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Quantitative analysis of the x-ray diffraction intensities of undulated smectic phases in bent-core
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X-ray diffraction diagrams of undulated smectic phases in bent-core liquid crystals have been theoretically
studied. The intensities of the reflections have been obtained for different layer modulations, and a general
expression has been deduced for orthogonal cells in terms of the different harmonics of the distortion. The case
of sinusoidal modulation is especially simple and has been studied also in oblique cells. High-quality x-ray
measurements of three compounds reported in the literature have been analyzed as examples. In all cases it has
been deduced that the modulation is sinusoidal and its amplitude has been easily obtained by fitting the
experimental intensities. Equatorial (70) reflections have been also considered to obtain information about the
structure of defects at the maxima and minima of the undulation.
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I. INTRODUCTION

Bent-core liquid crystals [1-3] present a great variety of
new mesophases that exhibit interesting phenomena such as
spontaneous desymmetrization, ferroelectricity, and nonlin-
ear optical properties. However, the structure of the different
mesophases and its origin are not fully understood in many
cases. For this reason, they have attracted great attention
among the scientific community and many efforts have been
made to clarify these points. One of the most powerful ex-
perimental techniques to determine the structure of the me-
sophases is x-ray diffraction. By using this technique it has
been observed that very often bent-core mesophases present
two-dimensional periodicity. However, in these cases, the
structures are especially complex and some of them have not
been clarified up to now. In fact, in many works just a basic
indexing of the reflections has been reported. In other words,
only the peak positions are used to extract structural data,
whereas the piece of information contained in the intensities
of the reflections is not considered. As a consequence, scarce
examples of elaborated structural determinations have ap-
peared in the literature [4-18].

Among the two-dimensional periodic mesophases the
case of the undulated smectic phases (USmCP), also named
B7 phases, is especially interesting. Their x-ray diffraction
patterns present a set of commensurate reflections, indicating
a layered structure, with a group of incommensurate satel-
lites attached to the main reflections [10,14,19-21]. The first
full structural determination of this kind of phases was car-
ried out in the so-called MHOBOW compound by Coleman
et al. [10], who observed the undulation of the smectic layers
by means of transmission electron microscopy on freeze
fracture sections. Here MHOBOW stands for the racemic
mixture of 1,3 benzene [4-(4 nonyloxyphenyliminomethyl)
benzoate] {4’ [4(1-methylhepthyloxycarbonyl) phenylimi-
nomethyl]benzoate}. Evidence of undulated layers allowed
these authors to perform a quantitative interpretation of the
x-ray diagram obtained with synchrotron radiation on pow-
der samples. The diffraction pattern was indexed on the basis
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of a rectangular lattice and, in addition, the peak intensities
were also considered to obtain the amplitude of a sinusoidal
layer modulation compatible with them. However, the fitting
procedure was rather tedious, implying the computation of
several Taylor’s expansions with many terms (up to 19 [11]).
As a whole, the method is so cumbersome that it has been
never repeated again for any other compound.

In this work we show that the x-ray diffraction pattern of
USmCP phases can be analyzed quantitatively in a much
simpler way. First, in Sec. II, we present the basics of the
diffraction diagrams of two-dimensional liquid crystal phases
in order to obtain the general expression of the structure
factor and introduce the notation. Next, the diffraction pat-
tern of a rectangular USmCP structure is described in the
case of a general nonharmonic layer modulation. The case of
sinusoidal modulation is especially treated due to its simplic-
ity and importance. The theoretical model is finally extended
to the case of sinusoidally modulated structures with oblique
translation lattices. As an illustration, in Sec. III we analyze
quantitatively some real x-ray powder patterns of three dif-
ferent materials with USmCP phases reported in the litera-
ture [10,20,21]. The shape and amplitude of the modulations
are easily determined.

