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We present a systematic investigation of the morphology and space-filling properties of polydisperse densely
packed granular media in two dimensions. A numerical procedure is introduced to generate collections of
circular particles with size distributions of variable shape and span constrained by explicit criteria of statistical
representativity. We characterize the domain of statistically accessible distribution parameters for a bounded
number of particles. This particle generation procedure is used with two different deposition protocols in order
to build large close-packed samples of prescribed polydispersity. We find that the solid fraction is a strongly
nonlinear function of the size span, and the highest levels of solid fraction occur for the uniform distribution by
volume fractions. As the span is increased, a transition occurs from a regime of topological disorder where the
packing properties are governed by particle connectivity to a regime of metric disorder where pore-filling small
particles prevail. The polydispersity manifests itself in the first regime through the variability of local coordi-
nation numbers. We observe a continuous decrease of the number of particles with four contacts and the growth
of two populations of particles with three and five contacts. In the second regime, radial distribution functions
show that the material is homogeneous beyond only a few average particle diameters. We also show that the
packing orientational order is linked with fabric anisotropy and it declines with size span.
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I. INTRODUCTION

Size polydispersity is a generic feature of granular mate-
rials. Most soils, powders, and natural composites involve a
broad range of particle sizes produced by fragmentation and
aggregation processes �1,2�. In industry, size polydispersity
appears as a major factor that needs to be optimized for
high-peformance applications. A well-known example is
concrete in which broad size distribution leads to reduced
porosity and thus enhanced strength �3–5�. On the other
hand, the pore space characteristics, which are important in
chemical engineering for liquid flow �e.g., water retention�
and the adsorbent action of particles �e.g., filtering�, depend
directly on the particle size distribution �6–9�.

Among many aspects of essentially geometrical nature
concerned with polydisperse packings, at least two issues are
of fundamental interest: �1� space-filling properties, and �2�
packing structure in terms of connectivity and structural or-
der. The space-filling issue corresponds mainly to the highly
polydisperse regime where numerous particles of sufficiently
small size can fill the pore space between larger particles
�10,11�. On the other hand, the question of packing structure
is often associated with the weakly polydisperse regime
where structural order is drastically altered due to a weak
polydispersity. This is the case in two dimensions �2D�
where long-range order in a monodisperse packing disap-
pears due to a narrow size distribution �12,13�.

Particle size distribution N�d� is a major characteristic of
geomaterials, and polydisperse granular materials have been
extensively investigated in soil mechanics �14�. The size dis-
tribution is often represented by the cumulate volume distri-
bution �CVD� of the particles, often referred to as a grading
curve in soil mechanics. Different descriptors of particle size
distribution, such as the coefficients of uniformity and cur-

vature, are used to characterize the soils �14�. Few studies
about the impact of these descriptors on the mechanical be-
havior show that the shear strength increases with solid frac-
tion �15�.

The investigation of microstructure for strongly polydis-
perse materials has been hampered by measurement difficul-
ties. Analytical studies of packings constructed according to
various space-filling strategies also exist mainly for the case
of power-law size distribution and apollonian or random
apollonian constructions �10,11,16�. More general packing
properties can be more easily reached by means of numerical
simulations. Nevertheless, dynamic simulation methods such
as contact dynamics and molecular dynamics, are deficient in
the number of tractable particles. Indeed, a broad size distri-
bution with well-represented classes of different sizes re-
quires many more particles than a narrow size distribution
often used in numerical simulations of granular media
�17,18�.

In this paper, we introduce a numerical procedure to gen-
erate collections of circular particles with a prescribed CVD
and explicit criteria of statistical representativity. Although
this procedure is quite general, we will use the � function to
represent CVDs. This function involves three parameters,
and depending on the position in the parameter space, the
resulting CVD can be simple- or double-curved. Moreover,
particular size distributions such as monodisperse, bidis-
perse, uniform in diameter, or of power-law shape can be
generated. We will show that statistically well-represented
distributions can be obtained only for a portion of the param-
eter space when the total number of data �particle diameters�
cannot exceed an upper bound for practical reasons such as
numerical tractability. This is the case whenever the distribu-
tion involves numerous small particles.

This size generation procedure is then used within a bal-
listic deposition algorithm in order to build very large close-
packed samples of desired polydispersity �19�. Deposition
algorithms are based on purely geometrical rules and they
have been applied to investigate surface growth and packing*voivret@lmgc.univ-montp2.fr
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structure or to construct dense packings as input to dynamics
simulations �20–24�. However, only monodisperse or weakly
polydisperse packings have been considered in the past.

The close-packed samples produced by the generation
procedure together with a deposition protocol allow us to
investigate various descriptors of granular microstructure as
a function of polydispersity parameters. Two issues will be
addressed in more detail: �1� How particle size distribution
�width, shape� affects the space-filling properties in terms of
solid fraction; and �2� How deviation from the monodisperse
limit affects structural order �translational and angular� in
terms of radial distribution function and contact network an-
isotropy.

In the following, we introduce in Sec. II our numerical
procedures with focus on the size generation method. In Sec.
III we study the parametric space, statistically accessible do-
mains, finite-size effects, and the coefficient of uniformity.
Then, in Secs. IV and V we present our main findings con-
cerned with space-filling and morphological properties of the
granular microstructure. We will conclude with a summary
and perspectives of this work.

