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We investigate axisymmetric spin coating of power law and Ellis fluids. The flow is driven by centrifugal
force, gravity and surface tension. For power law and Ellis models a single equation for the fluid film height
is obtained. For a Newtonian fluid the flux only involves linear derivative terms which allows the flux to be
easily split for a numerical scheme. For power law and Ellis models the derivatives appear as nonlinear terms.
To overcome this we develop an alternative numerical scheme to solve for the film height. Neglecting surface
tension and gravity the power law model shows a central spike which is reduced by the introduction of surface
tension and gravity. In certain cases the shear thinning power law model predicts slower spreading than the
Newtonian model. The Ellis fluid shows no central spike, even for zero surface tension and the film always
spreads further than the Newtonian fluid.
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I. INTRODUCTION

Spin coating is a widely used procedure in industrial ap-
plications. It is used in the production of certain types of
semiconductors, magnetic disk coating, CDs, DVDs, antire-
flection coatings, and television tube phosphor coatings
�1–5�. Consequently, there has been a significant amount of
research directed at understanding and so controlling the pro-
cess.

Since the coating layer is thin, it is sensible to model the
spin coating process using lubrication theory and many re-
searchers have followed this route. The original lubrication
model was developed by Emslie, Bonner, and Peck �6�. Their
model involved a balance between the centrifugal force driv-
ing fluid outwards and viscous resistance opposing this mo-
tion. The fluid was assumed to be Newtonian. Subsequently,
their model has been enhanced by numerous researchers to
include effects such as surface shear, evaporation, Coriolis
force, surface roughness, and surface tension, see Refs.
�2,7–10�, for example. Perhaps the most advanced model to
date is presented in Ref. �11�, where the flow is driven by
surface tension, gravity, centrifugal and Coriolis forces, and
disjoining pressure. Their primary goal is to predict finger
formation, and their numerical results show good agreement
with published experimental work.

However, in industrial applications the fluid of interest is
seldom Newtonian. Typical coating fluids exhibit Newtonian
behavior at very high and very low shear rates and are shear
thinning at moderate shear rates. Most polymeric fluids fit
this description, as do certain suspensions �12–14�. These
fluids are often referred to as having structural viscosity
since the change in viscosity may be associated with a break
down of the structure which subsequently recovers upon re-
moval of the stress. Mud, blood, ice, and fluidised beds have

also been modelled as having some form of structural vis-
cosity �15–18�.

The most popular non-Newtonian fluid model is the
power law model

� = K��̇�n−1, �1�

where � is the dynamic viscosity, �̇ is the shear rate, n is the
power law index, and K is known as the consistency. This
model is simple to manipulate and can, in many cases, lead
to analytical solutions. It has been used with great success in
modeling industrial flows. However, it should be applied
with care. It cannot capture the high and low shear Newton-
ian regions. This is not a great concern for the high shear rate
plateau which is associated with a breakdown of the fluid
structure and will seldom be reached in spin coating appli-
cations. However, the low shear rate region does cause prob-
lems. For shear thinning fluids n�1, if the shear rate is zero
then the model predicts infinite viscosity. This is particularly
dangerous when modeling thin film flows, where the region
of unrealistically high viscosity can form a significant part of
the flow. In Ref. �19�, it is shown that previous models using
the power law relation and lubrication theory can lead to
wildly inaccurate flow predictions. Other difficulties with the
power law model are discussed in Ref. �20�.