I1. DIFFRACTION DIAGRAM OF TWO-DIMENSIONAL
LIQUID CRYSTAL PHASES

A. General case

Regarding the small-angle region of a nonresonant x-ray
diffraction pattern, an undulated or a columnar liquid crystal
phase is an electron density p(R) with the following charac-
teristics: It presents a periodicity defined by a translation
lattice T=ma+nc, with m and n integers (see Fig. 1), and a
continuous translation symmetry along a direction perpen-
dicular to @ and ¢ (b in Fig. 1). This continuous symmetry is
due to the fact that the molecules are distributed in a liquid
disorder fashion along this direction. Accordingly p(R) may
be expressed in the form
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FIG. 1. Schematic representation of a two-dimensional transla-
tion lattice together with its reciprocal vectors.

p(R) =2 po(R,~T). (1)
T

po in Eq. (1) is the motif that is repeated through the trans-
lation lattice and will be the basis on which different struc-
tural models will be analyzed. The symmetry of p, is given
by one of the 17 plane groups and is obtained from the
special projection of the layer group of the real three-
dimensional (3D) structure on the (@,c) plane. We have also

defined R; so that R=R; + Yb. Here Y is a continuous vari-
able.

For nonresonant scattering, the diffraction amplitude G(S)
is the Fourier transform of the electron density p(R). The
diffraction vector S is defined as S=Q/2, Q being the scat-
tering wave vector. We have therefore

G(S) = f [2 polR, - T)]e”"s"‘cﬁR
T
_ ) 2miSyY _ 2miS-Ry, 12
= | ™Yy | | D poRL-T) e &’R;
—o0 T

= &(Sy) |: ég S8 —r*):| f po(P) ™S,

B being the cell area and Sy=S -b. The Dirac delta function
8(Sy)=J7 e*>™SYYdY means that the diffraction diagram is re-

stricted to a plane perpendicular to b. On the other hand, we
have introduced the new variable r=R; —T=x%+z% obtain-
ing the diffraction condition =;e>™S 7= %Zr* S(S—r"), where
r'=ha”+Ic" is a reciprocal lattice vector.

The intensity of a reflection with diffraction vector S
=ha"+Ic" is given by the squared modulus of the structure
factor F(S), defined from the expression of G(S) as

Fs)= 20 f o),

so that, leaving aside the Dirac delta function, we have for
the (hl) reflection
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1 .
F(hl) — E J po(x,z)ezm(h”“””“)dx dz. (2)

F(hl) is a complex quantity that depends on the origin cho-
sen for the unit cell. However, F(hl) becomes real when the
cell origin is chosen in such a way that py(x,z)=p(—x,-2).
This condition for p, can be achieved for the great majority
of mesophases. It is also to be pointed out that the restriction
of the diffraction diagram to the (a’c”) reciprocal plane
means, according to Eq. (2), that only the projection of the
molecules on this plane contributes to the observed intensi-
ties. As a consequence, the diffraction diagram does not pro-
vide information concerning some important aspects of the
structure, like the chirality or polarity direction of the mol-
ecules, when it is perpendicular to the translation lattice.

One of our objectives is to perform a calculation of F(hl)
for different structural models in order to predict the charac-
teristics of the experimental x-ray diffraction diagram. How-
ever, it must be noticed that the experimental integrated in-
tensities are generally affected by different factors. For
example, apart from effects like polarization factors, absorp-
tion, or thermal diffuse scattering, which are nearly constant
in the small-angle region, the intensities measured in a pow-
der x-ray diagram contain the multiplicity factor m [number
of (hl) reflections with the same Bragg angle] and also the
Lorentz factor

L=1/(sin 6 sin 26p), (3)

which is very important for the smallest angle reflections. 6
in Eq. (3) is the Bragg angle. The factor of sin 26 in Eq. (3)
accounts for a simple geometrical consideration: For a given
reflection (hl), the power diffracted by the sample is scat-
tered on a cone surface of angle 2 6. Thus, since the detector
captures a given length of the cone circumference, the de-
tected power increases as the perimeter of this circumference
decreases—i.e., as the Bragg angle becomes smaller. On the
other hand, the sin 65 factor takes into account the proportion
of crystals contributing to a given reflection. In summary,
once the background intensity has been subtracted, the dif-
ferent integrated intensities obtained from a powder diagram
must be divided by m and L in order to check the reliability
of a given structural model.

B. USmCP phase
1. Rectangular translation lattice

The existence of harmonically undulated layers in some
structures was proposed by Coleman et al. [10] to account
for the x-ray diffraction diagram observed on two materials
that present the so-called B7 phase. In that work a mecha-
nism was proposed for the origin of the layers undulation
based on the existence of splay of the molecular dipole mo-
ments. Here we present a calculation for the diffracted inten-
sities that results in a simple analytical expression. This will
be useful for the determination of different structural param-
eters and allows an easy generalization of the model to non-
harmonic layer undulations.

