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A rigorous theory is developed to predict the radiation pressure force �RPF� exerted on a spheroid by an
arbitrarily oriented and located shaped beam. Analytical expressions of RPF are derived for a homogeneous
spheroid, which can be prolate or oblate, transparent or absorbing. Exemplifying calculations are performed
and RPF calculations for spheroids are compared to RPF calculations for spheres. The “Optical Stretcher” is
also numerically simulated to study the RPF exerted on a red blood cell during its deformation.

DOI: 10.1103/PhysRevE.75.026613 PACS number�s�: 42.25.Fx, 87.80.Cc

I. INTRODUCTION

On the basis of the pioneering work of Ashkin and his
co-workers �1–5�, optical trapping has found more and more
applications in the fields of physics and biology during the
last several decades �6,7�. In principle, under the action of
the radiation pressure force �RPF� generated by the tightly
focused laser beams through a high-numerical-aperture
�HNA�, small particles can be trapped and moved with the
beam to a prescribed location. Theories for RPF computa-
tions for a homogeneous spherical particle have also been
developed by using different approaches. With respect to the
ratio of the particle size over the incident wavelength, two
extreme regimes can be distinguished. When the particle is
much larger than the wavelength, typically d /��10, the ray
optics regime is concerned and geometrical optics can be
employed for RPF predictions �8–18�. Conversely, when it is
much smaller than the wavelength �d���, the Rayleigh re-
gime is concerned and RPF can be decomposed into scatter-
ing and gradient contributions, which can be calculated by
using the Rayleigh-Debye theory �19–22�. By taking into
account the second-order scattering terms and expanding the
incident field into a plane wave spectrum, the validity range
of the Rayleigh theory has been extended by Rohrbach et al.
to particle sizes as large �0.7� �23�. In order to cover the
whole range of d /�, the rigorous electromagnetic theory has
been developed for the sphere, in which the solution to Max-
well’s equations is found by applying well-known boundary
conditions. In such a theory, it is primarily necessary to ex-

pand the incident beam in spherical coordinates. Kim and
Lee used the complex-source-point method to expand the
incident fields �24�, Barton combined the particle’s geometry
with the incident fields and used the surface integral method
�25�, while Gouesbet et al. developed the generalized
Lorenz-Mie theory �GLMT� �26� which employs a set of
beam shape coefficients �BSCs� to describe the incident
beam. Numerical applications of GLMT for spherical par-
ticles are available from Ref. �27� and the references therein.
Also, in order to simulate the situation of realistic measure-
ments, Lock has applied the GLMT to the study of RPF
exerted on a sphere by a tightly focused, truncated and aber-
rated beam �28,29�.

Compared to all these theoretical efforts on the RPF cal-
culation for spherical particles, much less work on the RPF
prediction for nonspherical particles has been reported. To
our knowledge, only radiation forces and torques exerted on
cylindrical particles, ring-shaped particles and a regularly
shaped micromotor have been studied by means of geometri-
cal optics �30–33�. Indeed, the RPF predictions for non-
spherical particles are not trivial but are important since, in
many cases particles for optical trapping cannot be well
modeled by spheres, e.g., human sperm �34�, genome �35�,
red blood cells �36�, or many other micro-organism cells
�37�. Even for spherical particles, once they are not rigid,
distortion may take place under the action of the RPF
�38–40�. For example, it has been experimentally found �41�
that under the action of two counter-propagating laser beams
�the “Optical Stretcher”�, the shape of a soft biological cell is
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deformed from spherical to spheroidal. In this case, as well
as in some other practical situations, particles used for opti-
cal trapping can be more appropriately modeled by sphe-
roids.

Although the variable-separation-based electromagnetic
theories for the plane wave or shaped beam scattering by a
spheroidal particle have been developed by Asano and Yama-
moto �42�, Barton �43�, and Han et al. �44,45�, their object
was to study the near-or far-field scatterings. RPF was not
considered. Relying on our previous work �46� on the study
of spheroidal particle scattering for an arbitrarily shaped
beam with arbitrary location and orientation in the coordi-
nate system of the particle, this paper provides the analytical
expressions and the exemplifying calculations for the RPF
exerted on a spheroid.

Instead of using the spheroidal surface integral to describe
the beam, �43�, we expand the incident fields in terms of
infinite series of spheroidal vector wave functions
�Mmn ,Nmn� multiplied by a set of BSCs in spheroidal coor-
dinates �“spheroidal BSCs”�, Gn,TE

m and Gn,TM
m . Such a feature

provides the possibility to obtain the analytical expressions
of the RPF, as done for a spherical particle illuminated by an
arbitrarily shaped beam, which is evaluated by the BSCs in
spherical coordinates �“spherical BSCs”�, gn,TE

m and gn,TM
m

�26�.
The paper is organized as follows: a general theory is

introduced in Sec. II. Comparisons of RPF exerted on a
spheroid to that on a sphere and a numerical simulation of
the “Optical Stretcher” are given in Sec. III, followed by a
conclusion in Sec. IV.

II. THEORY

We consider a monochromatic, arbitrarily oriented and
shaped beam whose electric field is linearly polarized in the
u direction at the waist in its own Cartesian coordinates
OB-uuw. It is incident on a spheroid of semimajor axis length
a and semiminor axis length b �Fig. 1�. The time-dependent
part of the electromagnetic fields of the beam is assumed to
be exp�-i�t�, where � denotes the angular frequency of the
beam. The particle is surrounded by a homogeneous, non-
magnetic and lossless medium. After a coordinate transla-
tion, the beam center OB can be moved to particle center OP
so that OP-u�v�w� is brought in. Taking the symmetrical axis
of the spheroid as the z axis, we make the x axis of the
Cartesian coordinates of the particle lying in the plane

formed by the w� and z axes. In this way the Cartesian co-
ordinates of the particle OP-uvw is determined. As indicated
by Fig. 2, the two coordinate systems can be related by two
angles. One is the incidence angle �bd indicating the propa-
gation direction of the beam along the positive w axis rela-
tive to the OP-yz plane, the other one is the polarization
angle �bd indicating the polarization direction of the
incident-electric-field �along the u axis� relative to the OP-xz
plane. These two angles are used to evaluate the spheroidal
BSCs �46�. Additionally, OB is assumed to locate at
�x0 ,y0 ,z0� in OP-xyz.

