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We study the dynamics of an adaptive coupled array of phase oscillators. The adaptive law is designed in
such a way that the coupling grows stronger for the pairs which have larger phase incoherence. The proposed
scheme enhances the synchronization and achieves a more reasonable coupling dynamics for the network of
oscillators with different intrinsic frequencies. The synchronization speed and the steady-state phase difference
can be adjusted by the parameters of the adaptive law. Besides global coupling, nearest-neighbor ring coupling
is also considered to demonstrate the generality of the method.

DOI: 10.1103/PhysRevE.76.016207

I. INTRODUCTION

Synchronization is a ubiquitous phenomenon in real
world networks. As an important special case, the coordi-
nated ensemble of coupled phase oscillators is a paradigm
for many natural processes in physical, chemical, and bio-
logical systems [1], as well as in technological devices, such
as Josephson junctions [2], laser arrays [3], neural networks
[4], and phased antenna arrays [5,6]. These processes can be
described with the Kuramoto model [7] and its extensions.
The Kuramoto model describes the case of equal-strength
all-to-all coupled phase oscillators, and its extensions have
more general coupling, noise, external driving, etc. [8]. It
was shown that, for certain purposes, networks with an ap-
propriately tuned coupling matrix may be more reasonable.
Seliger et al. [9] have proposed a state-dependent coupling
scheme, whose learning principle is in such a way that the
coupling strengthens for synchronized oscillators and weak-
ens for nonsynchronized pairs. Their intention is to achieve
information storage and retrieval. However, to achieve en-
hancement of global synchronization, different adaptive prin-
ciples should be designed.

For Kuramoto-type phase oscillators, the ones near the
center of the frequency distribution only need small coupling
strength to lock together, while those in the tails need larger
coupling strength to become synchronized. On the other
hand, for a certain pair of oscillators, they need a large cou-
pling strength to become rapid synchronized, but only need a
sufficient coupling strength to maintain the synchronization.
These observations lead to the following key question: How
can we achieve a more reasonable coupling dynamics that
synchronizes oscillators with different intrinsic frequencies?

Adaptive control is an important topic in control theory,
and has attracted increasing interests in physical society re-
cently [10]. The approach of adaptive control is that the sys-
tem learns adaptively to find the best control law for the
current estimate of the dynamical system. Sinha er al. [11,12]
proposed the basic idea of using a dynamical property as
feedback to adjust parameters to achieve the desirable value
of the property. Several scholars [13-16] have applied the
idea into the synchronization problem of chaotic oscillators.
Nevertheless, the adaptation schemes already published are
only in the simplest form. They could not be applied to phase
oscillators such as Kuramoto’s model to achieve an im-
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proved dynamics. Another similar development in neuro-
science is the characterization of spike-timing dependent
plasticity (STDP) [17,18]. It was demonstrated that STDP
greatly enhances the synchronization of neural ensembles
with diverse membrane properties and intrinsic frequencies
[19,20]. The self-adaptation dynamics leads the synaptic
conductance to the value that is optimal for the entrainment
of the postsynaptic. These results inspired us to design an
adaptive principle to enhance the global synchronization of
Kuramoto-type oscillators.

In this paper, we proposed a generalized Kuramoto model
with adaptive coupling. The proposed adaptive scheme can
enhance frequency synchronization of the whole network un-
der general coupling architectures, and we study global cou-
pling and nearest-neighbor ring coupling cases for instance.
We mainly show that (i) the adaptive coupled Kuramoto
model is closer to the real world cases and could achieve a
more reasonable coupling dynamics. A measure of optimal
coupling is introduced, and we show that our algorithm ap-
proaches to the optimal law according to it. (ii) The adapta-
tion enhances the synchronization significantly compared to
state-independent coupling where it is absence. (iii) The syn-
chronization speed and steady-state phase difference can be
adjusted by the parameters of the adaptive law, which could
facilitate the applications in engineering and the understand-
ing of certain natural phenomena. The paper is organized as
follows. In Sec. II we introduce the generalized Kuramoto
model and analyze the adaptive law theoretically. Global
coupling and nearest-neighbor ring coupling cases are stud-
ied numerically in Sec. III. The dynamics of the adaptive
coupling and the effect of the parameters are also examined
in this section. Section IV summarizes our conclusions and
gives some perspectives.

