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A different approach will be presented that aims to scrutinize the phase-space trajectories of a general class
of Hamiltonian systems with regard to their regular or irregular behavior. The approach is based on the
“energy-second-moment map” that can be constructed for all Hamiltonian systems of the generic form
H=p2 /2+V�q , t�. With a three-component vector s consisting of the system’s energy h and second moments
qp, q2, this map linearly relates the vector s�t� at time t with the vector’s initial state s�0� at t=0. It will turn
out that this map is directly obtained from the solution of a linear third-order equation that establishes an
extension of the set of canonical equations. The Lyapunov functions of the energy-second-moment map will be
shown to have simple analytical representations in terms of the solutions of this linear third-order equation.
Applying Lyapunov’s regularity analysis for linear systems, we will show that the Lyapunov functions of the
energy-second-moment map yields information on the irregularity of the particular phase-space trajectory. Our
results will be illustrated by means of numerical examples.
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I. INTRODUCTION

The phase-space trajectories of dynamical systems can be
classified as being either regular or irregular. The distinction
between regular and irregular behavior of a trajectory of a
given n-degree-of-freedom dynamical system is commonly
made on the basis of the linear system of perturbation equa-
tions that can be solved in conjunction with the full set of
equations of motion. The n�n solution matrix of the system
of perturbation equations is referred to as the stability matrix.
This matrix thus describes the stability of all trajectories with
respect to small changes of their initial values. From the
stability matrix, the system’s degree of irregularity can then
be quantified in terms of Lyapunov’s characteristic exponents
�cf., for example, Refs. �1–3��. The “degree of irregularity”
of a given dynamical system is then defined as the proportion
of the phase-space volume at t=0 that gives rise to irregular
trajectories to the corresponding phase-space volume that
leads to regular trajectories.

In this paper, a different approach to quantify the
irregularity of the time evolution of dynamical systems
will be presented. It applies to all—possibly explicitly
time-dependent—Hamiltonian systems that are canonically
equivalent to the generic Hamiltonian H�q ,p , t�
=p2 /2+V�q , t�.

In contrast to conventional approaches that analyze the
stability matrix, our method is based on the analysis of the
“energy-second-moment map” �4�. A derivation of this map
will be sketched in Sec. II. Briefly, the energy-second-
moment map linearly relates the three-component vector s�t�
of system quantities energy h and second moments qp, q2 at
finite times t with the vector’s initial state s�0� at t=0. Simi-
lar to the stability matrix, the energy-second-moment map is

obtained by solving an additional set of linear differential
equations on the top of the set of equations of motion. It will
turn out that this map can be represented by a 3�3 order
matrix ��t� with unit determinant. As Lyapunov’s theory of
characteristic coefficients can be applied to any linear system
with time-dependent and generally nonperiodic coefficients,
we may therefore make use of this theory to analyze the
regularity of the energy-second-moment map.

We will give in Sec. III A a brief review of the Lyapunov
regularity analysis of nonautonomous, homogeneous linear
systems. Applied to the particular energy-second-moment
matrix ��t�, we will show in Sec. III B by means of a QR
decomposition of ��t� that its three Lyapunov functions
�1,2,3�t� always have a simple analytical representation in
terms of the column vectors of ��t�. Furthermore, we will
see in Sec. III C that our analysis becomes particularly
simple for autonomous �time-independent� Hamiltonian sys-
tems. On the basis of this astonishing result, we can easily
determine the Lyapunov coefficient of irregularity of the
energy-second-moment map and thereby quantify the sys-
tem’s degree of irregularity. The regularity analysis emerging
from the energy-second-moment map therefore simplifies the
conventional approach that is based on the analysis of the
stability matrix.

By means of several numerical examples, given in Sec.
IV, we will illustrate that the degree of irregularity of a
Hamiltonian system can indeed be quantified in terms of the
time evolution of the Lyapunov coefficients �1,2,3�t� of the
energy-second-moment map. We will furthermore show that
the time evolution of the Lyapunov functions of a chaotic
trajectory allows to identify particular time intervals where
the particle’s motion is quasi-regular.

