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We report on experimental studies of the collision process between an incident bead and a three-dimensional
granular packing �made of particles identical to the impacting one�. The understanding of such a process and
the resulting ejection of particles is, in particular, crucial to describe eolian sand transport. We present here an
extensive experimental analysis of the collision and ejection process. The analysis is two dimensional in the
sense that we determined only the vertical component Vz of the ejection velocity of the splashed particles and
the horizontal component Vx lying in the incident plane. We extracted in particular the distribution of the
ejection velocities for a wide range of impact angles �i and incident velocity Vi. We show that the mean
quadratic horizontal velocity of the splashed particles is almost insensitive to changes in the impact angle and
velocity, while the mean quadratic vertical velocity slightly increases with increasing impact velocity �as Vi

1/2�.
Moreover, the mean number of splashed particles per collision is found to be dependent on both the impact
angle and velocity, and to scale with the impact speed as Vi

3/2. A consequence of these outcomes is that the sum
of the kinetic energy of the splashed particles is directly proportional to the kinetic energy of the incident
particle. Finally, we provide the bivariate probability distribution function P�Vx ,Vz� of the ejection velocities
and show that it can be approximated by the product of a log-normal distribution and a circular normal one.
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I. INTRODUCTION

Sand movement in deserts can cause damage to villages
and seriously perturb the circulation on roads or railways. It
is therefore crucial to understand the mechanisms of sand
transport in order to stop or at least reduce it. Sand grains are
lifted by the wind and accelerated during their flight. These
highly energetic grains, called saltating grains, can travel
over large distance by successive jumps �1,2�. As they im-
pact the sand bed surface, they eject other grains from the
bed. These splashed grains, termed reptating grains, contrib-
ute to the augmentation of the sand flux. Some of them can
be promoted to the saltation motion. We are interested here
in the collision process between a saltating grain and a pack-
ing of identical grains. We focused, in particular, on the en-
ergy redistribution through the rebound grain and the ejected
grains. Note that air flow plays a negligible role in the colli-
sion process, since the latter lasts a very short time in com-
parison with the typical time scale of aerodynamics pro-
cesses. This energy redistribution is described, in the
literature, in terms of the splash function �2�. Previous ex-
perimental studies �3–5� provided interesting and valuable
information, but the data remain usually sparse and the range
of variation of the impact parameters �like the impact veloc-
ity, approach angle� are relatively limited. The difficulty
comes from the fact that saltation is a stochastic process, and
a great number of experiments is required to accumulate
enough data for good statistics.

The splash process in eolian sand transport is connected
in some way with the formation of impact craters. Recently,
several studies focused on the morphology and size of im-
pact craters formed in granular media �6,7�. The underlying
physical mechanisms governing such processes are indeed of
the same nature as those responsible for the splash. In addi-
tion, the formation of impact craters in granular media cor-
responds to a distinct collisional regime where the impacting

body is much more massive and larger than the particles of
the impacted medium. In the saltation problem, the projectile
and the target are composed of particles of the same nature
and the regime of crater formation is never reached in the
range of impact energy relevant for eolian transport. It is,
however, interesting to note that craters can form at moderate
impact energy in some particular configurations, as at the tip
of a granular heap �8�.

The present study aims at giving an extensive view of the
splash function thanks to new data recently obtained from
collision experiments between an incident bead and a three-
dimensional �3D� granular packing made of particles identi-
cal to the impacting one. We varied the approach angle �i
and the impacting speed Vi in a wide range �10° ��i�90°
and 50�Vi /�gd�200, where d is the bead diameter and g
the gravity acceleration� and analyzed the projection of the
trajectories of the rebounding and splashed particles onto the
incident plane �0,x ,z�. We extracted in particular the distri-
bution of the horizontal and vertical ejection velocities �Vx
and Vz, respectively�, and proposed laws for the variation of
the mean horizontal and vertical ejection velocity as a func-
tion of the approach angle and impact velocity. We also de-
termined the mean number of splashed particles and its evo-
lution with the impact parameters. Lastly, we provided the
bivariate probability distribution function P�Vx ,Vz� of the
ejection speed of the splashed particles in the incident plane,
and showed that it can be approximated by the product of a
univariate log-normal distribution and a univariate circular
normal one.

The paper is organized as follows. In Sec. II, we recall
briefly the experimental and numerical results of the litera-
ture on the splash process. Section III describes the experi-
mental setup used for the collision experiments. In Sec. IV,
we present the experimental results concerning the rebound
process of the incident bead, while Sec. V describes the fea-
tures of the splashed grains. Finally, conclusions and per-
spectives are presented in Sec. VI.

PHYSICAL REVIEW E 75, 061305 �2007�

1539-3755/2007/75�6�/061305�12� ©2007 The American Physical Society061305-1

http://dx.doi.org/10.1103/PhysRevE.75.061305


II. EXPERIMENTAL AND NUMERICAL RESULTS IN THE
LITERATURE

Several experimental studies focusing on the collision
process have been conducted. Willets and Rice �3� observed
collision phenomena with sand grains in wind tunnel experi-
ments by means of high-speed video recordings. They found
that the impacting grains hit the sand surface at small angles
between 10° and 16° and rebounded with an angle between
20° and 40°. In addition, they established that the grains
ejected from the granular bed have an average speed of one
order of magnitude less than the impact speed.

