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We study the evolution under their self-gravity of particles evolving from infinite “shuffled lattice” initial
conditions. We focus here specifically on the comparison between the evolution of such a system and that of
“daughter” coarse-grained particle distributions. These are sparser (i.e., lower density) particle distributions,
defined by a simple coarse-graining procedure, which share the same large-scale mass fluctuations. We con-
sider both the case that such coarse-grainings are performed (i) on the initial conditions, and (ii) at a finite time
with a specific additional prescription. In numerical simulations we observe that, to a first approximation, these
coarse-grainings represent well the evolution of the two-point correlation properties over a significant range of
scales. We note, in particular, that the form of the two-point correlation function in the original system, when
it is evolving in the asymptotic “self-similar” regime, may be reproduced well in a daughter coarse-grained
system in which the dynamics are still dominated by two-body (nearest neighbor) interactions. This provides a
simple physical description of the origin of the form of part of the asymptotic nonlinear correlation function.
Using analytical results on the early time evolution of these systems, however, we show that small observed
differences between the evolved system and its coarse-grainings at the initial time will in fact diverge as the
ratio of the coarse-graining scale to the original interparticle distance increases. The second coarse-graining
studied, performed at a finite time in a specified manner, circumvents this problem. It also makes it more
physically transparent why gravitational dynamics from these initial conditions tends toward a self-similar
evolution. We finally discuss the precise definition of a limit in which a continuum (specifically Vlasov-type)
description of the observed linear and nonlinear evolution should be applicable. This requires the introduction
of an additional intrinsic length scale (e.g., a physical smoothing in the force at small scales), which is kept
fixed as the particle density diverges. In this limit the different coarse-grainings are equivalent and leave the
evolution of the “mother” system invariant.
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I. INTRODUCTION

The dynamics of infinite self-gravitating systems of point
particles starting from quasiuniform initial conditions is a
straightforward, well posed, but essentially unsolved prob-
lem of out-of-equilibrium statistical mechanics. While nu-
merical simulation of such systems has developed impres-
sively in scale and sophistication in the last few decades—
mostly driven by the relevance of the problem in
cosmology—analytic understanding of the evolution of the
clustering observed remains very limited. The work reported
in this paper is a continuation of a study of this problem
reported by us recently [1]. We study a simplified version of
the problem posed in cosmology, considering pure Newton-
ian gravity in a static Euclidean universe and a very simple
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class of “shuffled lattice” initial conditions (IC).

In [1] we have presented in detail the results of a numeri-
cal study of this system. We have found that, as soon as
strong positive two-point correlations begin to develop, they
are characterized by a simple spatiotemporal scaling relation,
in which the strong spatial correlations at any time may be
inferred from those at a precedent time by a simple rescaling
of the spatial variables. Further, the function of time speci-
fying this dynamical scaling of the characteristic spatial scale
tends, after a transient period, to a form which can be deter-
mined solely from the linearized fluid equations describing
the evolution of the small fluctuations at large scales. This
asymptotic dynamical scaling behavior is completely analo-
gous to that which has been observed in cosmological simu-
lations, starting from more complicated IC (correlated per-

©2007 The American Physical Society


http://dx.doi.org/10.1103/PhysRevE.76.011116

BAERTSCHIGER et al.

turbations of lattices) and in an expanding universe, and
referred to in this latter context as “self-similarity.” The am-
plitude of the two-point correlation function is also observed
in this asymptotic regime to be essentially independent of the
mean particle density over a large range of scale. This sug-
gests that the full nonlinear dynamics of these simulations,
once this asymptotic scaling behavior is approached, might
be well approximated solely within the framework of a con-
tinuous fluidlike description of the system. We have found,
however, that the form of the two-point correlation function
(i.e., its dependence on separation rather than its temporal
scaling behavior) attained in this asymptotic scaling regime
is already very well approximated, at least for modest ampli-
tudes, by that at early times where the dynamics at these
scales is explicitly particlelike in nature. Indeed the correla-
tion function which develops at these times is very well ap-
proximated by assuming that the dynamics is that of particles
interacting only with their few nearest neighbor particles. In
other words, while the spatiotemporal scaling law seems to
be determined by only the large-scale fluid linear dynamics,
the form of the scaling function looks to depend on the dis-
crete aggregation dynamics between elementary objects.
This suggests that the discreteness of the system may be an
essential ingredient even to understand its long-time behav-
ior.

In this paper we study further the dynamical evolution in
this same class of models (i.e., with “shuffled lattice” IC in a
static universe). Specifically we focus here on the compari-
son between the evolution of a given such IC and the evolu-
tion of other point distributions defined from them by a
simple coarse-graining procedure: at a chosen time the mass
in coarse-graining cells, defined by a lattice, is aggregated
into a single mass; this new point mass is attributed the po-
sition and velocity of the center of mass of the mass in the
cell. This is a procedure which evidently modifies the system
up to a certain scale—that characteristic of the coarse-
graining—but leaves the mass and velocity fluctuations at
larger scales essentially unperturbed. The comparison of the
original and coarse-grained (CG) system allows one to infer
useful physical information about the dynamics. Specifically
it allows one to study the role of fluctuations at different
scales in the system, and the degree to which a discrete or
continuous description of the dynamics can be appropriate.
We will see that the study will allow us to better understand
the physics underlying the asymptotic “self-similar” evolu-
tion, and also to address more precisely the question of the
continuum limit of the system. These latter considerations
are of interest, as we will explain in the conclusions, in the
context of simulations in cosmology. Such simulations can
be seen as particle coarse-grainings in the sense defined here
of the “true” self-gravitating matter described by cosmologi-
cal models." A clear understanding of the continuum limit is
important as it should correspond to the theoretical cosmo-
logical model. Discreteness effects in these simulations are

'For typical “cold dark matter” models there is a factor of the
order of 107 between the microscopic number density of the physi-
cal particles and the number density of the “macroparticles” used in
the largest simulations performed up to now.

PHYSICAL REVIEW E 76, 011116 (2007)

the differences between the CG and this underlying con-
tinuum model.

In the introduction to [1] we have given a brief review of
the relevant literature, on both self-gravitating systems and
other long-range interacting systems. The notion of “particle
coarse-graining,” which is the central one in this paper, is
simply a specific kind of coarse-graining procedure intro-
duced in statistical physics (see, e.g., [2]). It is evidently not
unnatural to consider such schemes in approaching the dy-
namics of systems manifesting scaling behavior, as has been
done widely in many different systems in condensed matter
physics with well known results. In the context of self-
gravitating systems various authors have studied self-
gravitating dynamics applying such concepts (see, e.g.,
[3-7]). These works, however, study theoretical descriptions
of these systems in a continuum limit. In this work we con-
sider, instead, the fully discrete systems, numerically simu-
lated, applying coarse-graining procedures which relate one
such discrete system to another. Indeed one of the questions
we address in this work is, as mentioned above, the validity
of a continuum description of the dynamics. One of our find-
ings is that the coarse-grained system, in a phase in which its
dynamics are manifestly discrete, already traces well the be-
havior of the original system. The only previous work we are
aware of, which has actually applied a discrete “renormaliza-
tion” procedure is that of [8,9], which attempts to determine
the mass distribution which results from power-law initial
conditions using such a scheme under the assumption that
the evolution is self-similar. Numerical studies of discrete-
ness effects in cosmological N body simulations (e.g., [10])
also implicitly consider the effect of different discrete
coarse-grainings, albeit not defined as such in the simple way
considered here. Indeed, as mentioned above, one of the
goals of this work is to clarify problems in this context by a
well controlled study of much simpler systems.

The paper is organized as follows. In Sec. II we summa-
rize briefly the essential definitions and the results of the
preceding paper [1]. We also summarize relevant results de-
rived recently by the present authors and B. Marcos [11,12]
on a perturbative description of the early times dynamics of
self-gravitating points perturbed off a lattice. We underline
the slight differences in the systems studied here compared
to that in [ 1]—a different probability distribution function for
the initial “shuffling” and also a different ascription of initial
velocities. To explain this latter point we include a short
discussion of the “Zeldovich approximation” to the evolution
of a pressureless self-gravitating fluid. (This approximation
is also important for the discussion in Sec. V of this paper.)
In Sec. IIT we define precisely and discuss the construction of
the coarse-grained particle distributions from a given initial
particle system. In Sec. IV we report our study of the com-
parison between a given shuffled lattice (SL) and a set of CG
of the initial conditions, while in Sec. V we do the same for
a set of CG defined at a given scale at finite time in the
course of the evolution. In Sec. VI we summarize our results
and conclusions, and discuss what we have learned about the
dynamics of these systems. Specifically we discuss the ques-
tion of the appropriateness of a continuum description of the

011116-2



GRAVITATIONAL DYNAMICS OF AN INFINITE...

. .2 ..
observed nonlinear dynamics,” and we indicate some paths
for future research on this question.

