adsorption on solid-vapor interfaces require
some caution in the interpretation.

Quartz crystal microbalance �QCM� is a simple and sen-
sitive experimental technique that has been used in studies of
a wide variety of adsorption phenomena on solid surfaces,
including film growth modes, wetting and superfluid transi-
tions in adsorbed films, and frictions at atomic scales
�29–34�. The essential component of the technique is a thin
quartz disk which is excited to oscillate in a thickness shear
mode at resonant frequency by applying an alternating elec-
tric field across the electrodes on opposite sides of the crys-
tal. A small amount of mass deposited on the electrodes of
the quartz crystal induces a decrease in the resonant fre-
quency �29,30�. Due to the high-quality �Q� factor of the
resonance, which is typically about 105 or better, QCM is
sensitive enough to detect mass deposition on the surface

with a resolution typically in the range of nanograms.
In recent years, QCM has been increasingly used in prob-

ing molecular films deposited on solid-liquid interfaces.
Much information on the adsorption behaviors of various
molecules on different solid-liquid interfaces has been ob-
tained using the technique �35–42�. However, some results
obtained using QCM are inconsistent with those obtained
using other techniques. For example, the adsorbed masses
determined from the resonant frequency shift of QCMs are
often found to be several times larger than that actually ad-
sorbed �37,42�. Several recent studies have analyzed the re-
sponse of a QCM operated in solution using a continuum
mechanics model, and have elucidated several issues related
to the characteristic features displayed by QCMs in probing
adsorption of molecules on solid-liquid interfaces �38–43�,
but understanding these features quantitatively has yet to be
achieved.

In this work, we have analyzed the acoustic response of
adsorbed molecular films with continuous viscoelastic pro-
files probed by a QCM using the same mechanics model
employed in recent studies. We assume that the viscoelastic
profile is a direct consequence of the density or the concen-
tration profile of molecules in the adsorbed film in the direc-
tion normal to the interface. We have numerically calculated
the viscoelastic response due to the adsorption of such films
probed by the QCM. The numerically calculated results
show that, instead of being directly related to the mass of
adsorbed molecules, the resonant frequency shift and the dis-
sipation factor change of a QCM are affected mostly by the
changes of the viscoelastic profile of the layers on the quartz
crystal-liquid interface due to the adsorption of the mol-
ecules. An adsorbed film with a profile which contains a long
tail intruding into the solution can result in a significant
change in the viscoelastic responses probed by the QCM.

II. METHOD AND MODEL

The method we used in this work is a modified slab model
which treats the density or the concentration of adsorbed
molecules varying from layer to layer in describing the vis-
coelastic responses of an adsorbed film on the electrode sur-
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face of a QCM. In the slab model, the adsorbed molecules
are considered to form a homogeneous layer with a box pro-
file of density �, and shear modulus and viscosity being �
and �, respectively, situated in between the solid electrode
surface and a semi-infinite fluid �42,43�, as illustrated in Fig.
1. The shaded region represents a box shaped profile of the
adsorbed film. Assuming that the adsorbed layer can be de-
scribed by a Voight-based viscoelastic model and using “no-
slip” boundary conditions �43�, the changes of the resonant
frequency and the dissipation factor due to the adsorption
can be expressed as

�f = Im� �

2��qhq
� , �1�

�D = Re� �

�f�qhq
� , �2�

where

� = 	
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In the above equations, h is the thickness of the adsorbed
layer, �b ,�b, are the density and the viscosity of the solution,

respectively, hb is the thickness of the solution, and �q and hq
are the density and thickness of quartz crystal electrode, re-
spectively. A calculation of �f and �D as a function of the
film thickness using Eqs. �1� and �2� finds that the resonant
frequency decreases linearly with the thickness h, a result
described by the well-known Sauerbrey equation �38�, until h
becomes close to the viscous penetration depth �
= �2� /���1/2. The resonant frequency and the dissipation
factor reach saturation values when the film is thicker than a
few times the penetration depth. For films in the thick limit,
h→, exp�2
h�→, Eq. �4� is reduced to
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If the shear viscosity of the adsorbed film is zero, the above
equations are reduced to

�f � −
1

2��qhq
����

2
, �9�

�D �
1

�qhq

�2��

�
, �10�

which are the results obtained by Kawazana and Gordon, and
by Rodahl et al. for QCM operating in a bulk Newtonian
liquid �37,38�. The viscoelastic response of a film with a
thickness below the viscous penetration depth probed by a
QCM as a function of the shear modulus and the viscosity
have been further analyzed by Voinova et al. �43�; the results
show a strong film resonance as the sound velocity deter-
mined by the shear modulus of the adsorbed layer matches
the resonant frequency of the QCM �43�.