In parallel, model experiments of collisions between an
incident bead and a granular packing have been performed
by different authors. Mitha et al. �4� studied the collision
between a steel bead and a three-dimensional packing of
steel beads. Beads of 4 mm diameter were used and the im-
pacting bead was launched at a speed of 20 m/s. They in-
vestigated essentially the influence of the impact angle on the
collision process. The mean normal restitution coefficient for
the impacting bead, defined as the ratio between the vertical
rebound speed and the vertical incident speed, was found to
decrease with increasing impact angle �ēz=0.7 at 17° and
ēz=0.3 at 31°�. Furthermore, they showed that the number of
ejected beads does not vary significantly when the impact
angle increases from 17° to 31°, and that the average vertical
speed of ejection is on the order of 3�gd. Werner �5� also
studied extensively the collision process for shallow impact
angles. He used sand grains and designed a special apparatus
to propel a sand grain with a given velocity. He found in
particular that the normal restitution coefficient for the im-
pact grain is independent of the incident speed �ēz=0.82 at
15°�. He observed in addition that the number of ejected
grains increases with increasing incident speed and that the
distribution of the vertical ejection velocity is nearly inde-
pendent of the incoming velocity.

More recently, Rioual et al. �9–11� designed a two-
dimensional setup to investigate the collision between a
6-mm-diameter incident bead and a two-dimensional granu-
lar packing of identical beads confined between two parallel
vertical glass walls. This study confirmed Werner’s observa-
tions �5�: the normal restitution coefficient for the impacting
bead is independent of the impact speed, and the mean num-
ber of ejected grains varies nearly linearly with the impact
speed. However, Rioual et al. �11� found that the mean ver-
tical ejection velocity Vz increases slightly with increasing
incident speed �i.e., roughly as the square root of the incident

speed: V̄z�Vi
1/2� and proposed the following law for the de-

creasing part of the probability distribution function of the
vertical ejection velocities �10�:

P�Vz� =
Vz

�2 exp�−
Vz

2

2�2� , �1�

where �2=0.1Vi
�gd. This law is known as the Rayleigh dis-

tribution.
In addition to experiments, numerical simulations of the

collision process have been performed by several authors
�12–15�. Most of these studies were restricted to a two-
dimensional configuration except in �15�. We find it worth-

while to recall the significant outcomes of the numerical
studies. Werner �5,12� made 2D simulations of the collision
process between a sphere and an ordered packing of spheres
by means of a discrete element method. The outcomes of his
simulations were found to be in agreement with his experi-
mental results obtained with sand grains of 800 �m diam-
eter. In particular, he was able to extract a law for the mean
vertical speed amplification ēz of the rebound particle, which
was found to be independent of the impact speed:

ēz��i� = �0.320

sin �i
− 0.236�ēz�15°� =

0.262

sin �i
− 0.193, �2�

where �i is the impact angle measured with respect to the
horizontal and ēz�15° �=0.82. He also established a law for
the mean number n̄ej of ejected particles as a function of the
incident angle and speed:

n̄ej��i,Vi� = 3.36 sin �i�0.572Vi − 0.915�

= 3.07 sin �i� Vi

18�gd
− 1� . �3�

Lastly, he pointed out the importance of the geometry of the
packing surface for the ejection process, and suggested that
the bivariate probability distribution of the ejection speed
can be approximated by the product of a Rayleigh distribu-
tion for Vz and a normal one for Vx:

P�Vx,Vz� =
Vz

�2��3
exp�−

Vx
2 + Vz

2

2�2 � �4�

with �	3.4�gd. Anderson and Haff �13,14� also performed
extensive simulations of the collision of spherical bead onto
a two-dimensional disordered packing. They investigated the
influence of the impact velocity on the ejection process for
shallow impacting angles �8° and 11°� and spherical grains
of 230 �m diameter. They found that the mean number of
ejected grains scales as

n̄ej�Vi� = 1.75Vi = Vi/12�gd , �5�

and that the distribution of the 2D ejection speed Vxz �Vxz

=�Vx
2+Vz

2� can be fitted by an exponential law of the form

P�Vxz� =
1

0.25Vi
0.3 exp�−

Vxz

0.25Vi
0.3� . �6�

The latter result leads to a mean ejection speed scaling as

V̄xz = 0.25Vi
0.3 = 0.73�gd� Vi

�gd
�0.3

. �7�

The scaling exponent is quite close to that obtained by
Rioual for the vertical ejection speed �10�.