II. ENERGY-SECOND-MOMENT MAP

We consider an n-degree-of-freedom system of classical
particles in a 2n-dimensional Cartesian phase space whose*Electronic address: j.struckmeier@gsi.de
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Hamiltonian can be converted into the generic form

H�q,p,t� = 1
2p2 + V�q,t� . �1�

Herein, q denotes the n-dimensional vector of configuration
space variables, and p is the vector of conjugate momenta.
The system’s time evolution is then given as the solutions of
the canonical equations

q̇ = p, ṗ = −
�V�q,t�

�q
. �2�

Based on the canonical equations �2�, we can subsequently
set up the equations of motion for the instantaneous system
energy h�t�, i.e., the value of the Hamiltonian,

h�t� = H„q�t�,p�t�,t… ,

and for the second moments q2�t� and q�t�p�t� as the scalar
products of the canonical coordinate vectors q�t� and p�t�,
respectively,

d

dt
h =

�V�q,t�
�t

,
d

dt
q2 = 2qp,

d

dt
qp = p2 − q

�V�q,t�
�q

.

�3�

Let us now assume that the canonical equations �2� were
integrated for the given initial conditions, hence that the ac-
tual spatial trajectory q=q�t� is a known function of time.
Then, the potential-related terms g1�t� and g2�t�, defined as

g1�t� =
4

q2

�V�q,t�
�t

, �4�

g2�t� =
4

q2�V�q,t� +
1

2
q

�V�q,t�
�q

� , �5�

equally constitute known functions of time only. With the
coefficients �4� and �5�, the system of energy and second-
moment equations �3� may be reformulated as a linear, ho-
mogeneous third-order system with time-dependent coeffi-
cients,

d

dt�
h

−
1

2
qp

1

4
q2 � = � 0 0 g1�t�

− 1 0 g2�t�
0 − 1 0

��
h

−
1

2
qp

1

4
q2 � . �6�

In conjunction with the full set of canonical equations �2�,
the system �6� does not contain unknown functions—and
hence can be integrated. In other words, the linear system �6�
constitutes an extension of the system of canonical equations
�2�.

For a further analytic treatment, we will now turn over to
the adjoint system of Eq. �6�, i.e., to the system with the
negative transpose system matrix

�̇ = A�t��, A�t� = � 0 1 0

0 0 1

− g1�t� − g2�t� 0
� , �7�

with the column vector ��t� defined by (��t� ,��t� ,��t�)T. For
this particular system matrix A�t�, the linear system �7� is
obviously equivalent to the linear, homogeneous, and nonau-
tonomous third-order differential equation

�� + g2�t��̇ + g1�t�� = 0, � 	 �̇, � 	 �̈ . �8�

Regardless of the particular form of the system’s potential
V�q , t� in the Hamiltonian �1�, the trace of the system matrix
A�t� from Eq. �7� is always zero. Thus the Wronski determi-
nant of any 3�3 solution matrix ��t� of Eq. �7� is always
constant. Choosing the unit matrix as the initial condition
(��0�=1), the Wronski determinant is then unity. With our
particular system �7� being equivalent to Eq. �8�, it is impor-
tant to realize that a solution matrix ��t�, i.e., a matrix sat-
isfying

�̇�t� = A�t���t� ,

has the form

��t� = ��1 �2 �3

�̇1 �̇2 �̇3

�̈1 �̈2 �̈3

�, ��0� = 1, det ��t� 	 1.

�9�

Thus the lines of ��t� occur as zeroth, first, and second de-
rivatives of linearly independent functions �k�t�, k=1,2 ,3
satisfying Eq. �8�. With ��t� a solution matrix of the adjoint
system �7�, it is well known �cf., for example, Ref. �5�� that
a solution matrix Z�t� of the energy-second-moment system
�6� is then given by the inverse transpose of the solution
matrix ��t�,

Z�t� = ��T�t��−1 Û Z−1�t� = �T�t� . �10�

For the solution ��t� of Eq. �7� with ��0�=1, the mapping of
the energy-second-moment vector s�t�= �h ,− 1

2qp , 1
4q2�T at t

into its initial state s�0� at t=0 can thus be written in terms of
the transpose solution matrix �T�t� as

�
h

−
1

2
qp

1

4
q2 �

t=0

= ��1 �̇1 �̈1

�2 �̇2 �̈2

�3 �̇3 �̈3

� �
h

−
1

2
qp

1

4
q2 �

t

.

