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We study, using numerical simulations, the dynamical evolution of self-gravitating point particles in static
Euclidean space, starting from a simple class of infinite “shuffled lattice” initial conditions. These are obtained
by applying independently to each particle on an infinite perfect lattice a small random displacement, and are
characterized by a power spectrum �structure factor� of density fluctuations which is quadratic in the wave
number k, at small k. For a specified form of the probability distribution function of the “shuffling” applied to
each particle, and zero initial velocities, these initial configurations are characterized by a single relevant
parameter: the variance �2 of the “shuffling” normalized in units of the lattice spacing �. The clustering, which
develops in time starting from scales around �, is qualitatively very similar to that seen in cosmological
simulations, which begin from lattices with applied correlated displacements and incorporate an expanding
spatial background. From very soon after the formation of the first nonlinear structures, a spatiotemporal
scaling relation describes well the evolution of the two-point correlations. At larger times the dynamics of these
correlations converges to what is termed “self-similar” evolution in cosmology, in which the time dependence
in the scaling relation is specified entirely by that of the linearized fluid theory. Comparing simulations with
different �, different resolution, but identical large scale fluctuations, we are able to identify and study features
of the dynamics of the system in the transient phase leading to this behavior. In this phase, the discrete nature
of the system explicitly plays an essential role.
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I. INTRODUCTION

The problem of the evolution of self-gravitating classical
particles, initially distributed very uniformly in infinite
space, is as old as Newton. Modern cosmology poses essen-
tially the same problem as the matter in the universe is now
believed to consist predominantly of almost purely self-
gravitating particles—so-called dark matter—which is, at
early times, indeed very close to uniformly distributed in the
universe, and at densities at which quantum effects are com-
pletely negligible. Despite the age of the problem and the
impressive advances of modern cosmology in recent years,
our understanding of it remains, however, very incomplete.
In its essentials, i.e., stripped of the full detail of current
cosmological models, it is a simple well-posed problem of
out of equilibrium statistical mechanics1. In this context,

however, it has been relatively neglected, primarily because
of the intrinsic difficulties associated with the attractive long-
range nature of gravity and its singular behavior at vanishing
separation. In recent years there has, however, been renewed
interest �see, e.g., �2�� in the physics of systems with long-
range interactions, in which context self-gravitating systems
are one of the paradigmatic examples �for a review, see, e.g.,
�3��. A considerable amount of work on these systems in this
context has focused on finite systems �see, e.g., �4–7��—in
which, in certain cases, some of the instruments of equilib-
rium statistical mechanics may be applied2—and on more

1Strictly speaking it is not actually known whether the problem is
well-controlled without a regularization of the singularity in the
gravitational force at r=0 �see, e.g., �1� for a recent discussion and
list of references�. In practice, in numerical simulation, there is no
intrinsic problem in implementing the N-body gravitational dynam-

ics without such a regularization for typical initial conditions �i.e.,
in which particles are not placed initially at the same point�. In the
numerical simulations reported here, as in cosmological simula-
tions, we do, however, use such a regularization. This is done solely
for numerical efficiency, and the results analyzed are tested numeri-
cally for their independence of the associated cutoff �see below�.

2We note that in �8,9� a treatment of infinite self-gravitating sys-
tems in the framework of equilibrium statistical mechanics is devel-
oped by considering a “dilute” infinite volume limit, in which N
→� and V→� at N /V1/3=constant, where N is the number of
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tractable one-dimensional models �see, e.g., �11–15��. In cos-
mology perturbative approaches to the problem, which treat
the very limited range of low to modest amplitude deviations
from uniformity, have been developed �see, e.g., �16,17��,
but numerical simulations are essentially the only instrument
beyond this regime. While such simulations constitute a very
powerful and essential tool, they lack the valuable guidance
which a fuller analytic understanding of the problem would
provide. The dynamics of infinite self-gravitating systems is
thus both a fascinating theoretical problem of out of equilib-
rium statistical mechanics, directly relevant both in the con-
text of cosmology and, more generally, in the physics of
systems with long-range interactions.

Approaching the problem in the context of statistical me-
chanics, as we do here, it is natural to start by reducing as
much as possible the complexity of the analagous cosmo-
logical problem. We wish to focus on the essential aspects of
the problem. Thus we consider clustering without the expan-
sion of the universe, and starting from particularly simple
initial conditions. With respect to the motivation from cos-
mology, there is of course a risk: in simplifying we may lose
some essential elements which change the nature of gravita-
tional clustering. Our results suggest that this is not the case.
Even if it were, it seems unlikely that we will not learn
something about the more complex cosmological problem in
addressing this slightly different problem.

Gravitational clustering in an infinite space—static or
expanding—starting from quasiuniform initial conditions, is
intrinsically a problem out of equilibrium. By “quasiuni-
form” initial conditions we mean that the initial state is a
particle distribution—specified, we will assume, by a sto-
chastic point process �18�—which has relative fluctuations at
all scales, of small amplitude above the scale characteristic
of the particle “granularity” and decaying at infinitely large
scales.3 One of the most basic results �see, e.g., �16,17� and
also the appendices to this paper� about self-gravitating sys-
tems, treated in a fluid limit, is that the amplitude of small
fluctuations grows monotonically in time, in a way which is
independent of the scale. This linearized treatment breaks
down at any given scale when the relative fluctuation at the
same scale becomes of order unity, signaling the onset of the
“nonlinear” phase of gravitational collapse of the mass in
regions of the corresponding size. In an infinite space, in
which the initial fluctuations are nonzero and finite at all
scales, the collapse of larger and larger scales will continue
ad infinitum. The system can, therefore, never reach a time
independent state, and in particular it will never reach a ther-

modynamic equilibrium.4 One of the important results from
numerical simulations of such systems in the context of
cosmology is, however, that the system, nevertheless,
reaches a kind of scaling regime, in which the temporal evo-
lution is equivalent to a rescaling of the spatial variables
�21,22�. This spatiotemporal scaling relation is referred to as
“self-similarity.”5 It is observed, however, only starting from
a restricted class of simple initial conditions—we will de-
scribe these in further detail below—and in the specific Ein-
stein de Sitter �EdS� expanding universe �16�. The range of
initial conditions to which it applies has been a point of
discussion in the literature, and theoretical explanations of it
typically restrict it to quite a narrow range of such initial
conditions, and strictly to the EdS expanding universe. To
see whether this kind of simple behavior is reproduced in the
system we study, is thus a first point of interest. It is in fact
the primary focus of this paper.

One comment needs to be made about the use of a static
�Euclidean� space time. The problem of bodies interacting by
their mutual Newtonian self-gravity in the infinite volume
limit, taken at constant mean density, is in fact ill-defined:
the force on a particle depends on how the limit is taken. In
order to remove this ambiguity one adds a negative back-
ground to cancel the contribution of the mean density—the
so-called “Jeans swindle” �see, e.g., �24��. As discussed in
�25�, this is equivalent to taking the limit symmetrically
about each particle on which we calculate the total gravita-
tional force.6 Then only the fluctuations of the density field
generate the gravitational force. In the context of cosmologi-
cal expanding universe solutions, this “swindle” is unneces-
sary as the expansion absorbs the effect of the mean density,
and the perturbations to the co-moving particle trajectories
are indeed sourced only by the fluctuations �see, e.g., �16��.
This modification does not necessarily make the gravitational
force well defined in general: whether it is well defined de-
pends on the nature of the fluctuations in the density field at
large scales. For the case of the shuffled lattice �SL� consid-
ered here, we have studied in detail the properties of the
gravitational force in �25�, and shown the force to be well
defined in the presence of the canceling background.

Previous works in the same spirit as this �27–29� have
treated primarily the very simplest initial condition one can
envisage: Poisson distributed particles with no initial veloc-

particles and V is the volume �see also �10� for a more recent dis-
cussion�. This is not the physically relevant limit for the problem
treated here, as we consider the infinite volume limit taken at con-
stant density, i.e., N→� and V→� at N /V=constant. In this case,
as discussed further below, the system is intrinsically time depen-
dent and never reaches a thermodynamic equilibrium.

3It is also implicit in the phrase “quasiuniform initial conditions in
infinite space” that, as noted above, the infinite volume limit here is
taken at constant particle density, rather than in the “dilute” limit
studied in �8,9�.

4This does, of course, not mean that the instruments of equilbrium
statistical mechanics are completely irrelevant. Saslaw �see �19� and
references therein� notably has developed a treatment of gravita-
tional clustering in an expanding universe which approximates it as
a “quasiequilbrium” in which the thermodynamic variables evolve
adiabatically with the expansion of the Universe. Another more
formal exploration of the usefulness of some standard equilibrium
techniques can be found in �20�.

5Note that this term is here used in a different sense to that com-
monly ascribed to it in condensed matter physics. In this context
“self-similarity” usually implies that the spatial correlations them-
selves have invariance properties under rescaling �see, e.g., �23��.
This is not necessarily the case in the present context.