The primitive cell of the undulated smectic structure is
represented in Fig. 2 together with its symmetry elements for
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FIG. 2. Primitive cell of a USmCP structure with rectangular (a)
and oblique (b) translation lattice. The undulated line represents the
center of a smectic layer. In both cases the symmetry elements are
indicated. The plane group of the electronic density is pm2g and p2
for (a) and (b), respectively. The reciprocal vectors of the oblique
lattice are also shown.

the case of rectangular and oblique translation lattice. For the
rectangular lattice, the electronic density is

c X
— —A sin 277') , (4)
2 a

polx,z) = po<z -
where A is the undulation amplitude. If there were no undu-
lation (A=0), the electronic density p, would depend on z as
smectic layers usually do. We calculate the structure factor
replacing po(x,z) given by Eq. (4) in expression (2):

L[ i N ) X .
F(/’l,l) = f ethx/adxf p0|:z — E — A sin 27T:|€2mldcdz_
B ( 2 a

) —o0

Now, after introducing the new variable

—A sin 2777, it results in

r_.,_Cc
=75

1 . “ . ) )
F(hl) — Betﬂrrlfo(l)f ethx/ae2ml(A/c)sm 27T.Y/adx, (5)
0

where f((/) may be defined as a kind of form factor for the
smectic layer:

fo(l) — f po(z/)eZﬂ'ilz//ch/ ) (6)

In order to evaluate the integral on the right-hand-side of Eq.
(5) we introduce the Jacobi-Auger identity

o]
pix sin 0 2 7 (x)eimﬁ
m ,

m=—x

J,,(x) being the Bessel function of m order of the first kind.
In our case, it results in

o]
. . A .
2il(A/c)sin 2mxla _ - im2mxla
2miase) = > J,,,<27Tl B e .

m=—w

The structure factor is then expressed as follows:
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FIG. 3. Small-angle diffraction diagrams calculated from ex-
pression (8) for A/c ratios of 0.1 (a) and 0.3 (b). The spot sizes are
proportional to the reflection intensities, and only the strongest re-
flections are shown. |f,(/)| is assumed to be independent of / in both
cases. There are no reflections at the (h0) line.

1. - A\ (¢,
F(hl):Ee’”/fo(l) > Jm<27-rl> f emitda)m) g
c

0

m=—o

1 . - A , sin 7w(h +m)
— —iml / J (2 l) im(h+m) ]
Be fO( ) E m T c ae 7T(h + m)

m=—0%

(7

Expression (7) is zero unless h+m=0—i.e., m=—h—in
which case it results in

F(hl) = le”ﬂ fo(l)J_h<27-rlA),
C C

where it was taken into account that the cell area is B=ac.
The intensity of the reflection (kl) is therefore

A
]_h(2’7Tl>
c

The simplicity of expression (8) permits an immediate visu-
alization of some general trends of the diffraction diagram
that an undulated smectic phase should present. In this re-
spect, Fig. 3 shows a schematic representation of the diffrac-
tion diagram as predicted by expression (8) for two different
values of the ratio A/c. In order to appreciate the character-
istics of the diagram for increasing [, |f,(I)| was considered
independent of [ in all cases, though in practice |f,(l)| is a
decreasing function of /. The pattern obviously converges to
the one corresponding to a normal smectic phase [where only
(01) reflections are present] as the undulation amplitude de-
creases.

Our calculation allows an easy generalization of the
model to arbitrary undulations u(x) if they are expanded as a
linear combination of sinusoidal functions:

2

(8)

1
I(hl) = ;lfo(mz

N

w(x)= S A sin 2k~
k=1 a

In this case, after a completely analogous procedure to that
explained above, the following expression for the intensity of
the (hl) reflection results:
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FIG. 4. Scheme of the undulated-smectic structure represented

by expression (10). The rectangular lattice parameters a and ¢ are
indicated. The plane group of the electron density is p2.