I1. BASIC DEFINITIONS AND BACKGROUND RESULTS

In this section we give the essential definitions and back-
ground for the paper. First, we summarize the basic defini-
tions of the initial conditions studied and of the quantities
used to characterize the systems. Except for a few minor
points this discussion essentially summarizes an analogous
one in [1], where the interested reader can find further de-
tails. One minor difference is that we consider here the
analysis also of particle distributions in which the masses of
all points are not equal. We then summarize the essential
results of [ 1], and then also those of [11] which we also make
use of in this paper. Finally, we briefly discuss the so-called
“Zeldovich approximation” which is an important perturba-
tive approximation to the evolution of self-gravitating sys-
tems in the fluid limit, and therefore an approximation to the
evolution of the particle system in a certain regime (long
wavelengths and small amplitude perturbations). We will use
it specifically, as is commonly done in cosmological simula-
tions, in the choice of initial conditions for the particle ve-
locities, and also at various points in our analysis.

A. Definition of a shuffled lattice

We call shuffled lattice (SL) the particle distribution ob-
tained by applying a random displacement independently to
each particle on a simple cubic lattice. Thus the position of a
particle, initially on the lattice site R, is given by x(R)=R
+u(R), where the vectors u(R) are random and specified by
a probability density functional

Pllu®)} =1 plu®)]. (1)
R

The statistical properties of the particle distribution are thus
completely determined by p(u), the probability density func-
tion (PDF) for the displacement of a single particle.

In the numerical simulations reported in [1] we took a
simple “box” form for the PDF. Here instead, for reasons
which we will explain below, we will take p(u) to be simply
a monovariate Gaussian as follows:

1\~ 2
P(U)EP(M)=(E> eXP(‘ﬁ) (2

where u is the modulus of u. As discussed in [1] we expect
the choice of the precise form of the PDF (for any simple

2Whenever we use the term “nonlinear” here (e.g., “nonlinear cor-
relations,” “nonlinear collapse™) we refer to behavior of the system
which cannot be accounted for by the standard perturbative ap-
proaches, at linear order. Essentially, here this means everything
that goes beyond the Zeldovich approximation, which is discussed
in the next section. In [1] the range of the “linear regime” for the IC
studied here, as inferred from numerical simulation, has been dis-
cussed in detail.
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functional form) to have little effect on the dynamics beyond
some early time transients.

We use the term shuffling parameter, denoted A, for the
rms deviation of u, i.e.,

A2=f uw’p(u)du=30". (3)
H3

We will usually use this quantity expressed in terms of the
lattice spacing, which we denote by €. We thus define the
normalized shuffling parameter §=A/{. This is convenient
because it is actually the value of & alone which character-
izes the gravitational dynamics of an infinite SL [1]: any two
SL with the same & but different € (and A) are equivalent up
to a scale transformation which is irrelevant for (scale-free)
gravity. We note that in the limit 6— 0 the particle distribu-
tion remains a perfect cubic lattice, while for 6— o it be-
comes a Poisson distribution.

B. Characterization of particle distributions

We now discuss briefly the different statistical quantities
which we will use to characterize the SL initial conditions
and the evolved particle distributions. For further details, we
refer the reader to [1,13,14].

For any distribution of N particles in a volume V, we can
define the microscopic mass density as

N
p(x) = E m;op(X —X;), 4)
i=1

where x; € V is the position of the ith particle, of mass m;,
and &y is the Dirac delta function. For the case of infinite
systems with a well-defined nonzero mean density p,y, which
is that we consider here, it is convenient to define the density
contrast &,(x)=[p(x)~pol/ po.

The two-point correlation properties can then be charac-
terized by the reduced two-point (density-density) correla-
tion function

£,(r) =(5,(r +x)8,(x)), S
where (---) is an ensemble average. In our simulations we
treat N particles in a box of side L=N"3¢ with periodic

boundary conditions. We can therefore write the density con-
trast as a Fourier series as follows:

1 -
5,(x) = F% exp(ik - x)3,(k), (6)

with k e {(27/L)n|n € 73}, and
~ 1
9,(k) = f exp(— ik - X) 5,(x) = —[E m; exp(— ik - x;)
Il Pol i
- Sx(LK/27,0) > m] (7)

where 6y is the Kronecker delta function. The power
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spectrum3 (PS) may then be defined (see, e.g., [14]) as

Pl = 53,00 ®

For statistically homogeneous (i.e., statistically translational

invariant) particle distributions,* the PS and &(r) are a Fou-
rier conjugate pair and therefore contain the same informa-
tion.

We estimate the PS as a function of the modulus k:|k,
using simply the expression given in Eq. (7), averaged over
all k in a shell in k space. We therefore denote it from now
on as P(k). For the real space correlations we will consider

estimating Ep(r) as defined above only in the cases where the
points of the distribution considered have equal mass. Just as
for the PS we will evaluate it by performing an average over
all r in a radial shell. In this case we will denote it as &(r),
and it can be written [14], for r #0, as

&(r) = ey _ L, )
no

where (n(r)), is the radial conditional mean number density
(i.e., the mean number density of particles at a distance r
from an occupied point), and n is the mean (unconditioned)
number density. This makes its direct estimation in real space
very simple, by simple pair-counting algorithms (see [1] for
the explicit description of the algorithm we choose).

Besides these two quantities we will consider also, as in
[1], one other one: the nearest neighbor (NN) distribution
w(r), which is simply the probability density function for a
particle to have its NN at a distance r. As in [1] it is esti-
mated in the evident way by direct counting of NN separa-
tions. The usefulness of this quantity here is that it allows
one to infer [15] very useful information about the nature of
the correlations at small scales, and thus indirectly about the
dynamics responsible for them: if we neglect all but the two-
point correlations one has the relation [14]

w(r)= (1 - f w(s)ds>47rr2n0[l +&1)]. (10)

0

We will use this relation (as in [1,15]) to probe the degree to
which interactions with NN particles are responsible at early
times in simulations for the development of the observed
correlations.

C. Gravitational clustering in a shuffled lattice

It is straightforward [13,14,16] to calculate exactly the
two-point correlation properties of the SL. The PS is given
by

JAs in [1] we use the terminology and definitions current in cos-
mology. In solid state physics the PS is usually called the structure
factor, and normalized typically so that it is dimensionless rather
than having units of volume.

“n a lattice, the ensemble average is defined over the set of lat-
tices translated by an arbitrary vector in the lattice cell. In the case
of the SL we have both this average and, in addition, that over all
realizations of P[{u(R)}].
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1 - [p(k)|?
Pl = |5( )|
0

+L°Y lﬁ(k)lzéK(k,n%T), (11)

where p(Kk) is the Fourier transform (FT) of the PDF for the
displacements p(u) (i.e., its characteristic function). For the
case of a Gaussian PDF as in Eq. (2), with Eq. (3), it follows
that, for k # n277,

2,2
P(k)EP(k):}%{l—exp(— ATk” (12)

0

At leading order in small k we therefore have

A%?
3710 ’

P(k) = P(k) = (13)

Note that, at large k, one has P(k)=1/n,, which is simply
the particle shot noise necessarily present in any distribution
of point particles.

In [1] we have studied the dynamical evolution of self-
gravitating particles starting from SL initial conditions, and
zero initial particle velocities. The PDF p(u) used for the
initial displacements off the lattice is a simple “box” form,
i.e., with uniform probability inside a cube centered on the
origin and oriented parallel to the lattice. The leading term in
the PS Eq. (13) is in fact independent of the form® of p(u),
and thus in this approximation the initial conditions are the
same.

The principal results of [1] are the following:

(1) Qualitatively the evolution of clustering is very similar
to that observed in cosmological simulations (see, e.g., [17]),
which are performed in an expanding spatial background and
start from lattices with correlated displacements representing
PS typically with P(k) «<k" and -3 <n<-1. Clustered struc-
tures develop initially at very small scales (<€) and then
progressively at larger and larger scales.

(2) The evolution is observed to be independent of the
box size L until the time when the size of the nonlinear
structures approaches the box size itself. Thus the results of
numerical simulations are interpreted as representative of the
infinite volume limit (taken at constant particle density).

(3) The PS at small k is amplified as predicted by the
linearized fluid limit for the system (see, e.g., [18]). The k
below which this behavior is observed decreases with time,
reflecting the propagation of the nonlinear clustering in real
space to larger scales.

(4) The temporal evolution of the two-point correlation
function which coincides in this case (of equal mass points)
with the density-density correlation function, is well de-
scribed from early times by a spatiotemporal scaling relation

The only assumption about the PDF is that is has finite variance.
The qualitatively different case of infinite variance PDF is treated
also in [14,16].
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r
) =fl — |, 14
o f(xm) 1o
i.e., the temporal evolution of &(r, 1) is well approximated by
a simple rescaling of the spatial coordinates.

(5) After a time At this scaling behavior converges toward
a more specific form which may be written

r

R(A)

&rt+Ar) = §< ) Ry(Ar) =", (15)
where 74, is the dynamical time of the system, defined by
Tayn=1/\4mGp,. The constant z, which one can consider a
sort of dynamical exponent characterizing the dynamical
scaling, is given by

° 3+n’ (16)
where n is the exponent of the power-law PS of the initial
particle distribution (and therefore z=2/5 for the SL). This
behavior is completely analogous to what is referred to as
“self-similarity” in the context of cosmology (see, e.g., [17]).
It is the behavior which follows if one assumes that (i) the
characteristic length scales in the system play no role in the
dynamics, and (ii) the linearized fluid limit correctly de-
scribes the evolution of fluctuations at low amplitude. It is
thus expected to be observed specifically starting from IC
which are power-law PS, if the clustering is independent of
the lattice spacing (which is, in this case, the sole character-
istic length scale). The results in [1] extend the range in
which such behavior has been reported in numerical simula-
tions in cosmology to “bluer” PS (and also to the case of a
static universe).

