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Experimental conditions have recently been reported �G. Andresen et al., Phys. Rev. Lett. 98, 023402
�2007�� that are relevant to the prospect of trapping antihydrogen atoms. An analysis of the experimental
conditions indicates that positron space charge can have an important effect. The fraction of antiprotons that
have an energy suitable for antihydrogen trapping can be reduced by drifts caused by the presence of positron
space charge.
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During the past few years, two international collabora-
tions ATHENA and ATRAP reported using nested Penning
traps to produce neutral antimatter in the form of antihydro-
gen �1–4�. More recently, the ALPHA Collaboration reported
operation of a Penning trap under conditions that “should
simulate the situation immediately before particle mixing in
an antihydrogen synthesis or trapping cycle” �5�. A theoreti-
cal analysis of the conditions reported by the ALPHA Col-
laboration is presented here regarding the effect of positron
space charge on the prospect of trapping antihydrogen atoms
that are produced under such conditions.

Figure 1 illustrates the trap configuration and the applied
electric potential profiles considered here. Eight cylindrical
electrodes are aligned end-to-end along a common axis of
symmetry. A cylindrical coordinate system with coordinates
�r ,� ,z� is defined such that the z axis coincides with the axis
of symmetry. Each electrode has a length L and an inner wall
radius rw. The distance between adjacent electrodes is con-
sidered to be negligible compared to the length of each elec-
trode. Eight voltages, V4 ,Vt ,Vg ,V2 ,V0 ,V0 ,V2, and V4, are
applied to the eight electrodes. The antiprotons and positrons
are shown confined within separate volumes in Fig. 1�a�, and
each species is assumed to have a confinement radius rp. The
voltage Vg is then changed such that the axial confinement
volume of the antiprotons will overlap the positron confine-
ment volume, as illustrated in Fig. 1�b�. The parameters be-
fore Vg is changed are taken to be those reported by the
ALPHA Collaboration regarding positron and antiproton
confinement in a Penning trap in the presence of a minimum-
B magnetic field �5�. Unless noted otherwise, the following
parameters are used: electrode dimensions L=20 mm and
rw=22.3 mm, a temperature of the trap electrodes in the mix-
ing region of 4 K, N+�3�107 positrons, several thousand
antiprotons, a solenoidal magnetic field of strength B=1 T
that defines the bottom of the magnetic well, and a maximum
energy Emax=0.4k for an antihydrogen atom in a weak-
magnetic-field-seeking ground state to remain trapped within
the magnetic well, where k is Boltzmann’s constant in SI
units. Emax is considered hereafter to be the maximum desir-
able antiproton kinetic energy for forming antihydrogen that
may remain trapped within the magnetic well. A positron
temperature equal to the electrode temperature T+=4 K is
used, with the assumption that cyclotron radiation effectively
reduces the positron temperature to that of the trap elec-
trodes. It is not clear how cold the antiproton temperature

may be. The importance of accurately determining �either
experimentally or theoretically� the antiproton temperature
becomes apparent by calculating the fraction of antiprotons
with kinetic energies less than Emax. For antiprotons having a
nondrifting Maxwellian velocity distribution associated with
a temperature T−, the fraction is given by

f t = erf��Emax

kT−
� − 2� Emax

�kT−
exp�−

Emax

kT−
� , �1�

where erf is the error function. Equation �1� gives f t=0.022
for T−=4 K, and f t=0.0059 for T−=10 K. An antiproton
temperature equal to the electrode temperature T−=4 K is
optimistically assumed hereafter.

In Fig. 1�a�, the antiprotons are illustrated as initially con-
fined within a temporary well located under the electrode
with applied voltage Vt. To achieve positron and antiproton
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FIG. 1. The trap configuration �a�, �b� and electric potential
profiles that could be produced axially along the electrode wall �c�,
�d�. The confinement volumes for the positrons and antiprotons do
not overlap �a� during the time an initial electric potential profile is
applied �c�. The two confinement volumes overlap �b� after the
electric potential profile is changed �d�. A magnetic field provides
radial confinement of each species.
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mixing, the voltage Vg, which serves as an electric gate, is
changed so as to change the electric potential profile along
the wall from that shown in Fig. 1�c� to that shown in Fig.
1�d�. Figure 1�d� illustrates an electric potential along the
wall that produces a nested well configuration consisting of
an “inner well” and an inverted “outer well.” If the condi-
tions are right, the antiproton confinement volume overlaps
the positron confinement volume at all radial positions
r�rp, after Vg is changed. The effect of both the radial elec-
tric field produced by the positron plasma and the radial
dependence of the inner well depth are now considered.

Antiprotons that enter the positron plasma will be sub-
jected to the radial electric field produced by the positron
plasma, and the antiprotons will experience an azimuthal
E�B drift. An antiproton’s azimuthal drift velocity in the
infinite cylindrical column approximation is given by

v� =
eBr

2m−
��1 +

2m−�n

�0B2 − 1� . �2�

Here, �n=n+−n−, n+ and n− are the positron and antiproton
densities, which are approximated as being radially uniform,
m− is the antiproton mass, e is the positron charge, and �0 is
the permittivity of free space. For simplicity, the magnetic
field strength throughout the positron plasma is approxi-
mated as being uniform and equal to the solenoidal magnetic
field strength B. Two additional approximations are useful.
They are that the positron density is given by n+
=N+ / �2�rp

2L�, and that �n=n+, with the assumption that the
antiproton density within the positron plasma is negligible
compared to the positron density. Let K�= 1

