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Electrostriction of anisotropic tissue
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The electrostrictive effects in anisotropic tissue, such as muscle, are interesting and qualitatively different
than in an isotropic material. A striking feature in anisotropic tissue is the presence of a charge distribution,
which is absent in isotropic tissue. This charge interacts with the electric field to give rise to body forces that
deform the tissue. We develop an electromechanical model to investigate how anisotropic tissue deforms due
to an electric field, and find analytical solutions for the pressure and displacement. The distribution of the
pressure and displacement are complex and dependent on the boundary conditions. The effects of electrostric-
tion are small, but comparable in size to pressures and displacements in other imaging modalities that utilize

similar mechanical effects.
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I. INTRODUCTION

The interaction of an electric field with matter is a stan-
dard topic in introductory physics classes, but often little
attention is given to anisotropic materials even though these
materials have unique electrostrictive properties [1-3]. Elec-
trostriction is the presence of forces that deform a material,
caused by electric fields interacting with charges within the
material [4]. This effect is different than piezoelectricity, in
which the electric potential gives rise to a mechanical stress
in some materials.

There has been a significant body of research on electros-
trictive effects in a variety of fields ranging from material
science to biology [5-11]. Liquid crystals [5] involve elec-
trostrictive effects and also display anisotropic electrical
properties. Polymer field-structured composites have poten-
tial applications for fast artificial muscle, while the biological
effects of electric fields on membranes has been investigated
by various groups [10-15]. Kummrow et al. were able to
photograph the reversible deformation of giant lipid vesicles
in electric field strengths as high as 10* V/m [16].

The goal of this paper is to report on the underlying phys-
ics of electrostriction in anisotropic media, with an emphasis
on the anisotropic electric properties of muscle tissue. We
have developed a two-dimensional electromechanical model
that combines Navier’s equation and the equations of elec-
trostatics. The model predicts the pressure, stress, and strain
in response to an electrical field. We present an analytical
solution to a relatively simple example, but we believe that
our mathematical model will be useful in understanding elec-
trostrictive effects in more complicated systems and situa-
tions.

II. METHODS

Consider a cylinder of muscle tissue, which is homoge-
neous and anisotropic with conductivity o, along the muscle
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fibers (x-direction) and o, perpendicular to the fibers
(y-direction). The cylinder has radius a, and is uniform along
its axis (z-direction). We seek an example that is simple
enough to solve analytically, but complicated enough to elu-
cidate the underlying physics. A good compromise is to as-
sume that the potential on the surface of the cylinder is
V,cos 30 (Fig. 1). Outside the cylinder is a homogeneous
isotropic fluid, like saline. How will this material deform?

Before attacking the mechanical problem, we must solve
the electrostatics problem to determine the current density, J,
electric field, E, and charge density, p. The continuity of
current ensures that the divergence of the current density
equals zero

oE JE,
V.- J= L ro,—2=0. 1
I=o ax % dy M

In the anisotropic tissue (o, # o), V-J=0 does not imply
V.E=0. Gauss’s law relates the charge density to the electric
field by p=¢,V-E, where g is the permittivity of free space
[1]. Therefore in anisotropic tissue a charge density exists

V=V cos30

FIG. 1. A schematic diagram depicting a cylinder of anisotropic
material. The gray lines indicate the fiber orientation (direction of
highest conductivity). The black thick curves on the boundary indi-
cate where the potential is positive. The cylinder is uniform and
long in the z-direction.
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that interacts with the electric field to give rise to a force per
unit volume, F

F=pE=¢(V-E)E. (2)

This body force contributes to the mechanical stress in the
medium, causing it to deform. The situation is completely
different in the isotropic fluid, where V-J=0 implies V-E
=0 (or equivalently, V>V=0, where V is the electric poten-
tial); Gauss’s law indicates there is no charge density and
consequently no body force.

Another way to derive the body force is from the Maxwell
stress tensor, 7;;. In electrostatics

1
T= 80<E1'Ej - E@,Ez) > (3)

where §;; is the Kronecker delta [1]. In electromagnetic
theory, the Maxwell stress tensor plays an important, if
somewhat abstract, role related to the momentum flux [1]. In
our calculation, its role is very specific: it creates stress in the
tissue arising from electrostatic forces acting on charge.
Our mechanical model of tissue allows the material to
experience pressure and undergo displacement. The stress

tensor, Tij’

18

Tj=—po;+2ue;+ Ty, 4)

where p is the hydrostatic fluid pressure, g;; is the strain
tensor, and u is the tissue shear modulus. This stress tensor is
similar to that in the fluid-fiber-collagen model derived by
Chadwick and his colleagues [17-20]. The divergence of Eq.
(4) gives Navier’s equation that describes the elastic state of
the medium in static equilibrium, and says that the sum of
the forces is zero. Navier’s equation in polar coordinates is

[21]

%) de 1de g, —&
——p+2,u<—"+——’0+"—00)+F,=0, (3)
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The displacement of the tissue, u=(u,,uy), is related to the
strain tensor by [21]

; 060  or r
(7)

We assume that the tissue is incompressible (V-u=0), which
implies that the displacement can be specified by a stream
function ¢, a scalar function whose spatial derivatives give
the displacement vector [21]

1oy o
T a0 T g ®

1du 1(10u, duy u
ar r 2

u,

These relationships allow the solution of Navier’s equation
to be stated in terms of two scalar functions: the pressure and
the stream function. The uniqueness of these solutions will
depend on the boundary conditions [22].
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FIG. 2. Electric field (arrows) and potential (contour lines, with
light gray lines positive and dark gray lines negative) in and around
the cylinder. The material is anisotropic, with A=0.69.

