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The molecular mechanism of B-Z DNA transition remains elusive since the elucidation of the left-handed
Z-DNA structure using atomic resolution crystallographic study. Numerous proposals for the molecular mecha-
nism have been advanced, but none has provided a satisfactory explanation for the process. A nonlinear DNA
model is proposed which enables one to derive various hypothesized molecular mechanisms, namely the
Harvey model, Zang and Olson model, and the stretched intermediate model, by imposing certain constraints
and conditions on the model. These constraints raise the need to reevaluate experimental investigations on B-Z
DNA transition.
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I. INTRODUCTION

The possibility that nonlinear solitary excitations may
play an important role in phenomenon such as deoxyribo-
nucleic acid �DNA� transcription, replication, denaturation
and conformational transitions has attracted the considerable
attention of both theoreticians and experimentalists �1–9�.
However, the application of the nonlinear physics of DNA to
the conformational transition from the right-handed B-DNA
helix to the left-handed Z-DNA helix is somewhat rather
reserved. Such reservation arises mainly due to the difficulty
in selecting the dominant motions involved in B-Z DNA
transition as experimental results are often controversial and
inconclusive �10–13�. For instance, nuclear magnetic reso-
nance �NMR� experiments on B-Z DNA transition suggest
that hydrogen bonds between nucleobases remain intact
throughout the transition whereas melting experiments sug-
gest otherwise, leading to two contrasting molecular
mechanisms—the Harvey model �14�, in which no hydrogen
bonds are broken and base flipping is facilitated by longitu-
dinal breathing modes, and the Wang model, which involves
base pair opening before rotation about the glycosyl bond
�15�. Such contradictions prevent one from painting an accu-
rate dynamical picture of the B-Z DNA transition. Despite
these shortcomings, several attempts have been made to de-
scribe solitary excitations in B-Z DNA transition. Jensen et
al. have shown using a rod-like DNA model that soliton
waves exist for the propagation of B-Z junction during the
transition �16�. Their model however does not describe in
detail how base flipping is achieved in this process. On the
other hand, Zang and Olson adopted the Wang model and
showed that base extrusion and flipping can be described
numerically as solitary excitations �17�. Nevertheless, they
predicted the existence of Hoogsteen base pairs in the tran-
sition which have not observed experimentally. Furthermore,
the obtained solitary wave solution is based on a particular
molecular mechanism. More recently however, atomistic
simulations of a short oligomer undergoing B-Z DNA tran-
sition have shown that the oligomer unwinds and stretches
during the transition and the rotation of the base about its

glycosyl bond can be described using a solitary wave
�18–21�. The advantage of this atomistic simulation is that
no prior assumption regarding the molecular mechanism is
made. Its main disadvantage, however, is that this holds only
for a short oligomer.

The objective of this paper is twofold, to construct a gen-
eral model of DNA that can describe B-Z DNA transition
without invoking and assuming any specific molecular
mechanism as well as to show that by varying certain param-
eters in the nonlinear model, different molecular mechanisms
can be derived, namely the Harvey model, the Zang-Olson
and Wang model as well as the stretched intermediate model.

II. DNA HAMILTONIAN

The model Hamiltonian that is constructed is essentially
based on previous models developed by Yomosa, Zang, and
Olson as well as Volkov �2,22�. These models were success-
ful in describing open states in DNA as well as DNA con-
formational transitions such as B-A DNA transition. Three
conformational variables are selected to describe the
transition—glycosydic bond angle �, longitudinal displace-
ment of the nucleotide r, and base extrusion angle �, as they
are common to all the molecular mechanisms proposed so
far. Any inhomogeneities and conformational changes in the
sugar-pucker ring are ignored in the present analysis. This
leads us to propose the following model