6See �26� for a very clear discussion of this issue. It is also shown
here that addition of the negative backgound is equivalent to regu-
larizing the problem with a cosmological constant.
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ity. One of the basic results which has been emphasized in
these works is the role of nearest neighbor interactions at
early times in forming structures �see also �30��, giving rise
to nonlinear density-density correlations which are then ob-
served to be reproduced at larger and larger scales as time
evolves. At the same time the effects of amplification at
larger scales—described by the fluid limit in which the
granular structure of the matter is irrelevant—is observed.
When trying to address the basic issue of the relative impor-
tance of these mechanisms, one runs into the limits imposed
by the simple initial conditions: in a Poisson distribution a
single parameter—the particle density, or equivalently mean
interparticle distance—controls both the amplitude of fluc-
tuations and the “granularity” of the mass distribution. This
limitation is one of the major motivations for the different
class of initial conditions we study in this work, developing
further some initial analysis of this case in �29�: we consider
lattices subjected to small random displacements. In this case
there are now two parameters, the interparticle distance �
and the amplitude � of the shuffling. Given the scale free
nature of gravity it is in fact only the dimensionless combi-
nation �=� /� which is physically relevant �while in the case
of Poisson initial conditions there is effectively no free ad-
justable parameter�. When the dynamics of the SL is treated
in the fluid limit, as we will see, configurations with different
� may also be trivially related. In particular we can consider
systems with different � which have different discreteness
properties which are equivalent in terms of their fluid de-
scription. This allows us to understand notably the aspects of
the evolution of the system which can be accounted for in a
description of the dynamics in a fluid limit, and those which
require the discreteness of the system to be explicitly taken
into account. This is an important point as almost all existing
analytic results on infinite self-gravitating systems are de-
rived in this former limit.7 Our initial conditions are similar,
but not identical, to those used in cosmological simulations
of the formation of structure in the Universe. In this context
the initial conditions are usually given by simple cubic lat-
tices, perturbed by correlated displacements, with relative
displacements between nearest neighbor particles which are
small �31�. The displacements are generated in reciprocal
space starting from an input power spectrum �PS�, i.e., what
is usually called the “structure factor” in condensed matter
physics, specifying the desired theoretical density fluctua-
tions.

In this paper we describe systematically basic results on
gravitational dynamics starting from SL initial conditions.
Our principal results are the following:

�i� Evolution from these initial conditions converges, after
a sufficient time, to a “self-similar” behavior, in which the
two-point correlation function obeys a simple spatio-
temporal scaling relation. The time dependence of the scal-

ing �i.e., the quantity analogous to the dynamical exponent in
out of equilibrium statistical mechanics� is in good agree-
ment with that inferred from the linearized fluid approxima-
tion. This result is a generalization of what has been ob-
served, for “redder” initial PS �P�k��kn with n�1�, in
simulations in an EdS universe �21,22,32�.

�ii� Between the time at which the first nonlinear correla-
tions emerge in a given SL and the convergence to this “self-
similar” behavior, there is a transient period of significant
duration. During this time, the two-point correlation function
already approximates well, at the observed nonlinear scales,
a spatiotemporal scaling relation, but in which the temporal
evolution is faster than the asymptotic evolution. This behav-
ior can be understood as an effect of discreteness, which
leads to an initial “lag” of the temporal evolution at small
scales.

�iii� Simulations with different particle numbers, but the
same large scale fluctuations �as characterized by the PS at
small k�, converge after a sufficient time, not only to the
same functional form of the correlation function �with the
self-similar behavior�, but to the same amplitude. This is
further evidence that it is indeed the common large scale
fluctuations alone which determine the amplitudes of the cor-
relations, which are thus independent of the discreteness
scale �. At early times, however, we see manifest difference
between the systems, typically again characterized as a lag of
simulations with larger � �and smaller ��.

�iv� The nonlinear correlations, when they first develop,
are very well accounted for solely in terms of two-body cor-
relations. This is naturally explained in terms of the central
role of nearest neighbor interaction in the build-up of these
first nonlinear correlations.

�v� This two-body phase extends to the time of onset of
the spatiotemporal scaling, and thus the asymptotic form of
the correlation function is already established to a good ap-
proximation at this time. We briefly discuss the significance
of this quite surprising finding.

The paper is organized as follows. In the next section we
briefly define a SL distribution and introduce the main statis-
tical quantities we use in the analysis and their estimators.
We discuss the numerical simulations and their analyses in
Sec. III. Finally in Sec. IV we summarize our mains results
and conclusions, and briefly discuss some of the many open
problems which remain for future investigation.

II. SHUFFLED LATTICES AND STATISTICAL
QUANTITIES

We first describe �Sec. II A� the class of initial conditions
we study. In Sec. II B we define the statistical quantities we
will use to characterize the correlations, and in Sec. II C we
specify how we estimate these quantities in our simulations.

A. Definition of a shuffled lattice

We use the term SL to refer to the infinite point distribu-
tion obtained by randomly perturbing a perfect cubic lattice:
each particle on the lattice, of lattice spacing �, is moved
randomly �“shuffled”� about its lattice site, each particle in-

7It is also a question which is very relevant in the context of
cosmology, as it concerns the understanding of the discreteness ef-
fects in simulations of dark matter, which intrinsically limit their
precision. These simulations treat the gravitational clustering of
point “macro-particles,” which typically correspond to the order of
1070 dark matter particles.
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dependently of all the others. A particle initially at the lattice
site R is thus at x�R�=R+u�R�, where the random vectors
u�R� are specified by the factorized joint probability density
function

P��u�R��� = �
R

p„u�R�… . �1�

The distribution is thus entirely specified by p�u�, the prob-
ability density function �PDF� for the displacement of a
single particle.

In this paper we will study evolution from SL with the
following specific PDF:8

p�u� = 	�2��−3 if u � �− �,��3,

0 otherwise.

 �2�

Each particle is therefore moved randomly in a cube of side
2� centered on the corresponding lattice site �Fig. 1�. Taking
�→0, at fixed �, one thus obtains a perfect lattice, while
taking �→� at fixed �, one obtains an uncorrelated Poisson
particle configuration �33�. Given Eq. �2�, the shuffling pa-
rameter �2 also gives the variance of the shuffling, i.e.,

�2 =� d3uu2p�u� . �3�

Our SL configurations are therefore specified by two param-
eters: the lattice constant � and the shuffling parameter �. An
alternative convenient characterization is given by � and the
adimensional ratio ��� /�. We will refer to the latter as the
normalized shuffling parameter. It is thus the square root of
the variance of the shuffling in units of the lattice spacing.

In what follows we consider not an infinite SL, but a finite
SL of N particles in a cubic box of size L=N1/3� �see Fig. 1�,
with periodic boundary conditions. We will consider the spe-
cific case of a simple cubic lattice, in which the mean num-
ber density of particles is thus N /L3=n0=�−3. Further we
will assign to all particles the same mass m, so that the av-
erage mass density is simply �0=mn0.

In Table I we list the various relevant parameters of the
SL considered as initial conditions of the N body simulations
�NBS� which we report here. We will explain below the cri-
teria used for these choices.

B. Statistical characterization of correlation properties

The microscopic number density function for any particle
distribution is given by

n�x� = 

i=1

N

�D�x − xi� , �4�

where xi is the position of the ith particle, �D is the Dirac
delta function and the sum is over the N particles of the
system.

8We will discuss in the conclusions section the importance of this
specific choice for the PDF.

FIG. 1. Projection on the z=0 plane of a SL with 323 particles
and �=0.177. Due to the random shuffling with the given PDF each
lattice “chain” parallel to the z axis projects onto a small square.

TABLE I. Details of the SL used as initial conditions in the simulations reported in this paper. N is the number of particles, L is the box
size, � the lattice constant, and � ��� the �normalized� shuffling parameter. The mass m of the particles is expressed in unit of that in SL64,
i.e., m64. In the units chosen, the mass density in all these systems is �0=Nm /L3=1. Note that SL64 and SL128 are “more shuffled” than all
the others �i.e., larger shuffling parameter� while SL16 is the one which is the closest to a perfect cubic lattice. Note that SL128 differs only
from SL64 by the size of the box.

Name N1/3 L � � � m /m64

SL64 64 1 0.015625 0.015625 1 1

SL32 32 1 0.03125 0.0553 0.177 8

SL24 24 1 0.041667 0.00359 0.0861 18.96

SL16 16 1 0.0625 0.00195 0.03125 64

SL128 128 2 0.015625 0.015625 1 1
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1. The two-point correlation function

For a system such as we consider here, in which the mean
density is well defined and nonzero, it is convenient to define
the density contrast:

��x� =
n�x� − n0

n0
. �5�

In order to characterize the two-point correlation properties
of the density fluctuations, one can then use the reduced
two-point correlation function:

�̃�r� = ���x + r���x�� , �6�

where �¯� is an ensemble average, i.e., an average over all
possible realizations of the system. In a distribution of dis-

crete particles �̃�r� always has a Dirac delta function singu-
larity at r=0, which it is convenient to separate by defining
��r� for r�0 �the “off-diagonal” part� �33�:

�̃�r� =
1

n0
�D�r� + ��r� . �7�

It is useful also to note that one can write

��r� =
�n�r��p

n0
− 1, �8�

where �n�r��p, the conditional average density, is the �en-
semble� average density of points in an infinitesimal shell at
distance r from an occupied point.9 We will make use of this
relation in estimating ��r� below.

In the evolved self-gravitating systems we study ��r� will
invariably be a monotonically decreasing function of r. It is
then natural to define a scale � by

���� = 1 �9�

which separates the regime of weak correlations �i.e., ��r�
	1� from the regime of strong correlations �i.e., ��r�
1�. In
the context of gravity these are what are referred to as the
linear and nonlinear regimes, as a linearized treatment of the
evolution of density fluctuations is expected to be valid in
the former case. Given the form of Eq. �8� it is clear that � as
defined by Eq. �9� is an appropriate definition of the homo-
geneity scale of the system. This scale gives then the typical
size of strongly clustered regions.

The exact analytic expression for ��r� in a SL is given in
�25�. We do not reproduce it here as it is a complicated
expression, which we will not in fact make use of. In our
case, as in the case of a perfect lattice and a Poisson distri-
bution �which, as we have noted correspond to specific limits
of the SL� ��r��1 everywhere: there is no strong clustering.
In such a situation the homogeneity scale is of order of the
average distance between nearest neighbors �NN�, which we
will denote by �. Thus when we refer to the homogeneity

scale we will mean � in absence of nonlinear clustering and
the scale given by Eq. �9� otherwise.

