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Self-excited dust-density waves are experimentally studied in a dusty plasma under microgravity. Two types
of waves are observed: a mode inside the dust volume propagating in the direction of the ion flow and another
mode propagating obliquely at the boundary between the dusty plasma and the space charge sheath. The
dominance of oblique modes can be described in the frame of a fluid model. It is shown that the results fom the
fluid model agree remarkably well with a kinetic electrostatic model of Rosenberg �J. Vac. Sci. Technol. A 14,
631 �1996��. In the experiment, the instability is quenched by increasing the gas pressure or decreasing the dust
density. The critical pressure and dust density are well described by the models.
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I. INTRODUCTION

The dust acoustic wave �DAW� �1� is the archetype of a
density wave in dusty plasmas in the low-frequency regime.
This wave was predicted to become unstable in the presence
of streaming ions �see, e.g., Refs. �2,3�� and unstable DAWs
were observed in several experiments �4–18�. The DAW is
mostly considered as a one-dimensional problem with the
propagation direction aligned with the ion flow. Recently,
dust density waves, which propagate at an oblique angle with
respect to the ion streaming direction, were observed under
microgravity conditions �19,20�. The phenomenon was dis-
cussed in terms of a simple fluid model, which predicted that
a wide angular spectrum of waves can be excited and that the
fastest growing mode undergoes a transition from propaga-
tion aligned with the ion flow at low ion velocity to oblique
propagation when the drift approaches the Bohm velocity.

Observations of oblique wave modes in unmagnetized
laboratory plasmas with an ion beam are rare. Buneman-type
instabilities were found to have, under certain conditions, the
fastest growing modes at an oblique angle with respect to the
beam �21�. These modes were considered to be responsible
for the excitation of a three-dimensional turbulence spec-
trum. On the other hand, the theory of oblique modes excited
by relativistic electron beams for the fast ignitor concept was
recently found rapidly expanding �e.g., Ref. �22,23��.

In the present article we investigate the oblique dust den-
sity modes in more detail. For this purpose calculations are
made with our simple fluid model over an extended range of
conditions. We compare the results with an earlier electro-
static kinetic model �24� that allows for including a finite
temperature of the ion beam. In particular, we study the an-
gular distribution of unstable modes as a function of beam
velocity and determine the quenching of the instability as a
function of gas pressure and dust density.

II. EXPERIMENTAL SETUP AND OBSERVATIONS

The experiments were performed in a 13.56 MHz radio-
frequency �r.f.� parallel plate discharge under microgravity

during the 6th and 7th DLR �German Aerospace Center�
parabolic flight campaign �2005�. The construction of the
original IMPF �International Microgravity Plasma Facility�
device was described in Ref. �25�.

A vertical cross section through the center of the presently
used modified IMPF-K �K= “Kiel” � device is shown in Fig.
1. The electrodes are segmented and consist of a central disk
and two concentric rings. The r.f. discharge is operated with
two independent r.f. power generators. The first feeds the
upper and lower disk electrodes in a push-pull mode. The
ring electrodes are pairwise connected and powered by the
second generator. The axial gap between the electrodes is
30 mm wide and the outer ring has a diameter of 80 mm.
The IMPF-K device is equipped with the two-dimensionally
scanning Langmuir probe system for measuring the plasma
parameters described in Ref. �25�.

The r.f. discharge is operated in argon at pressures of
�15–50� Pa. Typical r.f. voltages are Urf= �50–100� Vpp. We
use monodisperse melamine particles of radius a=3.4 �m.
Typical plasma conditions are ion density ni�1�1015 m−3

and electron temperature Te= �2.5–4� eV. A detailed investi-
gation of plasma parameters in the IMPF-K device was pre-
sented in Ref. �26�. This device is also used for laser manipu-
lation of dust particles �27,28�.

DDWs are observed with a vertically expanded sheet of
laser light and a fast digital video camera. The useable field
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FIG. 1. Side view of the IMPF-K device. The r.f. discharge has
segmented electrodes and is operated in push-pull mode between
pairs of electrodes. The two ring electrodes are electrically
connected.
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of view is 60�30 mm2 as indicated in Fig. 1. The camera is
positioned at the rear window of the chamber, which results
in an image in which left and right are interchanged. The
corresponding camera resolution is 1280�640 pixels. The
frame rate was chosen as 100 fps to avoid any aliasing of
wave signals, which have frequencies of f �10 Hz.