II. MODEL AND THE ADAPTIVE LAW
We consider the dynamics of an ensemble of N coupled
phase oscillators,

N
EK,-]- sin(6; - 6)). (1)

J=1

. 1
b= w;— —
N
Here w; are natural frequencies distributed with a given prob-
ability density g(w), 6; are phases of individual oscillators,
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and K;; is the NXN matrix of coupling coefficients.
Throughout this paper, the number of units N is set to 50, as
the results described below do not change qualitatively for
larger systems. The initial values of the coupling coefficients
were set to 0, and all the initial phase of the oscillators were
randomly chosen from the interval (0,2).

Heterogeneity in the intrinsic frequency distribution can
suppress synchronization in networks of coupled phase os-
cillators with uniform coupling strength. This has been rarely
considered to enhance the synchronization, and no practical
method has been proposed in the literature. The most intui-
tive and ideal approach is to use a weighted network with
asymmetric coupling K;;=C|w;— w;| < (Aw;)*, which means
that the coupling is proportional to the frequency difference
Aw;;=|w;— )| to a exponent u=1. As the couplings are most
positively correlated with the heterogeneity of the intrinsic
frequencies, they will suppress the influence of heterogeneity
furthest, and corresponds to the least average coupling cost.
We consider the coupling scheme corresponding to u=1 as
optimum, and regard the exponent u(u<1) as the measure
of optimum. The “optimum” here is in the sense of least
average coupling cost for Kuramoto oscillators with different
intrinsic frequencies. However, for lots of natural and prac-
tical systems, the intrinsic frequencies of oscillators could
not be known in advance. Moreover, as the number of oscil-
lators is huge, it is impossible to assign precalculated value
to every coupling. Thus the forementioned approach (K;;
=Cl|w;—w)|) is unsuitable in practice.

The effective strategy is to use the adaptive method. We
emphasize that the adaptive law used should approach the
optimal coupling scheme, while it should also be realizable
in practice. The Kuramoto model is not a toy model, but
appears as a normal form for general systems of coupled
oscillators. For facility of analysis, the standard simplifica-
tion known as the phase approximation method [21,22] is
used. However, in actual cases of weakly coupled oscillators,
the phase parameter 6 could not be obtained directly, but is
represented in sine or cosine form. That is why we adopt the
sinelike form in the paper, but not a linear adaptive function
such as K;=el|B(6,-6,)|-K;| (suppose 6,;e[-m, 7]). In
this paper, the element of the coupling matrix describing in-
teraction between two oscillators, for instance i and j, is
controlled by the following equation

K= elalsin(B(6, - 0))| - K. )

In simulations, the parameters € and /3 are fixed to 1 and 0.5,
respectively. Later we will show how the behavior of the
system changes as the function of the values of «, 3, and .
The comparison of performances between linear and sinelike
adaptive functions will also be studied.

The adaptation function asin(3(6;— ;)| implies that the
coupling coefficient grows stronger for the pair of oscillators
which has larger phase incoherence. This adaptation function
is contrary to the form studied by Seliger [9], whose purpose
is to obtain a multistable behavior. Figure 1 shows the learn-
ing curves of the adaptation function for different values of
B. While the role of relative spike timing is played by the
phase of oscillators, the curves are similar with the curve of
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FIG. 1. (Color online) The learning curves of the adaptation
function: (a) for =20 and B=0.5; (b) for =20 and B=0.769. In
our study, we choose 8=0.5 for maximum adaptive range of phase
difference.