However, the density of an absorbed film, in general, var-
ies from molecular layer to molecular layer. It has been
shown that, in the case of adsorption from vapor phases, the
layer density of a multilayer film varies from the bottom to
the top layers �44,45�. For molecular layers adsorbed in so-
lutions, this variation of the layer density may become big-
ger, due to the strong interaction between the adsorbates and
the solvent molecules. The variation in the layer density for a
film composed of macromolecules may be even more dra-
matic since the interactions can change the molecular con-
figurations; the molecular segments can be stretched out or
get compressed in the adsorbed layers and the adsorbed mol-
ecules are often mixed with solvents. Therefore, it is more
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FIG. 1. �Color online� Illustration of continuous concentration
�or density� profiles of the adsorbed molecules in films. The shaded
region represents a box profile which has a sharp film-solution in-
terface. Different lines represent profiles with different interface
width a. The total amount of adsorbed molecules for these profiles
is the same.
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appropriate to describe the layer density of an adsorbed mo-
lecular film on a solid-liquid interface in terms of a continu-
ous concentration profile which gradually diminishes over a
distance that can be substantially larger than the average film
thickness. Currently, it is not known what exact form this
density profile should be in general. Attempts have been
made to describe the profile in terms of a Gaussian, a simple
exponential or hyperbolic functions, and an error function
�11,39,44–48�. For polymers adsorbed in a diluted solution
and the interface is saturated, the variation of the polymer
density may follow a power law profile �49�. To keep the
calculation simple, we adopt a hyperbolic-tangent function to
describe the concentration profile:

c = cb + �c0 − cb�	1 − tanh��z − b�/a�
/2, �11�

where z is the coordinate in the direction perpendicular to the
solid-liquid interface, c0 is the concentration of a saturated
layer which corresponds to the closest packed structure of
the adsorbed molecules on the surface, cb is the concentra-
tion of the molecules in solution, a is a parameter which
describes the width of the film-solution interface, and b is a
parameter which gives approximately the average thickness
of the adsorbed film. As will be shown below, the viscoelas-
tic responses are sensitive to the width of the film-solution
interface. However, the main conclusions obtained in this
work should not depend on the explicit form of the profile.
The total amount of molecules adsorbed can be evaluated by
integrating over the concentration profile. Figure 1 illustrates
several continuous concentration profiles of adsorbed films
of different interfacial width a �b varies slightly� but of the
same amount of adsorbed molecules.

The local viscoelastic properties, such as viscosity and
shear modulus, of each adsorbed layer depend on the con-
centration of the molecules in the layer. Assuming a linear
relationship between the viscoelastic property and the con-
centration of the molecules in the layer, the profiles of the
shear modulus and the viscosity take similar forms to that of
concentration profiles:

� = �0	1 − tanh��z − b�/a�
/2, �12�

� = �b + ��0 − �b�	1 − tanh��z − b�/a�
/2, �13�

where �0 and �0 are the viscosity and shear modulus of the
adsorbed layer with saturated concentration, and �b the vis-
cosity of the solution. Here, we consider the shear modulus
of the solution to be zero; a and b are the same as that in the
concentration profile.

In the calculation, we consider that the adsorbed film
thickness is much less than the viscous penetration depth.
Following the same approach used by Voinova et al. �43�, the
adsorbed film with a continuous viscoelastic profile is di-
vided into a large number of discrete slabs, each has a small
width �hj and satisfies 
 j�hj �1, the viscosity ��zj� and the
shear modulus ��zj� of each layer are determined by Eqs.
�12� and �13�. Assuming no slipping between adjacent layers,
the acoustic response of a QCM with an adsorbed layer im-
mersed in a Newtonian bulk liquid can be expressed as

�f � −
1

2��qhq
��b

�b
+ �

j=1

n ��

− 2��b

�b
�2 ��zj��2
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��b
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�2�zj� + �2�zj��2�h� .