H = T + V1 + V2 + Vinterstrand, �1�

where T is the kinetic energy term,

T = �
n
�1

2
�ṙn

2 +
1

2
J�̇n2 +

1

2
I�̇n2� �2�

and V1 is the intrastrand potential energy of a single poly-
nucleotide strand

V1 = �
n

1

2
exp��1r0�ˆexp�− �1

	rn
2 + 2b2�1 − cos��n+1 − �n��


+ exp�− �1
	rn−1

2 + 2b2�1 − cos��n − �n−1��
‰

�An�1 − cos�2�n�� + �
n

exp��2r0�
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�exp�− �2
	rn

2 + 2b2�1 − cos��n+1 − �n��


�Kn�1 − cos��n+1 − �n��

+ �
n

�Hn�1 − cos��n�� + Sn�1 − cos��n − �n−1��


+ �
n
��0 + �1� �rn − d�

a
� + ��1 −

�rn − d�2

a2 �2� . �3�

In Eq. �3�, An corresponds to the electrostatic repulsion that
bases experience as they rotate about the glycosyl bond in
their canonical positions. Such repulsion can be reduced sim-
ply by stretching the helix or via base pair opening as indi-
cated in Fig. 1. In terms of �� ,r ,�
, B-DNA is denoted by
�0,0.34,0
 while Z-DNA is represented by �� ,0.373,0
. V2

is the interstrand potential energy of the complementary
strand similar in form except quantities are primed. Each
nucleotide pair is assumed to rotate about the glycosyl link-
age in unison and relative longitudinal displacement within
each nucleotide pair is neglected. Interstrand potential is thus
given by

Vinterstrand = �
n

Bn�1 − cos��n�cos��n��� . �4�

Note that coupling between extrusion and longitudinal
displacement is ignored. In the continuum approximation,
the Lagrangian corresponding to Eqs. �1�–�4� can be written
as follows:

FIG. 1. �Color online� Plots of various potential energy terms in the DNA model. �a� Variation of glycosidic torsion energy with
longitudinal displacement r for a nucleobase at either end of the polynucleotide strand. �b� Variation of glycosidic torsion energy with
longitudinal displacement r for a nucleobase in the presence of two adjacent nucleobases. �c� Variation of glycosidic torsion energy with �
for a nucleobase at either end of the polynucleotide strand. �d� Volkov double well potential. The wells correspond to B-DNA state �at r
=0.34 nm� and S-DNA state �at r=0.50 nm�. Height of the barrier 
9 kcal/mol. Parameters used are d=0.42 nm, a=0.08 nm, �0

=8 kcal/mol, �1=−6 kcal/mol, and �=11 kcal/mol.
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III. PARAMETERS

Parameters are obtained from existing experimental and
computational results. The mass of a G-C nucleotide pair 2M
is taken to be 615 g/mol �23�. By treating a base pair as a
thin circular disk with radius R=0.5 nm, the moment of in-
ertia about the glycosyl linkage is J= 1

4 MR2. I is the moment
of inertia of a nucleotide about an axis parallel to the helical
axis and is taken to be Mb2 where b=0.4 nm. For all prac-
tical purposes, the attenuation factor �1 ,�2=�=5 nm−1 since
molecular packing becomes negligible beyond a distance of
1 nm �24,25�, or approximately the diameter of a base pair
2R. When molecular packing is negligible, the energy pro-
files obtained from variation of the torsion angle about the
glycosyl linkage corresponds to the intrinsic energetics of the
glycosyl torsion. Consequently, An=A0 exp�2�R� where A0