2. The mass variance

For particle distributions with a well defined average den-
sity it useful also to consider an integrated quantity such as
the normalized variance of particle number �or mass� in
spheres, defined as follows:


2�r� =
�N2�r�� − �N�r��2

�N�r��2 , �10�

where N�r� is the number of particles in a sphere of radius r.
Then 
2�r� can be used, in a manner similar to that described
above for ��r�, to distinguish a regime of large fluctuations
from a regime of small fluctuations. It is simple to find the
explicit expression for 
2�r�, which gives it as a double in-
tegral of ��r� �33�.

One can show that the normalized variance in real-space
spheres defined in Eq. �10� behaves in a SL as 
2�r��r−4 at
large r, compared to 
2�r��r−3 in a Poisson distribution
�33,34�. The behavior 
2�r��r−4 is in fact the fastest pos-
sible decay of this quantity �33�. This means that the SL
belongs to the class of distributions which may be termed
superhomogeneous �34� �or hyperuniform �35��. Such sys-
tems have mass fluctuations which are depressed with re-
spect to those in an uncorrelated Poisson distribution.

3. The power spectrum

Since we consider distributions which are periodic in a
cube of side L, we can write the density contrast as a Fourier
series:

��x� =
1

L3

k

exp�ik · x��̃�k� �11�

with k� ��2� /L�n �n�Z3�. The coefficients �̃�k� are given
by

�̃�k� = �
L3

��x�exp�− ik · x�d3x . �12�

The PS of a particle distribution10 is then defined as �see,
e.g., �33,36��

P�k� =
1

L3 ���̃�k��2� . �13�

In distributions which are statistically homogeneous, which
is the case here,11 the PS and reduced two-point correlation

function �̃�r� are a Fourier conjugate pair.

9For the more general case of nonuniform distributions, such as
fractal particle distributions �33�, in which n0 is zero, this is the
basic statistical quantity for the characterization of two-point corre-

lation properties, rather than �̃�r� �which is then not defined�.

10We use here the term for this quantity commonly employed in
cosmology, rather than structure factor which is more habitual in the
context of condensed matter and statistical physics. Note also the
normalization, which corresponds to P�k→��→ 1

n0
, rather than

unity.
11For the lattice and SL the ensemble average is defined over the

set of lattices rigidly translated by an arbitrary vector in the unit
cell.
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The exact expression for the PS of a SL is simple to
derive. One finds �see �33,36��

P�k� =
1 − �p̃�k��2

n0
+ L3


n
�p̃�k��2�K�k,n

2�

�
� , �14�

where p̃�k� is the Fourier transform of the PDF for the dis-
placements p�u� �i.e., its characteristic function�, and �K is
the three-dimensional Kronecker symbol. For the specific
p�u� given in Eq. �2� we have

�p̃�k��2 = �
i=x,y,z

sin2�ki��
�ki��2 . �15�

Inserting this expression in Eq. �14� one obtains an exact
explicit analytic expression for the PS of a SL in terms of the
two parameters � and �. It is simple to verify that taking
� /�=�→�, at fixed �, one obtains P�k�=1/n0 �as expected,
since one obtains in this limit a Poisson distribution�. Further
one always approaches this same behavior �as required �33��
in the limit k→�. Further, at small k �i.e., k	2� /��, we
obtain

P�k� �
�k�2�2

3n0
. �16�

We note that this result can actually be found �see �33,36��
directly from Eq. �14�, without assuming a specific form for
p�u�. One need only assume that p�u� has a finite variance,
equal to �2. Thus the small k behavior of the PS of the SL
does not depend on the details of the chosen PDF for the
displacements, but only on its (finite) variance.12

Finally note that the mass variance can actually be ex-
pressed simply as an integral in reciprocal space of the PS
multiplied by an appropriately normalized Fourier transform

W̃�k ;r� of the spherical window function, being 0 outside the
sphere and 1 inside it �33�:


2�r� =
1

�2��3 � d3kP�k��W̃�k;r��2. �17�

4. The nearest neighbor distribution

A very useful and simple statistical quantity which char-
acterizes small-scale clustering properties of a particle distri-
bution is the nearest neighbor �NN� PDF ��r�. It is the prob-
ability density for the distance between a particle and its NN
�33�, i.e., ��r�dr gives the probability that a particle has its
NN at a distance in �r ,r+dr�. If one neglects correlations of
any order higher than two, it is simple to show that ��r� is
related to the conditional density �n�r��p �and thus to ��r�,
given Eq. �8�� through13

��r�dr = �1 − �
0

r

��s�ds� · 4�r2�n�r��pdr . �18�

This relation will be very useful to us here because it is valid
in particular when clustering is dominated, at early times, by
individual pairs of particles falling toward each other.

C. Estimation of statistical quantities

In order to estimate P�k� and ��r� in a given particle
configuration, i.e., in a single realization of the evolved SL,
we calculate averages in spherical shells in real or reciprocal
space. This means that we consider only the dependence of
these quantities on the modulus of their arguments and we
will therefore use the notation P�k� and ��r� in the rest of the
paper.

The PS is obtained from �̃�k� by means of the relation14

P�k� �
1

N�k� 

k��k���k+�k

��̃�k���2, �19�

where N�k� is simply the number of vectors k� considered in
the sum. Note that to speed up the calculations, not all the
vectors k� for a given modulus are taken into account: at
large k the density of vectors considered is smaller than at
small k.

The function ��r� is estimated by first calculating �n�r��p

�see Eq. �8�� �33�. As already mentioned the latter gives the
average density in a spherical shell of radius r, and thickness
�r	r, centered on an occupied point. Thus we estimate it as
follows:

�n�r��p �
1

V�r,�r�Nc


i=1

Nc

Ni�r� �20�

where Ni�r� is the number of particles15 in the spherical shell
between radii r, r+�r, volume V�r ,�r�, centered on the ith
particle of a subset of Nc�N particles randomly chosen
among the N particles of the system.

The mass variance can be simply estimated by


2�r� �
1

�N�r��2

1

Nc − 1

i=1

Nc

„Ni�r� − �N�r��…2, �21�

where Ni�r� is the number of particles contained in the ith
�with i=1· ·Nc� randomly placed sphere of radius r and
�N�r�� its average.

Finally the NN distribution ��r� is computed directly by
pair counting.12Note that the behavior limk→0P�k�=0 is an equivalent way of

stating the property of superhomogeneity of the distribution �33�.
13The relation follows if one assumes that the probability of find-

ing a particle in �r ,r+dr� given that there is a point at r=0 is the
same whether the condition that there be no other point in �0, r� is
imposed or not.

14For simplicity in this paper we use the same symbol for the
ensemble average quantity and for its estimator.

15We use periodic boundary conditions in this estimation �as in the
simulations�.
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III. GRAVITATIONAL CLUSTERING IN A SHUFFLED
LATTICE: RESULTS FROM NUMERICAL SIMULATIONS

A. Details of numerical simulations

We have performed a set of numerical simulations using
the freely available code GADGET �37,38�. This code, which
is based on a tree algorithm for the calculation of the force,
allows one to perform simulations in an infinite space, using
the Ewald summation method �39,40�. The potential used is
exactly equal to the Newtonian potential for separations
greater than the softening length �, and regularized at smaller
scales. For what concerns the integration parameter we have
performed several tests to check the stability of the results at
the level of numerical precision we consider in this work.16

We have considered as initial conditions the set of five SL
described in Table I. We now explain the reasons for our
choices of the parameters given.

First it is important to note that, in the limit of the pure
�i.e., unsoftened� gravitational evolution of an infinite SL,
there is only one parameter which can change the dynamical
evolution nontrivially.17 This is �, the normalized shuffling
parameter �i.e., normalized in units of the lattice spacing ��.
Because gravity has no preferred length scale the gravita-
tional dynamics of two infinite SL with the same �, but dif-
ferent lattice spacing �, can be trivially related: a rescaling of
length scales is equivalent to a rescaling of time, so that the
configurations of one can be mapped at any time onto the
configuration of the other at a different time. The same is
true for changes of the mass of the particles: two SL with the
same �, the same �, but different particle masses, are related
by a simple scaling of the time variable. Indeed any two SL
with the same � are strictly equivalent to one another in time
if they are related to one another by any simultaneous scaling
of � and the particle mass which leaves their mass density �0

fixed.
For softened gravity in a finite box, the same length scale

transformations can relate trivially different SL with the
same �. In this case the relevant parameters to distinguish
two SL evolved in these simulations are thus three, which we
can take as �, � /L=N1/3, and � /L.

We have chosen our �arbitrary� units of length, mass, and
time as follows. Our unit of length is given by the box side
of the SL64 simulation and our unit of mass by the particle
mass in this same simulation. A natural choice for the unit of
time is the so called dynamical time, defined

�dyn �
1

�4�G�0

. �22�

As unit of time here we have made a slightly different choice
of the pre-factor, with �dyn=1.092.18

In the “reference” SL64 simulation we have chosen �=1.
Our choices of the parameters for the other five simulations
can be understood as follows:

�i� The particle masses are chosen so that the mass density
is constant. Thus the dynamical time is the same in all simu-
lations, which is convenient for comparison, as we will see,
as this is the unique time scale of these systems in the fluid
limit.

�ii� The softening � is the same in all the simulations. We
have chosen �=0.001 75 in our units, which means that it is,
in all the simulations, significantly smaller �at least a factor
of ten� than �0, the initial average distance between NN.19

�iii� The box size is the same in all but one simulation.
This latter simulation �SL128�, which is the biggest one, is
used to test the accuracy with which our results are represen-
tative of the infinite volume limit �at fixed mass and particle
density�. Thus it is chosen to have the same parameters to
SL64, differing only in its volume �which increases by a
factor of 8�.

�iv� For each of the four other SL simulations we change
the number of particles N, which fixes �. We have then cho-
sen � so that the PS at small k has the same amplitude. From
Eq. �16� it it easy to see that this requires, in our chosen
units,

�2

n0
� �2�5 = ��2�5�SL64 = 64−5. �23�

The PS of the SL described in Table I are shown in Fig. 2.
We see, up to statistical fluctuations, that the spectra are in-
deed of the same amplitude at small k. Note that the Nyquist
frequency kN=� /� in k space translates to the right with
increasing particle number.