III. RESULTS

The potential inside (r<a) and outside (r>a) the cylin-
der is given by

a\3
Veoulr, 0) = Vo<—> cos 36, 9)
r

Vin(r, 6) = VU{AKK) - (£>3]cos 0+ (£>300s 30},
a a a

(10)

A=3<ﬁ—1)/(39+1>. (11)
O'y O'y

In the case of isotropic material, =0, so A=0. For a highly
anisotropic material, o>, and A approaches one. A typi-
cal value of o/, for muscle is about 4, implying A =0.69.
The potential and electric field are shown in Fig. 2.

The charge per unit volume inside the anisotropic tissue is

where

%
pi(r,0) = £,V - E = L2"30(8A)(5)cos 0,  (12)
a a

and the charge density outside, in the isotropic fluid, is zero.
pin 18 proportional to x=r cos 6, and is positive on the right
side of the cylinder and negative on the left. The charge
density and current density are shown in Fig. 3. The charge
per unit area, s, on the cylinder surface is
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FIG. 3. The current density (arrows) and charge density (contour
lines, with light gray lines positive and dark gray lines negative) in
the cylinder. The material is anisotropic, with A=0.69.
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s(r,0) = 80<

r=a

\%
:so<;0>[6 cos 36— 2A cos 6]. (13)

The source of this surface charge is whatever outside agent
maintains the potential on the cylinder boundary, such as an
electrode or set of electrodes. The surface charge experiences
a force analogous to the force attracting the two plates of a
capacitor. It is a source of stress in the cylinder even when
the material is isotropic.

The body force is given by

o a2 -]t

#\3 F\3
X(—) }cos 20—12A(—> cos46(, (14)
a a
V2 { F\3
Fo=—% |:4A < )+4A(3 A)(—) ]sin20
a a
3
+ 12A<f) sin40}, (15)
a

and is shown in Fig. 4.

The solution to the mechanical problem depends on the
boundary conditions, and we consider two cases: a fixed and
a free boundary. A fixed boundary requires the stream func-
tion and its radial derivative to be equal to zero at the edge of
the cylinder. The pressure and stream functions that satisfy
Navier’s equation with these boundary conditions are

pa=e a2 2o - (2520
JRCCEE RS
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FIG. 4. The body force in the cylinder. The material is aniso-
tropic, with A=0.69.

2 2 6
== (A (1o 1) [ g
(17)

The displacement and pressure are depicted in Fig. 5. The
prominent feature is the alternating clockwise and counter-
clockwise displacement loops in the four quadrants. In an
isotropic material, p and ¢ both vanish.

A free boundary requires that the components of stress 7,,
and 7,4 be continuous at r=a

1 Py 1a¢)
=—p-2ul - -S—|+T,;=T,,, (18
Tp==p M(Mr(w 25g) t Tmi=Tmo (18)
L&y Py 1a¢>
= T0i=Tro (19
Tro (r (902 07},.2 ro + r6,i = Lréo ( )

where T};; and T}; , are the Maxwell stress tensors inside and

outside the cylinder. The solution to Navier’s equation with
these boundary conditions is

pn= o5 25 o (4o

I s A

_9(2) 00560}
(-5
) o1

L3l -3 Jmer]

The displacement of anisotropic tissue for a free boundary

(20)

-
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21
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FIG. 5. The displacement (arrows) and pressure (contour lines,
with light gray lines positive and dark gray lines negative) for a
fixed boundary. The material is anisotropic, with A=0.69. (a) The
entire cylinder cross section and (b) one quadrant is expanded to
show the detail.

retains a mixture of clockwise and counterclockwise dis-
placement loops but is more complicated than for a fixed
boundary. Figure 6(a) shows the pressure and displacement
of isotropic tissue. The surface charge interacts with the elec-
tric field to give rise to nonzero pressure and displacement,
which vanish for a fixed boundary. The displacement and
pressure for anisotropic tissue are shown in Fig. 6(b).

IV. DISCUSSION

We have developed an electromechanical model for cal-
culating the electrostrictive deformation of anisotropic tissue
and used this model to calculate the pressure and displace-
ment in a cylinder of muscle. The distribution of displace-
ment and pressure is complex and depends on the boundary
conditions. An electric field induces a strain but, unlike pi-
ezoelectricity, a strain does not induce an electric field. This
strain has nothing to do with a muscle’s ability to contract
via the interaction of actin and myosin fibers, and it would
occur in any anisotropic medium, biological or not.
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FIG. 6. The displacement (arrows) and pressure (contour lines,
with light gray lines positive and dark gray lines negative) for a free
boundary. Only one quadrant is shown. (a) The material is isotropic
and (b) the material is anisotropic with A=0.69.