In this section we only discuss the RPF calculation for the
prolate spheroid, since all the equations and expressions per-
taining to the prolate spheroidal coordinates can be con-
verted to their counterparts in the oblate system through a
replacement � c→−ic

�→i�
�, in which c=kf , k being the wave num-

ber, f being the semifocal length of the spheroid and � being
the spheroidal radial coordinate.

A. Description of the incident and scattered fields

As described in the spheroidal scattering theory devel-
oped in the previous paper �46�, the incident electromagnetic
fields �E�i� ,H�i�� and the scattered ones �E�s� ,H�s�� in the
spheroidal coordinates ��, �, 	� can be expanded in terms of
the spheroidal vector wave functions �Mmn

�i� ,Nmn
�i� � and

�Mmn
�s� ,Nmn

�s� � as follows:

E�i� = �
m=−





�
n=	m	,n�0




in+1�iGn,TE
m Mmn

�i� �cI;�,�,	� + Gn,TM
m Nmn

�i�

��cI;�,�,	�� , �1�

H�i� = −
ikI

��0
�

m=−





�
n=	m	,n�0




in+1�Gn,TM
m Mmn

�i� �cI;�,�,	�

+ iGn,TE
m Nmn

�i� �cI;�,�,	�� , �2�

E�s� = �
m=−





�
n=	m	,n�0




in+1�Bn
mMmn

�s� �cI;�,�,	� + An
mNmn

�s�

��cI;�,�,	�� , �3�

FIG. 1. Coordinates system: OB-uvw is for the incident shaped
beam and OP-xyz is for the spheroid. FIG. 2. Geometry of Cartesian coordinates of the beam and

spheroid. OP-xyz is the coordinate system of the spheroid and
OP-u�v�w� is translated from the beam coordinates OB-uvw having
the origin OB located at �x0 ,y0 ,z0� in OP-xyz.
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H�s� = −
ikI

��0
�

m=−





�
n=	m	,n�0




in+1�An
mMmn

�s� �cI;�,�,	� + Bn
mNmn

�s�

��cI;�,�,	�� , �4�

where �0 is the permeability of the free space, cI is the size
parameter of the spheroid and is identical to kIf �kI being the
wave number in the medium�, and �An

m ,Bn
m� are the scattering

coefficients. Via the following formulas, the spheroidal BSCs
�Gn,TE

m ,Gn,TM
m � can be determined from their counterparts

�gn,TE
m ,gn,TM

m � in the spherical coordinates �r ,
 ,	�, which
corresponds to the same particle Cartesian coordinates
OP-xyz as the spheroidal coordinates �� ,� ,	�,

Gn,TE
m =

1

Nmn
�

r=0,1




�gr+	m	,TE
m 2�r + 2	m	�!

�r + 	m	��r + 	m	 + 1�r!
dr

	m	n�cI� ,

�5�

Gn,TM
m =

1

Nmn
�

r=0,1




�gr+	m	,TM
m 2�r + 2	m	�!

�r + 	m	��r + 	m	 + 1�r!
dr

	m	n�cI� ,

�6�

where the prime sign in the sum symbol indicates a summa-
tion which starts from � 0

1
� over the � even

odd
� indices of r when

�n−m� is � even
odd

� and dr
	m	n�cI� are the expansion coefficients of

the angular functions Smn in the prolate spheroidal coordi-
nates normalized by Nmn,

Nmn = �
r=0,1




�
2�r + 2	m	�!

�2r + 2	m	 + 1�r!
�dr

	m	n�cI��2. �7�

For a given set of incidence and polarization angles
��bd,Fbd�, the spherical BSCs in Eqs. �5� and �6�, gn,TE

m and
gn,TM

m can be evaluated �46� from the following triple inte-
grals on the r components of the incident electromagnetic
fields, Er

�i� and Hr
�i�, in spherical coordinates,

gn,TM
m =

�2n + 1��− i�n+1

2�2

�n − 	m	�!
�n + 	m	�!
0




kIrzn�kIr�

0

2�

exp�

− im	�

0

� Er
�i��r,
,	�

E0
Pn

	m	�cos 
�sin 
d
d	d�kIr� ,

�8�

gn,TE
m =

�2n + 1��− i�n+1

2�2

�n − 	m	�!
�n + 	m	�!
0




kIrzn�kIr�

0

2�

exp�

− im	�

0

� Hr
�i��r,
,	�

H0
Pn

	m	�cos 
�sin 
d
d	d�kIr� ,

�9�

where Pn
m are the associated Legendre functions of the first

kind with Ferrer’s definition �47�.

Once the spheroidal BSCs are obtained, the scattering co-
efficients �An

m ,Bn
m� can be determined �46� from the boundary

conditions ensuring the continuity of the tangential compo-
nents of the electric and magnetic vectors across the surface
of the spheroid �=�0.

It is necessary to note that in Eqs. �1� and �2�, Mmn
�i� and

Nmn
�i� , the spheroidal vector functions describing the incident

fields are associated with Rmn
�1�, the radial functions of the first

kind �48� which are finite at the origin of the spheroidal
coordinates �c�=0�. In Eqs. �3� and �4�, Mmn

�3� and Nmn
�3�, the

spheroidal vector functions describing the scattered field are
associated with Rmn

�3�, the radial functions of the third kind
�48� ensuring us that the scattered wave becomes a diverging
spherical wave when the spheroidal radial coordinate � tends
to infinity.

B. Radiation pressure

The RPF exerted by the beam on the particle is propor-
tional to the net momentum removed from the incident
beam. If we use the radiation pressure cross sections �RPCS�
Cpr,x, Cpr,y, and Cpr,z, to characterize the transverse �along the
x and y axes� and longitudinal �along the z axis� components
of RPF, respectively, they can be related to the integral of the
absorption cross section, Cabs, by �26�

Cpr,x = cmFx = sin 
 cos 	Cabs, �10�

Cpr,y = cmFy = sin 
 sin 	Cabs, �11�

Cpr,z = cmFz = cos 
Cabs, �12�

where cm denotes the light speed in the surrounding medium
and Fx, Fy, and Fz denote the three components of RPF along
the x, y, and z axes, respectively.

Since the time-averaged Poynting vector S can be ob-
tained from the incident and scattered electromagnetic fields
outside the particle as follows �49�:

S =
cm

8�
�E�i� � H�i�,* + E�s� � H�s�,* + E�i� � H�s�,* + E�s�

� H�i�,*� , �13�

and the energy absorbed by the particle is minus the integral
result of the Poynting vector over a closed surface around the
particle, we have the following integral for the absorption
cross section:

Cabs = − Re�
 

�

�E�s� � H�s�,* + E�i� � H�s�,* + E�s�

� H�i�,*� · ndS� , �14�

where S may denote a spherical surface of a sphere with
radius r, containing the particle and centered at a point inside
the particle, n is the unit outward normal with respect to S,
Re denotes the real part of the integral values and the asterisk
denotes the complex conjugate. Note that the integral value
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of the first term of the Poynting vector �Eq. �13�� over a
closed surface of the particle is zero.