(6) We have mentioned that the sole relevant parameter
for the gravitational dynamics of a SL is the normalized
shuffling parameter 8. In [1] different SL with a range of 6,
but identical large-scale amplitude of the PS, are compared.
The evolution of these IC are all observed to converge to the
self-similar behavior after a transient which depends on 6.
These results are closely related to those described in Sec. IV
below.

(7) In the early phase of evolution, in which nonlinear
clustering develops, but prior to the onset of the self-
similarity, the observed two-point correlations are very well
accounted for solely by two body correlations developing
under the influence of NN interactions. The form of the two-
point correlation function at this time is also a rather good
approximation to that in the self-similar regime. Indeed, as
noted above, the spatiotemporal scaling of the correlation
function is a good approximation well before the self-similar
regime is attained, i.e., in the transient phase we have already
a temporal evolution given approximated well by Eq. (14),
but with a different temporal dependence of the function \(z)
to that in the asymptotic regime of dynamical scaling Eq.
(15).

%In the rest of the paper we will often write £(r) leaving the time
dependence implicit.
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The aim of this paper, as has been discussed in the Intro-
duction, is to gain more insight into the dynamics at work in
these simulations by analyzing the effect of coarse-graining
the system at different times in the course of its evolution.

D. Early time evolution of a perturbed lattice

In [11,12] we have developed in detail a general formal-
ism for treating the evolution of self-gravitating particles per-
turbed off an infinite perfect lattice, in the limit that these
perturbations are such that the relative displacements of the
points are small compared to their separations. The treatment
is thus valid up to times at which this approximation breaks
down, and is applicable to any set of perturbations, whether
uncorrelated (as considered here) or correlated (as in cosmo-
logical simulations). It applies equally well to the case of a
static Euclidean universe or a cosmological expanding one.
We will make use of these results below and thus summarize
them briefly here. We refer to this approximation to the full
dynamics as particle linear theory (PLT).

The formalism is essentially the same as that used canoni-
cally to analyze classical phonons in a crystal in solid state
physics (see, e.g., [19]). One can write the equation of mo-
tion for the displacement u(R) of a particle, from its lattice
site R, as

i(R,1)=- 2 DR-Ru(R",1), (17)
R!
where D is the dynamical matrix, which is derived by linear-

izing the force on a particle in the displacements relative to
all other particles. For gravity we have

Ok, v) R,R,
D, (R # 0)=Gm[%—3—1’37}, (18)
R#0

Defining the discrete FT on the lattice by

(k) =2, e *Ry(R,1), (20)
R

u(R,f) = ]%2 e*Ru(k,1), (21)
k

where the sum in k is over the first Brillouin zone, i.e., for

the simple cubic lattice k € n(277/L), where n is a vector of
1/3 1/3
integers each e]—NT , NT], the equation of motion Eq. (17)

becomes, in reciprocal space,

where D(K), the FT of D(R), is a real symmetric 3 X 3 ma-
trix for each k.
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The dynamical problem thus reduces to the diagonaliza-
tion of D(K) for each k in the first Brillouin zone. Labeling
the three orthonormal eigenvectors €,(k) and their eigenval-
ues wi(k) (n=1,2,3), the evolution of the displacement field
from #=0 is given as

u(R,1) = %E 28,k {’fl(k,o) -&,(k)cosh[w, (k)]
k n

+ u(k,0) - én(k)sinh[wn(k)t]}eik“‘. (23)

1
wy(K)

Thus given the initial displacements and velocities, the dy-
namical evolution is solved.

The solution of the diagonalization problem is numeri-
cally straightforward. Details of it, and the results for the
eigenvalues and eigenvectors, are given in [11]. In this paper
the domain of validity of this perturbative treatment has also
been investigated using numerical simulations. Starting from
(i) an SL initial condition and (ii) from a perfect lattice con-
figuration with correlated perturbations corresponding to a
PS ~k72, it is found that the treatment traces very well, in
both cases, the full evolution of the system (i.e., with the full
gravitational interaction) until the average relative displace-
ment approaches the lattice spacing.

E. Zeldovich approximation

Keeping the mean mass density p, fixed, and taking the
limit € —0, the eigenvectors and eigenvalues at any given
fixed k simplify: one obtains a single nonzero eigenvalue
independent of k, w*(k)=47Gpy= ngn, associated to a lon-
gitudinal mode é(k)zlA(, and two transverse modes [i.e.,

é(k)~ﬁ=0] with zero eigenvalues. Thus the latter modes,
which do not grow in time, are always negligible, asymptoti-
cally, compared to the former modes, which are amplified
exponentially. In the case that the perturbations to the lattice
are described by this long wavelength limit, i.e., there are
perturbations only with k€ <1, it follows from Eq. (23) that
there is an asymptotic attractor solution for large times (¢
> Tyyn), Which may be written

u(R.7) = exp(#/74y,)q(R), (24)

where (R) is the time independent curl-free (irrotational)
vector field as follows:

q(R)= 1%,2 {@(k,0) - k) + Tayn(ti(k,0) - )} - ke®R,
k
(25)

Using Eq. (22) it is easy to show that the gravitational field
can be written, in the same long-wavelength limit, as

"We give here the formulas for the specific case of a static Euclid-
ean universe. The general result for cosmological backgrounds is
given also in [11].
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g(R.7) = 7 u(R,1), (26)

so that it follows that the asymptotic solution can be written
as

u(R, 1) = exp(/ 7yp) T4, 8(R.0), (27)

ﬁ(R’t) = eXp(l‘/’rdyn) 7-dyng(l{’o) ’ (28)

i.e., both the displacement and velocity of each particle is
expressed solely in terms of the gravitational field acting on
it at the initial time.”

This approximation corresponds to one introduced by Zel-
dovich [20], for the evolution of fluid elements in a pressure-
less self-gravitating fluid away from a perfectly uniform
state, in an expanding universe. It can be formally derived
[21] as an approximation through a perturbative treatment of
the fluid equations in the Lagrangian formalism.”’

Note that using the continuity equation for small displace-
ments u applied to elementary volumes in a continuous me-
dium one obtains that the density fluctuations dp with respect
to the mean density p, are given by Sp=~-p,V -u. Linear
amplification of small density fluctuations is thus associated
with the growth of displacements described by Eq. (24), and
indeed it was on the basis of this observation that Zeldovich
proposed his ansatz. The power of the Zeldovich approxima-
tion (ZA) is that its domain of validity extends well beyond
that of linear (Eulerian) perturbation theory of the self-
gravitating fluid. In fact it extends up to “shell-crossing,”
when fluid elements contract in one direction to produce den-
sity singularities. In terms of our particle treatment this shell-
crossing corresponds to the approach of particles to one an-
other.

In cosmological simulations the ZA—in the form of Eq.
(27) adapted to an expanding universe—is used to set up
initial conditions: it gives a prescription for both the dis-
placements and velocities of the particles off the lattice (con-
sidered as the centers of fluid elements) once the input PS is
given, as any realization of the latter gives the gravitational
field through the Poisson equation. Our initial conditions are
not equivalent to this as the displacement field applied to the
lattice at the initial time is not, in general, curl-free as in the
ZA (since the gravitational field is the gradient of a scalar
field). We can, however, use the ZA to determine the veloci-
ties since Egs. (27) and (28) imply

u(R,0)

Tdyn

u(R,0) = (29)

This is the prescription we will adopt here (rather than the
zero initial velocities of [1]). It is a very natural one as it uses

The approximation is thus sometimes described as “ballistic.”
This, however, is a misnomer as the approximation incorporates in
fact the collective effect of the motion of all particles on one an-
other: the approximation is nontrivial precisely insofar as it extends
well beyond the regime of a ballistic approximation.

The more general form of the solution at leading order in this
perturbative scheme can in fact be derived using the formalism
described here. See [11,12] for details.
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the single characteristic time scale of the fluid evolution to
define the velocities. Further the choice is essentially equiva-
lent to that in cosmological simulations, as it means that the
PS at small k (i.e., in the fluid limit) evolves exactly as in this
context, growing in proportion to the square of the growing
mode of linear theory e” 7an 10 and likewise the displacement
and velocity fields in the fluid limit are as follows:

u(R, 1) = exp(t/74y,)u(R,0), (30)
u(R,7) = exp(#/ 74y,)0(R,0). (31)

II1. PARTICLE COARSE-GRAININGS
A. Defining a coarse-graining

In this section we describe precisely how we construct the
coarse-grained particle distributions we study.

To coarse-grain a distribution of massive point particles:

(1) We define a set of finite nonoverlapping equal volume
cells covering all space, i.e., a tiling of three-dimensional
space with equal volume tiles. We consider here, for simplic-
ity, only the case that these cells are those of a simple cubic
lattice, with lattice spacing which we denote €. Since the
system studied here is evolved assuming periodicity in a cu-
bic box of side L, we choose €cg=L/p, where p is a positive
integer.

(2) We ascribe one particle to each cell. The mass of this
(point) particle is equal to the sum of the masses of the
particles which are inside the given cell in the distribution
being coarse-grained, and its position and velocity coincide
with those of the center of mass and of these particles.