A more realistic model is the Ellis model, see Refs.
�13,19,20�, for example. This expresses the viscosity as a
function of the shear stress

� = �0�1 + � �

�1/2
��−1�−1

, �2�

where �0 is the viscosity at zero shear, � is the shear stress,
and �1/2 is the shear stress where the viscosity is half of its
initial value. The exponent � plays a role similar to 1/n in
the power law model ��1 and ��1 corresponds to shear
thinning and shear thickening fluids, respectively. The Ellis
model does capture the low shear rate plateau and so does
not suffer from the same malady as the power law model.
For certain fluids the Carreau model has been suggested as
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providing an even better description of the viscosity, particu-
larly in the vicinity of the transition from Newtonian to
power law behavior, see Refs. �12,13�

� 	 �0�1 + 	c
2�̇2��n−1�/2. �3�

However, Myers �19� has shown that for thin film flows,
where the shear rate seldom reaches extremely high values,
Ellis and Carreau models can lead to equivalent results with
an appropriate choice of parameters. The main reason for
choosing Ellis over Carreau is that Ellis permits greater ana-
lytical progress. In particular, when using the thin film ap-
proximation, a standard mass balance for the film height may
be written down, with an analytical expression for the flux.
With the Carreau model numerical integration is required to
determine the velocity and a further numerical integration
then gives the flux.

In the following work we will detail an investigation into
the axisymmetric spin coating of non-Newtonian fluids. Re-
sults for power law, Ellis, and Newtonian fluids will be pre-
sented. The model is unique in that the flow is driven by
centrifugal force, gravity and surface tension. Previous work
on spin coating of non-Newtonian fluids has neglected sur-
face tension. We also develop an alternative numerical
scheme in order to deal with the nonlinearity inherent to the
governing equation.

The flow of a power law fluid, driven by centrifugal force,
was investigated by Acrivos et al. �21�. Their results indi-
cated that an initially uniform film would lose its uniformity.
In fact the results showed that fluid near the center remained
stationary and so formed a spike �contrary to experimental
evidence�. This is an obvious consequence of the viscosity
model. At r=0 symmetry requires the shear rate to be zero,
consequently the viscosity is infinite and the fluid is immo-
bile. Close to r=0 the viscosity will remain high, resulting in
a slow moving central region. As the exponent n decreases
the area of the slow moving region increases resulting in a
more pronounced spike. Subsequently, Jenekhe and Schuldt
�22,23� demonstrated that the central spike was a conse-
quence of applying the power law model at low shear rates.
They dealt with fluids of infinite extent and three initial pro-
files and solved the problem numerically, using a Carreau
fluid model. Their results showed that a film with initially
uniform height evolved with an approximately uniform
height, while non-uniform films rapidly became approxi-
mately uniform. They concluded that power law fluids were
unsuitable for modeling axisymmetric free surface flows. Re-
cently, Myers �19� reached a similar conclusion for certain
coating and pipe flows. Lawrence and Zhou �24� investigate
power law, Ellis and Carreau-Yasuda models for centrifu-
gally driven films. They conclude that the film should be flat
near the center and slope away from there.

We commence our investigation by deriving the govern-
ing equations for spin coating of power law and Ellis fluids.
The standard Newtonian model can be retrieved from either
model by an appropriate choice of parameters. The numeri-
cal solution is then described. A scheme for the Newtonian
model will be considered first and a simple extension to non-
Newtonian fluids is then presented. Finally, numerical results

will be presented for both Newtonian and non-Newtonian
models in Sec.III.

II. GOVERNING EQUATIONS

We begin our analysis with the standard lubrication ap-
proximation to the Navier-Stokes equations. The model re-
quires the following assumptions The plane is smooth, has an
infinite radius �edge effects may be neglected� and rotates at
a constant angular velocity 
. The flow is such that lubrica-
tion theory may be applied, this means �2, �2Re�1, where �
is the aspect ratio of the flow and Re the Reynolds number.
There is no slip between the fluid and the solid. The shear
stress due to the induced air flow is negligible. The flow is
axisymmetric.