When the spheroidal radial coordinate � tends to infinity
��→
�, the spheroidal surface characterized by the spheroi-
dal radial coordinate � becomes a spherical one �c� tends to
kr and � tends to cos 
� and the radial components of the
spheroidal vector wave functions become zero. Using such a
spherical surface to perform the integral of Eq. �14�, we have
the following integral expression for Cabs:

Cabs = 

0

� 

0

2� 1

2
Re�E	

�i�H�
�s� + E	

�s�H�
�i�* − E�

�i�H	
�s� − E�

�s�H	
�i�*

− E�
�s�H	

�s�* + E	
�s�H�

�s�*�r2 sin 
d
d	 . �15�

Substituting Eq. �15� into Eqs. �10�–�12� yields the following
expressions of RPCS:

Cpr,x = 

0

� 

0

2� 1

2
Re�E	

�i�H�
�s� + E	

�s�H�
�i�* − E�

�i�H	
�s� − E�

�s�H	
�i�*

− E�
�s�H	

�s�* + E	
�s�H�

�s�*�r2 sin2 
 cos 	d
d	 , �16�

Cpr,y = 

0

� 

0

2� 1

2
Re�E	

�i�H�
�s� + E	

�s�H�
�i�* − E�

�i�H	
�s� − E�

�s�H	
�i�*

− E�
�s�H	

�s�* + E	
�s�H�

�s�*�r2 sin2 
 sin 	d
d	 , �17�

Cpr,z = 

0

� 

0

2� 1

2
Re�E	

�i�H�
�s� + E	

�s�H�
�i�* − E�

�i�H	
�s� − E�

�s�H	
�i�*

− E�
�s�H	

�s�* + E	
�s�H�

�s�*�r2 sin 
 cos 
d
d	 . �18�

Moreover, the � and 	 components of the spheroidal vector
wave functions describing the incident and scattered waves
have the following asymptotic behaviors as �→
:

Mmn,�
�i� = −

1

2

�− i�neikIr

kIr
− ine−ikIr

kIr
�mS	m	n�cI,cos 
�

sin 

exp�im	� ,

�19�

Mmn,	
�i� = −

1

2

�− i�n+1eikIr

kIr

+ in+1e−ikIr

kIr
�dS	m	n�cI,cos 
�

d

exp�im	� , �20�

Nmn,�
�i� = −

1

2

�− i�neikIr

kIr
− ine−ikIr

kIr
�dS	m	n�cI,cos 
�

d

exp�im	� ,

�21�

Nmn,	
�i� = −

1

2

�− i�n+1eikIr

kIr

+ in+1e−ikIr

kIr
�mS	m	n�cI,cos 
�

sin 

exp�im	� , �22�

Mmn,�
�s� = − �− i�neikIr

kIr

mS	m	n�cI,cos 
�

sin 

exp�im	� , �23�

Mmn,	
�s� = − �− i�n+1eikIr

kIr

dS	m	n�cI,cos 
�

d

�exp�im	� ,

�24�

Nmn,�
�s� = − �− i�neikIr

kIr

dS	m	n�cI,cos 
�

d

exp�im	� , �25�

Nmn,	
�s� = − �− i�n+1eikIr

kIr

mS	m	n�cI,cos 
�

sin 

exp�im	� , �26�

where the angular functions Smn are calculated from the fol-
lowing infinite series of the Legendre functions �48�,

Smn�cI,cos 
� = �
r=0,1




�dr
mn�cI�Pm+r

m �cos 
� . �27�

Substituting Eqs. �19�–�26� into the corresponding � and 	
components of the incident and scattered fields expressed by
Eqs. �1�–�4�, using Eqs. �16�–�18� and invoking the orthogo-
nality relations listed in the Appendix for the generalized

angular functions
Smn�cI,cos 
�

sin 
 , their derivatives
dSmn�cI,cos 
�

d
 , as
well as the exponentials exp�im	�, the following analytical
expressions of RPCS can be obtained after a great deal of
algebra:

Cpr,x =
�2

4�
�
p=1

+


�
n=p−1�0

+


�
n�=p

+


Re�Lnn�
p−1�2Unn�

p−1 − Snn�
p−1�

+ Ln�n
−p �2Un�n

−p − Sn�n
−p � + iMnn�

p−1�2Vnn�
p−1 − Tnn�

p−1�

+ iMn�n
−p �2Vn�n

−p − Tn�n
−p �� , �28�

Cpr,y =
�2

4�
�
p=1

+


�
n=p−1�0

+


�
n�=p

+


Im�Lnn�
p−1�2Unn�

p−1 − Snn�
p−1�

+ Ln�n
−p �2Un�n

−p − Sn�n
−p � + iMnn�

p−1�2Vnn�
p−1 − Tnn�

p−1�

+ iMn�n
−p �2Vn�n

−p − Tn�n
−p �� , �29�

Cpr,z =
�2

4�
�

p=−


+


�
n=	p	�0

+


�
n�=	p	�0

+


Re�Jnn�
p �Onn�

p + Pnn�
p �

+ ipKnn�
p �Qnn�

p − Rnn�
p �� , �30�

where Jnn�
p −Mnn�

p are expressed by Eqs. �A9�–�A12� in the
Appendix and Onn�

p −Vnn�
p are given by
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Onn�
p = Gn,TM

p An�
p,* + Gn�,TM

p,* An
p − 2An

pAn�
p,*, �31�

Pnn�
p = Gn,TE

p Bn�
p,* + Gn�,TE

p,* Bn
p − 2Bn

pBn�
p,*, �32�

Qnn�
p = Gn,TE

p An�
p,* + Gn�,TM

p,* Bn
p − 2An�

p,*Bn
p, �33�

Rnn�
p = Gn,TM

p Bn�
p,* + Gn�,TE

p,* An
p − 2An

pBn�
p,*, �34�

Snn�
p = An

pGn�,TM
p+1,* + An�

p+1,*Gn,TM
p + Bn

pGn�,TE
p+1,* + Bn�

p+1,*Gn,TE
p ,

�35�

Tnn�
p = Bn

pGn�,TM
p+1,* + Bn�

p+1,*Gn,TE
p − An

pGn�,TE
p+1,* − An�

p+1,*Gn,TM
p ,

�36�

Unn�
p = An

pAn�
p+1,* + Bn

pBn�
p+1,*, �37�

Vnn�
p = An�

p+1,*Bn
p − An

pBn�
p+1,*. �38�

III. NUMERICAL CALCULATIONS

Relying on the theory developed in the preceding part of
the paper, this section presents some numerical results. Ex-
cept for the red blood cell levitated by the beam from a
sapphire laser used for the numerical simulation of the “Op-
tical Stretcher” in Sec. III B, the particle used for calculation
in the remaining parts is the slightly volatile silicone oil of
refractive index m̂=1.5 �50�. It is levitated in the air by the
beam from an argon-ion laser having the wavelength �0
=0.5145 �m �51�.