III. EXPERIMENTAL SETUP AND IMAGE ANALYSIS

A. Experimental setup

We used PVC beads of 6 mm diameter and 0.2 g mass.
The incident particle and those of the packing are identical.
The friction and normal restitution coefficients of the bead
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are, respectively, �=0.19 and �=0.91. The experimental
setup is shown in Fig. 1. An air gun was designed to propel
a single bead onto the packing. By varying the pressure, the
incident speed can be adjusted to a given value within a
certain range �see �9� for a detailed description�. The air gun
can move on a semicircular rail which allows the incident
angle to be varied from 0° to 90°. The packing is built by
displaying randomly the beads in a square box of dimension
42�42�23 cm3. The packing fraction is on the order of
0.6.

The collision process is recorded via a fast video camera
which takes up to 500 images per second. The video camera
was placed perpendicularly to the incident plane.

B. Image analysis

The consecutive images of the collision �see Fig. 2� were
processed to extract the kinematic properties of the incident
bead and the ejected ones. The procedure was as follows. By
means of an image analysis software, the positions of the
splashed beads were determined on each image, then the
trajectories of all ejected particles were reconstructed. As
indicated above, we analyzed the trajectories of the splashed
beads in the incident plane and had therefore access to the
vertical velocity Vz and the horizontal component Vx in the

incident plane. The free surface of the packing was leveled
before each collision experiment.

Furthermore, one should point out that the identification
of the ejected beads is delicate in the first stages of the ejec-
tion process, since they are not clearly detached from the
bed. As a consequence, we were able to identify the ejected
beads only if they reached a height greater than one bead
diameter above the bed. It means that we did not take into
account, in our analysis, the weakly energetic beads which
have a vertical ejection speed smaller than V0=�2gd.

C. Pertinent dimensionless variables

In our model, we used particles of much greater diameter
than that of sand grains transported by the wind. Saltating
sand grains in deserts have a diameter between 100 and
200 �m. One of the pertinent parameters characterizing the
collision process for monodisperse particles is the Froude
number: Fr=Vi /�gd. In standard conditions of sand transport
in deserts and for sand grains of 200 �m, the impact veloci-
ties of the saltating grains range from 2 to 10 m/s. The
Froude number lies therefore between 50 and 250. Using
6-mm-diameter beads, we have to work with impact speeds
ranging from 10 to 50 m/s in order to reach such values for
the Froude number.

D. Impact parameters

We present here experimental results about the collision
process when the incident speed and the impact angle are
varied. The impact angles were measured with respect to the
horizontal plane. We made three series of experiments: one
at a given incident velocity of 26 m/s with impact angles
ranging from 10° to 90°, and two other ones at a fixed impact
angle �10° and 40°, respectively� with incident speeds rang-
ing from 18 to 40 m/s �see Table I�. To obtain good statis-
tics, we carried out about 100 collisions for each set of im-
pact parameters �i.e., angle and velocity�.

IV. EXPERIMENTAL RESULTS: PROPERTIES OF THE
REBOUNDING BEAD

A typical collision is characterized by a rebounding par-
ticle and a set of splashed particles. The rebound bead has a

FIG. 1. Experimental setup.

FIG. 2. Successive snapshots of the collision. The time step between two successive images is 4 ms.
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much larger speed than that of the splashed beads. We ana-
lyzed the effect of both the incident angle and speed on the
rebound particle. In this analysis, we extracted the 2D re-
bound velocity Vr,xz and the 2D rebound angle �r �see Fig. 3
for its definition�.

Figure 4 displays the variation of the mean rebound angle
�r as a function of the impact angle and the incident speed.
The rebound angle appears to be independent of the incident
speed, while it increases with increasing impact angle. The
rebound is not specular �i.e., �r��i�. The experimental re-
sults show that, at grazing angles, the rebound angle is
greater than the incident angle, whereas, for impact angles
higher than 20°, the rebound angle is less than the incident
one. For an impact angle of 10°, which is a typical value for
saltating grains, the mean rebound angle is found to be
22° ±10°. The data can be fitted reasonably well by a ratio-
nal function of sin �i:

sin �̄r =
Az − Bz sin �i

A − B sin �i
. �8�

The best fit gives Az=0.30, Bz=0.15, A=0.87, and B=0.72.
For the analysis of the rebound velocity, we introduce two

different coefficients of restitution: ez=Vrz /Viz and exz

=Vr,xz /Vi, where Vi and Vr,xz are, respectively, the incident
and the rebound velocity in the incident plane �0,x ,z�, and
Viz and Vrz correspond to their vertical components.

We plotted, in Fig. 5�a�, the mean restitution coefficients
ēz and ēxz as a function of the incident velocity. No signifi-
cant variation of the restitution coefficients is observed
within the range of impact velocity investigated so far. This
independence of the incident velocity was also found in 2D
collision experiments �9� and 3D ones with sand grains �5�.

Figure 5�b� shows the evolution of the mean restitution
coefficients ēz and ēxz versus the impact angle for a given
incident speed of 26 m/s. The mean restitution coefficients
ēz and ēxz decrease with increasing impact angle. The data
can be relatively well fitted by laws of the following forms:

ēz =
Az

sin �i
− Bz, �9�

ēxz = A − B sin �i, �10�

with Az=0.30, Bz=0.15, A=0.87, and B=0.72. Note that the
values of the coefficients A, B, Az, and Bz are identical to
those found in Eq. �8�. For ēz, the same type of law was
proposed by Werner �5�. If we reformulate Eq. �9� in the
same terms as Werner, we find ēz= �0.3/sin �i−0.15�ēz�15° �.
The numerical constants are slightly different from those of

TABLE I. Impact parameters investigated experimentally. For
each set of parameters, about 100 collision experiments were
achieved.