10.0 kcal/mol for guanine and A0
15 kcal/mol for cy-
tosine �26,27�. Note, however, that in the forthcoming nu-
merical and theoretical analysis, the difference in An for the
bases is ignored. Kn is determined from the stacking energy
of the base pairs �49�, which is approximately
11.95 kcal/mol �28,29�. �0, d, a, and �1 in the Volkov double
well potential term are determined such that the wells corre-
spond to the B-DNA state and the S-DNA state �30,31�. The
potential energy increases sharply for r	0.55 nm due to the
strong covalent bonds and r
0.30 nm as a result of electro-
static repulsion �32�. �, on the other hand, dictates the height
of the barrier that has to be crossed between the B-DNA and
S-DNA state which is known to be approximately
5–10 kcal/mol since the increase in stacking energy is partly
compensated by a reduction in backbone energy �33,34�. Sn,
Hn, and Bn are obtained from the experimental data of
Nakanishi and Tsuiboi and Teitelbaum and Englander.
Following Yomosa �2�, by assuming Hn=H, Bn=B and
2�H+B�
4S, we have S
0.69 kcal/mol and H=B

0.69 kcal/mol.

IV. HARVEY AND ZIPPER MODELS

The Harvey model is characterized by the following steps
�1� Opening of a local cavity. �2� Base flipping within that
cavity without any hydrogen bond breakage. �3� Propagation
of the cavity. The zipper model, on the other hand, general-
izes the propagation process to that of a B-Z junction without
describing in detail the structure of the junction. These steps
can be mathematically derived from Eq. �5� by assuming that
the time averaged value of � is zero, i.e., �= ���=0. With

that, the Euler-Lagrange equations for Eq. �5� are simplified
to

�ÿ + A� sinh��y��1 − cos�2��� + �Kr0
2 sinh��y�

��d�

dz
�2

+
�

a2�24�r0 − d�2

a2 − 8�y = 0, �6�

�ÿ� + A� sinh��y���1 − cos�2��� + �Kr0
2 sinh��y��

��d�

dz
�2

+
�

a2�24�r0 − d�2

a2 − 8�y� = 0, �7�

and

J�̈ + 2A cosh��y�sin�2�� − 2Kr0
2 cosh��y�

d2�

dz2 = 0. �8�

Soliton solutions for � can be obtained by considering the
limit of small �y such that sinh��y�→�y and cosh��y�→1.
Under such conditions, together with the assumption y=y�,
Eqs. �6�–�8� are reduced to

�ÿ = − �2�z,t�y �9�

and

J�̈ + 2A sin�2�� − 2Kr0
2d2�

dz2 = 0, �10�

where ��z , t� is given by

�2�z,t� = �2�A�1 − cos�2��� + Kr0
2�d�

dz
�2�

+
�

a2�24�r0 − d�2

a2 − 8� . �11�

After making the transformation T=	�4A /J�t and �

=	�2A /Kr0
2�z, the solution to Eq. �10� is simply

� = 
�� − �0 − vT� = 2 arctan�±exp���� − �0 − vT��
 ,

�12�

where �= �1−v2�−1/2 and v is the soliton velocity. Inserting
Eq. �12� into Eq. �11� gives

�2 = w2 sech2���� − �0 − vT�� + �0
2, �13�

where �0
2= �� /a2��24�r0−d�2 /a2−8� and w2=2A�2�1+�2�.

For the time-dependent harmonic oscillator given by Eq. �9�
and Eq. �13�, if ��t� varies monotonically in an interval �
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centered at time ts that is much smaller than �0, then ap-
proximate analytical solutions can be expressed in the fol-
lowing form �35�:

y�t� = g�t�ei��t� = a�t�eis�t�+i� + b�t�e−is�t�+i�, �14�

where a�t� and b�t� are given by

a�t� =
1

2
a1�1 +

�0

	w2 sech2���� − �0 − vT�� + �0
2� , �15�

b�t� =
1

2
a1�1 −

�0

	w2 sech2���� − �0 − vT�� + �0
2� , �16�

and s�t� is given by

s�t� = �
ts

t

��t��dt�

=
− 1

v�
	 J

4A
�cosh���� − �0 − vT��

�	 2w2 sech2���� − �0 − vT�� + 2�0
2

2w2 + �0
2 + �0

2 cosh�2��� − �0 − vT��

���0 sinh−1�	�0
2 sinh2���� − �0 − vT��

w2 + �0
2 � + w

�tan−1�	 2w2 sinh2���� − �0 − vT��
2w2 + �0

2 + �0
2 cosh�2��� − �0 − vT��

���
ts

t

.