II. NUMERICAL PROCEDURES

A. Particle generation

We assume that the CVD of the particles is represented by
a continuous function h�d� of particle diameters d varying in
the range �dmin,dmax�. By definition, we have

h�d� =

�
dmin

d

V�x�N�x�dx

�
dmin

dmax

V�x�N�x�dx

, �1�

where N�d� is the particle size distribution and V�x�
= �� /4�x2 is the 2D volume of a particle of diameter d. We
have h�dmin�=0 and h�dmax�=1. Since the CVD represents
volume cumulate of the particles, we first discuss here how
the corresponding cumulative distribution function F�d� of
particle diameters can be obtained.

The CVD defined over the interval �dmin,dmax� is first
discretized into Nc “classes” defined over subintervals
�dmin

i ,dmax
i � of widths �di�dmax

i −dmin
i and i� �1,Nc�. Then,

the CVD is decumulated over each interval in order to obtain
the volume fraction fv

i for each class i as follows:

fv
i = h�dmax

i � − h�dmin
i � . �2�

We require that the following two “representativity” condi-
tions be satisfied: �1� The number of particles in each class is
above a minimum Np/c� ,min. �2� The volume of each particle in
a class i is small compared to the total volume f i

v of the class.
We note that these two conditions are equivalent for a quasi-
monodisperse distribution.

We further assume that the CVD is linear over each class
i. This condition implies that the cumulative distribution
function Fi�d� of particle diameters over the class i is a nor-
malized uniform distribution by volume fractions of particles

defined over the interval �dmin
i ,dmax

i � as follows:

Fi�d� =
dmax

i

dmax
i − dmin

i

d − dmin
i

d
. �3�

Then, the mean diameter dm
i = �Fi�−1�0.5� of the class can be

estimated. This information allows us to determine the
amount ni of the particles in the class for a unit total volume
as follows:

ni =
4f i

v

��dm
i �2 . �4�

Each ni is then rescaled by a factor Np/c� min/min�ni� and its
integer part corresponds to the temporary number of particles
N�i in the class i as follows:

Ni� = int	 Np/c� min

min�ni�
ni
 , �5�

where int is the integer part. This procedure ensures that each
class will contain at least Np/c� min particles as required by the
first representativity condition.

The total number of particles Np�=�iN�i obtained at this
stage is dependent on the parameters Nc and Np/c� min. But, Np�
may be deficient for the construction of a representative
packing. Let Np

min be the minimum number of particles re-
quired for the construction of the packing. We impose that
the number Np of particles should be above Np

min. If Np�
�Np

min, we rescale the Ni� by Np
min/Np� to get the number of

particles Ni in each class i as follows:

Ni = int	Np
min

Np�
N�i
 . �6�

From the number of particles Ni in each class i, the prob-
ability distribution function Pi�d� of particle diameters d for
each class i is given by

Pi�d� =
Ni

Np
, �7�

and the cumulative distribution function F�d� is obtained by
summing up the Pi over all diameters �d. Given the popu-
lation Ni in each class i, we generate the Ni diameters d in the
class by inverse transform sampling of Fi�d� given by Eq.
�3�.

B. Cumulate volume distribution

For our parametric study, we need a model for the CVD.
Obviously, the procedure detailed above can be applied to
generate statistical ensembles of particle diameters from any
given CVD. However, for a parametric study the distribution
parameters should be identified and varied systematically.

For practical reasons, this model of CVD should �1� be
simple, i.e., involving a small number of parameters, �2� be
capable of representing double-curved distributions as ob-
served in geomaterials, �3� contain particular distributions
such as power laws, and �4� be defined over a finite interval.
A distribution that satisfies these requirements is the cumu-
lative � distribution defined as
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��x� =
1

B�a,b��0

x

ta−1�1 − t�b−1dt , �8�

where a�0 and b�0 are the parameters of the distribution
and

B�a,b� = ��a���b�/��a + b� , �9�

where � is the Gamma function. This � distribution is de-
fined and normalized over the interval �0,1�, so that ��0�
=0 and ��1�=1.

For using the cumulative � distribution as a model of
CVD for the particle diameters d over the interval
�dmin,dmax�, we replace x by the reduced diameter dr defined
as

dr�d� =
d − dmin

dmax − dmin
. �10�

Then, the CVD is defined by setting x=dr in Eq. �8� as fol-
lows:

h�d� = ��x = dr�d�;a,b� . �11�

Since only the relative particle diameters are relevant for
space-filling properties, we will use throughout this paper the
reduced diameter dr instead of d. In the same way, the span s
of the distribution h�d� in Eq. �11� will be defined as

s =
dmax − dmin

dmax + dmin
. �12�

The case s=0 represents a monodisperse packing whereas
s=1 corresponds to “infinite” polydispersity. In practice, the
limit dmin=0 never happens, and hence the span s is always
strictly below unity.

In terms of reduced diameters dr, the shape of the CVD is
controlled by the parameters a and b. Figure 1 displays sev-
eral plots of CVD as defined by Eq. �11� as a function of dr
for several values of a and b. The case a=b=1 corresponds
to uniform distribution by volume fractions and appears as a
straight line in Fig. 1. The CVD is double curved if a�1 and
b�1. If a=1 and b�1, the distribution is strictly convex
whereas if a�1 and b=1, it is strictly concave. These two
cases �a=1 or b=1� correspond to power-law distributions.
The uniform distribution by particle diameters is obtained for

a=3 and b=1. On the other hand, for very large values ofa
and b, the distribution becomes quasimonodisperse. Finally,
for a�1 and b�1, the distribution is nearly bidisperse with
increasing concentrations around dr=0 and dr=1 as a and b
decrease.