1 R . A
I(hl)=§|fo(l)|2 > 2 X J—h—E;\Y:zkmk(zﬂ'lcl>

My=—00 m3=—% my=—%
N 2
A,
x]‘[]mk(zwzk) . )
C

Evidently, in order to perform a quantitative interpretation of
the experiment, the number of harmonics must be as small as
possible to simplify the expression of I(hl) and reduce the
number of the unknown parameters A;. Let us, for example,
consider the case of an electron density modulated as shown
in Fig. 4. This represents a monoclinic structure with a rect-
angular translation lattice, similar to that proposed by Keith
et al. [22] for undulated synclinic structures. It was just con-
structed with two harmonics:

. x 1 2x
u(x)=Alsin 27— + -~ sin 27— |. (10)
a 5 a

Then, the diffracted intensity as obtained from Eq. (9) re-
sults:

0 2
100 = S0P | S 1a 271, (2w )|

My=—0 5¢
(11)

where only a few terms in the sum are enough to achieve a
very acceptable convergence. The diffraction diagram pre-
dicted by Eq. (11), with constant |f,(I)|, is represented in Fig.
5 for two different values of the ratio A/c.

The usefulness of theoretical diffraction patterns like
those of Figs. 3 and 5 is evident when measurements are
performed on oriented samples. In those cases the complete
reciprocal lattice is obtained at once with a two-dimensional
detector, and a qualitative comparison should be enough to
establish some general features of the structure like its sym-
metry (orthorhombic or monoclinic) or the approximate am-
plitude of the modulation. In addition, it can be expected that
expressions like Egs. (8) and (9) would allow a relatively
easy quantitative interpretation of the experimental data. In
principle, the standard procedure to account for the experi-
mental x-ray pattern would be as follows: u(x) is first pro-
posed. This could be, for example, a harmonic function or
something more general. The layer distortion u(x) should be
proposed on the basis of previous experimental results as
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FIG. 5. Small-angle diffraction diagrams calculated from ex-
pression (11) for |f,(I)| independent of I and A/c ratios of 0.1 (a)
and 0.3 (b). The sum over m, in Eq. (11) is considered to run from
—6 to 6, although no variations, even for the weakest reflections,
result for |m,|=4. As in Fig. 3, the spot sizes are proportional to the
reflection intensities, and only the strongest reflections are shown.
There are no reflections at the (40) line.

well as a qualitative comparison with the obtained x-ray pat-
tern. Then, the relative intensities /() for fixed values of [
are fitted to Eq. (8) or (9), taking the ratios A;/c as param-
eters.

As can be noticed in Figs. 3 and 5, there are no reflections
at the equator of the diffraction diagram—i.e., at the line
(h0). Even when this fact is obvious from Egs. (8) and (9) as
J,,(0)=0, it occurs whenever the electronic density is of the
form p(x,z)=plz—u(x)] for arbitrary u(x) since

1 )
F(h0) = 3 J polz = u(x) 12 M dxdyz

| * 1 _sin 7h
= J ezm(h/mdxf P()(Z,)dZ, = *fo(o)emh

BJ, . c Th
=0 (12)

unless 2=0.

We finish this part with one comment about the existence
in different materials of the (%0) reflections. Since these re-
flections are not allowed by virtue of Eq. (12), their existence
must be explained by assuming that the undulation is per-
turbed by the presence of regions where the charge density is
somewhat different from p,. According to Coleman et al.
[10], these regions would be directly related to defect lines
that separate areas with splayed polarizations and, as a con-
sequence, defects are formed at the tops and valleys of the
undulation. Furthermore, since experimentally there are no
restrictions on & for these reflections, defects at the tops and
valleys must be different. If they were equal, only h=2n
reflections would be observed because the lattice of defects
appears centered for any ha” vector. Anyway, even when
these defects make some contribution to the whole diffrac-
tion pattern, it is important to point out that the observed
(h0) reflections occur at very small angles and, therefore, are
greatly enhanced by the Lorentz factor. Thus, their structure
factors have amplitudes much smaller than any other in the
pattern and, consequently, it can be assumed that expressions
like Egs. (8) and (9), where the existence of defects is not
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FIG. 6. (a) (h0) Bragg peaks
(b) - calculated from expression (13)
considering f4=0.25f and d
4 =0.1a for a lattice parameter a
=400 A. A Gaussian profile with
constant width is assumed for all
the reflections. (b) A simulation of
the experimentally observed peaks

