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Motivated by aggregation phenomena in gliding bacteria, we study collective motion in a two-dimensional
model of active, self-propelled rods interacting through volume exclusion. In simulations with individual
particles, we find that particle clustering is facilitated by a sufficiently large packing fraction � or length-to-
width ratio �. The transition to clustering in simulations is well captured by a mean-field model for the cluster
size distribution, which predicts that the transition values �c of the aspect ratio for a fixed packing fraction �
are given by �c=C /�−1 where C is a constant.
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Emergent large-scale patterns of interacting self-driven
motile elements are observed in a wide range of biological
systems of different complexity: from human crowds, herds,
bird flocks, and fish schools �1� to multicellular aggregates,
e.g., of bacteria and amoebas �2� as well as sperms �3�. A
recurrent question is how these entities coordinate their be-
havior to form groups that move collectively. At a theoretical
level, several qualitative approaches have been made to in-
corporate the diverse collective behaviors of such different
systems in a common framework �1,4,5�. More specific mod-
els for bacteria like Escherichia coli as well as for amoebas
like Dictyostelium discoideum �2� have been based on
chemotaxis, a long-range cell interaction mechanism accord-
ing to which individual cells move in response to chemical
signals produced by all other cells. However, in some bacte-
ria there is no evidence for chemotactic cues and cells coor-
dinate their movement by cell-to-cell signaling mechanisms
in which physical contact between bacteria is needed �6�.
Aggregation of these bacteria requires an alternative mecha-
nism of gathering. Here, we show that self-propelled, suffi-
ciently elongated particles in a simple model form clusters
and therefore do not require such long-range communication
for aggregation. Instead, aggregation depends crucially on
the particular shape of the moving objects.

The shape of bacteria has already been shown to be es-
sential for swimming of individual bacteria �7�. In contrast,
the role of the cell shape for collective motion has remained
mostly unexplored. It has been demonstrated experimentally
�8� that migrating elongated cells exhibit alignment similar
to liquid crystals �9�. A prominent example for collective
behavior with no apparent long-range interactions are the
striking patterns observed during the life cycle of gliding
myxobacteria; see, e.g., �6,10�. Earlier modeling work has
reproduced many of these patterns in three dimensions as-
suming either perfect alignment �11� or a phenomenological
alignment force �12�. These models have all considered pat-
terns resulting from exchange of chemical signals that are
absent in an early stage of the myxobacterial life cycle. Nev-
ertheless, a trend from initial independent motion towards
formation of larger clusters of aligned bacteria is often ob-
served �e.g, in Fig. 1�. Moreover, aligned motion of self-
propelled particles with apolar interactions is an important
example for an “active nematic” phase, that has properties

different from the nematic phase in equilibrium systems
�13,14�.

Here, we study a two-dimensional model of self-propelled
rods that explicitly takes into account the cell shape and
neglects hydrodynamic interactions. The latter assumption is
justified for densely packed objects in very viscous media
like bacterial films. In addition, the moving rods have repul-
sive excluded volume interactions. We find that the interplay
of rod geometry, self-propulsion, and repulsive short-range
interaction is sufficient to facilitate aggregation into clusters.
In simulations of an individual-based model �IBM�, cluster-
ing of self-propelled particles �SPPs� is observed for large
enough packing fraction � or aspect ratio � of the rods �see
Fig. 2�. We define the onset of clustering by the transition
from a unimodal to a bimodal cluster size distribution. A
mean-field approximation �MFA� for the cluster size distri-
bution is derived and reproduces the change from a unimodal
to a bimodal shape upon increase of either � or �. The MFA
yields a simple equation �c=C /�−1 for the critical rod as-
pect ratio �c at the onset of clustering in line with the IBM
simulation results. If diffusion is added to the active motion
�active Brownian rods�, the clustering transition is shifted to
higher values of �, whereas clustering is absent for pure
diffusive motion �Brownian rods� as well as for isotropic
particles with �=1. Hence, clustering of particles with ex-
cluded volume interaction requires both active motion, i.e., a
nonequilibrium system, and elongated particles �=rods�

FIG. 1. Example for clustering of myxobacteria �Myxococcus
xanthus� in the early stage of the life cycle: �a� immediately after
maturation of spores; �b� afterward, during the vegetative phase.
Snapshots are taken from a movie �Ref. �10�b���; the frame size is
40�30 �m2. Similar phenomena were seen in other bacterial spe-
cies �cf. Ref. �6�a���.
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.
We consider N rodlike particles moving on a plane. Each

particle is equipped with a self-propelling force acting along
the long axis of the particle. We assume that particles are
submerged in a viscous medium. The velocity and angular
velocity are proportional to the force and torque, respec-
tively. The rod shape of the particles requires three different
friction coefficients that correspond to the resistance exerted
by the medium when particles either rotate or move along
their long and short axes. Inertial terms are neglected �over-
damped motion�. Consequently the movement of the ith rod
is governed by the following equations for the velocity of its
center of mass and angular velocity:
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where v�
�i� ,v�

�i� refer to the velocities along the long and short
axes of the rods, respectively, �i indicates the corresponding

friction coefficients ��� is related to the friction torque�, U�i�

refers to the energy of the interaction of the ith rod with all
other rods, and F is the magnitude of the self-propelling
force. The motion of the center of mass ẋ�i�= �vx

�i� ,vy
�i�� of the

ith rod is given by
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Particles interact by “soft” volume exclusion, i.e., by a po-
tential that penalizes particle overlaps in the following way:

U�i��x�i�,��i�,x�j�,��j��

= � 
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N

��� − ao�x�i�,��i�,x�j�,��j���−	 − �−	� �3�

where ao�x�i� ,��i� ,x�j� ,��j�� is the overlap area of the rods i
and j, � is a parameter that can be associated with the maxi-
mum compressibility, 	 controls the stiffness of the particle,
and � is the interaction strength. The simulations were per-
formed placing N identical particles initially at random in-
side a box of area A with periodic boundary conditions. The
values of the parameters are given in �15�.

There are three key parameters that control the dynamics:
�i� persistence of particle motion, regulated by F, �ii� the
packing fraction �, i.e., the area occupied by rods divided by
the total area ��=Na /A, where N is the number of particles
in the system, a is the area of a single particle, and A is the
total area of the box�, and �iii� the length-to-width aspect
ratio � ��=L /W, where L is the length and W is the width of
the rods�. Simulations yield an increase of cluster formation
with increasing � or � �see Fig. 2�. Individual clusters are
defined by connected particles that have nonzero overlap
area. Simulations can be characterized by the mean maxi-
mum cluster size M and the weighted cluster size distribution
p�m�, which indicates the probability of finding a given par-
ticle inside a cluster of mass m. Figure 3�a� shows that for a
given �, M seems to saturate after the critical �c, which is
defined as the value of � for which the shape of p�m�
changes from unimodal to bimodal. In Fig. 3�b� typical
shapes of p�m� are shown: before clustering and correspond-
ing to low values of � �circles�, and after clustering and
corresponding to large values of � �crosses�. We define the
onset of clustering by the emergence of a second peak in
p�m�. We have also tested the robustness of the model
against fluctuations by inserting additive noise terms Ri /�i in
Eqs. �1�, which correspond to a switch from purely active to
active Brownian particles �5�. We found that clustering is
still present in rods of the latter kind, albeit the transition is
moved to larger values of � and �. Clustering was absent in
all simulations with purely Brownian rods �F=0�.

We have studied the clustering effects described above
through a MFA by deriving kinetic equations for the number
nj of clusters of a given size j. The equations for nj contain
terms for cluster fusion and fission. For the fusion terms we
have adapted kinetic equations originally derived for coagu-
lation of colloids �16�, while the fission terms are empirically
defined from the typical behavior seen in the above simula-

FIG. 2. �Color online� Simulation snapshots of the steady states
for different particle anisotropy � and the same packing fraction �
�a�–�c�, and the same � and different � �d�–�f�. Fixing �=0.24: �a�
before the transition, �=1; �b� almost at the transition, �=5; �c�
after the transition, �=8. Fixing �=6: �d� before the transition, �
=0.18; �e� just crossing the transition, �=0.24; �f� after the transi-
tion, �=0.34. In all cases, particles N=100 and particle area a
=0.2. The arrows indicate the direction of motion of some of the
clusters.
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tions. The numbers nj change in time—we have �nj�t�� j=1

 ,

where nj�t� is the number of clusters of mass j at time t.
This description neglects the geometry of clusters as well

as spatial fluctuations. This allows us to consider a single
rate constant for all possible collision processes between
clusters of mass i and j, as well as a unique disintegration
constant for any cluster of mass i. In addition we make four
crucial assumptions. �i� The total number of particles in the
system, N=
 j=1

N jnj�t�, is conserved. �ii� Only binary cluster
collisions are considered. �iii� Clusters suffer spontaneous
fission only by losing individual particles at the boundary
one by one. This is motivated by observations in the above
simulations. �iv� All clusters move at constant speed, ṽ

F /��. Under all these assumptions the evolution of the nj’s
is given by the following N equations:

ṅ1 = 2B2n2 + 
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N

Bknk − 

k=1
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Ak,1nkn1,
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1

2

k=1

j−1

Ak,j−knknj−k

for j = 2, . . . ,N − 1,

ṅN = − BNnN +
1

2 

k=1

N−1

Ak,N−knknN−k, �4�

where the overdot denotes the time derivative, Bj represents
the fission rate of a cluster of mass j, defined by Bj

= �ṽ /R��j, and Aj,k is the collision rate between clusters of
mass j and k, defined by Aj,k= �ṽ�0 /A���j+�k�. �0 is the
scattering cross section of a single rod. R is the only free
parameter and indicates the characteristic length a rod at the
boundary of a cluster moves before it leaves the cluster in a
typical fission event. We assume R=�L taken into account
that longer rods will stay attached to the cluster for a longer
time.