The particles are assigned zero velocity in the initial con-
ditions �at t=0�, and, as has been underlined, the simulations
are performed in a static Euclidean universe, i.e., without
expansion or nontrivial spatial curvature. We have run the
simulations SL16, SL24, SL32, and SL64 up to about time 6
and the SL128 up to time 8 as for longer times the simula-
tions begin to be dominated by a single nonlinear structure, a
regime in which we are not interested since it is evidently
strongly affected by finite size effects.

B. Results

In this section we analyze the results of the numerical
evolution of the SL described in Table I in terms of the
statistical quantities discussed above. In the first two subsec-
tions we restrict ourselves to the study of the evolution of

16In order to test the numerical accuracy of the simulations we
have also compared the early times evolution with the prediction of
the linearized treatment of the early time evolution, as described in
detail in �40�.

17By “dynamical evolution” we mean the ensemble average prop-
erties of the clustering etc. We thus suppose that this average is
recovered in a single realization of an infinite volume system, i.e.,
that spatial ergodicity applies. The unaveraged dynamical evolution
will of course vary in detail from one realization to another.

18This corresponds to time in units of 1000 seconds for a mass
density of 1 g cm−3.

19The smallest value of �0 is that in SL64 where it is equal to
0.55/64�0.0086 as in a Poisson distribution with the same number
density �33�.
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SL128, i.e., the largest simulation we have run. This is then
our reference point with which we compare the evolution of
the other initial conditions.

1. Evolution of the power spectrum

The evolution of the PS in SL128 estimated by using Eq.
�19� is shown in Fig. 3. Along with the numerical results is
shown the prediction for the evolution of the PS given by the
linearized fluid theory �see Appendix A�:

P�k,t� = P�k,0�cosh2�t/�dyn� . �24�

We observe that:
�i� The linear theory prediction describes the evolution

very accurately in a range k�k*�t�, where k*�t� is a wave
number which decreases as a function of time. This is pre-
cisely the qualitative behavior expected as linear theory is
expected to hold only above a scale which, in real space,
increases with time, and, in reciprocal space, decreases with
time. We note that at t=6 only the very smallest k modes in
the box are still in this linear regime, while at t=8 this is no
longer true. We will discuss below a more precise quantifi-
cation of the validity of the linearized approximation.

�ii� At very large wave numbers �k�kN� the PS remains
equal to its initial value 1/n0. This is simply a reflection of
the necessary presence of shot noise fluctuations at small
scales due to the particle nature of the distribution. We note
that the value of k at which this behavior is attained increases
somewhat from its initial value and then remains roughly

stable. We will comment further on the significance of this
fact below.

�iii� In the intermediate range of k, i.e., k*�t��k�kN, the
evolution is quite different, and slower, than that given by
linear theory. This is the regime of nonlinear clustering.

These results concerning the validity of linear theory at
sufficiently small k, and in a range which decreases as a
function of time, are completely in line with what is ob-
served in cosmological simulations, in an expanding uni-
verse �see, e.g., �41��. In this context simulations typically
start from lattices with correlated perturbations representing
spectra which are much redder than P�k��k2, typically
P�k��kn with −3�n�0. That the same behavior is seen in
a static universe for this “bluer” PS is, however, expected.
Indeed, on the basis of simple considerations �see, e.g.,
�16��—which do not make use of the expansion of the
universe—about the long wavelength �i.e., small k� perturba-
tions generated by nonlinear motions on small scales, one
anticipates that linear theory should be valid at small k for
any initial PS with P�k��kn and n�4. The reason is that
such nonlinear motions, which preserve locally mass and
center of mass, can generate at most a PS at small k with the
behavior P�k��k4.

2. Evolution of the two-point correlation function

We consider now the evolution of clustering in real space,
as characterized by the reduced correlation function ��r�. We
focus again on SL128. In Fig. 4 is shown the evolution of the
absolute value ���r�� in a log-log plot. In the figure is shown
also, for comparison, at large scales, the level of the typical
fluctuations expected in the estimator of ��r�.20 This indi-

20This estimate is obtained by assuming that the variance in the
shells employed in the estimator decay as �
shell

2 �r� /Nc�r−2, where

FIG. 2. The PS �averaged in spherical shells� of the SL configu-
rations specified above in Table I as a function of the modulus of k.
The solid line is the theoretical ��k2� behavior for small k given by
Eq. �16�. At large k, the four PS are equal to 1/n0, with the corre-
sponding value of n0. The peaks arise from the second term in Eq.
�14�. The four arrows show the different Nyquist wave numbers
multiplied by two for the SL configurations in order of increasing
number density from left to right: this corresponds to the expected
location of the first peak in each case. Note that, as we have dis-
cussed in Sec. II C, not all the vectors k are considered in the
estimation of the PS and therefore only a subset of all the peaks is
detected �each peak corresponds to a very narrow band of k so it
can be easily missed�.

FIG. 3. Evolution of the PS in SL128 �solid lines—label FG�:
the curves are for time equal to 0,2,4,6,8 �from bottom to top�. The
dashed lines labeled with LT show the predictions of fluid linear
theory, i.e., Eq. �24� with P�k ,0� measured in the simulation at t
=0 for the same time steps. The arrow shows the value of the
Nyquist frequency kN=� /�.
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cates that, at larger separations, the noise in the estimator is
expected to dominate over any underlying physical correla-
tion which may be present.

We observe that: �i� Starting from ��r��1 everywhere,
nonlinear correlations �i.e., ��r�
1� develop first at scales
smaller than the initial inter particle distance �0. �ii� After
two dynamical times the clustering develops little at scales
below �. The clustering at these scales is characterized by an
approximate “plateau” at ��r��102. This stabilization of the
system at small scales is also evident in Fig. 5, which shows
the evolution of the mean distance between nearest neighbor
particles as a function of time. The stabilization in time of
the scale in k space at which the PS reaches its asymptotic
�constant� value, which we observed above, is just the mani-
festation in reciprocal space of this same behavior. �iii� At
scales larger than � the correlations grow continuously in
time at all scales, with the scale of nonlinearity �which can
be defined, as discussed above, by ����=1� moving to larger
scales.

From Fig. 4 it appears that, once significant nonlinear
correlations are formed, the evolution of the correlation func-
tion ��r� can be described, approximately, by a simple “trans-
lation” in time. This suggests that ��r , t� may satisfy in this
regime a spatiotemporal scaling relation:

��r,t� � �„r/Rs�t�… , �25�

where Rs�t� is a time dependent length scale which we dis-
cuss in what follows. In order to see how well such an ansatz

describes the evolution, we show in Fig. 6 an appropriate
“collapse plot:” ��r , t� at different times is represented with a
rescaling of the x axis by a �time dependent� factor chosen to
superimpose it as closely as possible over itself at t=1,
which is the time from which the translation appears to first
become a good approximation. We can conclude clearly from
Fig. 6 that the relation �25� indeed describes very well the
evolution, down to separations of order �, and up to scales at
which the noise dominates the estimator.

In Fig. 7 is shown the evolution of the rescaling factor
Rs�t� found in constructing Fig. 6, as a function of time, with
the �arbitrary� choice Rs�1�=1. Shown in Fig. 7 are also three
�theoretical� curves, which we will explain in the next sub-
section. Before this we remark on two further aspects of the
scaling relation which are worth noting: �i� The function
��r�, when it is larger than �0.1, can be well approximated
by a simple power law with an exponential cutoff:


shell
2 �r� is the variance in shells, defined analogously to that in

spheres �cf. Eq. �10��, and Nc is the number of centers used to
calculate ��r� �cf. Eq. �20��.

FIG. 4. Behavior of the absolute value of the correlation func-
tion ���r�� in SL128 at times t=0,1 ,2 ,4 ,6 ,8. Note that values such
that ���r� � �0.01–0.1 are below the level of noise of the estimator
estimated by using the normalized variance in spherical shells �see
text�: This gives a limit below which the noise in the estimator
dominates over the signal. The arrows show the value of the lattice
spacing � and the initial average distance between nearest particles
�0, while the dotted vertical line corresponds to the smoothing �.

FIG. 5. Evolution in time of ��t�, the average distance between
nearest neighbors, in SL128. It decreases at early times and then
stabilizes at ��2�.

FIG. 6. Collapse plot of ��r , t�: for each time t�1 we have
rescaled the x axis by a time-dependent factor to collapse all the
curves �dashed ones� to that at time t=1. We have added for com-
parison ��r , t=8� without rescaling �“w. resc.,” continuous line�.
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��r� � A� r

R̂
�−�

exp�−
r

R̂
� , �26�

where we have estimated �see Fig. 8� the following values

for the three parameters: A=40, �=0.28, and R̂=1.45
�10−3. This last parameter gives the normalization of ��r , t�
at t=1. In order to see how well this fit describes the evolu-
tion, we show in Fig. 8 both the data and the curves inferred
from it, using Rs�t� as measured.

�ii� Since we have defined the homogeneity scale � by
����=1 it is clear that, once the spatiotemporal scaling rela-
tion is valid, we have ��t��Rs�t�.

�iii� Since the PS and mass variance are simply related to
��r�, we expect the scaling relation to be reflected in one for
these quantities as well. We will see to what extent this is the
case below.

3. Spatiotemporal scaling and “self-similarity”

We have observed that, from t��dyn, the two-point corre-
lation function, at least down to ��r��0.01 �level of estima-
tor noise� obeys to a good approximation the spatiotemporal
scaling relation Eq. �25�, with the measured Rs�t� shown in
Fig. 7. In this section we discuss this result, in particular its
relation to similar behaviors which have been studied in cos-
mology.