A. Mass balance derivation

Using the standard scaling for lubrication theory, the gov-
erning equations may be written

0 =
1

r

��ru�
�r

+
�w

�z
, �4�

0 = −
�p

�r
+

2
H2LV

�̄U
v +


2H2L

�̄U
r +

�

�z
��

�u

�z
�

+ O��2,�2 Re� , �5�

0 = −
2�2
L2U

�̄V
u +

�

�z
��

�v
�z
� + O��2,�2 Re� , �6�

0 = −
�p

�z
−

gH3

�̄LU
+ O��2,�2 Re� . �7�

The various symbols are as follows: p is the fluid
pressure; u ,v are the radial and azimuthal velocities; L ,H are
the length scales in the radial and vertical directions;
�=H /L�1; 
 is the rotation speed;  the fluid density; and
�̄ the viscosity scale. The second term on the right-hand side
of Eq. �5� represents the Coriolis force, the third is the cen-
trifugal term. In Eq. �6� the first term on the right hand side
represents the Coriolis force. As shown in Refs. �8,10�, the
centrifugal force drives the flow in the radial direction and
Coriolis drives the flow in the azimuthal direction. Equations
�5� and �6� determine the velocity scales in the r and � di-
rections U=
2H2L / �̄ and V=2�2
L2U / �̄.

If the velocity scale V is substituted into Eq. �5� we find
that the term involving v is of O��2Re� and therefore negli-
gible at leading order. This point is the crux of current debate
on the effect of the Coriolis force. For axisymmetric flow the
film height is determined by integrating the leading order
terms in Eq. �5� to determine the radial flux. This is then
combined with the continuity equation to give the standard
mass balance that determines the film height. So, for axisym-
metric flow, the Coriolis force does not affect the film height
at leading order. It does, however, affect the azimuthal ve-
locity since the choice of V makes the nondimensional form
of Eq. �6�
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�

�z
��

�v
�z
� − u = 0. �8�

At leading order Coriolis is then the sole driving force for
azimuthal flow. Schwartz and Roy �11� focus on nonaxisym-
metric flow and finger formation. They state that the Coriolis
correction appears at leading order, in agreement with
Momoniat and Mason �25�, and that researchers who find it
at lower order, such as Ref. �10�, do so due to an ab initio
assumption that the flow is axisymmetric. However, the ac-
tual statement made in Ref. �10� is that for axisymmetric
flow “the Coriolis term in the radial velocity equation is
negligible.” The analysis in Ref. �10�, in fact, shows that
Coriolis enters the azimuthal equation at leading order. Since
it is the radial equation that determines the film height it is
correct to neglect the Coriolis force at leading order in axi-
symmetric flow. This has subsequently been clarified in Ref.
�8�.

Now, since we are working with axisymmetric flow we
can neglect Eq. �6�, as well as the term involving v in Eq. �5�
and are left with the following nondimensional system:

0 =
1

r

��ru�
�r

+
�w

�z
, �9�

0 = −
�p

�r
+ r +

�

�z
��

�u

�z
� , �10�

0 = −
�p

�z
− B , �11�

where B=gH3 / ��̄LU� is the Bond number.
Appropriate boundary conditions for Eqs. �9�–�11� are

u = �w = 0�z=0, � �u

�z
�

z=h
= 0, �12�

w = � �h

�t
+ u

�h

�r
�

z=h
, p − p0 = � − C�2h�z=h, �13�

which represent the standard no-slip, zero shear, kinematic
condition, and normal stress boundary conditions, respec-
tively. The constant p0 represents the ambient pressure and C
is the inverse capillary number C=�3� / ��̄U�, where � is the
surface tension.

The leading order pressure within the fluid may be ob-
tained by integrating Eq. �11�:

p = p0 − B�z − h� − C�2h . �14�

Integrating the continuity equation �9� subject to the no-slip
condition determines w, which in turn may be used with the
kinematic condition to give the usual mass balance

�h

�t
+

1

r

��rQ�
�r

= 0, �15�

where

Q = 

0

h

udz .

To determine the flux Q we must obtain an expression for u.
This comes from integrating Eq. �10�. In order to do this we
must specify the viscosity �, so we now detail the two mod-
els to be used, namely the power law and Ellis models.