C. Packing preparation

For the construction of polydisperse packings from the
particle size ensembles generated according to the numerical
procedure described above, we use a deposition protocol. It
consists of layer-by-layer deposition of rigid particles on a
substrate �a rough or smooth plane in 3D or line in 2D�
according to simple geometrical rules.

Obviously, particle deposition can also be simulated by
means of dynamic methods, such as molecular dynamics
�25,26� and contact dynamics �27–29� in the spirit of a real
experiment where the grains are poured into a box. Such
simulations require, however, substantially more computa-
tion time than a purely geometrical approach.

In a deposition algorithm, the particles are allowed to
“fall” sequentially over a horizontal substrate. Upon contact
with the substrate or the first already deposited particle, the
falling particle either sticks or is further moved geometri-
cally to a more favorable position. This corresponds to a
local relaxation rule. Alternatively, the position of the falling
particle can be determined according to a global criterion
such as the lowest position at the free surface or the mini-
mum of a predefined potential energy of the particle �24�.
The deposition models can be efficiently implemented in a
computer code for generating very large two- and three-
dimensional packings �19,30�. They have been extensively
employed, rather with monodisperse particles, to investigate
the growth of a granular bed or colloidal aggregates �23,31�.

We use two different deposition protocols in two dimen-
sions: �1� random and �2� potential-based. In the random
model, the horizontal position of the falling particle is ran-
dom. When the particle comes into contact with the first
already deposited particle, it is allowed to roll until a second
contact is formed with another deposited particle; see Fig.
2�a�. This rule mimics the behavior of a particle placed on
top of a granular bed. The particle will relax under the action
of its own weight along the steepest descent to a stable po-
sition ensured by the contacts formed with the underlying
particles and such that the center of mass of the deposited
particle lies between the two supporting contacts.
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FIG. 1. �Color online� Cumulate volume distribution as a func-
tion of the relative diameter dr for several values of the distribution
shape parameters a and b according to Eq. �11�.

Ψ

(a) Random (b) Potential

FIG. 2. Illustration of random �a� and potential-based �b� depo-
sition methods.
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Obviously, the formation of two contacts with the under-
lying particles in 2D does not necessarily ensure the stability
of the deposited particle. Unstable configurations arise even
more frequently with polydisperse particles; see Fig. 2�a�.
When this is the case, further relaxation is necessary to reach
a locally stable position. Let us remark that local stability
rules make sense only for the deposited particle in the pres-
ence of gravity. Once the packing is constructed, each par-
ticle is supported by two underlying particles and it supports
one or two other particles. As a result, the equilibrium of a
particle is most of the time ensured by more than two par-
ticles and it depends on both the gravity and boundary con-
ditions. The only way to ensure force balance for each par-
ticle is to subject the sample to dynamic simulations. For a
sample constructed by a deposition protocol, further dynamic
relaxation occurs to reach a real mechanical equilibrium.
However, a detailed analysis in the case of monodisperse
packings shows that, if the constructed sample is a random
close packing, the solid fraction increases only slightly due
to dynamic relaxation �23�.

In the potential-based approach, we determine for each
particle �to be deposited� the lowest position at the free sur-
face as a function of its diameter. This corresponds to the
minimum of the potential energy 	=�i=1

Np y�i�, where y�i� is
the vertical coordinate of particle i; see Fig. 2�b�. By nature,
during particle deposition according to this approach, the
free surface of the packing remains nearly flat and horizontal
in contrast to the random approach where the free surface is
rather rough; see Fig. 3. In order to avoid wall effects, peri-
odic boundary conditions were implemented in the horizon-
tal direction with both deposition protocols.

III. PARAMETRIC SPACE

Our packings involve two types of parameters. The par-
ticle size distribution parameters are the size span s and the

shape parameters a and b �Sec. II B�. The sampling param-
eters control the generation of discrete ensembles of particle
diameters from the CVD. These include the total number of
particles Np and the number Nc of particle size classes, as
well as the minimum number of particles Np

min and the mini-
mum number of particles per class Np/c

min, which control the
representativity of the ensemble. We have also two layer-by-
layer filling methods: random deposition and global mini-
mum of a configurational potential energy. In this section, we
focus on the influence of sampling parameters on the solid
fraction 
 as the most relevant space-filling property of poly-
disperse packings.

A. Role of sampling parameters

Obviously, if Nc and Np/c
min are sufficiently large, 
 will be

independent of sampling parameters. Conversely, we may
consider a packing to be a representative volume element in
terms of 
 if the latter is independent of sampling param-
eters. The lowest number of particles Np

min required to ensure
this representativity of a packing may require a huge number
of particles. The limit Np

min depends both on the CVD and the
choice of the cutoffs dmin and dmax. We may also introduce a
“realizability” limit Np

max on the number of particles as a
function of the intended usage. For example, the number of
particles in dynamic simulations, to which the generated
samples can be subjected, cannot be too large �several tens of
thousands�. If Np

min�Np
max, the sample is both representative

and realizable. Otherwise, we need to find a compromise
between the sampling parameters Nc and Np/c

min minimizing
the variability of 
 with these parameters.

For a given CVD h�d�, the variations of 
 can be rather
large as we see in Fig. 4, where the solid fraction 
 is dis-
played as a function of Nc for Np=104. In this example, since
Np remains constant, the value of the minimum number of
particles per class decreases with Nc but remains above Np/c

min.
The size distribution parameters are a=b=4 and s=0.97,
corresponding to a double-curved CVD �see Fig. 1�. The
solid fraction 
 declines rapidly with Nc and saturates at Nc
�10. Hence, for this distribution, Nc�10 ensures the repre-
sentativity of the sample in 
.