Since the prolate and oblate spheroids are formed by ro-
tating an ellipse around its major axis, and minor axis respec-
tively, these two axes are the symmetrical axes for the pro-
late and oblate spheroids, respectively. When the beam
propagates parallelly to the symmetrical axis of the spheroid,
the end-on incidence is brought in and when it propagates
vertically to the symmetrical axis, the side-on incidence is
brought in. For the end-on incidence, when using the projec-
tion radius R to characterize the projection area of the spher-
oid, we have R=b for the prolate spheroid and R=a for the
oblate one. Such a radius can be related to the size parameter
by cI=kIR��a /b�2−1 for the prolate spheroid and by cI

=kIR�1−1/ �a /b�2 for the oblate one. The influence of the
particle size characterized by R on the RPF is to be studied
for a given axis ratio a /b. To study RPF in the experiment of
the “Optical Stretcher,” the RPCS will be calculated for a
given volume of a soft and spherical red blood cell �RBC�
acted on by two counter-propagating laser beams and de-
formed to the spheroidal shape. Besides, influences of the
incidence and polarization angles as well as the beam center
location will also be studied in the present section.

Since the description of the beam is significant for the
RPF calculation in some cases �52�, here it is necessary to
point out that throughout the present section, Davis first or-

der approximation �53� is used to describe the electromag-
netic beams. Additionally, because of its high efficiency, the
localization approximation method �54,55� is used for BSCs
evaluation when the end-on incidence is involved and the
electric field of the beam is polarized in the OP-xz plane
��bd=�bd=0�. While in other cases, the classical localiza-
tion principle has been found inapplicable �56�, therefore
quadrature method �57� is used instead.

A. Radiation pressure force versus particle size

In this section, we predict the radiation pressure exerted
on a spheroid by an end-on incident plane wave. Both prolate
and oblate spheroids are used for calculation. The results are
compared to those obtained by the GLMT for the spherical
particle of an exact axis ratio a /b=1.0. With the resolution
being �R�2.5�10−4 �m, 8000 equidistant points within
the interval 0.1 �m�R�2.0 �m are used in RPCS calcula-
tion, since in such a range it is easier to recognize the posi-
tion difference of the resonances between a spheroid and a
sphere.

As indicated in Fig. 3, when compared to the RPCS curve
versus the particle size for the sphere, the RPCS curve for the
prolate spheroid of the axis ratio a /b=1.01 has a backward
and downward shift. Such a shift becomes upward and for-
ward for the oblate spheroid of the same axis ratio. More-
over, these shifts are enlarged when the spheroid deviates
more from the sphere, e.g., a /b=1.1, as shown by Fig. 4
�note that for the clarity of Fig. 4, the RPCS curves of the
prolate and oblate spheroids have been offset by the factors
2�10−12 and −2�10−12, respectively�. After a careful iden-
tification, we can find in Fig. 4 that when the sphere changes
to the prolate spheroid, the points A2, B2, and C2 on the
RPCS curve shift to A3, B3, and C3, respectively, which im-
plies an inward compression of the RPCS curve of the
sphere. In contrast, when the sphere changes to the oblate
spheroid, the outward stretching is brought in and in this case
the points A2, B2, and C2 are found to shift to A1, B1, and C1,
respectively. Comparison of the distance between the two
points A1 and A2 �or A2 and A3� to that between B1 and B2 �or
B2 and B3� shows that large particles have more obvious shift
than small ones. Comparison of the RPCS values at the
points corresponding to the same order of the resonances
shows that the resonance strength is enhanced by the oblate
spheroid but is reduced by the prolate one. Comparison of
the RPCS curves in Fig. 4 to those in Fig. 3 shows that for
the prolate spheroid increasing its axis ratio makes the reso-
nances weaker in strength, narrower in width and more dif-
ficult to identify. But for the oblate spheroid, increasing the
axis ratio makes the resonances stronger, wider and easier to
identify. Besides, as for the spherical particle, increasing the
size of the spheroid makes the resonances stronger but nar-
rower.

B. Radiation pressure force versus axis ratio

In the preceding section, we keep constant the axis ratio
of the spheroid and discuss the behavior of the RPCS curves
versus the particle size. In this section, the volume of the
particle is to be given and kept constant during the deforma-
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tion of a spherical particle to a spheroidal one. In this way,
we numerically simulate the experiment of the “Optical
Stretcher” �41� for a RBC acted on by two end-on incident

counter-propagating Gaussian beams of TEM00 mode. These
two beams are identical except for the opposite propagation
directions. The RBC is located where beam sections are
identical. Provided that the hemoglobin filled in the soft
RBC is incompressible, its volume will not change in the
process of deformation.

As described in Ref. �41�, such a spherical RBC of radius
R=3.32 �m �volume V0=153.3 �m3� and refractive index
m̂2=1.380 is in a buffer of refractive index m̂1=1.335. A

FIG. 3. Comparison of the longitudinal RPCS Cpr,z exerted by a
plane wave on the spheroid of axis ratio a /b=1.01 to that on the
sphere. The incidence and polarization angles of the plane wave are
assumed to be 0°. The particles have the same relative refractive
index m̂=1.5. The dashed curve is for the prolate spheroid of
semiminor axis length equal to the radius of the projection area
�R=b� and the dashed-doted curve is for the oblate spheroid of
semimajor axis length equal to the radius of the projection area
�R=a�. The results are compared with GLMT radiation pressure
predictions for the sphere of radius R. �1� �a� is for 0.1 �m�R
�0.8 �m; �2� �b� is for 0.8 �m�R�1.5 �m; �3� �c� is for
1.5 �m�R�2.0 �m.