B. Power law model

In the power law model, the dynamic viscosity is de-
scribed by Eq. �1�. The appropriate nondimensional shear
rate to use in this equation is

�̇ =��2� �u

�r
�2

+ � �u

�z
�2

	 � �u

�z
� = 	

�u

�z
.

This scaling does lead to problems near the free surface,
where uz=O���, in which case both terms balance and
�̇=O���. One solution would be to re-scale the whole prob-
lem in this boundary layer and match solutions. This ap-
proach has been adopted in Ref. �26� when explaining a clas-
sical problem associated with applying thin film theory to
Bingham fluids. We choose to neglect this issue since this
boundary layer has a negligible effect on the fluid velocity
and film height. The velocity is primarily determined by the
flow in the high shear region near the substrate, see Ref. �19�.
We introduce the parameter 	= ±1 to represent the sign of
the velocity gradient. In this way we avoid algebraic diffi-
culties associated with the modulus sign. A straightforward
integration of Eq. �9� proves that 	 is constant throughout the
depth of the flow and may only vary with the radius r. In
general, we expect 	=1, since the flow is radially outwards
and the velocity increases from zero at z=0 to a maximum at
z=h. In the case of zero gravity and surface tension, B=0
and C=0, this is true everywhere and we can set 	=1. How-
ever, with B�0 or C�0 there are regions near the contact
line with uz�0 rendering the use of the modulus sign or 	
necessary. The viscosity is defined as

�̄� = K�U

H
�n−1�	

�u

�z
�n−1

. �16�

For the power law model, the viscosity scale �̄ is then

�̄ = K�U

H
�n−1

.

The velocity scale U=
2H2L / �̄ may be explicitly defined
as

U = �
2Hn+1L

K
�1/n

.

Integrating Eq. �10� and applying Eq. �12� leads to

u =
	n

n + 1
�	�C

�

�r
1

r

�

�r
�r

�h

�r
�� − B

�h

�r
+ r��1/n

��h�n+1�/n − �h − z��n+1�/n� .

The flux Q is then given by
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Q =
	n

2n + 1
h2+1/n�	�C

�

�r
1

r

�

�r
�r

�h

�r
�� − B

�h

�r
+ r��1/n

.

�17�

Substituting Eq. �17� into Eq. �15� gives the single equation
which determines the film height for the axisymmetric flow
of a power law fluid on a rotating disk. The standard New-
tonian model is retrieved by setting 	=n=1.

C. Ellis model

Now the viscosity is described by Eq. �2�. The shear stress
in Eq. �2� may be expressed in terms of the viscosity and
shear rate

� = ��̇ 	 �	
�u

�z
.

The nondimensional viscosity is

� =
�0

�̄
1 + �−1�	�

�u

�z
��−1�−1

,

where �= �H�1/2 / �̄U��−1 and 	= ±1 is the sign of the veloc-
ity gradient, and here again this value may only vary with the
radius r. This gives us two choices for velocity scale. The
Newtonian scale simply has �̄=�0, however, if we expect
non-Newtonian effects to dominate then the best choice is
�̄=�0� and since � involves �̄ this reduces to

�̄ = �0
1/��H�1/2

U
���−1�/�

.

The velocity scale is then

U =
�
2L��H�+1

�0�1/2
�−1 .

Integrating Eq. �10� and applying Eq. �12� leads to an ex-
pression for the radial velocity. Integrating again gives the
flux Q:

Q =
�h3

3
�C

�

�r
1

r

�

�r
�r

�h

�r
�� − B

�h

�r
+ r�

+
	h�+2

� + 2
�	�C

�

�r
1

r

�

�r
�r

�h

�r
�� − B

�h

�r
+ r���

.

�18�

Combining this expression with the mass balance �15� gives
the governing equation to determine the film height for an
Ellis fluid. We retrieve the standard Newtonian model by
letting �→�, so that the Newtonian terms dominate the ve-
locity and flux expressions. We would also have to alter the
velocity scale U, which tends to zero as �→�, to reflect the
fact that Newtonian rather than non-Newtonian flow domi-
nates. Little analytical progress is possible for either the Ellis
or power law models, so we now describe the numerical
solution method.