The effect of the total number of particles Np on the solid
fraction manifests itself at the extreme points of the size
distribution. In the case where Ni is a decreasing �respec-
tively, increasing� function of di in the range i=1, . . . ,Nc, the

FIG. 3. Two examples of small-scale packings constructed by
means of random �top� and potential-based �bottom� deposition pro-
tocols with the same particle size distribution.
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FIG. 4. �Color online� Solid fraction 
 as a function of the
number Nc of particle size classes for 104 particles.
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class of the largest �respectively, smallest� particles contains
Np/c

min particles. This means that, if the extreme particles sizes
are well represented, then the generated sample of particles is
statistically well defined and the effect of Np on the solid
fraction is correlated with that of Np/c

min.
In the case of a nonmonotonous variation of Ni with di,

corresponding to a double-curved CVD, both smallest and
largest particles are concerned. Clearly, the representativity
of the class of the largest particles can be described in terms
of their number Ni as in the case of a monotonous distribu-
tion. But, the volume fraction fv

i of smallest particles might
be insufficient for a choice of Np/c

min based on the class of the
largest particles. In other words, for space-filling aptitude of
the particles, the important parameter is the volume fraction
fv

i for small particles and the number of particles Ni for large
particles. Most of the time, for a constant measure �di �in-
dependent of i�, these two conditions can be reconciled since
Ni is a decreasing function of particle diameter di. For ex-
ample, for a uniform distribution by volume fractions �where
fv

i �Ni�di�2 is constant�, Ni decreases as �di�−2. Otherwise, the
bulk representativity of small particles cannot be satisfied
unless the measure �di decreases with i. A geometric se-
quence dmin

i =dmin
i is a possible choice. The parameter 

can then be adjusted in order to ensure the representativity of
largest particles in the distribution.

B. Finite-size effect

In layer-by-layer construction of a sample inside a box,
the solid fraction may also be influenced by the dimensions
of the box. Typically, a potential-based protocol tends to fill
a layer until no more place is left, a new layer being then
initiated. But it often happens that a minimum position can
be found in a layer for a small particle but not for a large
one. When a new layer is initiated with a large particle, the
latter will partially screen the sites unfilled by small particles
in the lower layer, creating thus large pores, which will no
more be reached by deposited particles. The probability that
this can happen decreases with the width of the box. In a
wide box, smaller and larger particles can combine in many
more conformations to fill a layer and the number of such
conformations decreases if the width is reduced. This effect
is shown in Fig. 5, where 
 is plotted as a function of box
width L for Np=10 and s=0.97, two different CVDs and two

deposition protocols. With the potential-based protocol, the
solid fraction increases logarithmically with L over one de-
cade. Independently of the distribution, the rate of increase
of 
 is about 0.02 per decade for the investigated range, i.e.,
up to 105 particles. In the case of random deposition, 
 is
sensibly independent of L. This is consistent with the fact
that during random deposition, in contrast to potential-based
protocol, the choice of the deposition site of each particle is
independent of its size. For the investigation of solid fraction
in sections below, the width was kept around L /dmax=100 in
order to avoid this size effect.

C. Accessible domains of distribution parameters

For a systematic investigation of polydisperse packings, a
high number of particles Np is needed for the representativity
of the samples generated according to a size distribution.
Technically, Np is bounded by a “realizability” limit Np

max

�see Sec. III A�. For a given set of sampling parameters Nc
and Np/c

min, a sample can be generated only if the required
number of particles Np satisfies the condition

Np � Np
max. �13�

However, at given values of sampling parameters, this con-
dition cannot be satisfied by all combinations of distribution
parameters a, b, and s. Figure 6 displays the domain of ac-
cessible values projected on the space of shape parameters a
and b for two values of s and several values of Np

max. It is
remarkable that the general aspect of the accessible domain
is weakly dependent on the parameters and it expands slowly
with Np. For Np�106, the values larger than a=b=10 cannot
be realized. On the other hand, for strictly convex CVD �a
=1�, the limit value of b is about 4 whereas for strictly con-
cave CVD �b=1� the limit value of a is about 7. The shape
of the accessible domain is not symmetric about the line a
=b. The accessible values of aand b are all the more reduced
as the small particle classes are more populated. This restric-
tion is more important for the points located above the line
a=b, i.e., for a�b. We note that uniform distributions in
diameter �a=3 and b=1� and by volume fractions �a=b
=1� are inside the accessible domain.

D. Coefficient of uniformity

Although the extreme particle diameters dmin and dmax are
well defined in a numerical approach, the sampling of small-
est and largest particles in a real granular material is prob-
lematic. On one hand, the smallest sampled particles might
represent a negligible volume fraction and, on the other
hand, the largest sampled particles are not necessarily repre-
sentative of the statistics of large particles. For this reason, s
is not a well-defined experimental parameter for the span of
a particle size distribution. In soil mechanics, the span is
generally characterized by the “coefficient of uniformity”
Cu=d60/d10, where dx designs the diameter for which the
volume fraction of smaller particles is equal to x%. Cu cor-
responds roughly to the slope of the size distribution. It var-
ies from 1, for a monodisperse distribution, to values above 5
for a well-graded soil �14�. From Eq. �11�, we have

0 50 100 150 200 250 300
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a=b=4, Random
a=b=1, Potential
a=b=4, Potential

FIG. 5. �Color online� Solid fraction 
 as a function of box
width L normalized by the maximum diameter dmax for Np=10 and
s=0.97, two different CVD and two deposition protocols.
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Cu =
h−1�0.6�
h−1�0.1�

. �14�

It is easy to see that for our CVD, Cu�6 for a�1 and b
�1. Larger values of Cu can be obtained for a�1 or b�1.
In view of comparison to real materials, it is interesting to
evaluate the relation between Cu and s, as well as the influ-
ence of the shape parameters a and b.