�17�

The amplitude and phase of y�t� are thus given respectively
by

g�t� = 	a2�t� + b2�t� + 2a�t�b�t�cos�2s�t�� , �18�

��t� = tan−1�a�t� − b�t�
a�t� + b�t�

tan�s�t��� + � . �19�

��t�, ��t�, and g�t� are respectively plotted in Figs. 2–4. One
can see that the amplitude for longitudinal displacement var-
ies along the DNA strand to accommodate for base flipping,
with the greatest variation at the point where � changes the
most. Similar to the local cavity in the Harvey model, the
“wave packet” of amplitude oscillation travels along the
strand together with the � soliton.

V. ZANG-OLSON AND WANG MODEL

Unlike the Harvey model, the Zang-Olson and Wang
model dictates that base flipping should occur after the base
is rotated out of the helix. This can be seen in the present
model if we make the following approximations: y�r0 and
b�r0. These conditions can be achieved when the rise of the
helix is enhanced by certain B-Z inducers, intercalating
agents, unwrapping nucleosomes or mechanical stretching
�36�. With that, the modifier for glycosidic potential terms
becomes

FIG. 2. Plot of Eq. �12�. Base flipping of � in B-Z DNA tran-
sition is achieved via solitary excitations.

FIG. 3. Plot of time-dependent frequency for arbitrarily defined
parameters. Maximum value of ��z� is given by 	w2+�0

2 while
minimum value is given by �0.

FIG. 4. Plot of longitudinal oscillation amplitude for arbitrary
defined parameters.
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exp��r0�ˆexp�− �	rn
2 + 2b2�1 − cos��n+1 − �n��
‰


 1 − �r0� b

r0
�2

+ �r0� b

r0
�2

cos��n+1 − �n�

= � + � cos��n+1 − �n� . �20�

The functional form of the modifier in Eq. �20� is similar to
the modifier �1+cos���� Zang and Olson used in their model
with the exception that relative displacement of the nucleo-
bases are taken into account within the current model and the
minimum of the modifier is 1−2�r0�b /r0�2 instead of zero.
Here, we can attempt to derive some interesting theoretical
results based on Eq. �20�. In the continuum approximation,
the set of relevant Euler-Lagrange equations becomes

J�̈ + 2A�1 − �r0b2�d�

dz
�2�sin�2��

− �1 − �r0b2�d�

dz
�2�Kr0

2d2�

dz2 = 0, �21�

I�̈ + �2�r0b2A�1 − cos�2��� + �b2Kr0
3�d�

dz
�2

− Sr0
2�

� �d2�

dz2 � + H sin��� + B sin���cos���� = 0, �22�

I�̈� + �2�r0b2A�1 − cos�2��� + �b2Kr0
3�d�

dz
�2

− Sr0
2�

� �d2��

dz2 � + H sin���� + B sin����cos��� = 0. �23�

General analytical solutions to this set of coupled differential
equations have not been found, but several particular solu-
tions of interest can be obtained:

� = n�, �� = m�, � = 
�� − �0 − vT� , �24�

� = n
�

2
, �� = m

�

2
, � = 
�� − �0 − vT� , �25�

where n−m=0, ±1, ±2, . . . . With the exception of solutions
involving � and �� both being 0 or multiples of 2�, other
solutions represent open states in which base flipping can
occur. Other solutions of interest can be derived if certain
approximations are made. For instance, if � is very small,
then in essence, motion about the glycosyl bond is decoupled
from base pair opening. Equation �21� is thereby reduced to
Eq. �10� whose solution is given by Eq. �12�. Equations �22�
and �23� are also simplified to

I�̈ − Sr0
2�d2�

dz2 � + H sin��� + B sin���cos���� , �26�

I�̈� − Sr0
2�d2��

dz2 � + H sin���� + B sin����cos��� , �27�

whose solutions are explored in detail by Yomosa �2�.