We study here an initial particle distribution which is a SL
or a SL evolved under gravity, in which all the points are
ascribed equal mass. In general the point particles in the
coarse-grained distribution just defined will not have the
same mass since the number of points in the coarse-graining
cells will not necessarily be equal. However in the cases
which we consider in this paper, these particle mass fluctua-
tions introduced by the CG will be very small: (i) we will
consider CG particle distributions at scales {5 which are
large compared to the typical displacements of particles from
their initial lattice position, and (ii) we will consider CG cells
with

aeZ, (32)

which are perfectly aligned with the original lattice, and
therefore each contain exactly the same number of points of
the unperturbed lattice. To be more precise in quantifying the
importance of these mass fluctuations, it will be useful to
make the following distinction: one can consider the above
described CG as a “Eulerian” CG, in contrast to a “Lagrang-
ian” CG. In the latter case we modify step 2 in the above
definition to read as follows:

eCG= a€,

!This is true because in the small k (fluid) limit only the curl-free
component of the displacement field contributes to the density fluid
fluctuations. This follows from the relation 5p% —V-u, which is
valid in this limit. See [11,12] for the exact expressions and analysis
of the fluid limit.
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(2") We ascribe one particle to each cell. The mass, posi-
tion, and velocity of this particle are those of the center of
mass of the points which were, before the application of the
initial random displacements, on lattice sites inside the given
cell.

In this case—with CG cells aligned with the original lat-
tice with €g as in Eq. (32)—the CG particle distribution
retains evidently the equal mass property of the original dis-
tribution.

B. Some properties of coarse-grainings

A few basic results which follow trivially from these defi-
nitions are important to note.

(1) A Lagrangian CG of a SL is itself an SL.

(2) A Lagrangian CG of a SL with Gaussian PDF is itself
a SL with Gaussian PDF.

(3) An Eulerian CG of a SL converges, in the limit of
small displacements, to the Lagrangian CG on the same grid.

The first result is very simple to see. The position of the
particles in the Lagrangian CG can be written as

X1=R1+U(R1), (33)
where

1 0 1 )
Ri=—2R, u®)=—uR), (4

1

and the sums are over the o’ points i whose original lattice
sites are inside the Ith cell of the CG lattice. R; is simply the
center of the new CG lattice cell, and, since the u(R,;) are
uncorrelated with variance A%, we have

A2
(u(R) - u(R)) = (1.7)~ = S(LDA . (35)

Thus the CG particle distribution is a SL, with variance re-
duced by a?. The PDF of the displacements in the SL can be
calculated given that of the original particle distribution, but
in general has a different functional form. As noted above,
however, for the case of a Gaussian the PDF is unchanged,
because of the fundamental property of stability of a Gauss-
ian (see, e.g., [14]). For the particle distributions we consid-
ered here as IC—SL with small amplitude Gaussian
displacements—the Eulerian CG is practically equivalent to
the Lagrangian one.

We note one further important property of the CG particle
distributions defined in this way: the PS of mass density fluc-
tuations in the original particle distribution and that in the
CG constructed from it converge at scales larger than
~2/€cg. This follows from a well-known argument due to
Zeldovich [18,22,23]. This argument“ states that the pertur-
bations to a mass distribution introduced by moving matter
around on a finite scale, while preserving locally the center

"We use the word “argument” because the heuristic derivation
given by Zeldovich—and other authors in the cosmological
literature—fall well short of a proof. See [24] for a discussion of
this issue and some explicit constructions which illustrate the result.
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TABLE 1. Details of the three sets of initial conditions studied in this section. SL64 is the original (or
“mother”) particle distribution and CG32, and CG16,, are the two “daughter” particle distributions obtained
by CG as described in the text. N is the number of particles and L is the box size (arbitrarily set to unity). The
mass m of the particles is given in units of that in SL64, i.e., mg,. The mass density is, of course, the same
by construction in all the particle distributions, py=Nm/L3=1.

Name N3 L ¢ A 8 m/mey
SL64 64 1 0.015625 0.00195 0.125 1
CG32, 32 1 0.03125 0.00069 0.0221 8
CGl16, 16 1 0.0625 0.00024 0.0039 64

of mass, lead to a modification to the PS at small k (i.e.,
smaller than the inverse of the characteristic length scale)
which is proportional to k*. Since, as we have seen above, a
SL has a PS which is proportional to k* at small k, the result
follows.

For the case of a CG on a SL, we can in fact derive this
result directly from the expressions Egs. (12) and (13) given
above: for €-g=af we have that ny—ny/a’ and, we have
seen, A2— A?/a’. Thus the leading k* term of the PS, given
in Eq. (13), is invariant under the coarse-graining, while the
next term, proportional to k*, is not.

This convergence of the PS of the particle distribution and
its CG quantifies the sense in which the CG leaves invariant
the large-scale properties of the particle distribution. Since a
continuous fluidlike description of such systems and their
dynamics is expected to be valid for precisely such scales,
one would anticipate that this description should coincide for
both systems. Indeed this is one of the underlying motiva-
tions for our study of this kind of CG.

IV. COARSE-GRAINING OF THE INITIAL CONDITIONS

In this section we study the evolution from a SL initial
condition, and from CGs defined on this initial particle dis-
tribution. We first present and analyze our numerical results,
and then analyze what can be learned from them about the
nonlinear clustering in these systems. Specifically we will
see that the nonlinear two-point correlation function, which
develops in such a given system, can be well reproduced,
over a significant range of time and spatial scale, in a CG of
the system evolving in a regime in which the relevant dy-
namics are driven by two body interactions of NN pairs.
There is, however, a small discrepancy in the amplitude of
the correlation function which we show can be quantitatively
understood using PLT (and which is an effect of discreteness,
i.e., due to the different particle density in the simulations).
We then show that these, and other differences between the
mother (i.e., the original particle system) and daughter (i.e.,
the CG particle distribution) systems will increase, without
limit, as the parameter a=I[-g/€ does. This then leads us
naturally to the CG presented in the following section.

As our original (“mother”) system we take here, and in
the next section, the following IC: a simple cubic lattice with
N=64> particles, to which we apply a shuffling with Gauss-
ian PDF and normalized shuffling parameter 6=0.125, i.e.,
as given by Egs. (2) and (3) with A=0.125¢ (and ¢

=L/N"3). We will call this initial condition SL64.

We consider then also two other ICs which are Lagrang-
ian CG as defined above: CG32, and CG16,, defined, respec-
tively, on the 32% and 16° sublattice of the original lattice
(i.e., with a=2 and @=4), respectively. Since & is small this
CG is, as we have noted above, in practice equivalent to the
Eulerian CG."” Given that €cg=af and A2 =A%/ a’, we
have

—=—0, (36)

O =
CG €CG o

which explains the values of 6 which appear in Table I. Fur-
ther, in order to keep the mass density p, fixed, we take

meg = ﬁy (37)
@
where m, the mass of particles in the original SL, is (arbi-
trarily) normalized to unity in SL64.

The initial velocities of SL64 are fixed using Eq. (29). In
the two CGs they are fixed, as described above, by the con-
dition that the CG points are ascribed the velocity of the
center of mass of the set of points they represent. It is evident
that this is in fact equivalent (for the Lagrangian CG) to also
using Eq. (29) on the CG points directly.

A. Results of numerical simulations

The numerical code used for our simulations is, as in
[1,11], the publically available GADGET code [25]. It uses a
tree algorithm for the calculation of the gravitational force.
The singularity at =0 in the latter is regularized, for numeri-
cal efficiency, at very small scales, i.e., well below the initial
interparticle spacing €. The simulations here (as in [1]) use a
“smoothing parameter” €=1/15-1/64~=0.0010 in the units
used in Table I, i.e., about one-fifteenth of the smallest initial
average interparticle distance in our simulations.”> We as-

PThe probability p,, that any given particle of the initial N
=64 lattice is displaced by its shuffling so that it falls outside the
CG cell of the 32° CG can be written as pg,=1
~[\3/2mf i’,z,gée‘3x2/2dx]3. For 6=0.125 this corresponds to poy
~ 1072, Thus Np g, <1.

BFor this code [25] this means that the force is the exact gravita-
tional force for separations greater than 2e. For the precise func-
tional form of the regularization below this scale, see [25].
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sume here, as in [1] and indeed generically in all such cos-
mological simulations, that the results we consider as physi-
cal, starting from separations a few times larger than ¢, are
essentially independent of this choice of &. As in [1] we have
tested this assumption, and found it to be good, by resimu-
lating identical initial conditions changing only & to consid-
erably smaller values.

In Fig. 1 are shown snapshots of two-dimensional projec-
tions of the simulations starting from SL64, CG32,, and
CGl16,. Here, and in the rest of this paper, time is given in
units of dynamical time 74y,. We stop our analysis at 7=8 as
for longer times finite size effects begin to be important as
the size of the structures formed approach the size of the box.
As time evolves structures first form in each simulation at
small scales—well below the initial grid size {—and then
subsequently at larger scales. Clustering develops first in
SL64, and only later in its CG. While no similarity in the
fluctuations is visually discernible when the particle distribu-
tions are gridlike, in the evolved configurations one clearly
sees that the structures which formed in the CGs trace ap-
proximately those in the mother distribution.