In the context of cosmological N body simulations this
kind of behavior, when Rs�t� is itself a power law (in time), is
referred to as self-similarity. Such behavior is expected in an
evolving self-gravitating system �see, e.g., �16,21,32�� be-
cause of the scale-free nature of gravity, if the expanding
universe model and the initial conditions contain no charac-
teristic scales. Initial conditions in N-body simulations do,
however, necessarily contain one such scale, which is asso-
ciated to the particle discreteness �i.e., the grid spacing � in
the case of a perturbed lattice�. Further, as we have discussed
above, simulations introduce �at least� two further scales: the
box-size L and force softening �. Thus self-similarity is ex-
pected to be observed in N body simulations of an
Einstein-de Sitter model �i.e., a flat matter dominated uni-
verse�, starting from pure power-law initial PS P�k��kn, if
all effects associated with these length scales can be ne-
glected.

On theoretical grounds there are different expectations
��21,32,42�� about the range of exponents n of the PS which
should give self-similar behavior. Effects coming from the
particle discreteness are expected to become less important
as the PS becomes redder �i.e., smaller n, with more relative
power at larger scales�, while a PS which is too “red” will
become sensitive to finite size effects �i.e., to the box size�. A
more quantitative analysis of the dependence of dynamically
relevant quantities �e.g., the variance of velocity and force
fields� on these ultraviolet and infrared cutoffs suggests that
self-similarity should apply in the range −1�n� +1, and
such behavior has in fact been observed, to a good approxi-
mation, to apply in simulations in an EdS universe of such
spectra �21,22�. While there has been considerable discus-
sion also of the case −3�n�−1 in the literature, with dif-
ferent conclusions about the observed degree of self-
similarity, the case n�1 has remained open.21 In our
discussion below we will see in greater detail why the cases
n�1 and n�1 are expected to be possibly very different
with respect to self-similarity.

Our results above clearly suggest that what we have ob-
served is a simple generalization of this self-similarity to a

21The reason why the case n�1 has not been studied numerically
appears to be twofold: first, it is not of direct interest to “real”
cosmological models which typically describe PS with exponents in
the range −3�n�−1; secondly, the evolution from such initial
conditions is considered “hard to simulate” �see, e.g., �22��.

FIG. 7. Evolution of the function Rs�t� in SL128 �crosses� com-
pared with its prediction for different values of the time scale of
onset of self-similarity �see text for details�. Both lines correspond
to Rs�t��exp��2/5�t /�dyn�. Also shown is the corresponding predic-
tion for Poisson initial conditions, Rs�t��exp��2/3�t /�dyn�.

FIG. 8. Comparison of ��r , t� measured in SL128 with the for-
mula in Eq. �26�, using the rescaling of Eq. �25�. For clarity the
amplitudes of the different curves have been rescaled �by a factor
3t−1�. Moreover, for all the curves, we have plotted only the scales
such that ��r , t��0.1 since Eq. �26� does not describe smaller am-
plitude correlations. The vertical line corresponds to the softening
length �.
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static universe �in which there is evidently also no character-
istic length scale�, and to the case n=2. Let us examine more
carefully whether this is the case, by generalizing to the
static case the argument �see, e.g., �16�� used to derive the
power-law behavior of Rs�t� in an expanding universe.

In order to derive this behavior of Rs�t�, we assume that
the spatiotemporal scaling relation holds exactly, i.e., at all
scales, from, say, a time ts�0. For t� ts we have then

P�k,t� = �
L3

exp�− ik · r���r,t�d3r

= Rs
3�t��

L3
exp�− iRs�t�k · x����x��d3x

= Rs
3�t�P„Rs�t�k,ts… , �27�

where we have chosen Rs�ts�=1. Assuming now that the PS
at small k is amplified as given by linear theory, i.e., as in Eq.
�24�, one infers for any PS P�k��kn �and n�4 so that linear
theory applies�:

Rs�t� =� cosh
t

�dyn

cosh
ts

�dyn

�
2/�3+n�

——→
t
ts

exp� 2�t − ts�
�3 + n��dyn

� .

�28�

In the asymptotic behavior the relative rescaling in space for
any two times becomes a function only of the difference in
time between them so that we can write

��r,t + �t� = �� r

Rs��t�
,t� ; Rs��t� = e2�t/�3+n��dyn.

�29�

This is analogous to what is called self-similarity in EdS
cosmology. In that case the linear theory describes a growing
and a decaying mode, both of them power laws in time.
Asymptotically Rs�t� is thus itself a simple power law.22

Let us now return to Fig. 7. In addition to the measured
values of Rs�t� the figure shows two curves corresponding to
Eq. �28� with n=2. The first corresponds to taking ts=1 in
the derivation above, i.e., assuming that the scaling relation
holds at all scales for t�1. The second is the same functional
behavior, but rescaled by a constant to give a good fit to the
larger time �from t� ts�2.5� behavior. This latter behavior is
clearly very consistent with the relation given in Eq. �28�:
starting from this time the slope is very close to constant and
equal to 2

5 in units of �dyn.
Our results are thus indeed clearly well interpreted as a

generalization in a static universe of self-similarity as ob-
served in simulations EdS universes, for redder spectra. This
self-similarity sets in, however, from about ts=2.5, while we
observed the spatiotemporal scaling relation already to apply

approximately from t�1 ���dyn�. Note that the fact that the
functional behavior of Rs�t� in 1� t�2.5 is inconsistent with
Eq. �28� with n=2 implies that the spatiotemporal scaling
relation cannot hold at all scales at these times: specifically it
cannot hold at small k, where P�k��k2, as we have seen that
at these scales the PS is linearly amplified at this time.

A possible explanation for this behavior is suggested by
the third curve �labeled “Poisson”� shown in Fig. 7. This
curve corresponds to Eq. �28� with n=0 and ts=1. The fact
that it fits the points reasonably well—although not so well
as the n=2 theoretical curve for t�2.5—suggests the follow-
ing interpretation: between 1� t�2.5 we are observing a
first phase of self-similarity, restricted to smaller scales,
where the initial PS is roughly flat �i.e., Poisson-like with
n=0� in a small range of k around the Nyquist frequency �see
Fig. 3�. Such an interpretation is consistent with the fact that
the ��r� in the nonlinear regime observed in simulations from
Poissonian initial conditions is, to a very good approxima-
tion, the same as that observed from SL initial conditions
�29,43�. On the other hand, the wave modes at which the PS
is Poisson-like are very large—of the order of the inverse of
the interparticle spacing—and so the observation of apparent
self-similarity driven by these fluctuations is somewhat sur-
prising: such behavior is expected, as we have discussed
above, when the effects of discreteness may be neglected.
We will see below that this interpretation of the spatiotem-
poral scaling observed in the correlation function at nonlin-
ear scales at early times—as a first phase of self-similarity
driven by Poisson fluctuations at small scales—is not correct.
In particular it is reproduced in the smaller simulations we
will analyze below in which there is no initial Poisson pla-
teau around kN.

4. Evolution of the mass variance

In this section we study the normalized mass variance

2�r�, defined in Eq. �10�. Through the study of this quantity
we can probe further the scaling properties �and self-
similarity� we have just seen. We can also explain and see
the interesting and nontrivial differences in this respect be-
tween the case of a power law PS with n�1 and n�1.

Given that the mass variance is expressible �cf. Eq. �17��
as an integral of the PS, one might anticipate that it will
show, at large r, the same behavior as the PS at small k, i.e.,
we expect to find the simple scale independent amplification
of linear theory:


2�r,t� = A
2�t�
2�r,0� �30�

where

A
2�t� = cosh2�t/�dyn� � Rs
3+n�t� �31�

for a PS P�k��kn at small k.
In Fig. 9 is shown the temporal evolution in SL128 of


2�r�. At each time we observe at large r the behavior

2�r��1/r4 characteristic of a SL. The dotted lines show the
best fit to the behavior of Eq. �30� above, which we find is

A
2�t� = cosh8/5�t/�dyn� � Rs
4�t� , �32�

rather than the anticipated behavior of Eq. �31� for n=2.

22One has �16,21� P�k , t�� t4/3kn at small k, and thus Rs�t�
� t4 � 3�3+n� .
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The reason for this discrepancy is, as we now discuss,
very simple. It is of importance as it makes explicit the dif-
ference between the cases of PS with n�1 and n�1. Indeed
examining the integral Eq. �17� in closer detail it turns out
that there is a qualitatively different behavior in the two
cases. For −3�n� +1 the integral is dominated by modes
k�r−1 and one has


2�r,t� � Ck3P�k,t� �33�

where k=1/r and C is a constant pre-factor which depends
on n. From this it follows that linear amplification of the PS
at small k gives linear amplification of the mass variance at
large scales. For n�1, however, the integral in Eq. �17� with
P�k��kn at all k diverges, and an ultraviolet cutoff kc above
which P�k� /k decays to zero is required to regulate it.23 The
effect of the cutoff is to give


2�r� � kc
−1P�kc�/r4

at sufficiently large r. Thus, for n�1 the evolution of the
mass variance at large r �and thus at small amplitude� is
sensitive to the evolution of the cutoff in the PS �and the
amplitude of the PS at this cutoff�. From Fig. 3 we expect
that in our system the role of kc will be played by kmax�t�, the
wave number at which the PS reaches its maximum, and so
we will have, at large r,


2�r,t� �
kmax

−1 �t�P�kmax,t�
r4 . �34�

From Fig. 3 we see that kmax is clearly in the range in which
the amplification in k space is nonlinear. Thus the evolution
of this quantity, even at very large scales, is determined by
modes in k space which are in the nonlinear regime. Given

the time evolution we have observed for 
2�r , t� in Fig. 9, we
must have

kmax
−1 �t�P�kmax,t� � Rs

4�t� . �35�

In Fig. 10 we see that this behavior is indeed well approxi-
mated. It is in fact evidently the direct consequence of the
self-similarity as it is reflected in the variance, and, equiva-
lently, in k space. To the extent that both quantities approxi-
mate the self-similarity observed in ��r , t�, any length scale
derived from either the variance or PS must scale �Rs�t�.
Thus, in particular, kmax