the additive STDP learning law [Fig. 3(a) in Ref. [20]]
adopted by Nowotny et al. The learning curve of STPD
could be symmetric about origin [19] or a shifted point in the
x axis [20], while the learning curve we used is symmetric
about the y axis. This difference could be ascribed to the
directionality of coupling. For STPD, there is a presynaptic
neuron and a postsynaptic neuron between a STDP synapse,
and the time-dependent conductance of STDP synapses g(¢)
is changed by Ag(z), which is a function of the time differ-
ence At=t,,,t,,. If a postsynaptic spike occurs sufficiently
long after a presynaptic spike, the synaptic conductance is
enhanced, while if a postsynaptic spike occurs close to or
before a presynaptic spike, the synaptic conductance is de-
pressed. This could be regarded as a directional coupling
scheme. In our scheme, the coupling is a function of
alsin(B(6;— ﬁj))|. The purpose is to drive the frequencies and
phases together, and there are no distinctions such as pre- or
postcoupling phase oscillators. It could be regarded as an
undirectional coupling scheme. Besides this, the essential
ideas (learning and adaptive methods) of the STDP and our
scheme are the same. Therefore, the adaptive law we pro-
posed here has certain biological backgrounds, and is closer
to the real world cases than ordinary Kuramoto models.

We expect the proposed scheme could approach to the
optimal coupling scheme in the sense of least average cou-
pling cost. To illustrate this point, we first consider a simple
case of two oscillators. In this case, network system (1) and
(2) reduces to

¢=Aw-Ksin ¢, (3)

K = &(alsin B¢| - K). “4)

Here ¢=60,-6,, K=K,=K,;, Aw=w;—w,. Without loss of
generality, suppose the coupling strength is large enough and
a sufficiently small steady-state phase difference is achieved.
Furthermore, assume the phase difference is positive and
0.5<p=1, then |sin B¢| = B sin ¢. When the two oscillators

are synchronized and the coupling becomes steady, ¢=0,
K =0, i.e.,

Aw-Ksin ¢p=0, (5)

e(aBsin p—K)=0. (6)
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FIG. 2. (Color online) The evolution of the order parameter in
the cases of (a) adaptive and (b) constant coupling for a=20.

The solution is

sin ¢ = VAw/(aB),

K=\(ap)Aw=C(Aw)*,

where C (=const) determines the steady-state phase differ-
ence, and u is the measure of optimum. For the case of two
oscillators, C= \/(a_,B) and u=0.5.

For the case of many coupled oscillators, we anticipate
that the criterion u will be increased, as the dynamics of an
oscillator is influenced by more oscillators. Because the os-
cillator is influenced by the behavior of the whole network, it
is difficult to obtain an analytical solution of the steady-state
coupling strength K. However, from the numerical simula-
tion described in Sec. III (Fig. 3) we find that the steady-state
coupling strength is approximately K;;>(Aw;)*. We have
fitted the simulation results and found that 0.85 << <<0.95.
Accordingly, the adaptive principle we proposed approaches
to the optimal law, which corresponds to u=1.

III. PERFORMANCE ANALYSIS

The dynamics of a globally coupled array of oscillators is
considered first. For universality, we consider the Gaussian
distribution whose variance is 3 and a uniform distribution in
the interval (=3,3). We studied the Gaussian distribution in
two cases. (a) The adaptive coupling scheme. The steady-
state coupling strength depends on the ratio of the frequency
difference of two coupled oscillators. Its average value is
equal to 3.385. (b) The constant coupling scheme whose
strength is also 3.385. The complex order parameter re'¥
=(1/ N)Z?’= €% is utilized to characterize the global behavior
of the network. In Fig. 2(a) we see that the order parameter
r(7) achieves a constant value close to 1, which implies that
the network of the adaptive coupling scheme have achieved
global frequency synchronization and quasi phase coherence.
In Fig. 2(b) we see that the order parameter r(f) fluctuates
between 0.6 and 0.8, which implies that the network of the
constant coupling scheme with the same coupling cost could
not achieve global frequency synchronization. In the con-
stant coupling scheme, a fixed strength is used no matter
what value the intrinsic frequency is. Thus the constant
strength must be maximal to entrain the oscillator whose
intrinsic frequency is highest, which means a kind of waste
for others.