Figure 7 displays Cu as a function of s for several values
of shape parameters. In all cases, Cu is an increasing function
of s, but at a rate which strongly depends on the shape pa-
rameters. For CVDs favoring the number of large particles
�a=3, b=1; a=4, b=2�, Cu increases almost linearly with s
from 1 to �2. For CVDs favoring small particles �a=1, b
=3; a=2, b=4�, Cu increases nonlinearly with s and exceeds
2. For the uniform distribution by volume fractions �a=b
=1�, Cu is a highly nonlinear function of sand reaches its
largest value 6 corresponding to d60/d10=6, as it should for a
uniform distribution by volume fractions. The fact that the
coefficient of uniformity increases with s indicates that it can
be used to characterize the span of the distribution. But Fig.
7 underlines also the important role of the shape parameters
a and b, in addition to s, in the construction of a well-graded

sample. Several isovalue plots of Cu are shown in Fig. 8 for
Np=106 and s=0.97. We see that a given value of Cu can be
obtained for different combinations of shape parameters. The
range of possible combinations is, however, strongly reduced
for high values of Cu occurring in the neighborhood of a
=b=1.

IV. SPACE-FILLING PROPERTIES

In this section, we analyze the way the particles assemble
to fill the space for different size distribution parameters and
our two particle deposition protocols. We consider three dif-
ferent space-filling properties: solid fraction 
, radial distri-
bution function g�r�, and a radial volume distribution func-
tion 
�r�, which describes the correlations of solid fractions.
Unless stated explicitly, all the data presented below were
obtained for samples prepared with Nc=10, Np/c

min=10, Np
min

=3.104, and Np
max=105. The span s will be varied from 0.02

to 0.97.
Each plot shown in the sections below represents about 50

data points, each point corresponding to the average of two
independent depositions. The simulation of deposition of 105

particles by the potential-based method takes nearly 15 min-
utes on a Mac G5 computer. For some plots �in Figs. 7, 10,
14, 19, 21, and 22� the data points for large values of s are
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FIG. 7. �Color online� Coefficient of uniformity Cu as a function
of size span s for several values of shape parameters a and b.
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FIG. 8. Isovalue lines for several values of the coefficient of
uniformity Cu for Np=106 and s=0.97 inside the accessible domain
marked by its contour in thick solid lines.
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FIG. 6. Domains of statistically accessible shape parameters a
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not statistically accessible �for Np
max�105� and thus these

plots could not be traced for the whole range of s
� �0.02,0.97�.

A. Solid fraction

The solid fraction 
 is shown in Fig. 9 as a function of
size span s for random and potential-based methods in the
case of uniform distribution by volume fractions. As ex-
pected, the potential-based method yields considerably
higher levels of solid fraction as s increases. This suggests
that the polydisperse packings are thus more sensitive to the
preparation protocol. For both methods, 
 first decreases
with s, passes by a minimum, and then increases to much
higher values. The lowest values of 
 are �0.82 for the
potential-based method and �0.81 for the random method.
These values correspond to the order of magnitude of the
solid fraction in a quasimonodisperse random close packing.
The highest values are �0.91 for the potential-based method
and �0.84 for the random method.

We observe similar trends for all values of shape param-
eters a and b. This is shown in Fig. 10 for the potential-based
method. The solid fraction declines in the range s�0.1.
Then, it increases slowly with s in the range 0.1�s�0.4. In
this range, the values of 
 are sensibly the same indepen-
dently of shape parameters except for a=b=1. Beyond
s�0.4, 
 increases faster for distributions favoring the num-
ber of small particles �a=1, b=3; a=2, b=4� than those
favoring the number of large particles �a=3, b=1; a=4, b

=2�. For each value of s, the solid fraction 
 for the uniform
distribution by volume fractions �a=b=1� is higher than
those for all other values of shape parameters.

Figure 11 shows snapshots of the samples for three differ-
ent values of s generated for a=b=1. At very low values of
s �s�0.1�, the arrangement is quasimonodisperse involving
long-range order and dislocations. The coordination number
is about 4. The larger values of 
 �
�0.82� in this range are
due to local triangular structures inside a globally square
lattice of particles. The decrease of 
 with s in this range
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FIG. 9. �Color online� Solid fraction 
 as a function of size span
s for random and potential-based deposition protcols in the case of
uniform distribution by volume fractions.
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FIG. 10. �Color online� Solid fraction 
 as a function of size
span s in the case of the potential-based deposition protocol for
several values of shape parameters a and b.

FIG. 11. Snapshots of samples for s=0.02 �top�, s=0.42
�middle�, and s=0.97 �bottom�.

SPACE-FILLING PROPERTIES OF POLYDISPERSE… PHYSICAL REVIEW E 76, 021301 �2007�

021301-7



corresponds to the well-known order-disorder transition ob-
served in 2D monodisperse granular media due to the pertur-
bation of an initially triangular lattice in the presence of a
small amount of polydispersity �13�. At larger values of s
�0.1�s�0.4�, we observe a weakly polydisperse arrange-
ment involving only local �short-range� order. The solid frac-
tion increases slowly with s although for s�0.4 the smallest
particles are not yet large enough to fit into the pores be-
tween the largest particles. This condition occurs precisely at
s=0.4 for a square lattice. The faster increase of 
 with s
beyond s�0.4 is thus a consequence of an increasingly
higher number of pore-filling small particles.