is performed by multiplying the
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considered, constitute valid predictions for the measured in-
tensities of the diffraction diagram. Figure 6(a) represents the
(h0) intensities calculated by modeling the defects as con-
stant charge densities p/; and p; located at the peaks and
valleys, respectively, extending each one a length d. From
the general expression (2), the intensities result:

d 2
1 sin(whg)
1(h0) = ;—hD‘Z(O)w”hﬁ(O)] . (13)
-
a

where f,°(0)=["_p"(z)dz is the form factor of the defects.
The effect of the Lorentz factor on the peaks intensities is
shown in Fig. 6(b). In this case, a lattice parameter a
=400 A, typical for B7 phases, was selected. As can be seen,
the height of the peaks decreases as & increases. This is just
the behavior experimentally observed [10,20,21].

2. Oblique translation lattice

For the sake of completeness, we extend the above calcu-
lation to the case of a sinusoidal structure with an oblique
translation lattice [see Fig. 2(b)]. The electron density is now

e .2 e
po(x,2) = po| 2= —Asin —(x— §—> ,
2 a 2

where £=cot B. It is convenient to express the translation and
reciprocal vectors in the x, z coordinate frame:

L1
a=at, o'=12-%, (14)
a a
A A 1
c=¢ex+ez, ¢ =12, (15)
e

in order to express the structure factor in the form

1 .
F(S) — E f po(r)eZﬂ'lSrer

1

" ac sin 8

f po(x,2)e>™ S+ 4y dz sin B.

According to Egs. (14) and (15), Sx=hi and Sfli—hf. The
intensity of the (hl) reflection results:

02 03 04 05
Bragg angle (deg)

peak intensities in (a) by the Lor-
entz factor L [expression (3)].

n[liat

where the smectic layer form factor is

2
. (16)

1(h,1) = %lfo(h,mz

Sfolh,D) = f po(z')627Ti(1/e—h§/a)z'dzl’

i.e., depends on 4 and [ and, therefore, an easy quantitative
comparison of expression (16) with the experimental pattern
is not possible as before since there are not lines of reflec-
tions where f, is constant. In addition, the x-ray diagram is
indexed on the basis of a primitive oblique lattice, and there
are reflections also in the (40) line, even without considering
defects. The intensities of the (h0) reflections vanish as the
oblique angle S tends to /2.

II1. ILLUSTRATIVE EXAMPLES WITH REAL
STRUCTURES

Now we turn to apply the procedure described above to
the structural determination of several USmCP phases. Al-
though a relatively large number of materials are supposed to
present this kind of structures, not many have been measured
with the required accuracy. In order to use the intensity data,
clearly resolved peaks are necessary. In addition, it is inter-
esting to have as many reflections as possible. Therefore,
highly monochromatic and intense sources of x-ray radiation
(synchrotron) should inevitably be used in the experiments.
We will restrict ourselves to analyze just three compounds
for which such high quality measurements exist. (hl) reflec-
tions with at least /=0, 1, and 2 are satisfactorily character-
ized in those experiments. The materials are the already
quoted MHOBOW [10], 1,3-phenylene bis [4-(3-chloro-4-
octyloxyphenyliminomethyl)bezoate] (PBCOB) [10,20], and
1,3-phenylene  bis{4-[3-fluoro-4-(3(S),7-dimethyloctyloxy)-
phenyliminomethyl]benzoate} (PBFDOB) [21].

The general aspect of a typical powder x-ray diffracto-
gram is schematized in Fig. 7, where the data for PBFDOB
are presented. The indexation of the peaks indicated in the
figure has been carried out using an orthogonal cell. Quali-
tatively similar diffraction patterns are obtained for
MHOBOW and PBCOB.