�15�

The first terms in Eqs. �14� and �15� are due to the presence
of the solution above the adsorbed film. If the changes in
resonant frequency and the dissipation factor are measured
with references to that in the presence of the solution but
without adsorption, the terms involving �b /�b are dropped
out in Eqs. �14� and �15�.

III. RESULTS AND DISCUSSION

A. Liquidlike adsorbed layer

For a liquidlike adsorbed film, its shear modulus �=0.
Equations �14� and �15� are reduced to

�f � −
1

2��qhq
�
j=1

n

��� − �b
�b

��zj�
��hj , �16�

�D � 0. �17�

The resonant frequency shift is due to the difference between
the mass density of the adsorbed molecules and that of the
solvent molecules scaled by the ratio of the viscosities of the
solution and the adsorbed molecules. The mass densities of
most organic molecules do not differ significantly from that
of aqueous solution, but the viscosity of an aqueous solution
dissolved with organic molecules can vary dramatically. If
we assume that ���b, Eq. �16� becomes

�f � −
1

2��qhq
�
j=1

n

��b�1 −
�b

��zj�
��hj .

It can be seen from this equation that the resonant frequency
shift is determined by the profile of ��z�. For those molecular
layers in which the concentration of the adsorbates is low but
the viscosity of the layer due to the adsorbates is appreciably
higher than that of the solution, they contribute significantly
to the frequency shift. Since the viscosity of an aqueous so-
lution usually is small, the adsorbated film with a spread-out
interfacial density profile can satisfy the condition �b /��1
in a region with thickness much larger than the average film
thickness. In other words, the resonant frequency shift of a
QCM in probing the adsorption in solution actually measures
the change of the viscosity profile caused by the adsorption
of the molecules; i.e., the thickness in the solution that QCM
probes is the length scale normal to the interface over which
the viscosity has been significantly increased due to the ad-
sorption. Figure 2 plots the numerically calculated �f /�f0
versus the width of the interface a for adsorbed films with
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the same amount of adsorbed molecules �Eq. �13� is used for
describing the viscosity profile, b slightly varies in order to
keep the total amount of adsorbates constant�. In the calcu-
lation, we assumed that a 5 MHz QCM is used in its third
harmonics ���108 rad /s�, and the density and the viscosity
of the solution are equal to that of pure water ��=1.0 g /cm;
�=10−3 Ns /m2�. �f0 is the shift for an adsorbed layer of
30 nm thickness with a box profile �a=0 nm�. As shown in
the figure, �f /�f0 increases approximately linearly with the
interfacial width a, demonstrating that a larger interfacial
width leads to a larger resonant frequency shift for the same
amount of molecules adsorbed. This mechanism explains
why the masses of adsorbed molecular films in solution de-
termined using the resonant frequency shift of QCM are of-
ten found to be much larger than that actually adsorbed.

For a multilayer film, the density of the bottom layer is
close to that corresponding to a closely-packed structure. �0
in the viscosity profile �Eq. �13�� represents the viscosity of
this layer. The range over which the viscosity profile affects
the viscoelastic responses probed by a QCM is also deter-
mined by the value of �0; a larger �0 increases the number of
layers that satisfy the condition �0 /��1. Figure 3 plots the
numerically calculated −�f versus �0 /�b for adsorbed films
with a box profile �a=0, b=30 nm� and with a continuous
profile of a=5 nm and b=30 nm. This is the same as the
calculated results shown in Fig. 2, where the viscosity of the
solution is assumed to be the same as that of water
�10−3 Ns /m2�. For an adsorbed film with a boxed profile, the
resonant frequency shift rises from zero at small �0 /�b and
then quickly saturates, indicating that �f does not depend on
the viscosity of the saturated layer �0 as long as the viscosity
is appreciably larger than that of the solution. For a film with
a continuous profile, the resonant frequency shift continues
to rise with �0 /�b.