FIG. 4. Same as Fig. 3 but for the axis ratio a /b=1.1. �1� �a� is
for 0.1 �m�R�1.0 �m; �2� �b� is for 1.0 �m�R�1.5 �m; �3�
�c� is for 1.5 �m�R�2.0 �m. For clarity and convenient identi-
fication, the RPCS curves of the prolate and oblate spheroids have
been offset by the factors 2�10−12 and −2�10−12, respectively.
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cw-Ti: sapphire laser is used to produce the beam of wave-
length �0=0.785 �m. The beam is assumed to be extremely
focused to the waist radius �0=0.5�0 and its center OB is
located on the z axis. The ratio of the local waist radius to the
particle radius is 1.10 �� /R=1.10�. We calculate the RPCS
for the axis ratio 1.00�a /b�1.23, corresponding to the lin-
ear expansions along the z axis of 0��z0�0.8 �m and the
linear contraction along the y axis of 0��y0�0.6 �m �41�.
As indicated by the solid curve in Fig. 5, the longitudinal
RPCS, Cpr,z, presents a linearly increasing relationship with
the growth of the axis ratio a /b. Its absolute value rises from
3.45�10−15 m2 for a /b=1.00 to 4.17�10−15 m2 for a /b
=1.23. This means that for an “Optical Stretcher” with a
given beam power, the RPF exerted on the RBC will gradu-
ally increase by 20% when it is deformed from a sphere to a
prolate spheroid of a /b=1.23. Since a normal RBC has the
radius between 3 �m and 4 �m, in Fig. 5, we also plot the
RPCS curves for the RBCs of the radii R=3.00 �m,
3.64 �m, and 3.96 �m, respectively. These cells are still as-
sumed to be located at the position � /R=1.1. Their RPCS
curves show a similar increase. Therefore we may suppose
that, in the experiment of the “Optical Stretcher” using ex-
tremely focused beams, the linear deformation of a spherical
RBC is not only the contribution of the beam power increas-
ing but also the contribution of particle shape changing itself
during the deformation. Note should be paid to the fact that,
for the RBC of radius 3.32 �m, when the linear expansion

along the z axis ��z0=2�a� increases from 0 to 0.8 �m and
the linear contraction along the y axis ��y0=2�b� increases
from 0 to 0.6 �m �corresponding to a /b=1.23�, the volume
of the particle decreases from the original value V0
=153.3 �m3 to V1=142.1 �m3, which means the deviation
error increasing from 0% to 7.3%. This is contradictory to
the constant volume assumption during the deformation and
means that the spheroidal model is more appropriate for a
slightly deformed RBC. It has been found that �58�, when a
RBC deviates much from the spherical shape, only its two
ends possess the shape partly similar to their counterparts of
a spheroid, while the shape of its middle part is more ap-
proximate to a cylinder of finite length. Therefore it can be
expected that the less a cell deviates from the spherical
shape, the better it can be modeled by the spheroid.

C. Radiation pressure force versus incidence and polarization
angles

For a sphere, due to its spherical symmetry, once it is
located on the beam axis the RPF keeps a constant value in
the beam propagation direction for all incidence angles �bd
and polarization angles �bd. However, this is not in general
the case for the spheroidal particle due to its unique sym-
metrical axis along the z axis. Further on, at an oblique inci-
dence angle, different polarization angles also imply differ-
ent ray trajectories inside the spheroid so that the resultant
RPF should change accordingly. In this section we exemplify
that RPF on a spheroid is affected by both incidence and
polarization angles of the beam. When the spheroid with an
arbitrary location and orientation in the beam moves toward
the beam center OB, rotation might happen. In this case, we
need to evaluate the RPF versus the angles �bd and �bd,
respectively.

First, let a TEM00 circular Gaussian beam incident on a
prolate spheroid at different incidence angles within �0°,
90°�. Such a range is representative for the characterization
of the influence of the incidence angle on the RPF. The
RPCS for 90° ��bd�180° is identical to its counterpart
corresponding to 180°−�bd except for an opposite sign for
Cpr,z. And the RPCS for −180° ��bd�0° is identical to its
counterpart corresponding to −�bd, except for an opposite
sign for Cpr,x. A Gaussian beam of waist radius �0=2� is
used for numerical calculations since generally the highly
focused beam exerts more RPF on the particle along the
beam axis. The polarization angle of the beam is assumed to
be 0° ��bd=0° �. The semiminor axis length and the axis
ratio of the spheroid are equal to 0.5 �m and 2.0, respec-
tively. The centers of the beam and the spheroid are assumed
to coincide with each other so that OB has the coordinates
x0=y0=z0=0 �m in OP-xyz. As can be found in Fig. 6�a�,
the components of RPCS Cpr,z and Cpr,x change obviously
with the incidence angle �bd and have the maxima 3.4
�10−13 m2 and 5.6�10−13 m2, respectively, corresponding
to the end-on incidence ��bd=0° � and side-on incidence
��bd=90° � are concerned, respectively. Meanwhile, Cpr,z and
Cpr,x are identical to zero at �bd=90° and 0°, respectively, as
it should. The resultant RPCS, which is calculated from Cpr,z

and Cpr,x by Cpr,resultant=�Cpr,x
2 +Cpr,z

2 �Cpr,y =0 for the current

FIG. 5. Longitudinal RPCS versus the axis ratio for a red blood
cell �RBC� of radii 3.00, 3.32, 3.64, and 3.96 �m, located on the
beam axis with the location characterized by � /R=1.1. The RBC of
refractive index 1.380 is in the buffer of refractive index 1.335, and
is deformed from the spherical shape to the spheroidal one under
the action of two counter-propagating laser beams in the TEM00

mode. The volume of the particle remains constant during the de-
formation. The circular Gaussian beam has a waist radius �0

=0.5�. Note that Cpr,z plotted in Fig. 5 represents the RPCS of beam
A, which propagates in the direction of the positive z axis. The
incidence and polarization angles of the beams are �bd=�bd=0.
Beam B, which has the same axis as beam A but opposite propaga-
tion direction, has RPCS of the same value as beam A but with
opposite sign.
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case�, also changes with the incidence angle and has its
maximum 6.0�10−13 at �48°. Thus, we can conclude that
the RPF value does not keep constant for the different inci-
dence angles. Neither does its direction, as can be found in
Fig. 6�b�: except for their equalities for the end-on or side-on
incidences of the beam ��bd=0° or 90°�, the angle formed by
the direction of the RPF and the z axis, 
, is always larger
than incidence angle of the beam, �bd. As evidenced by other
numerical results not demonstrated in the present paper, we
comment that the more a spheroid deviates from the sphere,
the more the RPCS curve is influenced by the incidence and
polarization angles.