Then, we studied the network with a uniform frequency
distribution in the interval (=3,3). As shown in Fig. 3(a), for
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FIG. 3. (Color online) The relationship between (a) the intrinsic
frequency distribution, (b) the steady-state phase difference, and (c)
the steady-state coupling strength. Two cases are studied: the rela-
tions between the 10th and the other oscillators (X), and the rela-
tions between the 25th and the other oscillators (A).

the uniform frequency distribution, the ith oscillator’s intrin-
sic frequency is —3+0.12i. Similar to the above, in Fig. 4(a)
we see that the frequencies of all oscillators are equal, while
a tiny constant phase drift is present between two frequency
adjacent oscillators. However, oscillators in the constant cou-
pling scheme with the same average coupling cost (3.477)
have a confused phase evolution [Fig. 4(b)], i.e., the global
synchronization could not be achieved.

Now we analyze the dynamics of the adaptive coupling in
detail. According to the dynamic function Kij=8[a|sin(ﬁ( 0;
—0j))|—K,~jJ, we define the measure of phase difference be-
tween two coupled oscillators: N=a]sin(B(6;-6,))|. If two
oscillators have different intrinsic frequencies, their phase
difference is large in the beginning. Therefore N> K;; since
the initial value of Kj; is zero. The coupling coefficient will
increase continually, and the subsequent process should be
analyzed in two cases: (a) If N=K;;, but the two oscillators
have not achieved synchronization, the increased coupling
coefficient K;; will drive the phase difference decrease. As a

result, N< K;; and Kij< 0, which will lead to a decrease pro-
cess of K;; until the synchronization is achieved [Figs. 5(b)
and 5(c)]. (b) If N=K;; and the two oscillators have achieved
synchronization, the coupling dynamics will obtain a steady
state [Fig. 5(d)]. Therefore, the adaptive dynamics shows

FIG. 4. Gray-scale plots of phase evolutions of 50 oscillators in
the cases of (a) adaptive and (b) constant coupling for @=20. The
value of each gray-scale point is sampled every 0.5 s, and gray
scale from white to black corresponds to the range [—, 7).

016207-3



QUANSHENG REN AND JIANYE ZHAO

1 (@) 5 (b)
0.8 o
x 0.6 B
0.4 =
0.2 3
0 0
d
8 (c) 8 (d)
e N\ e
S 4 S 4
> >
3 3
% 2 4 6 & % 2 4 & =
time (s) time (s)

FIG. 5. (Color online) The evolutions of (a) the order parameter
and the coupling coefficients: (b) kg s, (¢) K030, and (d) &y 40-

two possible behaviors, one in which it reaches the steady
state from below and one in which it first overshoots the
steady-state value and then reaches it from above. The last
case implies that the coupling coefficient achieves a large
strength to obtain rapid synchronization, while reduces to a
sufficient strength to maintain the synchronization [Fig. 6].
When the coupling dynamics achieves a steady state, the
coupling coefficient and the phase difference should satisfy
the equation N=afsin(B(6;-6,))|=K;;, which is approxi-
mately a proportional relation, i.e., K;; ~ |6,— 0j|. On the other
hand, two oscillators need a larger coupling strength if they
have a larger intrinsic frequency difference [1]. The relation-
ship between the steady-state coupling strength, phase differ-
ence, and frequency difference becomes more evident when
we plot Fig. 3. The steady-state coupling strength is approxi-
mately K;;o(Aw;)*,0.85<u<0.95, which approaches to
the criterion of the optimal coupling law. From the above
analysis, we see that an improved coupling dynamics is
achieved.