III. NUMERICAL RESULTS

The method to solve the governing equation �15� is stan-
dard for a Newtonian fluid. In this section we will briefly

describe the modification for non-Newtonian fluids before
presenting the numerical results.

The Newtonian problem has a well known difficulty at the
moving contact line, where the shear stress has a non-
integrable stress singularity. This problem does not occur
with shear thinning fluids where the viscosity �→0 as the
shear stress �→�, see Refs. �11,19,27,28�. However, in the
following we will still use a standard technique for removing
the singularity in Newtonian flow, by incorporating a precur-
sor film. This allows us to compare Newtonian and non-
Newtonian solutions and also avoids any potential difficulty
as the model parameters are reduced towards the Newtonian
values. Another difficulty is that over most of the domain,
the dominant term in the flux is the centrifugal force. If this
is used as the sole driving force then the solution will de-
velop a shock at the leading edge. To prevent this we must
therefore include the surface tension and gravity terms. The
fourth-order surface tension term in particular significantly
complicates any numerical scheme, yet it is clearly necessary
if we wish to avoid the shock. A difficulty specific to the
non-Newtonian problem is caused by the powers 1/n and �
in the power law and Ellis models. The form of the flux, with
these nonlinear terms, prevents us from splitting the flux in a
standard manner and therefore requires an alternative type of
numerical scheme.

For the Newtonian problem we split the flux into two
components: the first, Qc, contains only the centrifugal term,
the second, Qd, contains the diffusive terms, namely surface
tension and gravity. To prevent a shock the flux Qc is dis-
cretized with an upwind scheme while a centered scheme is
used for Qd. The fluid height may then be calculated with a
number of standard methods. However, to reduce computing
time we employ the semi-implicit algorithm suggested by
Ref. �9�. Using this method the derivatives of h are expressed
implicitly while h3 is expressed explicitly. When dealing
with non-Newtonian fluids we modify the semi-implicit
method by first writing the governing equation in the form

�h

�t
+

1

r

��r�QN�
�r

= 0, �19�

where QN is the Newtonian flux and �=QNN /QN is the ratio
of non-Newtonian to Newtonian fluxes. For a power law
fluid

� =
QNN

QN ,

=
3n

2n + 1
h�1−n�/n�−

�p

�r
+ �r��1−n�/n

,

and for Ellis fluids

� = � +
3

� + 2
h�−1�−

�p

�r
+ �r��−1

.

Replacing the fluxes Q by the product �Q in the method
used for Newtonian fluids provides the numerical algorithm
for Eq. �19�. All terms in � are evaluated explicitly. The ratio
also includes the correction factor �, this guarantees that the
numerical scheme reduces to an upwind scheme when the
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Bond and inverse capillary number, B and C, become very
small:

�power law = � Qc
up

Qc
cen�2n+1

, �Ellis = � Qc
up

Qc
cen�1+2/�

,

where Qc
up and Qc

cen denote the upwind and central discreti-
sation of the centrifugal flux Qc respectively.

Throughout this section the results will be computed with
the initial height

h�r� = 1 − r2 if 0 � r � �1 − hp,

h�r� = hp, otherwise,

with the precursor film hp=0.001.
The velocity and time scale U and T and the nondimen-

sional parameters B and C are functions of the fluid density
, the typical value of the dynamic viscosity �̄, the surface
tension �, and the viscosity model. To evaluate the effects of
the different viscosity models, for all the fluids considered,
typical values for water are used:

 = 1000 kg m−3, � = 0.0728 kg s−2, K = �0 = 0.001,

and the unit of this last parameter varies with the model.
With these values similar for all fluids, the differences in the
profiles are due solely to the viscosity model.