Next, using the same particle and beam, we study the
influence of the polarization angle on the result of RPCS. For
the given incidence angles 0°, 22.5°, 45°, 67.5°, and 90°, the
polarization of the incident wave changes from the TM mode
��bd=0° � to the TE mode ��bd=−90° �. In such a process,
the RPCS curves of Cpr,z, Cpr,x, and Cpr,y versus the polariza-
tion angles are illustrated in Figs. 7�a�–7�c�, respectively.
Evidently, when �bd=0°, Cpr,z keeps constant for all polar-
ization angles, due to the rotational symmetry of the spheroid

FIG. 6. RPCS versus the incidence angle �bd. The polarization
angle �bd is assumed to be 0. The circular Gaussian beam of the
waist radius �0=2� is assumed to illuminate a prolate spheroid of
axis ratio a /b=2.0, with semiminor axis length b=0.5 �m and rela-
tive refractive index m̂=1.5. Note that Cpr,y is equal to zero and
hence is curve is not plotted. �1� In �a� is plotted the RPCS curve
versus �bd, including the longitudinal component of RPCS Cpr,z,
the transverse the Cpr,x, as well as the resultant one; �2� in �b� is
plotted the direction of the resultant RPF �OP-xy plane� exerted on
the spheroid. Note that 
 is formed by the direction of the resultant
RPF and the positive z axis, while �bd is formed by the beam
propagation direction and the positive z axis.

FIG. 7. RPCS versus the polarization angle �bd for five inci-
dence angles �bd=0°, 22.5°, 45°, 67.5°, and 90°. The beam and the
spheroid are the same as in Fig. 6. In �a�, �b�, and �c� are plotted the
curves of Cpr,z, Cpr,x, and Cpr,y versus �bd, respectively. For �bd

=0°, Cpr,x, and Cpr,y are zero and therefore their curves are not
explicitly found in the figures.
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about its semimajor axis. Cpr,z becomes zero when the beam
is tilted to the incidence angle 90°, since in this case the
beam propagates along the x axis in the Cartesian coordi-
nates of the spheroid. For the incidence angle �bd=22.5°,
Cpr,z shows a monotone increasing relationship with the
growth of the polarization angle �bd. Such a tendency of
increasing slows down for �bd=45°. When �bd=67.5°, the
Cpr,z curve versus �bd becomes monotone decreasing. As to
Cpr,x, it grows gradually with the increase of �bd for all in-
cidence angles except when �bd=0°, which corresponds to
the end-on incidence of the beam when no transverse forces
exist. Interestingly enough, the curve of Cpr,y presents a para-
bolic shape for incidence angles �bd=22.5°, 45°, and 67.5°.
The maximum of Cpr,y locates stably at �bd=−45°, as can be
found in Fig. 7�c�. But for the end-on incidence ��bd=0° � or
side-on incidence ��bd=90° �, Cpr,y is equal to zero at all
polarization angles. Considering the ray optics viewpoint,
this is because the two geometrical rays at the same polar-
ization plane and symmetrical about the beam axis have
symmetrical trajectories inside the particle so that they pro-
duce no forces in the y direction. For other incidence angles,
Cpr,y still keeps zero at the polarization angles �bd=0° and
−90°, since in these cases two symmetrical incident rays,
respectively, located at the left-hand and right-hand sides of
OP-xz plane can still be found propagating symmetrically
inside the spheroid so that eventually no forces are
produced in the y direction. However, for a given incidence
angle 0°�bd�90° and at the other polarization angles
−90° ��bd�0°, such a symmetrical propagation does not
exist any longer, therefore Cpr,y happens to be nonzero.

Note should be paid to the fact that the RPCS for
0° ��bd�90° is identical to its counterpart corresponding
to −�bd. Also, the RPCS for 90° ��bd�180° and
−180° ��bd�−90° is identical to its counterpart corre-
sponding to −�bd.

D. RADIATION PRESSURE FORCE VERSUS BEAM
CENTER LOCATION

For on-axis location of the spheroid, under the action of
the longitudinal RPF the spheroid will be attracted toward
the beam center. In such a process, we need to explore the
influence of beam center location OB �x0, y0, z0� on the
RPCS. First, we discuss the case of end-on incidence of the
beam. In this case, the beam center OB is located on the z
axis so that x0=y0=0 �m. We consider a Rayleigh particle
�R��� of R=0.01 �m as an example, which is representa-
tive of RPCS prediction for Rayleigh particles. For both
spherical and spheroidal particles of the same projection ra-
dius R and illuminated by an end-on incident circular Gauss-
ian beam of waist radius �0=� and its electric field polarized
in OP-xz plane, the Cpr,z curves versus z0 show a symmetrical
shape about the point with z0=0 �m and Cpr,z is almost zero,
as can be found in Fig. 8. Meanwhile, the absolute value of
longitudinal RPCS �	Cpr,z	� of the oblate and/or prolate spher-
oid is smaller and/or larger than that of the sphere and in-
creases and/or decreases with the growth of the axis ratio
from 1.0 to 1.2. �These axis ratios can be looked on as
caused by an “Optical Stretcher,” which is discussed in Sec.

III B.� Such a phenomenon is observed for all particles
within the Rayleigh size range. However, it is not always the
case for particles of size beyond the Rayleigh region. For
example, when R=1.0 �m, 	Cpr,z	 at almost all z0 decreases
with the growth of the axis ratios from 1.0 to 1.10, as indi-
cated by Fig. 9. Also, at relatively far location of the beam
center OB from the particle center OP �say, 	z0	�20 �m�, the
curvatures of the beam wavefronts at +	z0	 and −	z0	, which

FIG. 8. Longitudinal RPCS versus the location of Rayleigh par-
ticle along the z axis. The circular Gaussian beam has a waist radius
�0=�. The spheroids have the relative refractive index m̂=1.5 but
different axis ratios a /b=1.1 and 1.2, respectively. The projection
radius of the particles is assumed to be R=0.01 �m so that we have
R=b for the prolate spheroid and R=a for the oblate one. The
incidence and polarization angles of the beams are �bd=�bd=0.