�i

Vi �m/s�
18 20 22 24 26 29 39

Fr=Vi /�gd

74 82 91 99 107 120 161
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FIG. 3. Definition of the rebound angles 	r and 
r. The impact-
ing particle lies in the vertical plane �0,x ,z� and hits the bed with
an incident angle �i. 	r is the angle between the horizontal plane
and the rebound velocity Vr, whereas 
r is the angle between the
Ox axis and the projection of the rebound velocity onto the hori-
zontal plane. We also define the 2D rebound angle �r as the angle
between the Ox axis and the projection of the rebound velocity onto
the incident plane �0,x ,z�: tan �r=tan 	r / cos 
r.
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FIG. 4. Variation of the mean rebound angle �̄r �a� versus the
incident speed at a given incident angle �i=10°; �b� versus the im-
pact angle at a given incident speed Vi=26 m/s	107�gd. In �b�,
the dashed line represents the specular limit �i.e., �r=�i�, whereas
the dotted line is the best fit of the form given by Eq. �8�.
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Werner �cf. Eq. �2�� and this discrepancy may be due to the
fact that the PVC beads do not have the same mechanical
properties as those of the quartz sand grains.

It is sometimes useful to characterize the rebound process
in terms of energy loss. The average fraction of energy lost
by the incident bead is �1−exz

2 �= �1− ēxz
2 −�2�, where �2 is

the variance of the restitution coefficient exz. �2 is found, to
first order, independent of the impact angle and velocity, and
most importantly is rather small: �2	0.02. The error made,
when approximating �1−exz

2 � by �1− ēxz
2 �, is therefore negli-

gible. Lastly, one can note that the rebound angle �r can be
expressed in terms of ez and exz as

sin �r = �ez/exz� sin �i 	 �ēz/ēxz� sin �i. �11�

Using Eqs. �9� and �10�, it is straightforward to show that we
obtain the same expression as that given by Eq. �8�.

Additional comments follow. First, the incident bead loses
much more energy for normal impacts �ēxz�90° �=0.22� than
for grazing ones �ēxz�10° �=0.78�. Second, the vertical resti-
tution coefficient ez is found to exceed unity for grazing
angles �ēz�10° �=1.55�. This result does not violate energy
conservation �since ēxz is always smaller than 1� but simply
means that a great part of the horizontal momentum of the

incident particle is transferred to the vertical direction after
the impact. In the context of the eolian transport of sand, this
last result is of significant importance. Indeed, the sand
grains transported by the wind in the desert have grazing
impact angles between 8° and 15° �1,16,17�. This means that
the latter will be able to rebound at a height at least equiva-
lent to that before the collision. As a consequence, the grains
will be able to continue their saltation process.

V. EXPERIMENTAL RESULTS: PROPERTIES OF THE
EJECTED BEADS

When the incident bead impacts the bed, it not only re-
bounds but can also eject other beads from the packing. The
ejected beads fly off in all directions with a speed which
rarely overcomes 10% of the incident velocity. We present
below the features of the ejected beads when the impacting
angle and incident velocity are varied.

A. Number of ejected beads

Figure 6�a� displays the mean number of ejected beads
per collision as a function of the impact angle at a given
impact speed of 26 m/s. The mean number of ejected beads
n̄ej increases with increasing impact angle. If we renormalize
the mean number of splashed particles by �1−exz

2 �, we sur-
prisingly find a constant value. We recall that �1−exz

2 � repre-
sents the fraction of the kinetic energy of the incident particle
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communicated to the packing. n̄ej can therefore be written as

n̄ej��i,Vi� = f�Vi��1 − exz
2 � , �12�

where f is a function of Vi to be determined. For Vi
=26 m/s, one finds f 	22.

At a fixed impact angle, the average number of ejected
beads also increases monotonically with increasing impact
speed �see Fig. 6�b��. The data for impact angles of 10° and
40° can be well fitted by a linear law of the form

n̄ej��i,Vi� = h��i�� Vi

Vic
− 1� . �13�

h is a function of �i. Vic can be interpreted as a threshold
impact velocity below which there is no splashed grains and
depends a priori on the impact angle �i. For �i=10°, h
	5.4 and Vic	40�gd, and for �i=40°, h	8.1 and Vic

	34�gd. It turns out that the critical velocity Vic is not too
sensitive to the impact angle, whereas h strongly varies with
the impact angle. Renormalizing the mean number of ejected
grains by �1−exz

2 �, all data collapse on a single straight line
whose equation is given by

n̄ej 	 13.0�1 − exz
2 �� Vi

40�gd
− 1� . �14�

It is worthwhile noting that Eq. �14� is different from that
suggested by Werner �cf. Eq. �3��. Indeed, we found that �1
−exz

2 �	�1−A2�+2AB sin �i−B2 sin2�i, and therefore the de-
pendence of n̄ej on �i is here more complicated than a simple
linear law with sin�i, as proposed by Werner.