2m−v�
2 denote the

antiproton kinetic energy associated with an antiproton’s azi-
muthal drift motion, where v� is given by Eq. �2�. The frac-
tion of antiprotons �within the positron plasma� for which K�

is less than Emaxis given by

f� = 8m−Emax�eBrp��1 +
2m−�n

�0B2 − 1�	−2

. �3�

The space charge of the positron plasma causes there to
be a difference in the electric potential between the radial
center of the positron plasma and any other radial position
within the positron plasma. In the infinite cylindrical column
approximation, the difference in potential between r=0 and r
is given by e�nr2 / �4�0� for r�rp. The difference in poten-
tial causes the inner well to be 1.1 V deeper at r=rp than at
r=0 for N+=3�107 �with �n=n+=N+ / �2�rp

2L��. The radial
dependence of the inner well depth can affect the antiproton
kinetic energy. It is convenient to define an axial drift veloc-
ity, hereafter denoted vz, as the local average of the magni-
tude of the z component of the antiproton velocity, excluding
any contribution associated with thermal motion. It is also
convenient to make two assumptions. First, assume that the
applied voltage Vt is chosen such that the limit vz→0 occurs
at r=rp within the inner well, just afterpositron and antipro-
ton mixing commences. Next, assume that, outside of the
inner well, the antiprotons have an axial drift velocity that is
not a function of r. Then, the axial drift velocity within the
inner well would be given by

vz =�e2�n�rp
2 − r2�

2�0m−
, �4�

where the effect of positron space charge has been taken into
account. Let Kz= 1

2m−vz
2 denote the antiproton kinetic energy

associated with an antiproton’s axial drift, where vz is given
by Eq. �4�. The fraction of antiprotons for which Kz is less
than Emax within the positron plasma is given by

fz =
4�0Emax

e2�nrp
2 . �5�

The two assumptions used to derive Eq. �4� represent opti-
mal conditions, which maximize fz. Also, notice that, with
�n=n+=N+ / �2�rp

2L�, fz is not a function of rp.
Equations �1�, �3�, and �5� provide analytical expressions

associated with thermal motion, azimuthal-drift motion, and
axial-drift motion, respectively. The total fraction f t�z of an-
tiprotons within the positron plasma that have a kinetic en-
ergy less than Emax just after mixing commences is evaluated
using a Monte Carlo phase-space sampling methodology.
Phase space is sampled for a radially uniform antiproton dis-
tribution and a drifting Maxwellian velocity distribution,
which is associated with a temperature T−=4 K and drift
velocities given by Eqs. �2� and �4�. The sampling expression
used for the radial antiproton position in the guiding center
approximation is r=rp

�R, where R is a random number that
is equally likely to have any value between 0 and 1. Each
velocity component is sampled using a conventional algo-
rithm for sampling a Gaussian distribution with a standard
deviation given by the thermal speed �kT− /m− and a chosen
mean. The mean is chosen to be v� as given by Eq. �2� for
one velocity component, vz as given by Eq. �4� for another
velocity component, and 0 for the third velocity component.
The results are plotted in Fig. 2 versus the number of trapped
positrons N+ for rp=4 mm. Equations �1�, �3�, and �5� are
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FIG. 2. Monte Carlo evaluation of the fraction of antiprotons
with kinetic energies less than the maximum desirable energy Emax

versus the number of positrons N+ using parameters reported by the
ALPHA Collaboration �5� and with rp=4 mm. Three values of the
fraction are computed for each value of N+ to show the numerical
convergence that occurs. �The three plotted points may not be dis-
tinguishable.� 100 000 phase-space-coordinate sets are sampled for
computing each value of the fraction. The small dots are f t�z values.
The large dots are f t� values, which are computed in the same way
as f t�z values, except with vz=0. Equation �1� �straight solid line�,
Eq. �3� �short-dash line�, and Eq. �5� �long-dash line� are shown for
comparison.
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shown for comparison. The comparison indicates that the
dominant factors associated withf t�z are the antiproton
thermal motion in the limit of small N+ and the antiproton
axial-drift motion for N+
3�107. It is found that
f t�z
 f t=0.022 for N+�1000 and f t�z� fz=3.2�10−5 for
N+=3�107.

A number of time-dependent processes will occur after
mixing commences, and the system may evolve to have con-
ditions suitable for producing significant numbers of antihy-
drogen atoms that may remain trapped. Experimental and
theoretical studies have been reported regarding whether an-
tiprotons reach a thermal equilibrium with positrons in a
nested Penning trap before antihydrogen is formed, with var-
ied conclusions �6–8�. It is illustrative to proceed with the
assumption that antiprotons reach a thermal equilibrium with
positrons faster than all other processes, and assume that the
positron temperature does not increase. Then vz→0, fz→1,
and the temperature of the antiprotons when located within
the positron plasma would be equal to that of the positrons,
T−=4 K. The fraction f t� of antiprotons within the positron

plasma that have a kinetic energy less than Emax just after the
antiprotons reach a thermal equilibrium with the positrons is
evaluated using the Monte Carlo phase-space sampling
methodology described above, except with vz=0. The results
are plotted in Fig. 2. It is found that f t�
 f t=0.022 for
N+�3�106 and f t�=0.005 for N+=3�107.

It is concluded that, for N+=3�107, rp=4 mm, and the
rest of the parameters considered, the space charge of the
positron plasma can have an important effect just after mix-
ing commences and also after the antiprotons reach a thermal
equilibrium with the positrons �assuming such a process
takes place faster than all other processes and does not affect
the positron temperature�. The fraction of antiprotons that
have an energy suitable for antihydrogen trapping can be
substantially reduced by axial-drift motion and azimuthal-
drift motion caused by the presence of positron space charge.

This material is based upon work supported by the De-
partment of Energy under Grant No. DE-FG02-06ER54883.
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