FIG. 9. Longitudinal RPCS versus particle location along the z
axis. The circular Gaussian beam has a waist radius �0=2�. The
spheroids have the same relative refractive index m̂=1.5 but the
different axis ratios a /b=1.05 and 1.10, respectively. The projection
radius of the particles is assumed to be R=1.0 �m so that we have
R=b for the prolate spheroid and R=a for the oblate one. The
incidence and polarization angles of the beams are �bd=�bd=0.
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correspond to the particle located at the converging or di-
verging parts of the beam, respectively, are weak enough to
be looked on as being identical. Therefore a symmetry of the
Cpr,z curve is found with respect to the axis z0=0 �m. Next,
we discuss the case of off-axis incidence of the beam for the
spheroid located in a cross section of the beam center OB
with z0=0 but x0�0 or y0�0. A circular Gaussian beam of
waist radius �0=2�, with the incidence and polarization
angles �bd=�bd=0 illuminates spheroids having the same
projection radius R=1.0 �m but the different axis ratios
a /b=1.00, 1.01, and 1.10. Since the beam center is located
along the x axis, we have y0=z0=0 �m. In this case, the
longitudinal and the transverse RPCS curves, Cpr,z and Cpr,x

versus x0, are plotted in Fig. 10�a� and Fig. 10�b�, respec-
tively. Also, for the beam center located along the y axis
�x0=z0=0 �m�, results of Cpr,z and Cpr,y are plotted in Fig.
11�a� and Fig. 11�b�. We can find from Fig. 10�a� and Fig.
11�a� that, for the same projection radius R=1.0 �m the lon-
gitudinal pressures exerted on the spheroids of axis ratio
a /b�1.1 are less than those exerted on the sphere when the
beam center OB is not close enough to the particle center OP,
say x0�0.32 �m for Cpr,x and y0�0.40 �m for Cpr,y. Mean-
while, as indicated by Fig. 10�b� and Fig. 11�b�, the trans-
verse pressures exerted on the spheroids are less than those
exerted on the sphere once the beam center does not locate
far enough from the particle center, say 0�x0�1.75 �m for
Cpr,x and 0�y0�1.65 �m for Cpr,y.

When the volatile oil is polluted or contains some impu-
rities, the refractive index might have a nonzero imaginary
part. In this case, the influence of the refractive index on

FIG. 10. Transverse RPCS Cpr,x versus the beam center location
along the positive x axis. The circular Gaussian beam of a waist
radius �0=2� is assumed to be incident on spheroids of the same
relative refractive index m̂=1.5 but with different axis ratios a /b
=1.00, 1.01, and 1.10, respectively. The beam center locates on the
x axis so that y0=z0=0 �m. The incidence and polarization angles
of the beam are �bd=�bd=0. The projection radius of the particle is
R=1.0 �m. �1��a� is for the longitudinal RPCS Cpr,z versus x0; and
�2��b� is for the transverse RPCS Cpr,x versus x0. Attention should
be paid to the fact that, in the current case, another transverse
RPCS, Cpr,y, is zero and its curve is not plotted.

FIG. 11. Same as Fig. 10 but for the transverse RPCS Cpr,y

versus the beam center location along the positive y axis. The beam
center OB locates on the positive y axis so that x0=z0=0 �m. �1� �a�
is for the longitudinal RPCS Cpr,z versus y0; and �2� �b� is for the
transverse RPCS Cpr,y versus y0. Attention should be paid to the fact
that, in the current case, another transverse RPCS, Cpr,x, is zero and
its curve is not plotted.
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RPCS should be examined. We use an astigmatic elliptical
Gaussian beam �56� of waist radii along u and v directions
being � and 10�, respectively ��0u=� and �0v=10��. The
locations of the waist radii along the u and v axes are
−0.5 �m and 0.5 �m, respectively �wu=−0.5 �m and wv
=0.5 �m�. The beam is assumed to be incident on a prolate
spheroid of axis ratio a /b=1.5 and semiminor axis length
b=1.0 �m. The real part of the refractive index of the pro-
late spheroids is 1.5 �Re�m̂�=1.5� and its imaginary part
Im�m̂� grows from 0 to 0.1 by steps. For these parameters,
we observe a gradual increase of the Cpr,z curve in Fig. 12.
However, when Im�m̂� further grows to 1.0, a decrease is
observed. Since the influence of the imaginary part of the
refractive index on the behavior of the RPCS curves versus
z0 has been found similar to the one for the Cabs curves, the
explanation can be as follows: when more �less� energy is
absorbed by the particle, more �less� angular momentum is
transferred to the particle so that the longitudinal RPCS be-
comes larger �smaller�.

IV. CONCLUSION

A rigorous theory is developed for calculating the radia-
tion pressure force exerted on a spheroidal particle. The in-
cident beam can be of arbitrary shape, exhibiting known ex-
pressions of electromagnetic fields in Cartesian coordinates
of the spheroid, so that it can be expanded in the associated
spheroidal coordinates and described by a set of beam shape
coefficients �Gn,TE

m ,Gn,TM
m �. Numerical calculations are per-

formed for both prolate and oblate spheroids illuminated by

plane wave or circular and/or elliptical Gaussian beam. To
study the influence of particle shape on the RPF, the results
of RPCS of the spheroids are compared to those of the
spheres. For the plane wave incidence, the RPCS curve ver-
sus the particle size for a prolate spheroid has a backward
and downward shift when compared to the RPCS curve for a
sphere. Such a shift becomes upward and forward for an
oblate spheroid of the same axis ratio as that of the prolate
one. Moreover, the resonance strength of the oblate and/or
prolate spheroid is stronger and/or weaker than that of the
sphere. Also, when the particle is located on the beam axis,
the resultant RPF exerted on the spheroid, unlike on the
sphere, is not always along the beam propagation direction
denoted by the incidence angle �bd. Furthermore, its value
does not remain constant. Besides, altering the polarization
angle can also bring changes to the RPF for a beam of ob-
lique incidence ��bd�0° �. By use of the present theory, our
numerical simulation of the “Optical Stretcher” indicates
that, during the deformation of a RBC acted on by two ex-
tremely focused TEM00 beams with �0=0.5� and given
beam power, the longitudinal RPF exerted on the cell with its
location in the beam characterized by � /R=1.1 linearly in-
creases by 20% when it is deformed from a spherical particle
to a spheroidal one having an axis ratio a /b=1.23.
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APPENDIX

The orthogonality relation for exponentials exp�ip	� is
�47�



0

2�

exp�i�p − p��	�d	 = 2��pp�. �A1�

If we denote �n
m and �n

m as the generalized Legendre func-
tions of Ferrer’s definition as follows �46�:

�n
p =

dPn
p�cos 
�
d


, �A2�

�n
p =

Pn
p�cos 
�
sin 


, �A3�

four orthogonality relations used in the RPF calculation for a
spherical particle have been found as follows �26�:

I3 = 

0

�

��n
	p	�n�

	p	 + p2�n
	p	�n�

	p	�sin 
 cos 
d


=
2�n − 1��n + 1��n + 	p	�!