Our mechanical model is motivated by the fluid-fiber-
collagen model of cardiac tissue [17-19]. In our calculation
we make several assumptions.

(1) Strains are small enough for a linear model of
elasticity.

(2) The tissue is in quasistatic mechanical equilibrium.

(3) The tissue is incompressible.

(4) The fibers are straight and parallel to one another.

(5) Electrical conductivities are anisotropic while the me-
chanical properties (shear modulus) are isotropic.

Although some of these assumptions are probably accurate
(e.g., quasistatic mechanical equilibrium, incompressible me-
dium, and small strains), the simple fiber geometry and iso-
tropic mechanical properties are a significant simplification
of the structure of a real muscle. We assumed an isotropic
mechanical model because we desired an analytical solution
of the problem to best illustrate the underlying physics, and
anisotropic mechanical problems are notoriously difficult to
solve analytically. Our model yields solutions for the pres-
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sure and displacement. The analytical expressions demon-
strate at a glance how electrostriction depends on the param-
eters of the model. Solutions to more realistic situations will
require the adoption of numerical methods. Our analytic so-
lutions will be useful in validating such numerical solutions.

Electrostrictive effects are small. Pressures are on the or-
der of gyE?, where E is the electric field (V/m) and g,
=8.85X107'2 Pa/(V/m)? [1]. Displacements caused by
electrostriction are on the order of (eoEa)/ u where a is the
length characteristic of the particular problem (m) and w is
the shear modulus of the tissue (Pa). Because g, is small, E
must be large before the pressure and displacement are sig-
nificant. What biomedical applications require large electric
fields? Defibrillation, electroporation, tissue ablation, elec-
troconvulsive therapy, and potentially artificial muscle all use
large fields. Transthoracic defibrillation often produces elec-
tric field strengths of up to 3000 V/m [23-25], and the elec-
tric field near the electrode tip of an implantable defibrillator
is even higher, probably on the order of 10* V/m. Electric
fields of this magnitude may produce a measurable deforma-
tion due to electrostrictive effects.

The maximum magnitudes of the displacement and pres-
sure in our model with a fixed boundary are |p(r,6)|=5.0
X107 Pa, |u(r,0)|,=1.3%X10""2m, and with a free
boundary are |p(r,0)|=12X10"*Pa, |u(r,0)|p=1.1
X 107!% m. These calculations were done assuming a poten-
tial of 20 V over a=0.005 m, o-x/(ry:4, and a shear modu-
lus, u, of 5000 Pa [19]. The use of a 40 V/cm voltage gra-
dient is consistent with electric fields used in transthoracic
defibrillation studies [23]. The displacements and pressures
are small but measurable. Yimnirun et al. use a single beam
interferometer to measure 107* A displacements [26]. Xu
and He indicate in mPa pressures are measurable with cur-
rent acoustic detectors [27].

The magnitudes of the displacement and pressure are pro-
portional to the square of the applied voltage. This nonlin-
earity arises because both the electric field and the charge are
proportional to the voltage, and their product is the body
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force. If the voltage is alternating, proportional to cos(wi),
then the pressure and displacement will be proportional to
cos’*(wt)=[1+cos(2wt)]/2. Thus an ac voltage will cause a
dc pressure and an ac pressure at twice the applied fre-
quency. If the frequency is too large, our assumption of qua-
sistationarity will no longer hold. Electrically, quasistationar-
ity means that all currents and fields behave as if they are
static, implying that we can ignore electromagnetic radiation,
Faraday induction, and capacitive effects [28]. Mechanically,
quasistationarity means that we can ignore acoustic waves.

Electrostrictive effects are comparable to similar me-
chanical effects in imaging modalities such as magnetoa-
coustic imaging, in which one measures ultrasonic vibration
to image the electric current in biological tissue [29-32]. A
similar modality, magnetoacoustic tomography with mag-
netic induction (MAT-MI), is a combination of magnetoa-
coustic imaging and magnetic induction that combines
pulsed magnetic stimulation with sonography to noninva-
sively image the electrical impedance of samples [27,33].
Magnetic resonance techniques have been used to measure
the elastic properties of tissue. Dubbed magnetic resonance
elastography (MRE), this technique utilizes a phase contrast
method to visualize propagating strain waves in material
[34-36]. Lorentz force imaging maps the electric current dis-
tribution in biological material. An ultrasonic wave causes
ions to move in the tissue, and in the presence of a dc mag-
netic field, these ions experience a Lorentz force which gives
rise to a local current density proportional to the electrical
conductivity [37-40]. All of these imaging techniques illus-
trate the ability of many experimentalists to measure small
effects, and for each modality electrostrictive effects may
contribute to the measured signal.
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