−1 �Rs�t� and the maximum value of
the PS, which has dimensions of volume, must scale as
P�kmax, t��Rs

3�t� in this regime.
It is instructive also to examine a little further how the

spatiotemporal scaling behavior, and self-similarity, are ap-
proximated in the variance. In order to illustrate this we con-
sider the temporal evolution of scales ��� , t� defined by the
relation


2
„���,t�,t… = � , �36�

where � is a chosen constant. If there is a spatiotemporal
scaling in the system we should find that ��� , t��Rs�t�. In
particular any choice ��1 gives, as we discussed in Sec. II,
a reasonable definition for the homogeneity scale, which
should be equivalent to the one we have taken above
���� , t�=1 once nonlinear clustering has developed�. In Fig.
11 we show ��� , t� for �=20,10,1 ,0.1; also shown are
curves proportional to Rs�t� in the self-similar regime �i.e., as
given by Eq. �28� with n=2�. The figure illustrates nicely
how the scaling applies only at large scales �corresponding to
smaller fluctuations� initially and then propagates to smaller
�more nonlinear� scales. At the time t�2.5, which we iden-
tified above in our analysis of ��r , t� as the time from which
self-similarity is well approximated, the scaling behavior
given by Rs�t� is manifestly well approximated for �
1, i.e.,
into the nonlinear regime. We do not, however, see a behav-
ior consistent with the hypothesis that the evolution prior to
this time �1� t�2.5� is self-similar and associated to a PS

23Such a cutoff necessarily exists in any particle distribution as
P�k� cannot diverge for large k. One necessarily has, as we have
discussed, P�k�→1/n0 for k→� �33�.

FIG. 9. Evolution of the mass variance in SL128 at times t
=0,2 ,4 ,6 ,8, together with the predictions of Eq. �32� �labeled as
LT�.

FIG. 10. Behavior of P�kmax, t� /kmax as a function of time mea-
sured in SL128. The dashed line represents the behavior given in
Eq. �35�.
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with n=0 around kN: this would correspond as in Fig. 7 to a
faster evolution of the scales shown here at these times,
which is not what is observed.

5. Self-similarity and the regime of validity of linear theory

The derivation of Rs�t� in Eq. �28� explains implicitly the
physical origin of the self-similar behavior: if the small k PS
is a simple power law, the evolution of the two-point corre-
lation function is self-similar, with Rs�t� given by Eq. �28�, in
the approximation that fluctuations grow as described by the
linearized fluid theory. Self-similarity applies to the full evo-
lution to the extent that this self-similar temporal evolution at
linear scales becomes “imprinted” on smaller nonlinear
scales. The mechanism by which this happens is simply the
collapse of the initial mass fluctuations at large scales, at
time scales fixed by linear theory. Self-similarity is thus a
good approximation to the extent that the clustering ampli-
tudes at any scale depend only on the prior history of larger
scales. In terms of power transfer in the evolution of cluster-
ing, self-similarity can thus be interpreted qualitatively as
indicating that there is a much more efficient transfer of
power from large to small scales than in the opposite direc-
tion. Our results here show that this is true also in more
“blue” initial conditions with a small k PS P�k��kn and n
�1, in which the variance of mass in real space spheres is
dominated by fluctuations at much smaller scales which
evolve in the nonlinear regime.

These points are further illustrated in Fig. 12, which
shows a “collapse plot” for the temporal evolution of
�2�k , t��k3P�k�. It follows from Eq. �27� that, when self-
similarity applies, we have the behavior

�2�k,t� = �2
„Rs�t�k,ts… , �37�

where, as above, ts� t is an arbitrary initial time and Rs�t� is
given by Eq. �28�. In Fig. 12 is plotted the rescaled function
at each time, starting from ts=0. At small k, we see that right
from the initial time the self-similarity is indeed followed �as
the rescaled curves are always superimposed at these scales�.

This is simply because linear theory, which is valid at these
scales, gives such a behavior. As time progresses we see the
range of k in which the curves are superimposed increases
extending into the nonlinear regime. Thus the self-similarity
“propagates” progressively from small k to larger k, carried
by the scales which are evolving nonlinearly. Note that the
behavior at asymptotically large k is simply �2�k , t��k3 /n0

�where n0 is the mean particle density� at all times, corre-
sponding to the shot noise present in all particle distributions
with average density n0 and which by definition does not
evolve in time.24

Let us finally return to the question of the breakdown of
linear theory. In our discussion of Fig. 3 in Sec. III B 1
above, we noted that the scale-independent amplification of
linear theory describes very well the evolution of the PS up
to wave number k, which we denoted k*�t� and which de-
creases with time. A question of interest is what the criterion
is which determines this scale, i.e., what the criterion is for
the application of linear theory. We cannot answer this ques-
tion rigorously without considering, at least, the next order in
this perturbative treatment.25 We will not attempt to do so
here, but rather consider determining such a criterion phe-
nomenologically �i.e., from the simulations�.

In principle this criterion may, in general, be quite com-
plicated, as it would be expected to depend on the fluctua-
tions present at all scales. Once we are in the self-similar
regime, however, we expect that all characteristic scales in k
space, and in particular k*�t�, should scale �Rs

−1�t�. Such a
time dependence results if one supposes k*�t� determined by

24Note that in the two-point correlation function this time inde-
pendent discrete contribution appears as a singularity at the origin.
It therefore does not “pollute” the collapse plots for ��r , t�. This also
explains why one is able to identify the scaling behavior more
readily by eye in this quantity. The collapse plot for 
2�r , t�, which
we have not shown, is similar to that for �2�k�.

25It is in fact possible �16� to write the equation for the evolution
of density fluctuations in k space in a convenient form for this
purpose, with all corrections to the linearized fluid limit in two
formally simple terms. See also �3� for discussion of these issues.

FIG. 11. Behavior of ��� , t�, the length for which 
2�r , t�=� for
�=0.1,1.0,10.0,20.0 in the simulations SL128.

FIG. 12. Collapse plot of �2�k , t� for the SL128 simulation us-
ing as scaling factor Rs�t� as described in Eq. �37�.
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a dimensionless quantity having some given amplitude. The
evident simple criterion which suggests itself is

�2
„k*�t�,t… = constant. �38�

Figure 13 shows the evolution of �2�k , t�, together with the
evolution in linear theory. The points �small black circles�
mark the approximate value of k* at each time, determined as
the scale at which the full evolution deviates from the linear
theory in each case.26 The horizontal line shows that, starting
from about t=3, when the self-similarity has set in, Eq. �38�
with the constant set equal to unity is a reasonably good fit to
the observed k*�t�. The deviation of the last point, at t=7 can
be attributed to finite size effects, as we see that at this time
the smallest k modes in the box are no longer described well
by the linear evolution.

For n�1, because of Eq. �33�, the criterion Eq. �38� for
the breakdown of linear theory is equivalent to one stating it
as a threshold value of the real space variance. In the current
case, with n�1, there is no such evident equivalence, as the
mass variance at scales r�k*

−1�t� are not directly determined
by the fluctuation of these modes, but rather by the fluctua-
tions in larger k modes. Thus in this case the physical crite-
rion for the breakdown of linear theory is really more appro-
priately given in k space.27

6. Role of two-body correlations

The gravitational force on a particle in an SL is domi-
nated, for small �, by that exerted by its six nearest neigh-
bors, and for large �, by its single nearest neighbor �25�. One
thus expects that, at sufficiently early times, the dynamical
evolution should be well approximated by neglecting all but
these dominant contributions to the force. It has in fact been
shown in �29� that the early time evolution of simulations of
small � SL can be well approximated by a two phase model:
in a first phase the particle moves under the effect of its six
nearest neighbors, and then subsequently, when the lattice
symmetry is broken, under the effect only of a single nearest
neighbor. The first nonlinear correlations then emerge as
these nearest neighbor pairs fall toward one another.

As described in Sec. II the relation Eq. �18� holds in the
approximation that the correlations are primarily due to cor-
related pairs of nearest neighbor particles. Its validity is thus
a good probe of the probable adequacy of a dynamical model
like that just described. In Fig. 14 is shown the comparison
of the two relevant quantities: the correlation function mea-
sured in the simulation and the one reconstructed by using
Eq. �18�, i.e., by considering explicitly only nearest neigh-
bors �NN� correlations. We see that the relation holds very
well until t=1.

This is a quite striking and surprising result: the form of
��r , t�—which is subsequently that which is observed to
scale in the asymptotic self-similar evolution—has already
emerged at a time when nearest neighbor interactions play a
crucial role in the dynamics. In the previous sections, how-
ever, we have seen that this asymptotic behavior is charac-
terized by a time dependence derived in a fluid limit. Such a
limit is normally expected to be valid in the opposite case
that two or few body interaction with nearest neighbor par-
ticles can be neglected �rather than being dominant in the
approximation just considered�. While we note that when the
asymptotic scaling behavior is not necessarily explicitly

26The value of k* in Fig. 13 �used for the points� has been esti-
mated using the following criterion: �ln P�k* , t� / ln PLT�k* , t�−1�
=0.05, where PLT�k , t� is simply the initial PS amplified by linear
theory, i.e., Eq. �24�.

27If one wishes to define a real-space scale directly, this can be
done by using the mass variance defined in a Gaussian window, i.e.,

with W̃�k ;r� in Eq. �17� given by a Gaussian of width 1/r. This is
really just a trivial way of restating the k space condition in real
space.

FIG. 13. Behavior of �2�k , t� in SL128 together with the predic-
tion of linear theory �LT�. The points correspond to the value of
�2�k* , t�, at times �from right to left� 1, 2, 3, 4, 5, 6, and 7, where k*

is the wave number above which the evolution of the PS is no
longer well approximated by linear theory.