All simulations are carried out with �r=0.001 and
�t=0.001 except when n=0.5 and �=2 where the space step
is �r=0.002. Unless specified otherwise the rotation rate 

=2� rad/s and B=0.017, C=8.9�10−6.

A. Newtonian fluids

As an initial test of the numerical scheme we compared
numerical results for the case B=C=0 with the known ana-
lytical solution to Eq. �15� with Q=rh3 /3,

r = r0�1 +
4

3
h0

2t�3/4

, h = h0�1 +
4

3
h0

2t�−1/2

, �20�

where �r0 ,h0� denotes the position of the particle at �r ,h� at
time t=0. For small times the results were indistinguishable.
For larger times a shock forms and the analytical solution
becomes multivalued. However, over the central region the
film heights are still indistinguishable.

In Fig. 1 we show numerical results with B=0.017 and
C=8.9�10−6. The small values of B and C mean that this is
still a centrifugally dominated flow. The only real difference
between this and the results when B=C=0 is the capillary
ridge that forms before the moving front. The size of the
ridge varies with the inverse capillary number C, which var-
ies with the speed of rotation 
, C�
−2. This can be more
clearly seen in Fig. 2.

When C=0 there can be no capillary ridge. This solution
must coincide with the large 
 solution. As C increases or 

decreases, so does the ridge height and width. The spreading
rate also decreases slightly. Of course, this is what we would
expect, as 
 decreases the centrifugal force decreases and so
the fluid is not thrown outwards at such a high rate. Increas-
ing surface tension also means that the fluid is held together

more strongly. The exact values for B and C for the different
rotation rates shown in Fig. 2 are �
 ,B ,C�= �2� ,0.017,8.9
�10−6�, �4� ,4.3�10−3 ,2.2�10−6�, �10� ,6.9�10−4 ,3.6
�10−7�, �20� ,1.7�10−4 ,8.9�10−9�. These results are typi-
cal for thin film flows and well known, so we will now move
on to the non-Newtonian models, starting with the power law
fluid.

B. Power law fluids

As with the Newtonian model we tested our numerical
scheme against an analytical one when B=C=0. The analyti-
cal curves are given by

r = r0�1 +
3n + 1

2n + 1
h0

1+1/nr0
�n−1�/nt��2n+1�/�3n+1�

, �21�

h = h0�1 +
3n + 1

2n + 1
h0

1+1/nr0
�n−1�/nt�−�n+1�/�3n+1�

, �22�

where �r0 ,h0� denotes the position of the particle at �r ,h� at
time t=0. The term r0

�1−n�/n in Eqs. �21� and �22� shows that
the point originally at r0=0, h0=1 remains in that position
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for all time. Hence at the center, the analytical curve has h
=1 for all time. This is an obvious consequence of the vis-
cosity model. At r=0 symmetry requires the shear rate to be
zero, the viscosity is therefore infinite and no motion is pos-
sible. This effect is also observed in the numerical results.
Again the numerical and analytical results are virtually iden-
tical, except for near the moving contact line where the ana-
lytical solution is multivalued.

Figure 3 shows the evolution of the fluid profile for
0� t�20. The differences between this result and the case
B=C=0 only occur near the rotating axis, r=0 and at the
contact line. Around r=0, surface tension and gravity act to
push the fluid down, the surface tension force in particular is
proportional to curvature and so the peak at the center is
reduced. As with Newtonian fluids, near the contact line a
front wave appears and prevents the shock from developing
in a nonphysical manner. The wave appears around t	1.5
and grows to reach its maximum when the fluid starts
spreading, shortly before t=3. From this moment, the height
of the fluid bulk decreases progressively. The curvature of
the profile near the front becomes lower and the amplitude of
the wave diminishes.