�11�

For the general class of Hamiltonian systems �1�, Eq. �11�
thus expresses the fact that the particular vector
�h ,− 1

2qp , 1
4q2�T depends linearly on its initial state at t=0,

and that this mapping is associated with a unit determinant.
We can thus interpret the linear and “area-preserving” map-
ping �11� in the following way:
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A regular or irregular time evolution of a nonlinear
mapping (q�0� ,p�0�)� (q�t� ,p�t�) is reflected by the proper-
ties of the time evolution of the “transfer matrix”
Z�t�= ��T�t��−1 that describes the linear mapping
�h ,− 1

2qp , 1
4q2�

0� �h ,− 1
2qp , 1

4q2�
t.

We emphasize that due to the dependence of the coeffi-
cients g1�t� ,g2�t� on the spatial trajectory q�t�, the particular
solution matrix ��t� of �7� only applies to the given initial
condition (q�0� ,p�0�); hence we encounter different coeffi-

cients ḡ1�t�, ḡ2�t� and hence a different solution matrix �̄�t�
for a different initial condition (q̄�0� , p̄�0�).

With the matrix �T�t� furnishing the correlation of the
“energy-second-moment vector” at time t with the vector’s
initial state, it is obvious that the properties of the mapping
defined by ��t� reveal information on the system’s dynam-
ics. More precisely, we will show in the following section,
that for any Hamiltonian system �1�, the Lyapunov analysis
of ��t� yields information on the system’s degree of irregu-
larity.

III. LYAPUNOV REGULARITY ANALYSIS

A. Review of the general theory

If the system matrix A�t� of a nonautonomous homoge-
neous linear system

�̇ = A�t�� �12�

is nonperiodic, we must resort to Lyapunov’s theory of char-
acteristic exponents �cf., for example, Refs. �5,6�� to investi-
gate the long term time behavior of a solution matrix ��t� of
Eq. �12�. With regard to our particular physical system �7�,
and recalling the definitions of the potential-related terms
g1�t� and g2�t� of Eqs. �4� and �5�, we may assume the sys-
tem matrix A�t� from Eq. �12� to consist of only bounded
coefficients. The degree of irregularity of the system �12�
cannot directly be deduced from a solution matrix ��t�. In-
stead, we must first convert our given system �12� into a
related system with upper triangular matrix B�t�. According
to Perron’s theorem on the triangulation of a �real� linear
system, this can always be achieved by means of an orthogo-
nal transformation:

�Theorem 1 Theorem 3.3.1 of Adrianova �5��. By means of
an orthogonal transformation Q�t�, any linear system �12�
can be reduced to a system with an upper triangular matrix
B�t�

�̇ = B�t��, � = Q�t�� . �13�

To construct the upper triangular system �13�, we proceed as
follows. A solution matrix ��t� of the system �12� can al-
ways be decomposed into the product of a bounded orthogo-
nal matrix Q�t� and an upper triangular matrix R�t�,

��t� = Q�t�R�t�, QT�t�Q�t� = 1 . �14�

The matrix Q�t� thus defines an orthogonal change of vari-

ables so that the system �̇�t�=A�t���t� that is defined by Eq.
�12� is converted into the triangular system

Ṙ�t� = B�t�R�t�, B�t� = QTA�t�Q − QTQ̇ .

The transformation induced by Q�t� is referred to as a
“Lyapunov transformation.” Matrices A�t� and B�t� are then
called “kinematically similar.” From det ��t��0, we can in-
fer det R�t��0, as orthogonal matrices Q�t� always have unit
determinants. Therefore the inverse matrix R−1�t� exists, and
the upper triangular matrix B�t� is obtained as

B�t� = Ṙ�t�R−1�t� . �15�

Defining the Lyapunov functions �k�t� as the time averages
of the diagonal elements bkk�t� of B�t�,

�k�t� =
1

t



0

t

bkk���d� , �16�

the Lyapunov characteristic exponents �k
i and �k

s are then
given by the limit values of the �k�t�, hence by

�k
i = lim inf

t→	
�k�t�, �k

s = lim sup
t→	

�k�t�, k = 1, . . . ,n .