Now we study the performance differences between dif-
ferent adaptive functions. We compare the proposed sinelike
adaptive function with a linear adaptive function such as
K;j=¢la|B(6,~ )| -K,| (suppose 6, ; € [, m]). To compare
them under the same conditions, we rewrite the linear adap-
tive function as K;;= el alarcsin[sin(3(6;- 6,))]| - K], and the
parameters € and S are fixed to 1 and 0.5, respectively. We
also examine how the system behavior of the sinelike adap-
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FIG. 6. (Color online) The evolution of (a) the phase difference
versus the evolution of (b) the coupling coefficient between the 10th
and the 15th oscillators in another simulation.
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FIG. 7. (Color online) The comparison of performances between
the linear adaptive scheme (serial number 1) and the sinelike adap-
tive schemes with different B8 are shown in (a) and (b). The serial
numbers from 2 to 7 correspond to £8=0.5, 0.6, 0.7, 08, 0.9, and 1.0,
respectively, and three cases are studied: a=10 (), =20 (+), and
a=30 (O). (c) The curves of different adaptive functions, including
the linear adaptive function (—) and the sine-like adaptive functions
with different 8: B=0.5 (--*), B=0.75 (---), and B=1.0 (--).

tive scheme changes with the values of . The simulation
results are illustrated in Fig. 7. We see that the average cou-
pling costs of the linear and the sinelike adaptive schemes
are the same, while the linear adaptive scheme has a little
better performance in synchronization speed. For different
settings of B, the sinelike adaptive scheme corresponding to
B=0.5 has the best performances in the average coupling
cost and synchronization speed. This could be ascribed to its
monotonic increasing relation between the phase difference
and the adaptation.

Then we examine the effect of the parameters € and a.
According to the dynamic equation K;;=¢|a/sin(B(6;-6)))|
—K;], for a larger parameter «, the coupling coefficient
should increase further to achieve the steady state. As fore-
mentioned, a larger coupling coefficient induces faster syn-
chronization speed and smaller phase difference, and in turn
induces the order parameter closer to 1. Therefore, the pa-
rameter « determines the magnitude of the steady-state cou-
pling strength, phase difference, and the order parameter,
which is illustrated in Fig. 8 and also determines the speed of
synchronization. Rewriting the dynamic equation as

dK;;

Esltg = alsin(B(6, - 0j))| - K,
we see that the parameter €, as a time scale, only determines
the evolution rate of the dynamic equation. Larger £ will
accelerate the global synchronization. We have tested the re-
lationship between the synchronization speed and the param-
eters (a,e) in a large number of numerical simulations. The
same random initial phase distribution was used for different
(a,€) in one simulation, and we simulated several times for
different random initial phase distributions to obtain the av-
erage synchronization speed. To show the relationship more
explicitly, we fitted the curve of simulation results further.
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FIG. 8. (Color online) The parameter « (alpha) determines the
steady-state magnitude of (a) the average coupling strength, (b) the
order parameter, (c) the phase difference, and (d) the coupling
strength. In (¢) and (d), the relations between the 25th and the 50th
oscillators are studied for instance.

The results are shown in Fig. 9. The fit functions for different
a are

1
loy, = +
97054 In(e + 1) +0.015

040, «a=10,

1
fon= +0.30, a=20,
"~ 1.08 In(e + 1) - 0.004
1
fygn = +0.15, a=30.
1.62 In(e + 1) — 0.020

By ignoring the tiny correction terms, the functional depen-
dence between the time taken for synchronization and the