The effects of gravity and surface tension at the two ex-
tremities vary significantly with the rotation velocity, as

shown in Figs. 4 and 5. When the rotation velocity 
 in-
creases, the Bond and inverse capillary numbers decrease
and the smoothing effect at the center of the flow also de-
creases. The values for B and C vary in the same way with 

as detailed in the previous section. Although the curve re-
mains flat at r=0, the gradient in the vicinity of r=0 be-
comes much higher and the peak at the center reappears.

Finally, the curves are compared in Fig. 6 for different
values of the parameter n at the dimensional time t=0.01 s.
We use a dimensional time since the time scale T=L /U de-
pends on n. The curves indicate that, in general, decreasing n
leads to greater spreading. This is to be expected since n
�1 corresponds to a shear thinning fluid and as n decreases
the shear thinning increases. When n=1 we see that the
Newtonian fluid has hardly moved, with n=0.5 it has spread
to r�2.8. However, the weakly non-Newtonian fluid, n
=0.9, remains very close to the Newtonian fluid and near the
center it has a greater height. This highlights one flaw of the
power law model. Despite the fact the fluid is shear thinning
the flow is slower than the Newtonian fluid.

C. Ellis fluids

Ellis fluids are described by the flux expression �18� and
are a mixture of Newtonian and power law models, with the
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power � corresponding to 1/n. The balance between the
models is determined by the coefficient �. For small values
of � �when �1/2 is small or 
 is large� the fluid will behave
like a power law fluid, for large values �large �1/2 or small 
�
Newtonian effects will dominate. Ellis profiles should there-
fore display characteristics observed in the two previous sec-
tions.

The evolution of an Ellis fluid between 0� t�20 may be
seen in Fig. 7. As anticipated, the fluid layer rapidly evolves
during early times. The initial parabolic profile transforms
into a nearly flat layer with a moving front. The fluid bulk is
slightly inclined, less than the corresponding power law pro-
file, and no peak appears near the center. This reflects the
properties of an Ellis fluid. At the center, the power law
component of the flux is very small and the Newtonian com-
ponent dominates. The fluid may be viscous but the value of
nondimensional viscosity � may not exceed 1 �in contrast to
the infinite viscosity predicted by the power law model�. The
slope observed in the fluid bulk is a result of the power law
component. When the radius increases, so does the shear
rate, the fluid becomes less viscous and therefore tends to
flow faster. Near the front, the usual front wave appears.

The fluid moves more easily when the parameter � is
large. Figure 8 shows the extension of the fluid layer for the

values of � corresponding to the values of n studied in Fig. 6
at the dimensional time t=0.01 s �recall ��1/n�. The film
height for �=2 has spread furthest, to r	3.25. The corre-
sponding power law film, with n=0.5, only reached r	2.8.
Perhaps more significant is the motion of the weakly non-
Newtonian fluid. In Fig. 6 we saw that when n=0.9 the cen-
tral height exceeded the Newtonian height and in general the
curves were similar. The corresponding Ellis model, with �
=1.1, shows a maximum height around 12% below the New-
tonian value. The profiles clearly show how the combination
of Newtonian and power law models affects the flow. Near
the center Newtonian behavior dominates, and so the fluid
can move more easily than a power law fluid. Away from the
center the power law behavior dominates, this results in a
sloping bulk region that spreads rapidly. As the index � in-
creases, the fluid becomes more shear thinning and the
spreading rate increases.

Finally, in Figs. 9 and 10, film profiles are compared for
the Newtonian, power law, and two Ellis models at the di-
mensional time t=0.01 s. Again we must use a dimensional
time due to the different time scales for each model. The
qualitative behavior is the same in all figures. The Newtonian
fluid spreads the most slowly, the Ellis fluid with the lowest
value of �1/2 most rapidly. When the shear thinning is rela-
tively weak, n=0.75, �=4/3 the difference in spreading
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rates is relatively small. As n decreases and � increases the
differences become more apparent. The final result, shown in
Fig. 10, shows that the Newtonian fluid has not changed
significantly from the original parabolic profile and remains
at the original boundary at r=1, the Ellis fluid has a maxi-
mum height of 0.1, and has spread to r	4.5.