In Fig. 2 we show the evolution of the two-point correla-
tion function &(r) at the times indicated. These plots reflect in
a quantitative manner the information gleaned from the vi-
sual inspection of the snapshots in the previous figure. The
three systems show initially no discernible similarity: the
real space correlation function is in each case dominated by
the features of the different underlying lattice. Strong clus-
tering (with £€>1) develops first at small scales in the SL64
simulation, and then subsequently at larger scales. When the
coarse-grained systems start to evolve a clustered regime,
their correlation functions rapidly start to resemble strongly
those in the mother system. We note, however, that there is a
transient time in which the coarser system has a correlation
function resembling that of the mother system, but of a
slightly lower amplitude. This “lag” of the coarser system is
manifest here in the plot at #=6. We will return to this point
below.

In Fig. 3 is shown the evolution of the PS in the three
simulations at different time steps, with k in units of the
Nyquist frequency ky=/€ of SL64. The three curves at ¢
=0 correspond to the theoretical PS given in Eq. (11), with
the appropriate Gaussian form p(k) and value of the shuffling
variance. The agreement of the PS at small k discussed above
is clearly seen (and one can verify the accuracy of the k*
behavior). The structure of peaks, which is different in each
initial condition, comes from the second term in Eq. (11).14
Note that while the differences between the distributions at
the initial time manifest themselves in the PS only at large %,
we have seen that the initial correlation functions are very

"Note that not all the Bragg peaks in the PS [cf. second term in
Eq. (11)] are visible in the plot.) Indeed the first Bragg peak in
SL64 is at k=2ky, while the first one in CG32, and CG16, are at
k=4ky and k=_8ky, respectively. The reason is that the PS is calcu-
lated using a sampling of Kk, and the peaks are so narrow that they
are missed.
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different at all scales.”” At r=3 this peak structure is still
visible only in the CG16, simulation, corresponding to the
fact that the lattice structure is still present in this simulation
which has evolved little nonlinear clustering at this time. The
relative difference between two other simulations is now less
than at the initial time, showing again that once structures
develop in the “daughter” particle distribution they trace
those in the original distribution quite accurately. At later
times this behavior is also seen for the CG16, simulation, as
it “catches up” with the other ones.

These observations are, to a first approximation, very
much in line with the qualitative picture of the evolution of
clustering widely accepted in the theory of structure forma-
tion perturbations in cosmology (see, e.g., [18], or [27] for a
concise summary): nonlinear gravitational evolution trans-
fers power from larger to smaller scales (by collapse) so
efficiently that, for initial PS with n<<4 (as is the case here,
n=2), the clustering amplitudes in the nonlinear regime at a
given time depend essentially only on the initial power in
modes corresponding to larger scales. Thus what is relevant
to recover the nonlinear evolution of the system is to include
this initial power at larger scales.'® The coarse-grainings we
have applied conserve, by construction, the initial power at
larger scales, and thus can begin to reproduce clustering cor-
rectly at scales smaller than the CG scale once the smallest
scales with the “correct” power go nonlinear. More qualita-
tively, the approximate criterion used in cosmology to deter-
mine when nonlinear evolution should set in, adapted to the
present case of a static universe, is

BP(k)e* am ~ 1, (38)

i.e., the fluctuations of wave number k satisfying this relation
at a given time are those “going nonlinear” according to the
linearized fluid theory at that time."” Assuming that the
coarse-graining procedure leaves only initial fluctuations in
reciprocal space below the Nyquist frequency, the largest k
available to go linear, which is therefore the first one to do so
[since P(k)ock™ with n>-3], is the Nyquist frequency ky
=2m/€cg. The latter decreases, and therefore nonlinearity
sets in later, as € increases. To determine the time scale
this argument predicts, it is convenient to note that, using
Eqgs. (13) and (36), the criterion Eq. (38) with k=k,, may be
rewritten

This “localization” of the discrete characteristics of the distribu-
tions in reciprocal space, and “delocalization” in real space, is also
a feature of the initial conditions of cosmological simulations. See
[26] for a detailed discussion.

1See, e.g., [28] for a numerical study of this issue in cosmologi-
cal simulation, and [29] for a widely used phenomenological ansatz
for “reconstruction” of the nonlinear PS from the initial conditions.

"The quantity k3P(k) is equal, up to a numerical factor, to the
variance of mass fluctuations averaged over a spherical Gaussian
window function of radius =~2/k cf. [18]. We have adapted the
criterion here to the case of a nonexpanding universe, by using the
linear theory growth factor appropriate for this case.
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CG16,

S i1

CG16,

cG16,

FIG. 1. Snapshots at times 0 (top line), 3, 6 and 8 (bottom line) of SL64 (left column), CG32, and CG16, (right column). What is shown
is a projection on the x-y plane of a slice of thickness 0.6 along the z axis.
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FIG. 2. Evolution of &(r) in SL64 and in CG32, and CG16,,. The times are given in the plots.

Seget!Tam ~ 1. (39)

Thus the time scale predicted for the first nonlinear structures
is just the time of fall of neighboring particles on one an-
other, calculated in the fluid limit [i.e., using the ZA as in Eq.

10 . . .
102k =8 E
10° F 1
10*F =6 1
100 E j
S
L
100 £ 1
=3 .
107 b ]
108k 1
10° =0 1
10-10 L L L

10
k1 ky (64%)

FIG. 3. Evolution of the PS in SL64, CG32, and CG16,. Times
are as indicated in the legend. The x axis is normalized to ky in
SL64. At each time the different systems can be most easily distin-
guished by looking at the PS at large k, which approaches towards
1/nq. The peaks which are evident in the PS are the Bragg peaks of
the lattice, which progressively disappear as the lattice structure is
washed out by the evolution.

(27)]. We will return to the question of the accuracy of this
prediction below, and explain that it will be a good approxi-
mation if discreteness effects up to this time (i.e., when par-
ticles first approach one another) are small. For the numerical
simulations here this is indeed a reasonable first approxima-
tion, because the duration of this period is not too long (at
most a few dynamical times).

To the extent that the evolution of the measured two-point
quantities agrees (after some time), one can conclude that
this evolution can depend only on quantities which are the
same in all the systems. Specifically, as we have just dis-
cussed, it can (and does) depend on the amplitude of the
initial fluctuations at the relevant larger scales, but it does not
depend on the particle density. From this latter fact one
might be tempted to conclude that the dynamics of the sys-
tem should be well described by one in which the density
fields, for example, are smooth functions, i.e., by a descrip-
tion in which the discrete nature of the system is of no
relevance.'® Independence of measurable quantities of the
particle density does not, however, establish such a conclu-
sion. Indeed we will see now that, on the contrary, a descrip-
tion of the dynamics in a manifestly particlelike (i.e., dis-
crete) way captures essential aspects of the evolution.

8We have in mind, specifically, the description of the dynamics
by a Vlasov-Poisson system of equations. In cosmology the aim of
N-body simulations is to reproduce the evolution of this system of
equations. We will discuss this question in greater detail in the
Conclusions section.
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We consider now more closely both the differences and
similarities between the evolved simulations. We note, in
particular, that the CG systems trace very well the two-point
correlations in the original system, already at a time when a
very simple model for the development of these correlations,
in terms of two body interactions, is valid. There is, however,
a small discrepancy in the amplitudes of the correlation func-
tions, which we explain. This leads us naturally to consider
the extrapolation of these results to the case that the CG scale
becomes very large compared to the interparticle distance in
the original particle distribution.

B. Nonlinear correlations at early times

In the results above we have seen clear evidence for the
convergence of the correlation properties of the evolved
coarse-grained IC toward those of the evolved mother par-
ticle distribution. There is, however, a range of time scales in
each case in which there are already significant nonlinear
correlations in the CG simulation, but the agreement, notably
in the amplitude of the correlation function, is not so good.
This discrepancy can be understood by analyzing the dynam-
ics giving rise to these correlations at early times.

We have shown in [11] that the evolution at early times—
when the displacements are small compared to the lattice
spacing—is very well described by the perturbative approach
(PLT) described briefly in Sec. II D above. It breaks down
when pairs of particles start to approach one another. In the
immediately subsequent phase, strong correlations (with &
> 1) begin to develop at small scales, and it is natural to
hypothesize that an important role is played at this time by
the interaction of particles with their NN. A simple way to
test for this is, as explained in Sec. II B above, is to see
whether the relation Eq. (10) holds. To do this we “recon-
struct” the two-point correlation function &(r) from the mea-
sured NN distribution using this relation, and compare with
the measured &(r) at each time. The results are shown in Fig.
4. Inspection shows that in each of the simulations the rela-
tion holds to a very good approximation. The times at which
we have chosen to plot the comparison in each case is the
largest time at which the agreement is observed to be good.
This time increases as the IC becomes coarser because, as
discussed above, the phase in which PLT is valid increases as
the CG scale does. Therefore the time of switching on of
binary collapse becomes correspondingly larger.