Finally, we would like to stress that it is difficult from the
experiments to determine the threshold impact speed. First,
the counting of the low-energy ejected particles is very sen-
sitive to the accuracy of the experimental procedure used to
detect the particles and to the definition of an ejected par-
ticle. We recall that we were able to detect with a good
accuracy only particles ejected with a vertical velocity
greater than �2gd. Second, at low impact velocity, the prob-
ability to observe a collision with a number of ejecta greater
than or equal to 1 becomes very low, and a great number of
experiments is therefore required to get a relatively good
accuracy in the determination of n̄ej. As a consequence, we
have no experimental means to check whether the threshold
impact speed is really finite, as expected from the extrapola-
tion of the linear fits.

If we deny the existence of a finite threshold impact
speed, or, in other words, if we assume that the mean number
of ejected grains is reduced to zero only for vanishing impact
velocity, we can be tempted to fit the data by a power law.
The best power law fit gives

n̄ej = 0.02�1 − exz
2 �� Vi

�gd
�2−	

, �15�

with 		0.5. The exponent is not far from 2, which is the
expected value if the number of ejected particles is propor-
tional to the incident kinetic energy. We will see in the foll-
wing sequel that n̄ej scales in fact as Vi

2 /Vxz
2 �where Vxz

2 is the

2D mean quadratic velocity of the ejected particles� and that
Vxz

2 is found to vary as Vi
	.

B. Total kinetic energy of the ejected beads

We extracted from our data the total 2D kinetic energy
Etot,xz of the ejected beads in a collision process �see Fig. 7�.
We renormalized Etot,xz by the fraction of energy communi-
cated to the granular bed, that is �1−exz

2 �Ei where Ei

=mVi
2 /2. The dimensionless kinetic energy Etot,xz / �1−exz

2 �Ei

is found to be rather independent of the incident speed and
impact angle. Its value fluctuates between 0.03 and 0.04, and
can be assumed to first order to be a constant, denoted later
on by r. The value of r may depend on the mechanical prop-
erties of the bead. With the PVC beads used in the experi-
ments, we get r	0.038. This result shows that, at a fixed
impact angle, the sum of the kinetic energy of the ejected
grains is proportional to the kinetic energy of the incident
bead �since ēxz is independent of Vi� and that, at a fixed
impact velocity, Etot,xz increases with increasing impact angle
�since ēxz decreases with increasing impact angle �i�.

We also find that the vertical dimensionless kinetic energy
rz=Etot,z / �1−exz

2 �Ei is also insensitive to the impact speed
and impact angle �see again Fig. 7�. With our PVC beads,
this energy ratio is found to be rz	0.030.

C. Distributions of the vertical and horizontal ejection speeds

We analyzed the vertical and horizontal velocity distribu-
tion of the ejected beads. The distribution of the vertical
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26 m/s. The dashed lines represent an average of the data.
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recoil speeds for various impact speeds and impact angles
are displayed in Figs. 8�a� and 8�b�. All the distributions can
be extremely well approximated by a log-normal law of the
form

P�Ṽz� =
1

�2���Ṽz − Ṽ0�
exp
− �ln�Ṽz − Ṽ0� − ��2/2�2�

�16�

where Vz
˜ =Vz /�gd and Ṽ0=�2. We recall that Ṽ0 is the di-

mensionless critical ejection velocity below which we could
not detect the splashed particles. The distribution is therefore
truncated for low ejection speeds. The parameters � and �
characterize the log-normal distribution and are determined
as follows:

� = ln�Ṽz − Ṽ0� = ln��Ṽz
¯ − Ṽ0�2/��Ṽz − Ṽ0�2� , �17�

�2 = �ln�Ṽz − Ṽ0��2 − �2 = ln��Ṽz − Ṽ0�2/�Ṽz − Ṽ0�2� .

�18�

The values of � and � have been calculated for various
impact angles and velocities �see Table II�. The result ob-
tained here for the distribution of the vertical ejection veloci-
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FIG. 8. Distribution of the vertical and horizontal ejection velocities �a� and �c� for various impact speeds at a fixed impact angle of 10°;
�b� and �d� for various impact angles at a fixed impact velocity of 26 m/s. The continuous lines represent the corresponding log-normal
distributions �in �a� and �b�� and normal ones �in �c� and �d��.

TABLE II. Main features of the distributions of the horizontal
and vertical ejection speed, for various impact speeds at a fixed
impact angle of 10°, and for various impact angles at a fixed impact
velocity Vi=26 m/s. We recall that s corresponds to the root mean
square of the horizontal velocity, and � and � are the parameters of
the log-normal distribution of �Vz−V0� /�gd �see Eqs. �17� and
�18��.