Self-excited DDWs are found at low gas pressure and
high dust density. The following results were obtained at the
standard conditions p=15 Pa and Urf

d =65 Vpp. Inner and
outer ring were operated at Urf

r =55 Vpp. A typical still image,
which represents a central vertical section through the dust
cloud, is shown in Fig. 2�a�. The dust distribution shows the
formation of a central dust-free region �“void”�, an oval ring
of dust and a dark dust-free space-charge sheath in front of
both electrodes. The boundary of the dust cloud is identified
with the edge of the space-charge sheath. The formation of
the central void was seen in many similar investigations, e.g.,
in Refs. �29–31�. The void mechanism is explained by a
force balance between the ion-drag force from the ambipolar
ion-flow out of the plasma center and the ambipolar electric
field force �32�.

The waves are seen as a strong spatial modulation of the
dust density. Close to the void edge, the wave fronts �visible
as bright wave crests� move vertically away from the void
�arrow 2� with a velocity of vDDW�20 mm s−1. Farther away
from the void, the wave fronts change their orientation and
finally become strongly inclined with respect to the sheath
edge �arrow 1�. A similar pattern is found in the upper part of
the dust cloud. These two regions are separated by a stripe of
reduced wave activity in the midplane between the elec-
trodes.

The dramatic change in wave propagation direction was
not expected for the ordinary DAW, because the ion flow that

excites the unstable DDW is aligned with the static electric
field. Since this electric field is also responsible for the force
equilibrium of the dust particles at the edge of the dust cloud,
the electric field must be strictly perpendicular to the dust
boundary. Otherwise, a dust flow along the boundary would
be observed. Simulations of a dusty plasma in a smaller de-
vice �33� show that the radial ambipolar field is much
smaller than the field at the sheath boundary. Because our
device has a two times larger electrode diameter but a com-
parable gap width, we consider the influence of a radial field
or edge effects of the electrodes as negligible. We call this
unusual wave type an “obliquely propagating dust-density
wave” �OPDDW�.

The frequency of the OPDDW is determined at the
marked position in Fig. 2�a� from the spectral power density
shown in Fig. 2�b�, fOP=9.5 Hz, and the propagation veloc-
ity, as obtained from the displacement of the wave fronts in
subsequent frames, is vOP�20 mm s−1. This propagation ve-
locity is similar to vDDW found at the void edge.

The time averaged phase fronts of the OPDDW can be
visualized in more detail by a Fourier analysis of the bright-
ness of each pixel B�x ,y , t�. The complex wave function
C�x ,y�+ iS�x ,y� corresponding to fOP is calculated as

C�x,y� = �
i=1

N

B�x,y,ti�cos�2�fOPti� , �1�

S�x,y� = �
i=1

N

B�x,y,ti�sin�2�fOPti� . �2�

The phase distribution is then ��x ,y�
=arctan�S�x ,y� /C�x ,y��. The result is shown in Fig. 2�c�.
The wave fronts are found to have an inclination of �
= �40–80�° with respect to the sheath boundary. The mean
wavelength is �= �2�0.5� mm. Self-excited waves are only
observed at high dust density and below a critical gas pres-
sure pcrit�40 Pa. The nearly equal propagation speeds of the
wave in the two regimes means that the wavelength remains
practically the same.

III. FLUID MODEL FOR THE OPDDW

The DDW is described by the electrostatic dispersion re-
lation �2�

0 = 1 + �e + �i + �d, �3�

which contains the susceptibilities of the electrons, ions, and
dust particles. In a fluid description the electron susceptibil-
ity has the form �3�

�e = −
	pe

2

	�	 + i
e� − �ek
2vTe

2 . �4�

Because the wave frequency 	 is very small compared to the
electron plasma frequency 	pe, the electrons are isothermal
��e=1�. Neglecting electron-neutral collisions the electron
response is adequately represented by �e= �k�De�−2. Here, k
is the wave number, �De=vTe /	pe= ��0kBTe / �nee
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FIG. 2. �Color online� �a� Still image of the dust-density wave.
The arrows indicate the different wave propagation directions in
regions 1 and 2. The electric field direction is perpendicular to the
sheath boundary. �b� Spectral power density P�f� of the dust density
wave. �c� Reconstructed phase fronts of the dust density wave.
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electron Debye length, vTe= �kBTe /me�1/2 the electron thermal
velocity.