Since �0 can be approximated by �0
L+W=�a���
+1/���, the MFA depends only on the parameters �, a, A, ṽ,
and �. If one integrates Eqs. �4� with parameters used in
IBM simulations and the initial condition nj�t=0�=N
1,j,
their solution yields steady state values nj

0 for t→
. From
these values, we obtain a MFA for the weighted cluster size
distribution p�m�=nm

0 m /N for given values of the free pa-
rameter �. The best agreement between the MFA and the
IBM simulations is found for a choice of �=1.0±0.05 �see
Fig. 3�b��. Hence, we will use R=L in the following.

To understand the relation between the parameters of the
model and clustering effects, we can rescale Eqs. �4�, so that
they depend only on a dimensionless parameter P= ��
+1�a /A. In the dimensionless model the parameter P stands
for the ratio between fusion and fission processes and there-
fore triggers the transition from a unimodal to a bimodal
cluster size distribution. Given the system area A, the rod
area a, and the number of rods N, this method provides a
way to calculate �c:

�c = Pc�N�
A

a
− 1. �5�

At this point it is crucial that Pc depends on N, which is
formally the number of equations in the MFA. By numeri-
cally solving the MFA equations for different particle num-
bers N up to N=1024, we find basically Pc�N��N−1. This
result implies that in the MFA the critical parameter value �c
for the clustering transition does not depend on the number
of particles and is simply given by

�c = C/� − 1 �6�

where the constant is found to be C
1.46. The �-� phase
diagram �Fig. 4� shows a reasonable agreement of the tran-
sition line given by Eq. �6� and the IBM simulation results.
So, for the range of parameters used in the IBM, we retrieve
in the MFA the unimodal shape of the weighted cluster size
distribution for small values of � and �, and the bimodal
shape for large values of the two parameters. Figure 3�b�
gives a comparison of the cluster size distribution in the IBM
and MFA.

FIG. 3. �Color online� �a� The mean maximum cluster size M vs
� for IBM simulations �N=50�, error bars give distributions of in-
dividual runs. �b� p�m� as function of the cluster size m for �
=0.34. Symbols show the average over eight IBM simulations for
active particles with N=50 and �=1 �circles� and 8 �crosses�. The
lines correspond to the mean-field theory for �=1 �solid� and 8
�dashed�.
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We have found nonequilibrium clustering for interacting
self-propelled rod-shaped particles with sufficient packing
density � and aspect ratio � in simulations. The rods interact
via strong short-range repulsive interactions that approxi-
mate excluded volume interactions. The onset of clustering
has been defined by a transition from a unimodal to bimodal
cluster size distribution. This transition is reproduced by a
mean-field description of the cluster size distribution, which
yielded a simple criterion, �=C /�−1, for the onset of clus-
tering. This functional form with C
1.46 provides a good fit

to the results of the simulations. The high density inside the
cluster leads also to alignment of rods and coordinated mo-
tion of all particles in the cluster. The transition to clustering
defined here is practically independent of the system size and
the number of particles. It is instructive to compare our result
rewritten in the form ��+�
1.46 with the formula for the
isotropic-nematic transition ��
4.7 found in the two-
dimensional version �17� of Onsager’s mean-field theory for
Brownian rods �9�. This shows that actively moving rods can
achieve alignment at much lower densities than Brownian
rods or particles in equilibrium systems. The latter fact dis-
tinguishes our model from related work studying active nem-
atics �13,14�, where the isotropic-nematic transition is not
affected by the active motion. The clustering phenomenon is
absent in simulations with isotropic self-propelled particles
as well as with Brownian rods. Our model provides also an
alternative explanation for collective behavior of rod-shaped
objects—previous swarming models have achieved aggrega-
tion and clustering by assuming attractive long-range inter-
actions �4,5�. With respect to biology, our observation offers
a simple physical explanation for the formation of clusters in
many gliding rod-shaped bacteria, which often precedes the
formation of biofilms and the appearance of more complex
patterns. Real biological systems may employ other more
complicated mechanisms like chemical signals and adhesion
to achieve cell aggregation—the model studied here should
be considered as a minimal model for collective phenomena
of actively moving cellular entities.
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