�2n − 1��2n + 1��n − 	p	 − 1�!
�n�,n−1

+
2�n� − 1��n� + 1��n� + 	p	�!

�2n� − 1��2n� + 1��n� − 	p	 − 1�!
�n,n�−1, �A4�

FIG. 12. Longitudinal RPCS versus z0 for a prolate spheroid of
axis ratio a /b=1.5 and semiminor axis length b=1.0 �m illumi-
nated by an astigmatic elliptical Gaussian beam of waist radii along
u and v directions being � and 10�, respectively ��0u=� and �0v
=10��. The locations of the waist radii �0u and �0v are −0.5 �m
and 0.5 �m, respectively �wu=−0.5 �m and wv=0.5 �m�. The in-
cidence and polarization angles of the beam are �bd=�bd=0. The
five curves correspond to spheroids of different refractive indices
m̂=1.5, 1.5+0.001i, 1.5+0.01i, 1.5+0.1i, and 1.5+ i.
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I4 = 

0

�

��n
	p	�n�

	p	 + �n�
	p	

�n
	p	�sin 
 cos 
d
 =

2�n + 	p	�!
�2n + 1��n − 	p	�!

�nn�, �A5�

I5 = 

0

�

��n
	p	�n�

	p+1	 + p�p + 1��n
	p	�n�

	p+1	�sin2 
d


= �−
2

�2n + 1��2n� + 1�
�n� + 	p	 + 1�!
�n� − 	p	 − 1�!

��n − 1��n + 1��n,n�+1 − �n� − 1��n� + 1��n�,n+1� , p � 0,

−
2

�2n + 1��2n� + 1�
�n − 	p	�!
�n + 	p	�!

��n� − 1��n� + 1��n�,n+1 − �n − 1��n + 1��n,n�+1� , p � 0,� �A6�

I6 = 

0

�

�p�n
	p	�n�

	p+1	 + �p + 1��n�
	p+1	

�n
	p	�sin2 
d
 = �−

2
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�nn�, p � 0,

2

�2n + 1�
�n − 	p	�!
�n + 	p	�!

�nn�, p � 0.� �A7�

Since the spheroidal angular functions Spn�cI , cos 
� can be written as infinite series of the Legendre functions Pn
p�cos 
� as

follows �48�:

Spn�cI,cos 
� = �
r=0,1




�dr
	p	n�cI�P	p	+r

	p	 �cos 
� , �A8�

after some mathematical algebra, Jnn�
p −Mnn�

p , the four orthogonality relations corresponding to I3– I6 but for Spn and Spn� can
also be obtained,

Jnn�
p = 


0

� �dS	p	n�cI,cos 
�

d


dS	p	n��cI,cos 
�

d

+ p2

S	p	n�cI,cos 
�

sin 


S	p	n��cI,cos 
�

sin 

�sin 
 cos 
d


=� �
r=2,1




�
2�	p	 + r − 1��	p	 + r + 1�

�2	p	 + 2r − 1��2	p	 + 2r + 1�
�2	p	 + r�!

�r − 1�!
dr

	p	ndr−1
	p	n�

+ �
r=0,1




�
2�	p	 + r��	p	 + r + 2�

�2	p	 + 2r + 1��2	p	 + 2r + 3�
�2	p	 + r + 1�!

r!
dr

	p	ndr+1
	p	n�, 	n − n�	 = odd,

0, 	n − n�	 = even,
� �A9�

Knn�
p = 


0

� �dS	p	n�cI,cos 
�

d


S	p	n��cI,cos 
�

sin 

+

dS	p	n��cI,cos 
�

d


S	p	n�cI,cos 
�

sin 

�sin 
 cos 
d


= �0, 	n − n�	 = odd,

�
r=0,1




�
2

�2	p	 + 2r + 1�
�2	p	 + r�!

r!
dr

	p	ndr
	p	n�, 	n − n�	 = even,� �A10�
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Lnn�
p = 


0

� �dS	p	n�cI,cos 
�

d


dS	p+1	n��cI,cos 
�

d

+ p�p + 1�

S	p	n�cI,cos 
�

sin 


S	p+1	n��cI,cos 
�

sin 

�sin2 
d


=��
− � �

r=2,3




�
2�	p	 + r − 1��	p	 + r + 1�

�2	p	 + 2r − 1��2	p	 + 2r + 1�
�2	p	 + r�!

�r − 2�!
dr

	p	ndr−2
	p+1	,n��

� − �
r=0,1




�
2�	p	 + r��	p	 + r + 2�

�2	p	 + 2r + 1��2	p	 + 2r + 3�
�2	p	 + r + 2�!

r!
dr

	p	ndr
	p+1	,n�� , 	n − n�	 = odd, p � 0

− � �
r=0,1




�
2�	p	 + r��	p	 + r + 2�

�2	p	 + 2r + 1��2	p	 + 2r + 3�
�2	p	 + r�!

r!
dr

	p	ndr+2
	p−1	,n��

� − �
r=0,1




�
2�	p	 + r − 1��	p	 + r + 1�

�2	p	 + 2r − 1��2	p	 + 2r + 1�
�2	p	 + r�!

r!
dr

	p	ndr
	p−1	,n�� , 	n − n�	 = odd, p � 0,

�
0, 	n − n�	 = even,

� �A11�

Mnn�
p = 


0

� �p
S	p	n�cI,cos 
�

sin 


dS	p+1	n��cI,cos 
�

d

+ �p + 1�

S	p+1	n��cI,cos 
�

sin 


dS	p	n�cI,cos 
�

d

�sin2 
d


=�
0, 	n − n�	 = odd,

�− �
r=2,1




�
2

2	p	 + 2r + 1

�2	p	 + r + 1�!
�r − 1�!

dr
	p	ndr−1

	p+1	,n�, 	n − n�	 = even, p � 0,

�
r=0,1




�
2

2	p	 + 2r + 1

�2	p	 + r�!
r!

dr
	p	ndr+1

	p−1	,n�, 	n − n�	 = even, p � 0.� � �A12�
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