The susceptibility of the dust

�d = −
	pd

2

	�	 + i
dn� − �dk2vTd
2 �5�

depends on the dust plasma frequency 	pd
= �Zd

2e2nd / ��0md��1/2 �Zd, nd, md being the dust charge num-
ber, density, and mass�, the wave frequency 	 and the dust-
neutral collision frequency 
dn. The kinetic pressure of the
dust is included in terms of the dust thermal velocity vTd
= �kBTd /md�1/2. The dust compression is considered adiabatic
with �d=3.

The ion susceptibility is derived from a fluid model that
includes a streaming velocity vi0 in z direction, a thermal
velocity vTi= �kBTi /mi�1/2 and a collision frequency 
i, which
accounts for ion collisions with neutral atoms and dust par-
ticles. Note, that the original version of the fluid model �19�
contained an error, which was corrected in the Erratum �20�.

The calculation starts from the linearized equation of mo-
tion for the ions in the electric field of a plane wave ��r� , t�
= �̃ exp�i�k� ·r�−	t��

�vix

�t
+ vi0

�vix

�z
+ 
ivix = −

e

mi

��

�x
−

�ivTi
2

ni0

�ni

�x
, �6�

�viz

�t
+ vi0

�viz

�z
+ 
iviz = −

e

mi

��

�z
−

�ivTi
2

ni0

�ni

�z
, �7�

and the linearized equation of continuity

�ni

�t
+ vi0

�ni

�x
+ ni0� �vix

�x
+

�viz

�z
� = 0. �8�

Assuming the same wave dependence exp�i�k� ·r�−	t�� for
the fluctuating quantities ni, vix, and viz, the equations of
motion and continuity take the form

− i�1ṽix = − ikx
e

mi
�̃ − ikx

vTi
2

ni0
ñi, �9�

− i�1ṽiz = − ikz
e

mi
�̃ − ikz

vTi
2

ni0
ñi, �10�

0 = − �2ñi + �kxṽix + kzṽiz�ni0. �11�

Here, the response of the ions is determined by the Doppler
shifted and collision modified frequency �1=	−kzv0+ i
i.
The continuity equation involves the Doppler shift �2=	
−kzv0. Finally, we obtain the ion susceptibility �i=
−�eñi� / ��0k2�̃� as a function of the orientation angle �
=arccos�kz /k� between k and ion beam direction z

�i =
− 	pi

2

�1�2 − �ik
2vTi

2 . �12�

We note here that in the collisionless limit the fluid suscep-
tibility has a singularity at �1

2=�ik
2vTi

2 , which is not present
in the kinetic theory.

Equation �12� gives the well-known limiting cases, �a� for
stationary warm and collisionless ions �i��k�Di�−2 with the
ion Debye length �Di=vTi /	pi and �b� for stationary cold
ions: �i�−	pd

2 /	�	+ i
i�. Since, in �i, the wave frequency
	 can be neglected compared to the ion collision frequency,
the dispersion relation Eq. �3� can be solved explicitly for a
complex 	

	 = −
i

2

dn + �−

1

4

dn

2 +
	pd

2

1 + �e + �i
�1/2

. �13�

The positive root was chosen as it gives the correct limiting
case of an ordinary DAW when 
dn→0.

IV. KINETIC MODEL FOR OBLIQUE MODES

For comparison with the fluid model of the OPDDW we
now consider the kinetic electrostatic model used by Rosen-
berg �24� to study the properties of oblique dust density
waves. The following expression for the susceptibilities is
used �34,35�:

�� =
1

k2�D�
2

1 + ��Z����
1 + �i
�/	2kvT��Z����

�14�

with �=d , i ,e, and

�i =
	 − kzvi0 + i
i

	2kvTi

, �e,d =
	 + i
e,d

	2kvTe,Td

, �15�

where �D�= ��0kBT� / �n�0Z�
2e2��1/2 is the Debye length of

species � and Z��� the plasma dispersion function �36�.
For practical calculations we first inspect the necessity of

treating the electrons by the kinetic model. The wave fre-
quency 	 is of the order of the dust plasma frequency 	pd,
which is usually six orders of magnitude smaller than 	pe.
On the other hand, the electron-neutral collision frequency is
typically in the range 
e��0.01−0.3�	pe. Hence we can ne-
glect 	 compared to i
e in the definition of �e. In this limit,
the electron susceptibility reduces exactly to �e= �k�De�−2.
Although the electrons are weakly collisional, their effect on
the low-frequency wave is only a shielding action. The
physical interpretation is that, despite the friction, the elec-
trons are always able to attain their equilibrium positions in
the wave potential because the wave frequency is so low.
Hence, we do not expect wave damping by electron friction.

For the dust component, we argue that 
�d 
 �1. From our
fluid results we expect that 	�	pd and k�De�1−5. There-
fore, the quantity �d becomes

�d �
1

2�	2�k�De�
�De

�Dd
�1 + i


d

	pd
� �16�

with �Dd=vTd /	pd. For our experimental conditions
�De /�Dd�420, 
d /	pd�0.3, which gives 
�d 
 ��9−50�. Us-
ing the asymptotic expansion Z����−�−1− �1 /2��−3

− �3 /4��−5 we obtain the fluidlike result
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�d =
− 	pd

2

	�	 + i
d� − �3 − 2
d/�
d − i	��k2vTd
2 . �17�

Note that the fluid result Eq. �5� for adiabatic compression
��d=3� is recovered in the limit 
d�	 whereas �=1 is ap-
proached for 
d�	. Since the thermal correction is small,
k2vTd

2 �	2, we can neglect the collisional part of the thermal
correction and use Eq. �5� for the dust susceptibility.

For the ion susceptibility now the full kinetic form of Z���
is retained in order to demonstrate the differences from the
fluid model. The fluid limit for �i �Eq. �12�� can be recov-
ered, when an asymptotic expansion �
�i 
 �1� is justified.
However, this expansion is not valid at low drift velocity
vi0�vB�10vTi or large � because, in the low-collision limit,
�i�0.7vi0 cos��� /vTi can be close to unity.

For the calculation of the plasma dispersion function the
Padé approximation with eight poles �37,38� is used. Com-
paring samples in the upper half of the complex � plane with
the tables in Ref. �36� we found agreement in six significant
digits. Neglecting again the wave frequency 	 in �i, the dis-
persion relation is solved in the form �13�.

As a test of the validity of the entire approach, we have
recalculated the example in Fig. 1 of Ref. �24�, which refers
to the typical situation at the sheath edge of a processing
plasma with fine grains of 0.3 �m radius. The other param-
eters are nd /ni=3�10−4, Zd=1000, Te /Ti=Te /Td=40,
md /mp=1011, mi /mp=40, 
e /	pe=0.3, 
i /	pe=10−3, 
d /	pd
=10−7. We find agreement with Ref. �24� within the graphical
resolution. For convenience, the resulting growth rate and
wave dispersion are shown in Fig. 3�a�. The graph �a� shows
the normalized wave frequency 	 /	pd and growth rate
� /	pd as a function of wave number for different propaga-
tion angles � between wave vector and ion drift direction.
Note that at the maximum growth rate the relation 	��
holds. This is a typical feature of a dissipative instability. In
panel �b� the same growth rate curves are plotted against
k�De cos �. The maximum growth rate is found close to
k�De cos ��1. This is evidence for the resonance condition
of the beam ions 	pi=k cos �vi0 and shows that the mecha-
nism is similar to a Buneman instability �24�.

V. COMPARISON OF THE MODELS

The results from the fluid and kinetic model are compared
at the typical conditions of our experiment. The dust particles

�melamine-formaldehyde; �=1500 kg m−3� have a radius of
a=3.4 �m and carry a charge Zd=4000. The dust number
density is nd=5�1010 m−3. Argon gas with a pressure of p
=15 Pa at room temperature �kBTd=0.025 eV� is assumed.
The ion density is fixed at ni=1.0�1015 m−3 and the elec-
tron density follows from the quasineutrality condition ne
=ni−Zdnd. The ions are assumed cold, Ti=Td whereas the
electron temperature is kBTe=2.5 eV. The ion neutral colli-
sions obey the relation 
in=v0 /� with ��m�=3.28
�10−3 / p�Pa� �39�. Ion-dust collisions, which are less fre-
quent at these conditions �40� are presently neglected.