Table I gathers the different structural parameters for the
three compounds, and in Fig. 8 we compare the observed and
calculated intensities for the /=0, 1, and 2 reflections. Peaks
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FIG. 7. Schematic representation of the powder diffraction dia-
gram obtained by Lee et al. for the material PBFDOB using syn-
chrotron radiation [see Fig. 6(b) of Ref. [21]]. Each bar represents
an observed peak. Its height is proportional to the integrated inten-
sity extracted from the experimental pattern after background sub-
traction. The diffraction diagram is indexed on the basis of a rect-
angular lattice, obtaining the set of Miller indices that appear in the
figure. Only peaks with /=0, 1, and 2 are considered.

with /=3 or larger are too small to be used. For /=1 and 2,
the intensities were computed using Eq. (8), so that a simple
sinusoidal modulation was assumed. As can be seen the ac-
cordance is rather good, which means that this model is a
rather good approach to describe the layer distortion. In or-
der to fit the modulation amplitude A the following expres-
sion has been minimized:

A 2
[[expt(h,l) - ClJ%h<2quZ>:|
>

Lh Iexpt(h’ l)

; (17)

where the indices & and [ run over positive and negative
values. As we have used powder diffraction data and the cell
is orthogonal, each I ,,(h,l) is obtained from the corre-
sponding experimental peak intensity with positive indices
divided by its multiplicity and the Lorentz factor. C; is a

h index hindex h index

FIG. 8. Experimental (solid circles) and fitted (open circles)
integrated intensities of the studied compounds: (a) MHOBOW, (b)
PBCOB, and (c) PBFDOB. Ordinate axes indicate the intensity in
arbitrary units in all the cases. For the fitting, a sinusoidal modula-
tion is assumed in the three compounds. Peak intensities corre-
sponding to /=0 are fitted to expression (13). Apart from an arbi-
trary scale factor, two different parameters are obtained for each
compound. The resulting d and X parameters appear in Table I. The
modulation amplitude A is obtained by minimizing expression (17)
using the peak intensities for /=1 and /=2. The obtained amplitudes
are compiled in Table I. In the three cases, the (02) and (12) reflec-
tions are overlapped in the experimental diagrams. Thus, given the
multiplicity of these reflections (m=2 and m=4, respectively), the
observed intensities are fitted to 21(02)+41(12).

fitting scale factor corresponding to each set of / reflections.
Obviously C;=C_;, and Iy, (h,1) appearing in the denomina-
tor stands for the squared standard deviation o2 correspond-
ing to a Poisson distribution. In the case of MHOBOW the A
value deduced from our fit (see Table I) is in good agreement
with that obtained before [10] using a more complicated
method.

In Fig. 8 the data for the (40) reflections are also pre-
sented. In this case, the intensities were computed using Eq.
(13) after taking into account the Lorentz factor correction.
Also, here, good accordance is found between theory and

TABLE I. Structural parameters of the materials analyzed in the present study. The undulation amplitude
A is obtained from the fit of the experimental intensities to expression (8). Similarly, the defect parameters d

and X are evaluated according to expression (13) using the (h0) reflections.

Compound a (A) ¢ (A) A (A) d (A) X

MHOBOW 274 39.5 10.7 12.6 0.13
PBCOB 279 38.6 10.0 26.8 -0.09
PBFDOB 170 38.5 5.0 18.7 -0.04
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experiment. The parameters deduced from the fits are d/a
(the length of the defect relative to the a lattice parameter)
and X, the ratio between the form factors of the defects at the
peaks and at the valleys (or vice versa). As can be seen in
Table I both d/a and X are in all cases about 0.1. This means
on the one hand that the region where the defects are con-
centrated is only a small percentage of the whole smectic
layer area (as it should be if we can properly speak of de-
fects). On the other hand, the small X value suggests that the
deviation from the defect-free electron density is essentially
accumulated either at the peaks or at valleys, but not at both
positions simultaneously. This is compatible with the idea
previously pointed out in Ref. [10] that the electron density
is not the same at the peaks and at the valleys. Additionally
to this idea, we have found that the principal defects are
mainly located either at the minima or maxima of the undu-
lation. At the opposite position, the importance of the defect
is much smaller.

IV. CONCLUSIONS

We have investigated the x-ray diffraction diagram of
USmCP phases in bent-core materials. For sinusoidal modu-
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lations very simple expressions are obtained for the intensity
of the x-ray reflections. The theoretical analysis has been
extended to more general situations, including modulations
containing several harmonics or oblique cells. We have pre-
sented some examples of application studying three com-
pounds for which high-quality x-ray measurements already
existed in the literature. In all cases the amplitudes of the
modulation have been deduced from very simple fits of the
experimental intensities. From the analysis of the intensities
of (h0) reflections we have obtained information about the
structure of defects that are formed at the minima and
maxima of the undulation.
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