FIG. 14. Two-point correlation function in SL128 at times t
=0.5,1 ,1.5 �thin lines� together with the approximation obtained
from the NN PDF �thick lines�. For clarity the behaviors at different
times have been arbitrarily rescaled on the x axis.
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dependent on the characteristic length scales in the system—
notably those associated with the discreteness of the distri-
bution which directly enter in determining the strength of
nearest neighboring forces. We will discuss this point further
below after a presentation of results of the other SL simula-
tions we have performed.

7. Dependence on the normalized shuffling parameter

As discussed above SL initial conditions may be charac-
terized, for their gravitational evolution, by the single dimen-
sionless parameter �. Our analysis until now has concerned
solely the simulation SL128 and thus only a single value
��=1�. Our primary result—that this system tends in a few
dynamical times to a self-similar evolution—would be ex-
pected to be true for any �finite� value of �: this particular
spatiotemporal scaling behavior is determined solely by the
k2 form of the small k PS, which is invariant under changes
in �. Thus the only thing that we would expect to change
nontrivially when � changes is the transient regime to the
asymptotic self-similar behavior. Specifically we might ex-
pect both the duration of this transient and its nature to
change.

The emergence of self-similarity in the evolution corre-
sponds, as we have discussed at length, to a behavior which
is explicitly independent of the discreteness scale � charac-
terizing its particlelike nature. The simplest interpretation of
this behavior—and the usual one in cosmology—is that this
corresponds to a fluidlike behavior of the system, i.e., to an
evolution which can be described, at both linear and nonlin-
ear scales, by a set of nonlinear fluid equations approximat-
ing the particle dynamics.28 If this interpretation is correct,
any �-dependent effects in the evolution of SL with different
�, but with the same large scale fluctuations �i.e., small k PS�
can then be considered as “discreteness effects.”

This equivalence of the fluid limit of the evolution from
SL with different � can be seen even more explicitly as fol-
lows, for the case that � is small. In this limit the so-called
Zeldovich approximation to the fluid limit evolution �see Ap-
pendix B below� is valid. Each element of the fluid then
moves according to

x�q,t� = q + f�t�u�q,t = 0� , �39�

where q is a Lagrangian �time-independent� coordinate,
which we can take here to be the lattice point from which the
particle/fluid element is displaced, and u�q , t=0� is the dis-
placement of the particle/fluid element at the initial time. The
function f�t� is simply the growth factor of the fluctuations in
linear theory. The effect of the evolution, in this limit, is thus
manifestly to transform one SL into another one with a dif-

ferent �larger� �. Thus in the linear fluid limit, starting from a
small �, the evolution of the system should be identical �sta-
tistically, and up to an overall scale transformation� to that of
an SL with a larger �.

The simulations SL64, SL32, SL24, and SL16, as we
have defined them allow us to explore the � dependence �and
thus nonfluid effects� in the evolution from SL initial condi-
tions. As described above in Sec. II, we have chosen in each
case a combination of � and � which leaves the amplitude of
the PS constant �in the length units we have chosen, fixed by
the box size in these simulations�. This choice means that the
evolution of any two simulations in time should agree �with-
out any rescaling� if the evolution of both may be well de-
scribed by the fluid limit: this is governed, as we have seen,
by the evolution of the fluctuations at large scales which are
identical.

These statements are of course true in the approximation
that effects introduced by the finite box-size of the simula-
tion, the softening of the force and any other effects of the
numerical discretization of the evolution, are negligible. We
noted that in a finite box, and with softened gravity, one has
two additional parameters, which one can choose as � /L and
� /L. The simulations SL64, SL32, SL24, and SL16 in Table
I correspond, as we have described, to chosen fixed values of
these two parameters. In order to control for dependence on
the box size L, we have chosen SL64 to have the same � as
SL128, so that the two sets of initial conditions differ only in
the box size. Thus these two simulations should give pre-
cisely the same �averaged� results as long as finite size ef-
fects play no significant role. We will not report in this paper
the sensitivity of results to the choice of �. We have, how-
ever, verified that, for a considerable range of variation of �
to smaller values than the one used in the simulations we
report here, there is no notable effect on our results in the
range of scales r�� where we assume them to be valid.

In Fig. 15 are shown ��r , t� in each of the five SL simu-
lations given in Table I, for different times, starting from t
=1 when the structures first develop in the largest simula-
tions until t=6 when the scale of homogeneity has reached a
significant fraction of the box size.

The first point to note is the excellent agreement between
the results of SL128 and SL64, which differ only in the
size of the simulation box. This assures us that the finite
size effects due to the different values of L, up to the time
we have shown, are very small in the SL64 simulation,
and we will assume the same is true for the SL32, SL24,
SL16 simulations �in ascribing the differences between them
solely to the change in � and not to that in the number of
particles�.

Considering now the evolution of the other simulations
we observe that:

�i� As � decreases the time increases at which the system
begins to evolve and form strong nonlinear correlations �i.e.,
develop a region with ��r , t�
1�. This is a qualitative behav-
ior expected also in the fluid limit: in the Zeldovich approxi-
mation Eq. �39� the displacements grow at a rate given by
the function f�t� which is independent of scale. Thus, starting

28More precisely the system is assumed then to evolve as de-
scribed by a set of Vlasov-Poisson equations. See appendices
below.
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from a smaller �, the time at which nonlinear structures form
�when ��1� is necessarily longer.29

�ii� When the first nonlinear correlations develop there is a
manifest � dependence in the correlation functions, i.e., the
correlations are not �statistically� equivalent to those in the
larger � simulations. This means that at the time these cor-
relations emerge, the smaller � system is not evolving as in
its fluid limit. If it were it would be in agreement with the

29Equivalently one can say that the larger l system is “missing
input power” above its Nyquist frequency compared to the smaller
l simulation.

FIG. 15. Evolution of the two-point correlation function in the different simulations at times 1, 2, 3, 4, 5, and, 6. The four thick arrows
represent the different mesh sizes � while the thin one corresponds to the value of the softening length �.
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larger � simulation with the same initial power at the rel-
evant scales.

�iii� Initially the nonlinear correlations formed in each
system “lag behind” those in the larger � simulation, i.e.,
��r , t� typically has a smaller amplitude in the smaller �
simulations. As it evolves the smaller � system eventually
“catches up” with the larger ones, its correlations eventually
agreeing very well with those in all the larger � systems over
a significant range of scale.

�iv� The form of the nonlinear correlation function in the
asymptotic regime—the self-similar regime we have dis-
cussed above—emerges to a very good approximation at a
time when there is still a quite visible lag in amplitude.

In Fig. 16 we show also the evolution of Rs�t�, inferred in
each case, as in our analysis of SL128 above, by the deter-
mination of the factor which describes the spatiotemporal
scaling once it emerges as a good approximation. We observe
that in each case we have, as for SL128, a regime of approxi-
mate spatiotemporal scaling of the nonlinear correlation
function before the asymptotic selfsimilar regime is reached.
In this regime Rs�t� is smaller in amplitude than in the
asymptotic regime, corresponding to the lag of the smaller �
simulations described. However, Rs�t� evolves more rapidly
than in the asymptotic regime, allowing each system to catch
up with the �-independent behavior. Note that these observa-
tions again confirm that the corresponding regime in Rs�t� in
SL128 should indeed not be ascribed to a first self-similar
phase driven by the Poisson fluctuations present in this case.

Both this lagging and the role of nearest neighbor inter-
actions in the formation of the first structures can be ex-
plained in the framework of a refined version of the “two
phase model” of �29� for the early time correlations. We will
present this model in detail elsewhere, and restrict ourselves
here to a few qualitative comments.

A very good approximation to the evolution of a per-
turbed lattice is provided by a perturbative treatment de-
scribed in �40,44�. The force acting on particles is written as
an expansion in the relative displacement of particles, in a
manner completely analogous to a standard technique used
in solid state physics to treat perturbations to crystals. One
can then do a linear mode analysis in k space to determine

the eigenmodes of the displacement fields under gravity.
While at small k one recovers the simple k-independent am-
plification of linear fluid theory, the effect at larger k �i.e.,
k�kN� is, for all but some very specific modes, to slow down
the growth of fluctuations. Thus the “collapse time” for fluc-
tuations at scales of order of the interparticle distance are
indeed slowed down, as observed here, compared to linear
fluid theory.

This approximation to the early time evolution breaks
down when the force on a particle starts to be dominated by
a single nearest neighbor. At this point particles start to ac-
celerate toward their neighbor, giving rise to strong two-body
correlations which are, as we have seen above, the dominant
contribution to the measured two-point correlations at non-
linear scales at early times. We have remarked that, given
this manifestly “nonfluid” mechanism for the formation of
these correlations, it is somewhat surprising to see approxi-
mately the same two-point correlations maintained in the
“self-similar” regime, if this regime is interpreted as the re-
sult of a purely fluidlike evolution. Two possible, but very
different, explanations for this are the following:

�i� The self-similar evolution of the system in the nonlin-
ear regime is not correctly interpreted as a manifestation of a
purely fluid limit of the N body system. Its time scales are
dictated by the fluid limit �giving the collapse time for fluc-
tuations at large scales�, but its nonlinear dynamics are in-
trinsically discrete;

�ii� The early time nonlinear correlations, well described
by a discrete dynamics, approximate well those in the fluid
limit because the nonlinear fluid dynamics is in fact physi-
cally well approximated by a discrete system, i.e., the non-
linear evolution of the fluid, in the relevant phase of moder-
ately strong nonlinear correlations (��r��102), is well
described as the evolution of “lumps” of fluid toward “near-
est neighbor lumps.”

We will evaluate these two quite different interpretations
of our results more quantitatively in future work.

IV. DISCUSSION AND CONCLUSIONS

To conclude we first summarize our results, and then
make a few remarks on open questions to be explored in
further works.