Figure 12 shows the solid fraction as a function of a for
s=0.97 and b=1. We see that the largest value of solid frac-
tion occurs for a=1. We checked that this is also true for all
values of s, with a decreasing maximum solid fraction when
s decreases. Remark that with b=1, the CVD of particle
diameters is reduced to a power law

h�d� = da, �15�

or equivalently, the probability density function of particle
diameters is

N�d� = � + 1�d−, �16�

with =3−a. The maximum solid fraction is thus obtained
for �2. It is interesting to notice that this value of the
exponent for the optimal space filling was obtained also for
packings constructed by very different filling protocols �11�.

In fact, two conditions are required to fill efficiently the
pores: �1� a broad size distribution, which corresponds to
higher values of s �s�0.4 in our simulations�, and �2� a large
number of smaller particles, controlled in our model by the
shape parameters a and b. The broad size distributions favor-
ing smaller particles lead thus to enhanced levels of solid
fraction. According to Fig. 10, these conditions appear to be
optimally fulfilled for uniform distribution by volume frac-
tions and with the potential-based method. In other words,
equal volume fractions provide the best match between the
volumes of particles and pores.

B. Radial distribution function

The spatial order in polydisperse packings can be evalu-
ated by means of the radial distribution function g�r� of the
radial positions r of particle centers, defined by

g�r� =
n�r�

n
, �17�

where n�r� is the average number density of particle centers
at a distance r from the given particle and n is the average
number density of the packing. The variations of g as a func-
tion of r reflect thus the average placement of the surround-
ing particles. Figure 13 shows g�r� for uniform size distribu-
tion by volume fractions and different values of s. For s
�0.4, we observe the signature of short-range order with
regular peaks of decreasing amplitude at positions which are
multiples of the average diameter d�. The correlation length
of several average particle diameters, and the amplitudes,
decrease as s increases. For s�0.4, only the first peak sur-
vives and shifts to values below the average diameter with an
increasing amplitude. Hence, the size span s=0.4 corre-
sponds also to transition from short-range order to practically
no correlation beyond the first “shell” around the particles.

The observed shift of the peaks in Fig. 13 towards posi-
tions below the average diameter indicates that for polydis-
perse granular materials we should distinguish two different
length scales: �1� the average diameter d�, and �2� the mean
distance � between particle centers. Figure 14 shows � / d�
as a function of s for several values of shape parameters. In
weakly polydisperse packings �s�0.2�, we have ��d�.
Then, the ratio � / d� increases with s all the more the shape
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FIG. 12. Solid fraction 
 as a function of shape parameter a for
b=1 and s=0.97.
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FIG. 13. �Color online� Radial distribution function g as a func-
tion of radial distance r normalized by the average particle diameter
d� for uniform size distribution by volume fractions and different
values of size span s.
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FIG. 14. �Color online� Ratio of the mean distance between
particle centers � to the average particle diameter d� as a function
of size span s for several values of shape parameters a and b.
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parameters favor small particles. The trends observed in Fig.
14 are comparable with those observed previously for Cu as
a function of s in Fig. 7. Larger values of Cu lead to higher
values of the ratio � / d� and solid fraction.

We may also legitimately ask whether the radial distribu-
tion function is the best representation of pair correlations in
polydisperse granular media. The number density n�r� is a
natural quantity for molecular systems or monodisperse
granular media where the constituents have all nearly the
same volume. In polydisperse granular media, we need to
account for particle volumes. It seems thus pertinent to con-
sider the solid fraction 
�r� as a function of radial positions r
of the particles. In practice, the solid fraction 
�r� can be
calculated inside circular shells of increasing radius r cen-
tered on particle centers. Figure 15 shows 
�r� for uniform
distribution by volume fractions for three values of size span
s. In all cases, 
�r� is equal to 1 for r�dmin/2 and tends to
the packing solid fraction 
 at large values of r. As in the
radial distribution function, the solid fraction oscillates be-
tween peaks and valleys of decreasing amplitude with a pe-
riod of nearly d� at low values of s. At larger polydispersi-
ties, one mainly observes a marked valley following the
initial plateau and a nearly constant increase towards 
. This
valley represents the void space between a particle and its
first neighbors. In the pore-filling regime �s�0.4�, the mate-
rial can be considered as homogeneous beyond almost two
average diameters. It should be, however, borne in mind that
the average diameter in this regime corresponds to many
small particle diameters dmin. As s increases, the correlation
length decreases slightly in units of the average particle di-
ameter.

V. CONTACT NETWORK

The solid fraction and radial distribution function account
for the metric disorder depending on particle size distribu-
tions. However, most mechanical properties of granular me-
dia, such as force transmission and dilatancy, result from the
topological disorder of the contact network. In this section,
we study the influence of size distribution on the connectiv-
ity and anisotropy of the contact network.

A. Connectivity

Monodisperse particles can, in principal, assemble to
form triangular packings with coordination number z=6.