The CG systems thus develop significant nonlinear corre-
lation in the phase in which the relation Eq. (10) holds. We
infer that the correlation measured is essentially the result of
two body correlations developing through the interaction of
particles with their NN. What is very striking, as it has been
pointed out in [1,15], is that the two-point correlation func-
tion traces very well, at least in its shape, that in the mother
simulation, even though in the latter the dynamics are at this
time no longer NN dominated. At these times in fact the
mother simulation is evolving in the self-similar manner de-
scribed in [1], for which the temporal scaling [i.e., the dy-
namical exponent given in Eq. (15)] can be determined from
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E(r)

FIG. 4. Reconstruction of &(r) using the NN distribution w(r) in
Eq. (10). At time =2, it is applied to SL64: the thick line represents
the directly measured &(r), while the thin line is the reconstruction
with w(r). The chosen times r=4 and t=6 for the other two plots
correspond to times a little before the correlation function of CG32
and CG16, catch up with SL64. In the two cases, we have plotted
&(r) in SL64 (thick lines), &(r) in the CG system (dashed line), and
its reconstruction with w(r) (thin continuous line). This allows one
to see that at these times, when the first nonlinear correlations are
created in all these systems, they are well accounted for purely by
correlation of NN pairs, which develop through the interaction of
such pairs. For clarity, the data at the two later times have been
rescaled along the x axis (by a factor 50 and 507, respectively).

a fluidlike description of the system.19 Thus the complex
many body dynamics of the mother system (whether mean
field or not) is well approximated, at the relevant scales, as
particlelike “blobs” each moving under the effect of the
single nearest “blob.”

C. Extrapolation to large (cq/¢

There is, however, as we have noted also in the discussion
of Fig. 2, a small (but discernible) discrepancy between the
amplitude of the correlation function in the CG system and
that in the original one. The CG systems thus appear to lag
behind for a time, before “catching up” subsequently with
the mother system. Thus the dynamics of the formation of
the correlation in the mother system, in the asymptotic self-
similar regime, appears to be very well represented by that of
CG particles, but these particles fall toward one another by
NN interactions slightly slower than the particlelike blobs of
the original particle distribution.

This difference can in fact be understood from the pertur-
bative approach (PLT) of [11], which we outlined above in
Sec. I D. For most modes of the displacement field applied
to a simple cubic lattice, the largest eigenvalues characteriz-
ing growth are in fact smaller than the (single) exponent
characterizing the fluid limit, given by the ZA as in Eq. (30)
for our initial conditions. Thus the evolution of displace-

We recall that the scaling is inferred from that of the large-scale
fluctuations in the model treated in the linearized fluid limit, cf. [1].
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ments is, typically, slower in the discrete particle distribution
(described accurately by PLT) than in the fluid limit.* Fur-
ther, the discrepancy in any given quantity in the two treat-
ments becomes more important as the time increases (so long
as PLT itself remains valid). Specifically, for example, the
criterion Eq. (39), derived above in the fluid (ZA) limit, for
the time of onset of the phase of development of strong non-
linear correlations (dominated, at first, as we have seen by
NN interactions) can be calculated more accurately using
PLT. The result can be written schematically as

R 1, o)

where 7 is different from zero, and typically positive.21 Thus
the discrepancy between the fluid prediction of Eq. (39) and
that of PLT Eq. (40) will increase as dc decreases, i.e., as «
increases [cf. Eq. (36)].

It follows that if we extrapolate the coarse-graining to
arbitrarily large «, an arbitrarily large difference in the evo-
lution of the CG daughter and that of the original distribution
will result.”? Such behavior could, in principle, be observed,
of course, in numerical simulations like those performed
here, if the initial J is sufficiently small. In practice this is
not numericall}y feasible as it requires unattainable accuracy
on the force.”” We note also that the small time-lag effect
which we have identified here in our simulations was not
seen in the results of [15], because the SL simulations con-
sidered started from larger values of & (larger, specifically
than that in CG16,, cf. Table I).

V. COARSE-GRAINING AT A FINITE TIME

We have seen in the previous section that the CG on a
grid of the SL initial conditions, i.e., of the system at the
initial time, leads to an evolution which diverges further and

2We write “typically” because there are a very small fraction of
modes, in a simple cubic lattice, which grow slightly faster than in
the fluid limit. Given their small number, and the small difference in
the growth rate, they are significant in the average only at very long
times.

2'In [11] the full gravity, PLT and fluid evolution is calculated for
the average relative displacement between particles initially on
neighboring sites of a SL configuration, and the lag effect, described
approximately by Eq. (40) with >0, is manifest (see, e.g., Fig. 8
of [11]). At very long times the sign of the effective » will change
as the few modes which grow more rapidly than in the fluid (see
preceding footnote) come to dominate.

Indeed for asymptotically large « one will obtain completely
different qualitative behaviors of the two systems, as the small num-
ber of eigenmodes which grow faster than in the fluid limit will
dominate. The eigenmode with the very largest eigenvalue (about
ten percent larger than the fluid one) corresponds to adjacent pairs
of planes of the lattice falling toward one another [11]. In the limit
that §'is sufficiently small that such a mode can collapse before any
other one, there will be an imprinted long-range order in the struc-
tures formed which is sheerly an artifact of the CG lattice.

In [11], however, related oscillating modes of the lattice have
been simulated using a simplified code exploiting the symmetries of
certain modes.
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further from that of the original system as the ratio of the CG
scales to the scale of the original grid increases. The reason
is that the CG system of particles evolves for a longer time in
the regime in which discreteness effects induced by the lat-
tice accumulate.

In this section we define and study a different CG which,
by construction, avoids this problem: instead of coarse-
graining the initial condition we coarse-grain the original
system when it has evolved for a finite time. The idea is
simple: we choose the time at which we coarse-grain the
system at a given scale by a prescription which means that,
approximately (in the sense discussed in what follows), the
parameter Sq¢ (i.e., the one-point variance of the displace-
ments of the CG particles off their lattice) is equal to that of
the original particle distribution. The CG system will there-
fore spend approximately the same amount of time in the
regime of validity of PLT as the original system.

A. Definition of coarse-graining at a finite time

As in the previous section we consider coarse-graining a
particle distribution with lattice spacing € using a CG grid
which is also a lattice with lattice spacing €;=af, where «
is an integer. The prescription we use for the time 7qg at
which we perform the coarse-graining is

5
tCG = TdynE In . (41)

The reason for the choice Eq. (41) is simple: if the Zel-
dovich approximation is assumed to be exact at the scale of
the coarse-graining, the CG system is then exactly a SL with
the same value of the normalized shuffling parameter 6. Thus
the CG at time f¢ is related to the original system at =0 by
a simple rescaling of all length scales.” Let us see that this is
the case.

When the ZA is valid, in the form as given in Eq. (27), it
follows that all particle displacements are simply amplified
in time by the factor e"7ayn. Thus a SL remains a SL, with a
growing variance of its random uncorrelated displacements.
If we perform a Lagrangian CG at time ¢ we therefore obtain
a SL with normalized shuffling Sqg given as Eq. (36), i.e.,

81 80)e"ayn

Ocg = = 42
CG a2 a2 ( )

Taking the prescription Eq. (41) for the time at which the CG
is performed, we thus have S.g=4(0). Further we recall that
in the ZA the velocities scale in proportion to the displace-
ment [cf. Egs. (27) and (28)]. Thus the velocities in the CG
particle distribution also simply rescale those in the original
distribution in proportion to «. The CG system is thus (sta-
tistically) identical to the original system up to a rescaling of
spatial variables of the original system x — ax.

**This is for the infinite lattice and exact gravity. It is thus implicit
here that we consider the regime where finite box size effects, and
effects depending on the finite softening € may be neglected.

PWe assume as the previous section that we have a Gaussian
PDF.
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In reality, of course, the ZA is not exact. Above we have
assumed in fact that it is exact for the evolution of each
particle of the mother distribution until an arbitrary time
(since fcq increases arbitrarily as €g does). Clearly this is
not even a good approximation in general. We need, how-
ever, only to make a much weaker assumption to recover the
result (that the finite-fime CG is a rescaling of the mother
SL): all we require in fact is that the center of mass of the CG
cell moves according to the ZA until t-g. Thus, specifically,
we require only that the ZA be a good approximation when
we neglect the gravitational forces acting between particles
within the same CG cell (since such forces do not affect the
center of mass motion).

We have seen that the ZA can be derived as an appropriate
limit of the full particle evolution using PLT. This latter treat-
ment is of course only valid until the time at which particles
approach one another for the first time. We can, however,
modify it to understand the nature of the approximation re-
quired here. To do so, we break the force on a particle into
two parts: that due to particles in a region of size n<{ g
about it, and the residual force from particles outside this
region. The local part of the force will have a negligible
effect on the motion of the center of mass of the regions of
size €G> 7, and so we can neglect it. The second piece of
the force can be linearized in the relative displacements as in
PLT, which now remains until particles move a distance of
order 7. Because the dynamical matrix has been modified
only up to a finite scale, the diagonalization which gives the
eigenvectors and eigenvalues for the displacement field will
converge to the same behavior at small k as in the full PLT.
The ZA will therefore still be a valid approximation in this
limit, with corrections at any finite k£ which can, in principle,
be calculated. Thus, in summary, we expect the ZA to be a
good approximation as required, if the scale of nonlinearity
is smaller than € at time tCG.26 We also expect, as in the
previous case of CG at the initial time, that, at a given length
scale, the deviations from ZA will diverge as the time for
evolution with this “modified PLT” description does. We
therefore expect the result to break down if the initial J in the
mother particle distribution (and therefore that in the CG
distribution also, since they are equal) becomes itself arbi-
trarily small.