VI. STRETCHED INTERMEDIATE MODEL

We seek to obtain a numerical solution that resembles the
stretched intermediate model obtained from atomistic simu-
lations. Approximate solutions can be obtained by minimiz-
ing the following quantity using metropolis Monte Carlo–
simulated annealing:

SSDET = �t�
i
�Y� i+1 + Y� i−1 − 2Y� i

�t2 + � dU

dY�
�

Y� =Y� i−1

�2

.

�28�

“SDET” is the abbreviation for “stochastic difference equa-
tion with respect to time” �37�. The optimization protocol is
as follows: Temperature T is reduced to �1−�sa�T every Ksa

steps starting from an initial temperature Ti to a final tem-
perature of Tf. �t=19.802 ps. Number of base pairs N is six
and the total number of annealing steps employed is 1.0
�107. For the given size of the oligomer, the total time of
simulation Ttotal is 2.0 ns. Various simulated annealing
schemes were adopted and the results are qualitatively simi-
lar to the atomistic simulations and structural transitions of
DNA driven by external torques and forces �38�. There is no
evidence of base extrusion since the amplitude of � is
largely confined to a value of 0.4 rad. Results presented in
Figs. 5–7 correspond to the following optimization scheme:
Ksa=2�104, Ti=5.0�107,Tf=5.0�102, and �sa=0.05. Ve-
locity of the soliton v can be obtained by fitting Eq. �12� to
the time series of ��t�. This gives us a dimensionless value of
2.66�10−4. Despite the resemblance, one feature remains
missing, that is, the increase in contour length as a result of
the untwisting of the helix and unstacking of the bases �39�.
This arises from the neglect of the coupling between � and r
in Eq. �3�. To see the effects of this coupling, we can simply
replace � with ���−��� /4��cos��n+1−�n�+cos��n+1� −�n���
+ ��+��� /2 so that when the bases are extruded from the
double helix, the barrier between B-DNA and S-DNA is re-
moved. Effects of this modification can be seen in Fig. 8. A
more stable stretched intermediate is produced as evident in

FIG. 5. Plot of ��z=�−�0−vT�. Equation �12� is fitted to the
simulation results to determine the soliton velocity.
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the reduced fluctuation and the increase in the average rela-
tive extension of the intermediate structures. Note also that
the modification has no bearing on the analytical results of
the Harvey-zipper model.

We can also investigate the variation in relative extension
of the oligomer with length �or equivalently, the number of
base pairs�. At this juncture, one faces a problem with deter-
mining the total time needed to simulate B-Z DNA transi-
tion. It is not immediately obvious how Ttot varies with
length. This is due to contradicting experimental data which
does not clearly indicate whether the rate constant of the
transition increases or decreases with the length of the oligo-
mer �10�. Consequently, several simulations with different
Ttotal’s are run with at least 1.3 million annealing steps. The
results, presented in Fig. 9, are nonetheless consistent despite
the choice of Ttotal. An increase in polymer length leads to a
decrease in relative extension for the intermediate structures.
For a shorter strand, it is easier for the DNA to overcome the
stacking interaction between base pairs and stretches in order
to remove any steric constraint during base flipping. How-
ever, as the length increases, the possibility of stretching the
entire strand decreases due to the increase in total stacking
energy. Note also that the amplitude of � oscillation for in-
dividual nucleobase remains unchanged with the length of
the strand as indicated in Fig. 10. However, if the ensemble
average of � oscillation ���N is taken, then one observes
from Fig. 11 that the amplitude of ���N decreases with in-
creasing length due to the increase in total stacking interac-
tion that has to be overcome for base extrusion. We expect
the results to be slightly modified when the coupling between
r and � is taken into account. This will be done in future
studies.