Vi �m/s� V̄x /�gd=m Vx
2 /gd s V̄z /�gd Vz

2 /gd � �

18 0.85 4.41 1.92 3.12 12.24 0.23 0.78

20 0.82 3.34 1.64 3.22 13.39 0.26 0.81

22 0.77 3.65 1.75 3.21 13.38 0.25 0.82

24 0.77 3.54 1.72 3.25 13.59 0.29 0.80

26 0.62 3.94 1.89 3.41 15.08 0.38 0.79

29 0.86 3.47 1.65 3.61 16.90 0.49 0.77

39 0.63 4.50 2.03 3.79 19.24 0.55 0.79

�i V̄x /�gd=m Vx
2 /gd s V̄z /�gd Vz

2 /gd � �

10° 0.62 3.94 1.89 3.41 15.08 0.38 0.79

20° 0.49 2.32 1.44 3.28 12.69 0.40 0.67

40° 0.41 2.24 1.44 3.22 12.06 0.39 0.64

60° 0.38 2.58 1.56 3.40 13.49 0.48 0.63

90° 0.03 1.95 1.40 3.15 11.47 0.34 0.65
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ties is different from that found by Rioual et al. �10� and
Werner �5�. We recall that they got a Rayleigh distribution
�cf. Eqs. �1� and �4��. The difference may be attributed to the
fact that they investigated the collision process in a biased
configuration, that is, onto a two-dimensional ordered pack-
ing.

A careful analysis of the vertical speed distributions
shows that the most likely value is on the order of 2�gd and
is relatively insensitive to a variation of the impact angle
from 10° to 90°. On the contrary, it increases slightly with
increasing impact velocity. These features can also be clearly

observed through the mean vertical ejection speed V̄z �see

Fig. 9�. The increase of V̄z with increasing impact speed,
although weak, is measurable and can be described by a
power law:

V̄z

�gd
	 1.06� Vi

�gd
�1/4

. �19�

The mean quadratic vertical velocity is, as well, slightly in-
creasing with increasing impact velocity, and can be approxi-
mated by

Vz
2

gd
	 1.46� Vi

�gd
�1/2

. �20�

At this stage, we would like to stress that the variation of the
mean quadratic vertical ejection speed with the impact ve-
locity is in agreement with the previous results. Let us recall
that Etot,z was found to be proportional to �1−exz

2 �Ei. Using
the fact that Etot,z=mn̄ejVz

2 /2 and taking advantage of Eq.
�15�, one can derive an expression for Vz

2:

Vz
2

gd
=

rz�1 − exz
2 �

n̄ej

Vi
2

gd
	 1.5� Vi

�gd
�	

, �21�

with 		0.5. This result is very close to that extracted di-
rectly from the velocity distributions �cf. Eq. �20��.

Let us turn now to the distributions of the horizontal ejec-
tion velocities. They are surprisingly almost symmetrical
�see Figs. 8�c� and 8�d��. For an impact angle of 90°, the
distribution is symmetrical with a zero mean �as expected�
and can be well approximated by a normal distribution law.
For impact angles smaller than 90°, a slight asymmetry ap-
pears and the distribution is off centered �the most likely
value of the distribution is shifted along the positive axis�.
However, the distribution can still be reasonably approxi-
mated by a normal law with a nonzero mean value:

P�Ṽx� =
1

�2�s
exp��Ṽx − m�2/2s2� . �22�

We set Ṽx=Vx /�gd. The parameters m and s are, respec-
tively, the mean and the root mean square of the horizontal

velocity �i.e., m= Ṽx and s2= Ṽx
2− Ṽx

2�, and are given in Table
II. The dependence of the mean value of the horizontal ve-
locity �as well as the mean quadratic value� on the impact
velocity and impact angle is shown in Fig. 9. The mean
velocity Vx is rather independent of the impact velocity, but
decreases with increasing impact angle �it vanishes for nor-
mal impact�. It can be relatively well fitted by a cosine func-
tion of �i:

V̄x

�gd
	 0.65 cos �i. �23�

Finally, the mean quadratic velocity is independent of both
the impact velocity and impact angle: Vx

2 /gd	3–4.

D. Distribution of the 2D ejection angle � and 2D ejection speed
Vxz

We also determined the probability distribution function
P��� of the 2D ejection angle of the splashed particles �de-
fined as �=arctan�Vz /Vx�� for various impact velocities and
impact angles �see Fig. 10�. The distribution function P��� is
almost insensitive to the impact velocity. At an impact angle

of 10°, the mean ejection angle �̄ remains constant and is on
the order of 80° for a large range of impact speeds �see Fig.
11�a��. On the contrary, it increases with increasing impact
angles and reaches the value of 90° for normal impacts, as
expected due to symmetry �see Fig. 11�b��. The variation of
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FIG. 9. Mean vertical and horizontal ejection velocities �V̄z, V̄x�
and mean corresponding quadratic velocities �Vz
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2� �a� versus the
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�̄ with the impact angle can be approximated by a linear law
of the form

�̄ =
�

2
+ 0.1��i −

�

2
� , �24�

where �i is expressed in radians.
The distribution function P��� can be approximated with

good accuracy by a Von Mises distribution �also known as
circular normal distribution�:

P��� =
eb cos��−a�

2�I0�b�
, �25�

where I0 is the modified Bessel function of the first kind of
order 0. The mean value of the distribution is a and the
circular variance is 1− �cos ��2− �sin ��2=1− I1�b� / I0�b�. The
values of a and b for various impact parameters are given in
Table III.