However, this upper limit can never be reached without fine
adjustment of particle positions due to geometrical mis-
matches related to steric exclusions and numerical precision.
In the presence of the slightest perturbation of the assembly,
the coordination number collapses to z=4. For example, at
weak polydispersity �s=0.02�, for a sample prepared by the
potential-based protocol, we get z=4. To explain this, a com-
mon argument is that each deposited particle is supported by
two particles and it supports two other particles. This argu-
ment implies that each particle should have exactly 4 contact
neighbors. But, this is not what we observe. For s=0.02, only
a proportion �0.8 of particles have 4 contacts. Other par-
ticles have either 3 or 5 contacts at equal proportions �0.1. It
is easy to see that this configuration again leads to an aver-
age coordination number of 4.

The point is that, during particle deposition, each particle
is, by construction, supported by two particles, but it does
not necessarily support two other particles. Figure 16 shows
an example where two particles each with 4 contacts trans-
form to two particles with 3 and 5 contacts, respectively, due
simply to the disposition of an intermediate particle to form
a contact with one or the other. This transformation from 4
+4 configuration to 3+5 configuration conserves the average
coordination number. Hence, the particle size distribution
manifests itself mainly through the variability of local coor-
dination numbers. Figure 17 displays a snapshot of a sample
for s=0.22 where the particles of 3 and 5 contacts are
marked. We indeed observe that these particles occur mostly
in pairs and in zones of strong disorder correlated over long
distances in space.

In order to characterize the variations of local coordina-
tion numbers, we consider here the “connectivity function”
Pk defined as the proportion of particles inside a sample with
exactly k contacts. We have �kPk=1 and �kkPk=z. Figure 18
shows the plots of Pk for different values of k as a function
of size span s for uniform distribution by volume fractions.
As stated above, at very narrow spans we have P4�0.8 and
P3= P5�0.1. As s increases, P3 and P5 increase together at
the expense of P4, which declines to 0.6 at s=0.2. In the
range s�0.2, Pk=0 for allk except k=3, 4, and 5. The evo-
lution of topological disorder in this range is thus governed
by the growth of two populations of particles with 3 and 5
contacts.

The populations of particles with 6 and 2 contacts appear
at s=0.2 and increase with s. At the same time, P5 stops
growing and begins to decline beyond s�0.4. P4 continues
to decline as new populations appear whereas P2 keeps in-
creasing all the way. All other populations first begin to grow
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FIG. 15. �Color online� Average solid fraction 
 as a function of
radial distance r from a given particle center normalized by the
average diameter d� for uniform distribution by volume fractions
and three values of size span s.

(a) 4+4 (b) 3+5

FIG. 16. �Color online� Illustration of two particles of 4 contacts
�4+4� transforming to two particles of 3 �yellow� and 5 �blue�
contacts, respectively, due to a small difference in size distribution.
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up to a certain level and then decline asymptotically to a
value characterizing a very polydisperse packing. The trends
are sensibly similar for other values of shape parameters �not
shown here�. It should be noted that particles with many
more contacts �up to k=50� appear in the samples at high
levels of s but they are marginal compared to the populations
already shown in Fig. 17.

The particles with 2 contacts are the small particles which
are supported by two particles but which support none.
Hence, P2 represents the importance of geometrical arching

which leads to the screening of smallest particles. This popu-
lation grows rapidly with polydispersity and does not seem
to saturate at highest values of s. A consequence of the
growth of this population is to reduce the coordination num-
ber below 4; see Fig. 19.

B. Fabric anisotropy

The anisotropy of the contact network is known as a ma-
jor mechanism of shear strength in granular media �32–34�.
This anisotropy can be expressed through the probability
density function P��� of the orientations � of normals n to
the contact planes. Figure 20 displays P��� for uniform dis-
tribution by volume fractions for several values of s. This is
a bimodal symmetric distribution with two peaks at �=45�

and �=135� for low values of s. The peaks flatten with s and
tend to the center of the distribution at �=90�. Angular dis-
tributions of bimodal feature have also been observed in ex-
periments and dynamic simulations of granular beds pre-
pared by random deposition �35�.

The anisotropy of P��� can be extracted from the fabric
tensor Fij defined by �32�

Fij = �
0

�

ni���nj���P���d� . �18�

The first order anisotropy of the distribution P��� is given by

ac = 2�F1 − F2� , �19�

where F1 and F2 are the principal values of Fij. However,
this definition applied to the distributions observed in Fig. 20
yields low values of ac as a result of the symmetry of these

FIG. 17. �Color online� Snapshots of samples for s=0.02 �top�
and s=0.2 �bottom� marked according to the local coordination
number of the particles: 2 contacts in white, 3 contacts in yellow
�light gray�, 4 contacts in intermediate gray, 5 contacts in blue �dark
gray�, and 6 contacts in black.
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FIG. 18. �Color online� The connectivity functions Pk for dif-
ferent values of k as a function of size span s for uniform distribu-
tion by volume fractions.
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FIG. 19. �Color online� Coordination number z as a function of
size span s for several values of distribution shape parameters a and
b.
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FIG. 20. �Color online� Polar representation of the probability
density function P��� of the orientations � of contact normals for
uniform distribution by volume fractions and several values of par-
ticle size span s.
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distributions. It is thus reasonable to restrict the definition of
the fabric tensor in Eq. �18� to the subinterval �0,� /2�. The
corresponding anisotropy ac then represents the importance
of the peak in each subinterval. Figure 21 shows this half-
interval anisotropy as a function of s for several values of
shape parameters. We see that ac falls off with s from 0.85
for s�0 to values below 0.5 for s�1 in the case of uniform
distribution by volume fractions. This behavior does not de-
pend crucially on the shape parameters, the lowest anisotro-
pies being observed for a=b=1. We also remark that, the
rate of variation of ac with sinvolves two transitions occur-
ring at s�0.2 and s�0.8.