�17�

The upper and lower characteristic exponents �17� can now
be used to distinguish a regular time evolution of the solution
of Eq. �12� from an irregular one. To this end, we make use
of a theorem proven by Lyapunov:

�Theorem 2 Theorem 3.8.1 of Adrianova �5��. A n�n tri-

angular system Ṙ�t�=B�t�R�t� is regular if and only if the
limit values �k

i and �k
s from Eq. �16� coincide, i.e., if

�k
i = �k

s, k = 1, . . . ,n .

The degree of irregularity of the energy-second-moment map
from Eq. �11� can then directly be inferred from the degree
of irregularity of its adjoint because of the following fact:

�Theorem 3 (Corollary 3.6.1 of Adrianova �5��. The ad-
joint system of a �ir�regular system is �ir�regular.

For a proof of Theorems 1, 2, and 3 see, Ref. �5�. The
Lyapunov coefficient of irregularity 
� is then obtained from
the limit values �17� as


� = �
k=1

n

��k
s − �k

i � . �18�

If �k
i =�k

s , k=1, . . . ,n, then Lyapunov’s coefficient of ir-
regularity vanishes: 
�=0. In that case, the trajectory is re-
ferred to as regular �as defined by Lyapunov�. Otherwise, we
have 
��0, which means that the system’s time evolution
exhibits an irregular behavior. The degree of irregularity of a
trajectory of the given dynamic system can thus be quantified
in terms of the value of 
�
0.

B. General (time-dependent) Hamiltonian

Following the sketched scheme, we will now work out the
Lyapunov functions �16� for the particular matrix ��t� from
Eq. �9� that constitutes a solution of the adjoint system �7� of
the energy-second-moment system �6�. It turns out that the
QR decomposition of Eq. �9� and the subsequent time inte-
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gration of the diagonal elements bkk�t� ,k=1,2 ,3 of B�t�
from Eq. �15� yield simple analytical expressions for the
Lyapunov functions �16�. With the following abbreviations:

a1�t� = �1
2 + �̇1

2 + �̈1
2,

a2�t� = ��̇1�̈2 − �̈1�̇2�2 + ��̈1�2 − �1�̈2�2 + ��1�̇2 − �̇1�2�2,

the Lyapunov functions �16� for ��t� from Eq. �9� are ob-
tained as

�1�t� =
1

2t
ln

a2

a1
, �2�t� =

1

2t
ln a1, �3�t� = −

1

2t
ln a2.

�19�

A “Maple” �7� worksheet that describes the symbolic calcu-
lation of Eqs. �19� starting from the solution matrix �9� of
Eq. �8� via Eqs. �14�–�16� is listed in the Appendix.
As required, the sum over all �k�t� vanishes since
Tr A�t�=Tr B�t�=0. We thus encounter the remarkable and
fairly general result:

The linear third-order equation �8� always has the analyti-
cal representation �19� of its Lyapunov functions �16�.

According to Theorem 2, the regularity analysis for the
energy-second-moment map �11� is carried out by investigat-
ing the asymptotic behavior of the three Lyapunov functions
from Eq. �19�. Correspondingly, the system is referred to as
regular if and only if the three limit values limt→	�k�t�,
k=1,2 ,3 exist.

We observe that the system is always regular if the �k�t�
remain bounded since then all Lyapunov functions �19� ap-
proach the limit value of zero,

�k�t� bounded Þ regular trajectory.

On the other hand, a mere divergence of the �k�t� does not
necessarily imply the underlying trajectory be irregular,

�k�t� not boundedÞ” � irregular trajectory.

An exponential growth of the �k�t� that is associated with
sharp asymptotic values of the Lyapunov functions �19� in-
dicates a regular time evolution of the underlying system
trajectory.