In Fig. 4 the comparison is shown of the growth rates of
the unstable waves �in units of 	pd� from the fluid model
�a�–�c� with the kinetic model �d�–�f�. The velocity of the ion
beam was varied from 0.3vB to 1.0vB, where vB
= �kBTe /mi�1/2 is the Bohm velocity. The angle of wave
propagation with respect to the ion beam is varied from 0° to
80°.

The comparison shows that the characteristic features re-
ported in Refs. �19,20� are confirmed by the kinetic model.
At the lowest ion beam velocity vi0=0.3vB, the preferred
wave propagation in the kinetic model is aligned with the ion
flow. The fluid model predicts a wider range of unstable
oblique waves. For increasing beam velocity the wave propa-
gation direction becomes oblique in both models and reaches
70° at vi0=0.7vB. A further increased beam velocity leads to
a strong damping of all modes with ��40° and leaves the
most unstable mode at larger angles �80°. The growth rates
of the fluid model and the kinetic model have generally simi-
lar values with the exception of low drift and large angles.
The wave number of the most unstable mode is confirmed.
Thus, both the fluid model and the kinetic model are suitable
to describe the transition from field-aligned to oblique wave
propagation. The agreement can be understood as reaching
the asymptotic limit 
�i
�1, where the fluid model becomes
a suitable approximation. The difference between fluid and
kinetic model at low drift and large angles may be attributed
to ion Landau damping. For the sake of accuracy we will use
the full kinetic model in the further analysis.

A more detailed analysis of the instability is compiled in
Fig. 5 as a function of ion beam velocity. In panel �a� it
becomes evident that the propagation angle changes direc-
tion to oblique propagation as soon as vi0�0.3vB. The wave-
length increases in the regime vi /vB=0.1–0.3 but remains
nearly constant for vi0 /vB=0.3–1.0. The weak variation of
the wavelength is in accordance with the experimental obser-
vation of nearly constant propagation speed.

Panel �b� gives the same information in terms of the par-
allel and perpendicular wave number. The parallel wave
number kz=k cos � decreases monotonically in the entire ion
velocity range. The dashed line represents a fit function
kz�De�0.8�vi0 /vB�−1, which describes the decrease of the
parallel wave number quite well. This is the expected ten-
dency which originates from the coupling of the ion beam
fluctuations to the dust density fluctuations 	pi=kzvi0, and
noting that vB=	pi�De.

The perpendicular wave number kx increases between
0.3�vi0 /vB�0.6 and remains nearly constant at higher ve-
locities. Panel �c� shows that the �real� frequency of the most

FIG. 3. �a� Unstable oblique modes at the conditions of Ref.
�24�. �b� The maximum growth rate is found at k�De cos ��1.
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unstable mode remains between �0.6–0.8�	pd, whereas the
growth rate attains a maximum �max�0.5	pd at vi0=0.3vB.

VI. QUENCHING OF THE INSTABILITY

In order to verify the quenching of the instability we have
calculated the growth rates for different beam velocities us-
ing the kinetic model. The plasma parameters are the typical
experimental values given above. In a first run the gas pres-
sure was varied from �2–40� Pa �see Fig. 6�. The growth rate
is a monotonically decreasing function of gas pressure and
the critical pressure for quenching lies in the range
�35–45� Pa, which is in good agreement with the experimen-
tal observation. In a second run, we have reduced the dust
density �Fig. 7�. The critical dust density for quenching lies
below nd=1010 m−3, but is also dependent on beam velocity.

VII. DISCUSSION AND CONCLUSIONS

The appearance of unstable obliquely propagating modes
has been observed in all our experiments under microgravity
when the dust density exceeded a critical value and the gas
pressure was �35 Pa or lower. OPDDWs are found close to
the upper and lower sheath boundary of the discharge. These
two regions are separated by a central stripe of reduced wave
activity. Generally, we find that the dust density in the mid-
plane is significantly reduced, as was also observed by other
authors �41,42�. This observation suggests that wave excita-
tion and propagation are determined by the local properties

of the dust cloud. Moreover, the locality justifies the ap-
proach to explain the wave properties in terms of the local
dispersion relation.

