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Numerical precision of the second-order decomposition formula S, [Egs. (31) and (32)] in the original paper turned out to
be first-order with respect to evolution step Az. The second-order decomposition formula that maintains second-order precision
is given as follows:

Sy(Az) = Ug(Az2) U(Az) Ug(Az/2), (1)

where U x(Az) and ﬁV(Az) are second-order symmetric decompositions of partial evolution operators due to the kinetic and
interaction parts of the total Hamiltonian, respectively. The partial evolution operators are explicitly written using the dis-
cretized exponential operators given in Sec. I A of the original paper:
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Using Eq. (1), z-directional evolution of pulse envelope ¢ is calculated as

d(x,y,z+ Az, 1) = S)(AZ) (x,y,2,7) = Ux(Az/2) U A2) Ui(Az/2) dlx,y,2, 7). (4)

Here, note that all envelope-dependent coefficients in 0V(Az) must be calculated commonly by substituting

Ux(Az/2)é(x,y,z,7) into the coefficients, whereas the operand of each discretized exponential operator in Eq. (2) changes due
to the preceding operation [1,2].

We performed calculations with the above formula and confirmed that all results in the original paper were at least
reproduced visually, although minor numerical differences existed. Among those results, the largest total change of power
density distribution was seen in the initial state of the multiple-cone formation [r=0 ps in Fig. 3(a)], where interaction terms
became large to affect numerical values. However, the change was at most 2.0%, which was reduced to 0.37% in the final
power density distribution [Fig. 3(b)].

When performing calculations with the higher-order formula [Eq. (33) in the original paper], we must apply the above
formula. Although it appears to include more calculation steps, actual calculation time is similar to the original formula
because the increased calculation steps consist of simple operations that do not require much CPU work load. Thus we
recommend using the second-order precise formula even when the numerical precision is unimportant.
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