The CG at a finite time, defined as we have just discussed,
is useful with respect to understanding the “self-similar”
properties observed in the evolution of a SL, extensively
discussed in [1] (and summarized in Sec. II C above). In the
case that the CG is just a rescaling of the initial SL (i.e., in
the approximation that the ZA is exact), it follows that

Eco(riteg+1) = §<£J> = E(re~cd > 1), (43)

where &-g is the correlation function measured in the
evolved CG system and &(r) that in the original one. Now, if

*This will necessarily be the case here as the & of the original
particle distribution, which controls the time at which any scale
goes nonlinear, has been chosen small compared to unity (but not
too small, as discussed above).

PHYSICAL REVIEW E 76, 011116 (2007)

0 teg 2tcg 3tcg
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FIG. 5. Schematic representation of the “CG in time” experi-
ment. The 643, 323, and 167 systems are represented from top to
bottom, and the time evolution is represented in steps of fcg from
left to right. The arrows marked “CG” indicate that a CG is done
(note that in the experiment done, the CG for the 163 system is
obtained from the 64° system and not from the 32°). The double
arrows marked “l.s.” (large scales) indicate that the system should
share the same fluctuations at sufficiently large scales. The dashed
arrows and the dashed squares illustrate the “self-similarity” argu-
ment: a square defined (partially or wholly) by the dashed lines are
supposed to be identical up to a rescaling of length scales to the
system to which the dashed arrow points.

the CG system indeed reproduces the evolution of the origi-
nal system, ie., &g(r,t)=&(r,1) for t>1cq, the self-
similarity relation Eq. (15) follows.

B. Numerical simulations

Our original (mother) system is the same SL64 initial
condition considered in the previous section. Our coarse-
grainings are now performed at the same length scales, i.e.,
a=2 and a=4=22. Following the prescription just given we
therefore coarse-grain the original particle distribution
evolved to times f-g and 2tg, respectively, where

5
tcg= E(ln 2)Tdyn = 1.73 Tdyn' (44)

Unlike the case of the CG at =0, the Eulerian and Lagrang-
ian CGs are in each case not the same. We thus define for
each case two CGs so that we have four in total CG32,,
CG32,/, CG16,, and CG16,. The unprimed acronyms refer to
the Eulerian (nonequal mass) simulations, the primed ones to
the Lagrangian (equal mass) simulations. Since the IC are
actually such that particles have moved only a small distance
compared to €cg at the time of the corresponding coarse-
graining, the differences should not be very important, as
they come only from particles close to the surface of the CG
cell being reattributed to neighboring cells.

In Fig. 5 we give a schematic representation of this CG
scheme. In Fig. 6 are shown snapshots in time of the evolved
SL64, CG32,, and CG32, systems starting from a time =2
just a little after zog=1.73 at which the latter distribution is
defined. CG32, and CG32; are clearly very similar, but vi-
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FIG. 6. Snapshots of the evolution of SL64 (left column), CG32, and CG32
obtained by projection on the x-y plane of a slice of thickness 0.4 along the z axis.

011116-15



BAERTSCHIGER et al.

&(r)

&(r)

PHYSICAL REVIEW E 76, 011116 (2007)

FIG. 7. Evolution of &(r) in SL64 and the Lagrangian (equal mass) coarse-grainings CG32; and CG16,. The different plots correspond

to the times 1, 2, 3, and 4 in units of 7cg.

sually one can discern that CG32, traces slightly better than
CG32, the morphology and clumpiness of the structures in
the mother particle distribution.

In Fig. 7 is shown the evolution of the two-point correla-
tion function in SL64, CG32,, and CG16,. We do not show
here results for the Eulerian CGs because the (number-
number) correlation function we can estimate straightfor-
wardly is not equal in this case to the density-density corre-
lation function (which is the quantity we are interested in).
As in the previous section we see that the CG particle distri-
butions begin to develop nonlinear correlations later than in
the mother distribution, but that the relative difference be-
tween the correlations in the two particle distributions be-
comes negligible subsequently. In Fig. 8 is shown the tem-
poral evolution of the PS in the different particle
distributions. In this case we show both the Lagrangian and
Eulerian CG distributions as our estimator of the PS is in-
deed that of the mass density fluctuations [i.e., it takes into
account the different masses of the particles, cf. Eq (7)]. We
see again qualitatively very similar results to those in the
previous section. The CGs, when they are initially defined,
have small correlations which are indistinguishable in the
figures from those in the mother particle distribution, but at
larger k (of order the inverse of the CG scale {g) they differ.
We also see a the small differences at these scales between
the Eulerian and Lagrangian CG. As in the previous section
we see that the relative differences between the evolved par-
ticle distribution decreases in time, with a greater conver-

gence as nonlinearity develops at smaller scales. Each PS
must converge to the corresponding Poisson noise level at
large k, which is simply the inverse of the particle density.
Outside this range the PS of each CG interpolates rapidly, in
the evolved particle distributions, to the PS of the mother
distribution.

As discussed above, the CG at a finite time we have de-
fined is useful for understanding the self-similar properties of
the asymptotic evolution from SL initial conditions [1]. In-
deed it has the property that, if the ZA is exact, the CG
particle distribution defined in this way is identical (statisti-
cally) to the initial condition up to a rescaling of length
scales. The “self-similarity” is then a direct consequence of
the fact that the evolution before the onset of nonlinearity on
a given scale depends to a very good approximation only on
the initial fluctuations at these scales, which themselves have
(by construction) no intrinsic length scale, and the purely
fluid evolution of these fluctuations described by the ZA.

In this respect it is interesting to check directly to what
extent the CG mass distribution actually is a rescaling of the
mother distribution, i.e., to what extent the ZA is an accurate
approximation to the motion of the center of masses at the
scale €g, by direct comparison of the particle distributions.
Further, it is interesting to see how well the relation Eq. (43)
is obeyed. In Figs. 9 and 10 we show these comparisons. In
the first the dimensionless combination n,P(k) is plotted as a
function of the k wave number, rescaled as required to the
Nyquist frequency in each particle distribution (this corre-
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FIG. 8. Evolution of the PS in SL64 and the different CG in time (see the legend). The different plots correspond to the times 1, 2, 3, and

4 in units of 7cg.

sponds to a rescaling of length scales by «). In Fig. 10,
likewise, the x axis has been rescaled in the same manner.
We see that the particle distributions are indeed initially very
similar—except for some visible differences close to the Ny-
quist frequency, due to deviations from the ZA at these small
scales—and in time become more similar as the evolution
develops.

VI. CONCLUSIONS AND DISCUSSION

We have studied the evolution of an infinite SL of points
under its self-gravity by comparing it with that of its particle
CGs, using two different prescriptions for the latter. The pri-
mary aim is to get insight into the dynamics of the nonlinear
gravitational clustering in this system, which has been shown
in [1] to be very similar qualitatively to that in simulations of
structure formation in cosmology. We first summarize the
main conclusions we draw from our study. We then discuss

See the footnote in the discussion of Fig. 3 above for the expla-
nation of why not all the predicted Bragg peaks are visible in the
plot.

one specific question, which is important with respect to the
theoretical interpretation of these results: the definition of a
limit in which a continuum theoretical description should be
appropriate to fully understand the evolution (in the linear
and nonlinear regime) of this system. This question is of
particular relevance in the context of qualitatively similar
simulations in cosmology, as such simulations are useful in-
sofar as they reproduce the evolution of such a limit. How
they do so is, however, currently poorly understood. Finally,
we briefly mention some directions for further work.

A. Summary of results

Our principal results and conclusions are the following:

(1) In the numerical simulations the coarse-grained par-
ticle distributions are observed to evolve to give, after a suf-
ficient time, two-point correlation properties which agree
well, over the range of scales simulated, with those in the
original distribution. Indeed both the original system and its
coarse-grainings converge toward a simple dynamical scal-
ing (“self-similar”) behavior with the same amplitude. The
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FIG. 9. Comparison of the PS in SL64 at times 0, 1, 2, 3 in units of #cg with the PS in CG32,’ at times 1, 2, 3, 4 and the PS in CG16,'
at times 2, 3, 4, 5. We have plotted nyP(k) as a function of k/ky, where ky is the Nyquist frequency for the given distribution. In the
approximation that the ZA is valid at the scale of coarse-graining, all the plots should overlap.

characteristic time required for the CG system to begin to
reproduce the clustering in the original particle distribution
at scales below the CG scale increases as the latter scale
does. As discussed in Sec. IV A these observations are all
very much in line qualitatively, and to a first approximation
(see below) quantitatively, with the qualitative picture of the
evolution of clustering widely accepted in cosmology: the
CG distributions share the same fluctuations at large scales
and it is these initial fluctuations alone, to a very good ap-
proximation, which determine the correlations which de-
velop at smaller scales at later times.