The bond-orientational order of the packing can also be
characterized in terms of the scalar order parameters �k de-
fined as �36�

�k = �eki�c�c� , �20�

where i2=−1 and the average is taken over all contact direc-
tions �c in the packing. The value of k sets the symmetry of
the reference configuration. For example, �6 measures how
close the configuration is to a perfect sixfold symmetry: �6
varies from 0 in a random isotropic arrangement to 1 in a
perfect hexagonal particle arrangement. In our packings, the
reference configuration is a monodisperse packing of mean
coordination number z=4 �Fig. 18, top�.

The query is how this fourfold symmetry changes with
size span s. Figure 22 shows �4 as a function of s for differ-
ent values of shape parameters. For uniform distribution by

volume fractions, �4 declines from �0.5 in the case of a
nearly monodisperse arrangement down to 0 at s�1. For
other values of shapes parameters, �4 decreases more slowly
towards a weak residual order. The behavior of �4 as a func-
tion of s is comparable to that of the anisotropy ac as calcu-
lated over the half-interval �0,� /2�. This means that, since z
is always equal or close to 4, the value of �4 is directly
linked with the fabric anisotropy as defined by Eq. �19�. We
checked that �6 in our samples is nonzero butremains weak
compared to �4.

VI. CONCLUSION

In this paper, a methodology was developed for a system-
atic investigation of microstructure in densely packed poly-
disperse granular media. We took care of the details of sam-
pling procedure and filling protocol allowing us to generate
dense collections of circular particles with a prescribed cu-
mulate volume distribution and constrained by explicit crite-
ria of statistical representativity. A model of cumulate vol-
ume distributions of the particles, based on � distribution,
was proposed. This model accounts both for size span �or the
width� and the shape of size distributions. These cumulate
volume distributions can be simple- or double-curved, and
well-known size distributions such as monodisperse, bidis-
perse, and power laws are particular instances of this func-
tion.

It was shown that statistically well-represented ensembles
of particle diameters could be obtained only for a portion of
the parameter space when the total number of data �particle
diameters� is bounded. This provides an interesting and
quantitative basis for the practically accessible particles size
distributions in polydisperse granular media. We then ad-
dressed in this framework two major aspects of polydisperse
media: �1� space-filling properties in terms of solid fraction
and radial distribution functions and �2� contact network in
terms of connectivity disorder and anisotropy. It turns out
that highly polydisperse media are more sensitive to the fill-
ing method as it was shown by comparing two different
deposition methods. The solid fraction increases in a strongly
nonlinear manner with size span and a transition occurs from
a basically “topological disorder” regime to a “metric disor-
der” regime around a particular value of size span depending
on shape parameters.

In the first regime, the particle size distribution manifests
itself mainly through the variability of local coordination
numbers. The overall connectivity of the contact network is
dominated by the population of particles with four contacts,
but a continued bifurcation to particles with three and five
contacts is observed as the size span increases. In this re-
gime, short-range correlations of particle positions prevail,
and the solid fraction evolves slowly with size span.

The metric disorder regime is governed by the aptitude of
the small particles to fill the pores left by larger particles.
The connectivity is broadly distributed and a large popula-
tion of particles with two contacts is present. The positions
of neighboring particles are no more correlated, the only lo-
cal order being the presence of a low-density region around
each particle. We find that the solid fraction increases con-
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FIG. 21. �Color online� Fabric anisotropy ac over a quarter as a
function of size span s for several values of shape parameters a and
b.
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rameter �4 as a function of size span s for several values of shape
parameters a and b.
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siderably with size span in this regime and the highest values
of solid fraction are obtained with the uniform distribution
by volume fractions. This is obviously a consequence of an
increasingly higher number of pore-filling small particles and
suggests that equal volume fractions provide the best match
between the volumes of particles and pores. In the highly
polydisperse limit, the material is homogeneous beyond only
about two average particle diameters, corresponding to a vast
population of small particles. A well-known example of
packings in this limit is the case of random appollonian
packings often associated with scale invariance and power-
law distributions of particle diameters �11,16�.

The orientational ordering of the contact network was in-
vestigated by means of the fabric anisotropy and a scalar
order parameter. The contact orientations define a bimodal
distribution induced by the deposition protocol. The concen-
tration of contact normals in each mode can be characterized
by a fabric anisotropy. We showed that the fourfold orienta-
tional order is linked with the fabric anisotropy in each mode
and it decreases with size span. In particular, the uniform
distribution by volume fractions is practically isotropic at
high degrees of polydispersity.

This work will be pursued in several directions. In the
first place, we would like to subject our samples to isotropic
compaction and shear deformations. Various static properties
such as force transmission and shear strength can be inves-
tigated as a function of size distribution parameters. The ori-
gins of shear strength in highly polydisperse granular media
is an open issue with potential applicability to soils and pow-
der blends. It seems a priori not clear how shear strength
will increase with size span. In fact, the reduction of aniso-
tropy with size span is rather consistent with a decrease of
shear strength. Another promising direction of research con-
cerns the 3D extension of this investigation. This extension is
possible due to numerical efficiency of purely geometrical
calculations involved in this approach. It is also of para-
mount importance to verify our findings in a 3D configura-
tion. For example, it would be interesting to examine the
uniform distribution by volume fractions in order to see
whether they provide most compact samples also in three
dimensions. In the same way, the effect of polydispersity in
the “pore-filling” regime might turn out to be different since
the pores in three dimensions percolate throughout the space.
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