VII. CONCLUSION

In summary, for a sufficiently long DNA strand where
base extrusion angle is time-averaged to be zero, i.e., ���
=0, and longitudinal displacement about the equilibrium
point y is small, one can expect the transition to follow the

FIG. 6. The oligomer stretches to a maximum value of 2.76 nm
during the transition, which corresponds to a relative extension of
1.63, a value that is consistent with the relative extension of the
intermediate found in atomistic simulations.

FIG. 7. Time series of �a� � and �b� �� for an arbitrary nucleo-
base. Results are taken from a DNA oligomer with N=6. ��t� fluc-
tuates about a mean value of 2.69�10−2, which is small enough to
be consistent with the assumption used in our derivation of the
Harvey model.

FIG. 8. With the modification to �, the stretched intermediate is
more stable as shown by the decrease in the fluctuation amplitude.
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Harvey-zipper model. If rn	b and N�1, then the Zang-
Olson or Wang mechanism is more likely to take place. Fi-
nally, in the limit of small N, the transition will occur via
means of a stretched intermediate. In light of these possibili-
ties, one must reassess the experimental investigations on
B-Z DNA transition �40–44�. The size of the DNA strand
used in the studies may actually affect base pair opening
probabilities which in turn can influence proton exchange in
NMR studies. The dynamics of a GC segment contained
within or attached to a much longer �-DNA strand is differ-
ent from an equivalent independent segment. Use of interca-
lating agents, negative supercoiling and B-Z inducers to fa-
cilitate B-Z DNA transition can also influence the manner in
which the transition proceeds. For instance, negative super-
coiling unwinds and stretches the strand to give rise to the
condition rn	b, resulting in helix opening. Substitution such
as cytosine methylation can also affect the values of b and I
and destabilizes the helix. Finally, salt-induced experiments
can influence the value of � as a result of electrostatic
screening.

A mean field approach adopted here can also prove useful
in studying specific conformational transitions in large DNA

FIG. 9. �Color online� Time series of relative
extension. �a� Total time of simulation is 2.0 ns.
As the size of the oligomer increases, the relative
extension of the intermediate structures de-
creases. �b� Conclusion remains the same despite
the increase in simulation time.

FIG. 10. Time series of � for an oligomer with N=20. Compar-
ing this figure with Fig. 7, the amplitude of � oscillation is approxi-
mately the same, taking a maximum value of 0.47 rad. ��� on the
other hand equals 2.12�10−2 rad, a value that remains close to zero
and is smaller than the corresponding value in Fig. 7 by 20%.
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strands since atomistic simulations are computationally ex-
pensive �5�. Despite the slow rate of convergence with the
simulated annealing schemes, the numerical solutions de-
rived here using the SDET algorithm are still able to paint a
qualitatively accurate dynamical picture of the transition. Fu-

ture studies using more elaborate DNA models may include
the helicoidal structure of DNA �45,46�, the dynamics of
sugar-pucker rings during the transition and its interaction
with the nucleobases. This is, however, done at the expense
of computational time and simplicity.

The statistical mechanics of B-Z DNA transition can also
be investigated in the current framework �23,47,48�. Using
the soliton gas model in the Harvey-zipper model, the num-
ber density n of � solitons in the helix is given by
�4	2AK / pi�K1�4	2AK /kBT� where Kn is the modified
Bessel function of the second kind and 4	2AK is the “mass”
of a � soliton. Using this result, one may be able to obtain
an estimate of the rate constant R
Nz /N=n�z, where �z
is the length of a B-Z junction. At low temperatures
kBT�4	2AK, we have ln R=ln��z /	��+ 1

2 ln�4	2AKkBT�
−4	2AK ln�e� /kBT. Comparison between the theoretical re-
sults presented here and experimental data can provide us
with some estimates on the length of the B-Z junction and
the mass of a � soliton. Note however that the independent
soliton gas model has to be treated with caution in the Zang-
Olson model as a result of the interaction between � and �
solitons �8�. More investigation, both experimental and
theoretical, can be done in this area.
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