Lastly, we examined the distribution of the 2D ejection
speed Vxz defined as Vxz=�Vx

2+Vz
2 �see Fig. 12�. Vxz follows

the same trends as the vertical ejection speed Vz. The distri-
bution P�Vxz� is well approximated by a log-normal distribu-
tion �cf. Eq. �16��. The mean � and variance � of the distri-
bution of ln��Vxz−V0� /�gd� are given in Table III. The mean
ejection speed is insensitive to the impact speed but slightly
increases with increasing impact speed �see Fig. 13�. As for

the vertical ejection speed, the variation of V̄xz and Vxz
2 with

the impact speed can be approximated by a power law of Vi:

V̄xz

�gd
	 1.18� Vi

�gd
�1/4

, �26�

Vxz
2

gd
	 1.84� Vi

�gd
�1/2

. �27�

This result supports reasonably well the numerical predic-

tions of Anderson and Haff �14� who found that V̄xz�Vi
0.3

�cf. Eq. �7��. Note also that the scaling found for the mean
quadratic ejection velocity Vxz is compatible with the fact
that the total kinetic energy Etot,xz of the splashed particles
varies as Vi

2, recalling that the mean number n̄ej of ejected
particles scales as Vi

3/2 �Etot,xz� n̄ejVxz
2 �Vi

2�.

E. Correlation analysis

In order to extract from our data the bivariate distribution
P�Vx ,Vz� of the ejection velocity, it is necessary to investi-
gate whether the components Vx and Vz of a splashed particle
are correlated or not. The correlation coefficient � between
two variables V1 and V2 is usually defined as
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FIG. 10. Distribution of the ejection angle � �deg� �a� for vari-
ous impact speeds at a fixed impact angle of 10°; �b� for various
impact angles at a fixed impact velocity of 26 m/s. The continuous
lines stand for the corresponding Von Mises distributions.
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��V1,V2� =
V1V2 − m1m2

s1s2
�28�

where m1 �m2� and s1
2 �s2

2� are the mean and the variance of
V1 �V2�. We calculated the correlation coefficient between Vx

and Vz for various impact parameters �see Fig. 14�. At graz-
ing impacts, the correlation coefficient is rather large �greater
than 0.5� for moderate impact speeds and decreases with
increasing impact speed �down to 0.3 for Vi=161�gd�. In
addition, the correlation coefficient vanishes for normal im-
pacts, as expected. Vx and Vz are therefore strongly corre-
lated, except for normal impacts. The existence of this cor-
relation is in fact not surprising, since we have seen that the
splashed particles are ejected with a preferential angle. As a
consequence, it is not legitimate to approximate the bivariate
probability distribution P�Vx ,Vz� by the product of P�Vx� and
P�Vz�.

Alternatively, we can wonder whether the 2D ejection
speed Vxz and ejection angle � are correlated. The correlation
��Vxz ,�� between Vxz and � follows the same trends as the
correlation between Vx and Vz �see Fig. 14�. However,
��Vxz ,�� appears to be much less important. For impact
speeds greater than 100�gd, it is always smaller than 0.2. It
is therefore tempting to assume, in a first approximation, that
Vxz and � are uncorrelated variables. In the next section, we
will show indeed that the bivariate probability distribution

TABLE III. Main features of the distributions of the ejection
angle � and ejection speed Vxz, for various impact speeds at a fixed
impact angle of 10° and for various impact angles at a fixed impact
velocity Vi=26 m/s. The parameter s corresponds to the root mean
of the ejection angle and b is the parameter of the Von Mises dis-
tribution, whereas � and � are the parameters of the log-normal
distribution of �Vxz−V0� /�gd.

Vi �m/s� �̄=a s b V̄xz /�gd Vxz
2 /gd � �

18 79.9 24.4 6.0 3.57 16.65 0.47 0.78

20 79.9 21.9 7.3 3.57 16.73 0.46 0.79

22 79.8 22.1 7.2 3.57 17.04 0.45 0.80

24 79.6 22.5 7.0 3.62 17.13 0.49 0.78

26 82.6 24.2 6.1 3.81 19.02 0.59 0.76

29 78.2 21.6 7.5 3.98 20.37 0.68 0.73

39 82.6 22.3 7.1 4.17 23.73 0.71 0.78

�i �̄=a s b V̄xz /�gd Vxz
2 /gd � �

10° 82.6 24.2 6.1 3.81 19.02 0.59 0.76

20° 83.5 20.9 8.0 3.55 15.01 0.55 0.65

40° 84.0 20.8 7.3 3.50 14.31 0.55 0.61

60° 84.9 22.9 6.7 3.71 16.07 0.65 0.60

90° 89.5 22.9 6.7 3.42 13.42 0.51 0.60
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FIG. 12. Distribution of the 2D ejection speed Vxz �a� for various
impact angles at a fixed impact velocity of 26 m/s; �b� for various
impact speeds at a fixed impact angle of 10°. The continuous lines
represent the corresponding log-normal distributions.
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P�Vx ,Vz� can be very well approximated by the product of
P�Vxz� and P���.