IV. CONCLUSION

In this paper, a model was developed to describe axisym-
metric spin coating including viscosity and centrifugal
forces, gravity, and surface tension. The viscosity was de-
scribed by Newtonian, power law, and Ellis models. The two
non-Newtonian models were chosen since they allow the
problem to be formulated in terms of a single equation for
the film height. With a Newtonian fluid standard numerical
techniques could be applied to determine the film height. In
order to determine the film height for the non-Newtonian
models an alternative numerical scheme had to be developed,
using a semi-implicit scheme. We included a precursor film
in each solution, even though it has been shown to be unnec-
essary for shear thinning fluids, since this provided a more
sensible comparison between the Newtonian and non-
Newtonian models and also allowed us to verify the non-
Newtonian models by choosing parameter values corre-
sponding to a Newtonian fluid.

The power law model has been the subject of previous
studies of spin coating, although without the inclusion of
surface tension. The results of Acrivos et al. �21� showed a
central spike followed by a sloping region. Jenekhe et al.
�22,23� demonstrated that the spike was an artifact of the
power law model and that using a Carreau fluid model would
remove this feature. However, the Carreau fluid model is not
simple to use in free surface flows since the governing equa-
tion cannot be integrated analytically beyond the expression
for the velocity gradient. The Ellis model can be integrated
and leads to a mass balance for the film height. It is therefore
significantly simpler to analyze the evolution of an Ellis
fluid. Where comparison is possible, our results are in accord
with those of Jenekhe. Namely, that the central spike is an
artefact of the power law model when surface tension is ne-
glected. This is an obvious consequence of the unrealistic
infinite viscosity predicted by the power law model at the
free surface and center line. However, since the surface ten-
sion stress is proportional to curvature, the inclusion of sur-
face tension removes the spike. The spike becomes smoother
and its height decreases as surface tension is increased.
Hence, the spike may also be viewed as a consequence of
neglecting surface tension. The infinite viscosity also means

that despite the fact the fluids modeled in this paper were
shear thinning the flow of a power law fluid could be slower
than Newtonian.

The Ellis model, which has a Newtonian plateau for low
shear rates, does not suffer the infinite viscosity limitation.
Consequently, the flow behavior was rather different to the
power law fluid. In particular the Ellis fluid displayed more
rapid spreading, even for cases where both Ellis and power
law fluids displayed the same non-Newtonian behavior at
high shear rates. As a Newtonian fluid spreads the film height
becomes independent of r, except in the vicinity of the con-
tact line. When surface tension is neglected the power law
fluid has a sharp central peak. The Ellis fluid shows behavior
characteristic of both power law and Newtonian films. A
central peak remains, but it is lower and smoother. The film
height also has a distinct slope up to the moving front, the
degree of slope increases as the fluid becomes less Newton-
ian.

The numerical scheme developed for modeling the non-
Newtonian flow was an extension of the standard Newtonian
technique. For Newtonian fluids perhaps the most difficult
feature is the fourth-order surface tension term appearing in
the flux. However, in this case it is at least linear. With the
non-Newtonian flows of this paper the fourth-order term ap-
pears in a nonlinear fashion. We dealt with this additional
level of complexity by introducing a factor �=QNN /QN, the
ratio of the non-Newtonian to Newtonian fluxes, where �
was calculated explicitly.

There are a number of obvious extensions to this work.
We focussed primarily on shear-thinning fluids, but our
scheme is also valid for shear thickening fluids. In this case
the power law model leads to an unrealistic zero viscosity
layer at the free surface and consequently spreads much
more rapidly than the Ellis or Newtonian fluids. Many indus-
trial fluids exhibit a yield stress and this would certainly be
an interesting way forward. Our work is based on the as-
sumption of axisymmetric flow. However, a driven front is
unlikely to remain axisymmetric for long and will develop
fingers. The Coriolis force would then have to be returned to
the film height model.
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