The experimental findings of OPDDWs have been com-
pared with a fluid model and a kinetic model. The fluid
model is found as the asymptotic limit of the full kinetic
model �24�. Differences between the two models become
visible when the drift velocity is low or the propagation
angle becomes large. The comparison of both models shows
that the appearance of OPDDWs is a robust phenomenon.

The presented analysis of the angular wave spectrum has
shown that the limiting cases of parallel and oblique wave
propagation can be well understood. For an ion drift speed of
vi0�0.3vB, which is a reasonable value inside the bulk of the
dust cloud, the preferred wave propagation direction is �
=0°. On the other hand, close to the sheath boundary, the ion
drift velocity must approach the Bohm velocity. The assump-
tion to identify the boundary of the dust cloud with the
sheath edge is justified by our experience from dust clouds
trapped close to a Langmuir probe �31�, where the boundary
of the dust cloud was found in the plasma region but very
close to the sheath edge. According to the models, the maxi-
mum growth occurs for an oblique angle, which, however,
depends on the actual local value of the ion drift velocity.
This is in general accordance with the experimental observa-
tion of �= �40° –80° �. A more detailed comparison would
indeed require a simulation of the electric field distribution
with respect to magnitude and orientation inside the dust
cloud.

FIG. 4. Comparison of the growth rates pre-
dicted by the fluid model �a�–�c� and the kinetic
model �d�–�f� for ion beam velocities of 0.3vB,
0.7vB, and 1.0vB. The other parameters are taken
from our experiment. The curves are labeled with
the propagation angle �=0°−80°.
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Both models predict that the wavelength is only a weak
function of the ion beam velocity for vi0 /vB=0.3–1.0. This
is consistent with the experimental observation of a practi-
cally constant propagation velocity of the field-aligned and
oblique wave.

At the plasma parameters of our experiment, the present
study has shown that both the fluid model and the kinetic
model predict the preference for oblique wave propagation as
soon as the ion beam velocity exceeds 30% of the Bohm
velocity. The propagation angle of maximum growth rate as
well as the corresponding wave number have very similar
values in both models.

The quenching of the instability by increasing the pres-
sure or lowering the dust density is confirmed by both mod-
els. The critical pressure is found only weakly dependent on
the ion beam velocity. Its value is in close agreement with
the experiment. The critical dust density, however, shows a
stronger dependence on ion velocity. The quenching of field-
aligned dust fluctuations in the vicinity of the sheath edge by
ion and dust collisions with neutrals was reported before in
Ref. �43�. Our model extends this discussion to oblique
modes.

Future work on these oblique modes would benefit very
much from detailed simulations similar to Ref. �44�. Al-
though those simulations were performed for the PKE ex-
periments under microgravity, which is smaller than
IMPF-K, two of our assumptions are generally confirmed.
First, in the region between the electrodes, the outer contour
of the dust cloud is found to match the contours of constant
ion velocity. Since the ion velocity is friction limited, the
velocity contours are also equipontials. Hence, the electric
field at the dust boundary is perpendicular to the dust bound-
ary as stated above. Second, the ion velocity rises from typi-
cally 3vTi inside the dust cloud to �5–6� vTi at the outer dust
boundary. This corresponds to a transition from roughly
0.2vB to �0.4–0.5�vB. A change from parallel to oblique
propagation can therefore be expected from this simulation.
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FIG. 6. Quenching of the instability by increasing the gas pres-
sure. The different curves are labeled by the normalized ion beam
velocity vi0 /vB.

FIG. 5. Properties of the most unstable wave in the kinetic
model as a function of the beam velocity. �a� Wavelength in units of
the electron Debye length �squares� and propagation angle �circles�.
�b� Normalized perpendicular wavenumber kx�De and parallel
wavenumber kz�De. The dashed line is a fit vi0

−1. �c� Real frequency
and growth rate in units of the dust plasma frequency.

FIG. 7. Quenching of the instability by reducing the dust den-
sity. The different curves are labeled by the normalized ion beam
velocity vi0 /vB.
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