We have studied the evolution under their Newtonian self-
gravity, in a static Euclidean space, of classical point par-
ticles initially distributed in infinite space in a quasiuniform
manner. This is a paradigmatic problem of the out of equi-
librium statistical mechanics of long range interacting sys-
tems, which has received little attention in this context. Spe-
cifically we have considered a one relevant parameter class
of initial conditions in which the particles are randomly per-
turbed off a lattice. We have found that our simulations con-
verge aysmptotically �but for times smaller than those at
which the size of the finite simulation box becomes relevant�
to solutions characterized by a simple spatiotemporal scaling
relation in which the temporal dependence of the scaling can
be derived from the linearized fluid theory. These results are
qualitatively very similar to those observed in numerical
studies in the context of cosmology, i.e., for expanding

FIG. 16. Evolution of the rescaling factor Rs�t� in the different
simulations. Also shown is the self-similar behavior Eq. �28�.
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spacetimes and for more complex initial conditions in which
the displacements of the particles off the lattice are corre-
lated in order to produce the PS of fluctuations of cosmologi-
cal models. More specifically, the observed spatiotemporal
scaling is a simple generalization of what is known in the
cosmology literature as self-similarity in an expanding uni-
verse to the case of �i� a static universe, and �ii� a PS P�k�
�k2. Further we have observed that there is a transient phase
to this behavior, in which already, to a good approximation,
the same spatiotemporal scaling relation holds for the two-
point correlation function ��r , t�, but with a more rapid tem-
poral evolution of the scaling factor. We have noted that the
lagging of the evolution behind the asymptotic behavior in
this regime can be ascribed to effects of discreteness �i.e.,
nonfluid effects� slowing down the evolution of fluctuations
at scales comparable to the interparticle distance which have
been quantified in �40,44�. We have seen also that the form
of the correlation function emerges already at the very early
times when the first nonlinear correlations develop due to
two-body correlations which develop under the effect of
nearest neighbor interactions.

The gravitational evolution of a SL in a static universe
thus shares the qualitative features of similar, but more com-
plicated models, in cosmology. It thus provides a simplified
“toy model” in which to study some fundamental problems
which remain open concerning the evolution of these sys-
tems, which have been studied extensively in numerical
simulations but remain poorly understood analytically, nota-
bly:

�i� The absence of a theory which adequately explains the
shape �i.e., functional form� and evolution of the observed
nonlinear correlations.

�ii� The absence of a “theory of discreteness errors.” In
cosmology simulations of particles displaced off lattices �or
“glasses”� aim to reproduce the evolution of a self-
gravitating fluid. There is currently very little systematic un-
derstanding of how well this evolution is actually approxi-
mated. We have highlighted in this paper that the SL gives a
very well defined, and simplified, framework in which to
address this problem.

Let us remark finally on a few other points:
�i� We have worked here with initial velocities set equal to

zero. In exploring the analogy with cosmological simulations
there is another choice of initial velocities which is natural.
This is that given by the Zeldovich approximation discussed
above, with f�t� chosen in Eq. �39� to correspond to the
purely growing mode of density fluctuations, i.e., f�t�
=et/�dyn. The initial velocities are then simply the initial dis-
placements divided by �dyn. This introduces no further new
characteristic scales in the initial conditions. Its effect on the
evolution will be to make the transient to self-similarity
slightly shorter, but it will not significantly change any of our
findings or conclusions.

�ii� We have made a specific choice of PDF for our shuf-
fling, given in Eq. �2�. We expect different choices again to
modify slightly the nature of the transient, but not the self-
similarity. This latter, as we have emphasized, depends only
on the k2 form of the PS at small k, which is in fact the same
for any PDF with finite variance. Indeed the coefficient of
the k2 is just given by this variance, and the difference be-

tween PDFs will manifest themselves in modifications of the
fluctuations at small scales �i.e., larger k�. For example if the
two PDF have different fourth moments, this will be re-
flected in a different coefficient in the k4 correction to the
small k PS. Just as in the case of velocities, there is a natural
choice if one wishes to maximize the analogy with cosmo-
logical simulations: a simple Gaussian PDF which is what is
used in this context. In fact this choice is also natural from
another point of view �see �45� for a detailed discussion�:
when one considers constructing new particle distributions
by a simple “coarse-graining” on some scale, the SL with
Gaussian PDF, due to the central limit theorem, has the prop-
erty of being the unique one which is invariant under such a
coarse graining.

�iii� We have reported in this paper simulations in which
the softening � has been kept fixed �in our chosen length
units�. We have mentioned that we have checked that our
results for clustering amplitudes above this scale are robust
to the use of significantly smaller values of �. A more exten-
sive and systematic study of the role of this parameter would,
however, be of interest, specifically with the goal of under-
standing in detail how the clustering properties are modified
by it at small scales.
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APPENDIX A: FLUID EQUATIONS
AND FLUID LINEAR THEORY

The equations which describe the evolution of a self-
gravitating fluid are the following �e.g., �16�, Chap. II or
�24�, Chap. 5.2�:

�t� + �x · ��v� = 0, �A1a�

�tv + �v · �x�v = g −
1

�
�xp, �A1b�

�x · g = − 4�G�� − �0� , �A1c�

�x � g = 0, �A1d�

where ��x , t� is the mass density, v�x , t� the velocity field,
g�x , t� the gravitational field, and p�x , t� the pressure. The set
of equations closes if p�x , t� is specified as a function of the
density.

As it is shown in �16,19�, this set of equations can be
obtained after certain approximations from the Vlasov equa-
tion coupled to the Poisson equation:
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��t + v · �x − �v� · �v�f�x,v,t� = 0, �A2a�

where � satisfies the modified Poisson equation

�x
2��x,t� = 4�G�m�

R3
f�x,v,t�d3v − �0� �A2b�

and f�x ,v , t� is the density of particles in the infinitesimal
volume d3xd3v at �x ,v� at time t. These equations can them-
selves be derived as truncations of a Born-Bogoliubov-
Green-Kirkwood-Yvon hierarchy �16,19�, or starting from a
Liouville equation for the full �“spiky”� one particle phase
space density �46,47�.

By performing a perturbation analysis for the case of
pressureless �i.e., highly nonrelativistic or “cold”� matter,
around �=�0 and v=0 with the set of Eq. �A1�, one finds at
first order that the evolution of the density contrast ��x , t�
= ��−�0� /�0 is described by the differential equation

�̈�x,t� = 4�G�0��x,t� �A3�

or equivalently that each Fourier mode �̃�k , t� evolves inde-
pendently of the others:

�̃
¨ �k,t� = 4�G�0�̃�k,t� . �A4�

The general solution of Eq. �A3� is ��16�, Sec. 13�

��x,t� = A�x���4�G�0t� + B�x�exp�− �4�G�0t� . �A5�

For the case, as in this paper, in which the initial velocity is
set equal to zero, one obtains

��x,t� = ��x,0�cosh��4�G�0t� . �A6�

APPENCIX B: LAGRANGIAN FLUID THEORY
AND THE ZELDOVICH APPROXIMATION

The previous appendix uses the Eulerian formalism of
fluid mechanics, in which one describes the evolution of the
different quantities characterizing the fluid �velocity, density,
and pressure� at each point of a fixed reference frame. In the
alternative Lagrangian formalism �see, e.g., �48–50��, one
describes the evolution of the fluid in terms of the displace-
ments of its elements with respect to a reference frame. In
that case, the equations �A1� which describe the density and
the velocity are then transformed into a set of equations de-
scribing the evolution of a displacement field f�X , t�. The
position x of a fluid element at time t is then written

x = f�X,t� , �B1�

where the coordinate X labels the fluid element considered.
One can choose this coordinate as the position of the fluid

element at the initial time �which we assume to be 0�: X
= f�X ,0�. The equations for f�X , t� in the case of a gravitat-
ing fluid can be found in, e.g., �49�. Note that in this refer-
ence, a fluid in an expanding universe is considered. The
static case can be recovered by setting the expansion factor
a�t�=1 at all times.

As in the Eulerian approach, one can perform a perturba-
tion theory in the Lagrangian approach. One writes f�X , t�
=X+p�X , t� with p�X ,0�=0, and performs a Taylor expan-
sion in powers of p. At linear order in p�X , t�, one obtains
the following set of equations:

� · �p̈ − 4�G�0p� = − 4�G�0��X,0� , �B2�

� � p̈ = 0 , �B3�

where ��X ,0� is the density contrast at t=0. Writing the
vector field p as the sum of a curl-free part pD and a diver-
genceless part pR �i.e., pD can be written as the gradient of a
scalar function, and pR as the curl of a vector field�, one finds
after some calculation that

p�X,t� = p̈�X,0�
�cosh��4�G�0t� − 1�

4�G�0

+ ṗD�X,0�
sinh��4�G�0t�

�4�G�0

+ ṗR�X,0�t �B4�

with the initial condition p�X ,0�=0. Note that p̈�X ,0�
= p̈D�X ,0� since the gravitational force is conservative. This
Eq. �B4� corresponds to Eqs. �6� and �7� in �49�, with a�t�
=1 and �=4�G�0.

The asymptotic behavior of the solution �B4� is

p�X,t� ——→
t→�

1

2� p̈�X,0�
4�G�0

+
ṗD�X,0�
�4�G�0

�exp��4�G�0t� .

�B5�

By choosing ṗR�X ,0�=0 and p̈�X ,0��4�G�0= ṗ�X ,0�, the
solution is then directly in its asymptotic regime. This is the
static space equivalent of the Zeldovich approximation in an
expanding background �49–52�.

The linear approximation of the Lagrangian approach,
which leads to the Zeldovich approximation as we have de-
scribed, has proven to be very useful in the problem of gravi-
tational clustering. With respect to the linear Eulerian ap-
proach, it has the advantage that it can describe the evolution
of density fluctuations with a density contrast much greater
than unity.
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