B. Solidlike adsorbed layer

For a solidlike adsorbed layer, ��0, the changes in the
resonant frequency and the dissipation factor can be ex-
pressed as

�f � −
1

2��qhq
�
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n

�� − �b
�b

��zj�
1
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��zj��
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The differences between the solidlike and the liquidlike be-
haviors of an adsorbed film probed by a QCM are entirely
determined by the factor � / ����, which in general varies
along the direction normal to the interface. Under the same
assumption that the viscoelastic profile varies linearly with
the concentration profile of the adsorbates, the ratio of the
viscosity and the shear modulus of each layer should be ap-
proximately a constant, i.e., ��z� /��z���0 /�0. If
�0 / ��0���1, the responses between the solidlike and liq-
uidlike adsorbed layers are indistinguishable. On the other
hand, if �0 / ��0���1, the adsorbed film behaves like a rigid
solid; the changes in the resonant frequency becomes propor-
tional to the mass of those layers that behave like a solid;
there is no change in the dissipation factor. One peculiar
feature displayed in the viscoelastic response of a solidlike
film probed by QCM is the dependence of response on the
probing frequency. At a lower frequency the response is
more sensitive to the viscoelastic flow properties of the layer,
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FIG. 2. Numerically calculated �f /�f0 of liquidlike layers vs
the width of the interface a for adsorbed films with the same
amount of adsorbed molecules �Eq. �12� is used in describing the
viscosity profile; b varies slightly in order to keep the total amount
of adsorbates constant�.
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while, at the high frequency limit, the whole layer behaves
like a rigid solid. Figure 4 is a plot of �f /�f0 versus
�0 / ��0�� for an adsorbed film with profile parameters a
=5 nm and b=30 nm. The frequency dependence of the fac-
tor � / ���� also shows that results obtained at different har-
monic overtones do not simply scale with the Sauerbrey re-
lation �29�. The resonant frequency shifts at higher harmonic
overtones are smaller than that obtained at lower overtones,
after having taken into account the overtone number. This
frequency dependence in the normalized frequency shift has
been observed experimentally �42�, and can be explained as
due to a continuous viscoelastic profile of the adsorbed film.

C. Film resonance and film-solvent profile

For a homogeneous film in contact with a fluid, the film
itself forms a resonator if the film thickness h matches a

quarter of wavelength of the sound �h�� /4�. When the
eigenfrequency of the film resonator and the resonant fre-
quency of the QCM matches the energy transfer from the
QCM to the film is most efficient, so the damping of the
quartz resonance reaches a maximum and the resonant fre-
quency shift of the QCM changes from negative to positive
as the film eigenfrequency changes from above to below the
resonant frequency of the QCM. This “film resonance” be-
havior has been illustrated by the results from the numerical
calculation based on the slab model with a box profile of the
adsorbed layers �43�.

Since the frequency of film resonance depends sensitively
on the thickness of a film, a continuous viscoelastic profile in
the film would result in a distribution of the effective film
thickness and, thus, smear out the film resonance. To illus-
trate this effect, the changes of the resonant frequency and
the dissipation factor are calculated for adsorbed films of
average film thickness b=1 �m as a function of the film-
solution interface width a. Figure 5 displays the calculated
film resonance for an adsorbed film in water with viscoelas-
tic parameter �0=0.002 �Ns /m2�. It is obvious that for a
continuous viscoelastic profile, the larger the interface width,
the less pronounced the resonance. This characteristic behav-
ior may explain the broad “film resonance” observed in the
temperature dependence of the frequency shift and the
change of the dissipation factor of a polymer film �39�.
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IV. SUMMARY

We have numerically analyzed the acoustic responses of
adsorbed molecular films with continuous concentration pro-
files on a solid-liquid interface probed by quartz crystal mi-
crobalance �QCM�. The analysis uses a continuum mechan-
ics model and assumes a hyperbolic tangent profile for the
film-solution interface. The calculated results show that vis-
coelastic properties of the adsorbed films depend strongly on
the width of the film-solvent interfaces. With a nonzero in-
terface width, the viscoelastic responses probed by the QCM
also depend on the magnitudes of viscosity and shear modu-
lus in the profile over the entire film. Also, the “film reso-
nance” is broadened due to the diffusive nature of the film-
solution interface. These calculated results explain a number
of experimental observations in the studies of macromol-
ecules adsorbed on solid-liquid interfaces. The analysis as-

sumes a linear relationship between the viscoelastic proper-
ties of the adsorbed layers and the concentration of the
adsorbed molecules in the layers. The actual viscosity of a
layer can rise much more rapidly with the concentration for
many macromolecule systems as the concentration reaches
the semidiluted value �50�. In these cases, the effects of a
continuous concentration profile of the adsorbed films would
be larger than what has been presented in here.
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