(2) Once particles begin to fall on one another in any of
the SL simulations, there is a phase in which very significant
nonlinear correlations develop due to interactions between
NN pairs of particles. Further, we have seen, as in [1,15],
that the form of the two-point correlation function which
develops in this phase is very similar to that observed, in the
same range of amplitude, in the asymptotic scaling regime at
later times. Thus it appears that it is always possible to
choose a CG of the original system, which reproduces quite
well the nonlinear correlations in the original system with
this “early time,” explicitly discrete, dynamics of “macropar-

ticles” of the CG distribution. This provides a simple physi-
cal picture or dynamical model for the generation of the non-
linear correlation function in the relevant range (up to an
amplitude of & in the range of 10—10%). We will describe
more quantitatively in a forthcoming paper [30] the exact
form of the nonlinear correlation function given by this
model. This finding is prima facie very different, in spirit and
substance, to any existing explanations of the dynamics giv-
ing rise to nonlinear correlations in N-body simulations in
cosmology. In this context theoretical modeling invariably
assumes that the nonlinear correlations observed in simula-
tions in this range should be understood in the framework of
a continuum Vlasov limit, in which a mean-field approxima-
tion of the gravitational field is appropriate. Indeed the fact
that self-similarity is observed, with a behavior independent
of the particle density, is usually taken as an indication that
such a continuum description is appropriate. Our model is
manifestly not of this type (while also consistent with the
amplitudes of the correlation function being independent of
particle density). There is, of course, not necessarily a con-
tradiction: it may be that our simple discrete model is simply
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3,4, 5. As in the previous figure, the appropriate rescaling of lengths on the x axis has been done so that these functions should overlap in

the approximation that ZA is exact at (and above) the CG scale.
a sufficiently good approximation to the continuum model.?®
We will return to a discussion of this point below.

(3) A closer examination of the results shows that there
are small, but observable, differences in amplitudes between
the original SL and its CGs. These may be explained using a
more accurate description of the early time evolution of the
system, given by the perturbative PLT treatment of [11,12],
valid up to the onset of the NN interaction phase. In this
framework the fluid limit criterion Eq. (39) for the end of
this phase may be replaced by a more accurate criterion,
taking into account the dependence of the rate of evolution
of modes of the displacement field at small scales on particle
density (and their wavelength). Generically the effect of dis-
creteness (i.e., the difference with respect to the fluid limit) is
to slow down the growth of modes at smaller scales (com-

2In [31] we have presented an analysis of the force distribution in
cosmological simulations at the time of formation of the first non-
linear correlations, showing that NN interactions also dominate in
this case. Thus we do not expect that either the different initial
conditions, or the fact that there is expansion of the spatial back-
ground, should qualitatively change the early time dynamics with
respect to that of the system discussed here.

parable to the inverse of the interparticle spacing). Thus the
time of exit from the PLT phase is longer than given by Eq.
(39). In our numerical simulations a resultant “lagging” of
the nonlinear correlation function in the CG simulation is
just discernible at early times. These effects are small, and
visible only at very early times, because the value of J used,
albeit small compared to unity, is not so small. In the limit
that the normalized shuffling 6 becomes arbitrarily small,
however, these differences between the discrete and fluid
system can become arbitrarily large.

(4) Since the coarse-grainings defined on the initial con-
ditions give 8 (€/€qg)>"?, differences between the full PLT
evolution and the fluid evolution will, for the reasons ex-
plained in the previous paragraph, diverge in the limit
(€/€cG)—0. The coarse-graining defined at finite times
avoids this feature by construction: it ensures that the CG
system has approximately the same &, so that the time spent
in the phase in which discreteness effects accumulate as de-
scribed by PLT is identical to that in the mother particle
distribution. Thus the use of a CG distribution, evolving in
its “early” phase, to reproduce the nonlinear correlations in
the original distribution would be expected to work in this
case even for arbitrarily large times (which require arbitrarily
large values of €g).
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(5) The origin of self-similarity observed in the evolution
of the system, in which the temporal evolution of the corre-
lation function is equivalent to a rescaling of spatial vari-
ables, is nicely illustrated using the CG at finite times. In-
deed insofar as the system, for its further evolution, can be
approximated by its CG defined in this way, one obtains
self-similarity. We have seen that there are thus two ingredi-
ents giving this behavior. First, the nonlinear correlations
which develop at a given scale depend on the initial condi-
tions only through the fluctuations present initially at larger
scales (i.e., the same as the first point above). Second, these
larger scales are well described at early times by the Zeldov-
ich approximation, i.e., by the purely fluid limit in which the
evolution is independent of the particle density.

B. Continuum limit

As noted in the Introduction, one of the motivations for
studying coarse-grainings like those we have considered here
is that such a study may help to clarify what properties of the
evolved SL may be understood as valid in a continuum limit:
the idea is that such properties should be invariant under
coarse-graining, i.e., invariant with respect to changes in the
small-scale discrete structure of the systems. The fact that we
have found that the evolution observed in the original system
is not completely invariant in this sense, and indeed that the
different coarse-graining procedures give different results,
shows that this evolution is not fully representative of such a
continuum limit. The question of such a limit is of relevance
if one wants to determine whether, in particular, the form of
the correlation function in the self-similar should be deriv-
able with such a continuum theory. As mentioned above, this
is particularly important to understand in the context of
simulations of this type in cosmology, as the goal of the
N-body method is to reproduce such a limit.

To address this question we need to make more precise
what we mean by “continuum limit.” There is in fact, of
course, no unique way of defining such a limit. Implicitly
above we have been supposing a limit in which the interpar-
ticle spacing € goes to zero in some appropriate manner, so
that a hydrodynamic type description of the system becomes
valid. More specifically, in cosmology and more generally
for systems with long-range interactions, one is interested in
identifying the Vlasov limit, in which the system is described
by a one particle phase space density obeying a Liouville
equation in which the force is calculated in a self-consistent
mean field approximation (see, e.g., [18,32]).

The SL system we have studied is characterized [1] by a
single dimensionless parameter: the normalized shuffling pa-
rameter o. Indeed the evolution we have studied is, as dis-
cussed in [1], independent of both the system size and force
softening. Two SLs with the same &, but different €, are then
equivalent because of the scale-free nature of gravity. To
give meaning to a limit £ —0 we must, therefore, evidently
introduce at least one additional length scale. We note that in
the discussion of the ZA above, in Sec. II E, we have derived
it as a continuum limit by fixing the wavelength of the mode
considered and taking € — 0. In this way we established that
long wavelength modes of the displacement field behave as
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derived from a set of fluid equations for the self-gravitating
fluid. The SL system as a whole, however, cannot have any
continuum limit in the desired sense unless we introduce an
additional length scale in the system.

In [33] it is shown formally that such a Vlasov description
is recovered in the limit that N— o for a class of long-range
interacting system of N particles, provided their interaction
potentials are regulated at small separations. This suggests
that one way in which we should recover such a continuum
description is by introducing such a regularization, character-
ized by a scale . Then one can take € —0 at fixed ¢ (and
then, in principle, € —0).

Following what was said above, we expect that in this
limit it should be possible to define coarse-graining proce-
dures like we have done which leave the evolution of the
system invariant. It is not difficult to see that this should
indeed be the case. Let us assume that the force falls rapidly
to zero at separations less than . The PLT treatment can be
applied and will give a spectrum of modes which are modi-
fied with respect to full gravity for ke > 1. In the limit £/¢
— 0 these modifications will become independent of €. Thus
the evolution of the displacement field will be independent of
€. As the CG defined are just a modification of this latter
scale, they will have no effect on the evolution (provided
{cg/e<<1). In practice this means that we can coarse-grain
the system of finite € (and € <g) up to any €cg, provided
4 cG <e.

An alternative way of defining the limit £ — 0 is by intro-
ducing a characteristic scale not in the force, but in the fluc-
tuations in the system. The SL has no such scale, but it is
easy to introduce one by defining instead the initial displace-
ment field so that it has such a cutoff: we derive it as the sum
of modes in reciprocal space, with all modes k> k,. set equal
to zero. We can then define a continuum limit for the system
as k. — 0. It is not difficult to see that a similar reasoning to
that used for the previous case leads to the conclusion that
coarse-graining like those we have defined now change neg-
ligibly the evolution of the system provided k €cg<<1.

We note that there is one intrinsic problem with the latter
prescription: it works because the scale k, is the one charac-
terizing the shortest wavelength fluctuation in the system.
This is only true, however, at the initial time, as gravity will
progressively (and very efficiently) create fluctuations at
smaller scales. Thus the continuum limit will only be valid
for some finite time. For the former case this will not be the
case as the finite value of & will place a time-independent
lower bound on the scales at which fluctuations develop.
There is thus an intrinsic time-independent separation be-
tween the scales of inhomogeneity and the particle scale.

This discussion tells us then how we should extrapolate
our simulations toward a well-defined continuum (Vlasov)
theory to determine which results are valid in this limit: we
should increase particle density until £ <<e. Manifestly this
will “kill” the discrete particle dynamics which we have used
in our model to explain the form of the nonlinear two-point
correlation function. If this form is indeed that of the con-
tinuum limit it should be observed in simulations with €
<& when nonlinear correlations develop for r>¢. To per-
form simulations to test whether this is so requires that there
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be a reasonable range of scale r> €> € well inside the simu-
lation box, which implies a particle number much greater
than that in the largest 64° simulation discussed here. (Tak-
ing, e.g., €=0.2¢, € is already almost one-tenth of the box
size.) With the particle numbers, in the range 108-10'°, now
being accessed by several gravitational N-body simulation
groups (see, e.g., [34-36]) such numerical tests are, however,
in principle, feasible and would yield clear conclusions on
this very basic question.
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