F. Bivariate distribution of the ejection speed of the splashed
particles

As seen previously, the variables Vxz and � characterizing
the ejection speed of the splashed particles can be, as a first
approximation, considered as uncorrelated variables. The bi-
variate distribution P�Vxz ,�� can therefore be approximated
by the product of the univariate distributions P�Vxz� and
P���:

P�Ṽxz,�� =
exp
− �ln�Ṽ − Ṽ0� − ��2/2�2�

�2���Ṽ − Ṽ0�

�
exp�b cos�� − a��

2�I0�b�
. �29�

Note that the bivariate distribution is normalized so that
�0

�d��V0

� dV P�V ,��=1. The normalized bivariate distribution
P�Vx ,Vz� is simply deduced from P�Vxz ,�� by the following
relation:

P�Vx,Vz� =
P�Vxz,��

Vxz
, �30�

such as �−�
� dVx�V0

� dVzP�Vx ,Vz�=1. In Fig. 15, we compared
the isoprobability lines of the bivariate distribution P�Vxz ,��
extracted from the experimental data and that calculated
from Eq. �29�. The agreement is remarkably good and con-
firms that the approximation considering Vxz and � as uncor-
related variables is fairly good.

VI. SUMMARY AND CONCLUSION

We characterized experimentally in an extensive way the
collision of an incident spherical particle against a 3D granu-
lar packing of identical particles. We provided a full descrip-
tion of the splash function in the incident plane for a wide
range of impact velocities �from 50�gd to 200�gd� and im-
pact angles �from 10° to 90°�. The main striking results can
be summarized as follows.

�i� We showed that the impacting particle loses much
more energy for head-on impacts than for grazing collisions.
In other words, the effective restitution coefficient exz for the
incident particle decreases with increasing impact angle: ēxz
	0.87−0.72 sin �i.

�ii� In counterpart, more beads are ejected from the bed
for normal impacts. We indeed demonstrated that, at a fixed
impact speed, the mean number of ejected grains is propor-
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FIG. 14. Correlation between Vx and Vz and between Vxz and �
for various impact parameters: �a� at a fixed impact angle of 10° for
various impact speeds; �b� at a fixed impact speed of 26 m/s for
various impact angles.
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tional to the fraction of incident kinetic energy �1−exz
2 � com-

municated to the packing.
�iii� An increase of the impact speed mainly results in an

augmentation of the number of ejected beads �n̄ej �Vi
3/2�, the

mean kinetic energy of the splashed particles being only
weakly affected �Vxz

2 �Vi
1/2�.

�iv� The variation of the mean number of splashed par-
ticles with the impact angle and speed can be cast into the
simple following law: n̄ej 	0.02�1−exz

2 �Vi
3/2.

�v� The sum of the kinetic energy Etot,xz of the splashed
beads is found to be proportional to the energy communi-
cated to the packing: Etot,xz	mn̄ejVxz

2 	0.038�1−exz
2 �Ei. This

result is a direct consequence of the scaling of n̄ej and Vxz
2

with the impact speed Vi.
�vi� We also showed that the distribution of the vertical

ejection speeds can be well approximated by a log-normal
distribution; the mean value was found to be independent of
the impact angle and to vary weakly with the impacting

speed: V̄z /�gd	1.06�Vi /�gd�1/4.
�vii� The distribution of the horizontal ejection speed is

nearly Gaussian with a nonzero mean except for head-on

impacts: V̄x /�gd	0.65 cos �i.
�viii� The vertical and horizontal ejection speeds were

found to be strongly correlated due to the fact the splashed
particles are ejected with a preferential angle. As a conse-
quence, the bivariate distribution P�Vx ,Vz� cannot be ap-
proximated by the product of the univariate distributions
P�Vx� and P�Vz�.

�ix� On the contrary, the norm Vxz of the ejection speed
and the ejection angle � are weakly correlated. The bivariate

distribution P�Vxz ,�� is therefore very well approximated by
the product of the univariate distributions P�Vxz� and P���,
which were found to follow, respectively, a log-normal law
and a normal circular distribution.

�x� Lastly, the mean ejection velocity Vxz was shown to
behave similarly to the mean vertical ejection speed

�V̄xz /�gd	1.18�Vi /�gd�1/4�, whereas the mean ejection
angle � was found to be dependent only on the impact angle:

�̄=� /2+0.1��i−� /2�.
These outcomes, which comprise a rather complete and

accurate description of the 2D splash function for a wide
range of impact parameters, should provide valuable and
useful pieces of information to be implemented in numerical
and/or analytical models of eolian sand transport. In the near
future, we plan to give a full 3D description of the splash
function, and in particular to characterize the dispersion of
the ejected particles in the direction perpendicular to the in-
cident plane. This is an important issue in the context of
eolian sand transport if one desires to quantify the coupling
between the longitudinal and transverse sand transport.
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