’

i+1

w;— E E K;; sin(6, - aj),

j=i-1

Al
Il
A

\

As the majority couplings are reduced, global synchroniza-
tion is more difficult to achieve compared with the global
coupling scheme. The case of Gaussian intrinsic frequency
distribution is considered. For the adaptive coupling scheme,
the result average value of the steady-state coupling strength
is 8.689. As former cases, the constant coupling scheme with
the same average value (8.689) cannot achieve global syn-
chronization. Furthermore, when we use a larger constant
coupling strength, 11, only partial synchronization could be
achieved. This is showed in Fig. 10. We can see that all the

1
w;— E[KIN sin(6, — Oy) + Ky sin(6, — 6,)],
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FIG. 9. The functional dependence between the time taken for
synchronization and the parameters [« (alpha), & (epsilon)]. Both
simulation results (points) and fit curves (lines) are shown. The fit
curves approximate to the function #,,,,=1/[0.054c In(g+1)].

parameters («,&) could be expressed by the following equa-
tion: #;,~1/[0.054a In(e+1)].

We stress that the adaptive coupling scheme proposed in
this paper is general for the global synchronization problems
of phase oscillators. To illustrate this generality, we also
study the nearest-neighbor ring coupled phase oscillators. In
the ring coupled configuration, the oscillators only interact
with the right and left nearest-neighbor oscillators, so all
oscillators are coupled similar to a ring. The dynamics of an
ensemble of N coupled phase oscillators is

for ] <i<N,

fori=1,

1
w; — E[KN’N_I Sin(@N— 0N—1) +KN1 Sin(@N— 01)], fori=N.

oscillators of the adaptive coupling scheme have invariable
phase differences, while the oscillators of the constant cou-
pling scheme is divided into at least two clusters.

IV. CONCLUTIONS AND PERSPECTIVES

In this paper we investigated the synchronization dynam-
ics of the generalized Kuramoto model with adaptive cou-
pling. With global adaptive coupling, the system dynamics
approaches to the optimal coupling scheme in the sense of
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FIG. 10. Gray-scale plots of phase difference evolutions (versus
the 17th oscillator) of 50 oscillators in the cases of (a) adaptive and
(b) constant coupling for @=30. The value of each gray-scale point
is sampled every 0.5 s, and gray scale from white to black corre-
sponds to the range [—, 7].

least average coupling cost. The Gaussian and the uniform
intrinsic frequency distributions are considered. In both
cases, the ability of the networks to achieve synchronization
is significantly enhanced, since the coupling intensities of
oscillators are reduced adaptively according to their intrinsic
frequencies. We also illustrate that the coupling coefficient
achieves larger strength to obtain rapid synchronization in
the transient process, while reduces to a smaller strength to
maintain the synchronization in steady state. In this sense, an
improved coupling dynamics is achieved.

The generalized Kuramoto model studied in this paper
may serve as a paradigm for many biological and physical
networks in which requirements of global synchronization
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and coupling cost are strict. The best known examples of
such networks are neuronal ensembles with adaptive cou-
pling [19]. It is well known that in such a system, adaptive
synaptic could enhance the synchronization significantly.
Furthermore, for most biological systems, the intrinsic fre-
quencies and other conditions of different parts are usually
various, which implies that the coupling coefficients should
be adapted to different circumstances. The proposed model
will also shed light on some engineering applications, as the
synchronization speed and phase coherence can be adjusted
by the parameters of the adaptive equation.

In this paper we considered only two network architec-
tures: a global coupled array and a nearest-neighbor coupled
ring. Though we stress that the proposed scheme is a general
method, the influence of the adaptive coupling on networks
with more complex architecture is also an interesting open
question. For example, in the case of complex network to-
pologies, the adaptive coupling could be combined with the
connectivity-dependent coupling [23], where the coupling
strength depends on the number of links to or out of the
node. Another interesting issue is the effect of adaptive cou-
pling on the imperfect [24] and anomalous [25] phase syn-
chronization of more complex chaotic oscillators. Because
the increase of the coupling strength does not necessarily
lead to better phase synchronization in these cases, the adap-
tive law should be improved further.
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