The direct numerical calculation of the �k�t� of Eqs. �19�
from the solutions of Eq. �8� is not advisable as the �k�t�
commonly diverge exponentially. As a result, very large nu-
merical values of the coefficients a1�t� and a2�t� may occur
and hence overflows of floating point numbers. This numeri-
cal problem to calculate �k�t� can be circumvented if we
parametrize the functions a1�t� and a2�t� in terms of spherical
coordinates. In order to numerically calculate �2�t�, we de-
fine the parametrization �8�

cos � cos � =
�1

�a1

, sin � cos � =
�̇1

�a1

,

sin � = −
�̈1

�a1

, ��0� = 0, ��0� = 0. �20�

The third-order equation �8� together with the expression for
�2 from Eq. �19� are thus converted into the equivalent non-
linear third-order system

d

dt
��t� = − cos � tan � − sin2 � ,

d

dt
��t� = sin � sin ��sin � − cos � cos �� + cos2 ��g1�t�cos �

+ g2�t�sin �� ,

d

dt
�t�2�t�� = sin � cos � cos2 �

+ sin � cos ��
g1�t�cos � + �g2�t� − 1�sin �� .

�21�

For the numerical calculation of �3�t�, we use the parametri-
zation

cos � cos � =
�1�̇2 − �1̇�2

�a2�t�
, sin � cos � =

�̈1�2 − �1�2̈

�a2�t�
,

sin � = −
�̇1�2̈ − �̈1�2̇

�a2�t�
, ��0� = 0, ��0� = 0.

The Lyapunov function �3�t� from Eqs. �19� can then be
obtained by means of solving the nonlinear system

d

dt
��t� = sin2 � + cos � tan � + g2�t�cos2 � ,

d

dt
��t� = − sin � sin2 � − cos � cos �

�
g1�t�cos � + �g2�t� − 1�sin � sin �� ,

d

dt
�t�3�t�� = − sin � sin � cos � + cos � cos �

�
g1�t�sin � − �g2�t� − 1�sin � cos �� .

�22�

According to Eqs. �19�, the sum over the three Lyapunov
functions �1,2,3�t� vanishes. The remaining function �1�t� is
thus given by �1�t�=−�2�t�−�3�t�.

C. Autonomous (time-independent) Hamiltonian

If the given system �1� is autonomous ��V /�t	0�, then
g1�t�	0. Hence �1�t�	1 is obviously a particular solution of
the linear equation �8�. With regard to the energy-second-
moment map �11�, this solution simply represents the fact
that the value h�t� of the Hamiltonian H is a constant of
motion �h�t�=h�0�� if H does not depend on time explicitly.
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For this particular case, we have a1�t�	1 and a2�t�= �̇2
2+ �̈2

2,
so that the Lyapunov functions �19� simplify to

�1�t� =
1

t
ln��̇2

2�t� + �̈2
2�t�, �2�t� = 0, �3�t� = − �1�t� .

�23�

Since only the first and second time derivatives of �2�t� are
needed to calculate �1�t� according to Eq. �23�, the Lyapunov
functions for autonomous Hamiltonian systems can be

obtained more easily from the solutions ��t�	 �̇2�t� and

�̇�t�	 �̈2�t� of the Hill-type initial-value problem

�̈ + g2�t�� = 0, ��0� = 1, �̇�0� = 0, �24�

with g2�t� the time-dependent coefficient from Eq. �5� con-
taining a not explicitly time-dependent potential V�q�

g2�t� =
4

�i
qi

2�V�q� +
1

2�
i=1

n

qi
�V�q�

�qi
� .

Lyapunov’s coefficient of irregularity 
�=2��1
s −�1

i �
from Eq. �18� is then obtained from the limit values
�1

s = lim supt→	�1�t� and �1
i = lim inft→	�1�t� of the single

function

�1�t� =
1

t
ln��2�t� + �̇2�t� . �25�

We reiterate that the spatial trajectory q=q�t� must be the
known solution of the canonical equations for the initial
value problem �24� to be solvable.

The occurrence of large intermediate values that may oc-
cur if we directly numerically calculate �1�t� according to
Eqs. �24� and �25� can again be avoided if we parametrize
��t� via

sin � = −
�̇

��2 + �̇2
, cos � = �1 − sin2 � =

�

��2 + �̇2
.

The linear second-order equation �24�, together with Eq.
�25�, is thus converted into the equivalent nonlinear second-

order system for t�1�t� with the initial condition ��0�=0,

d

dt
��t� = sin2 � + g2�t�cos2 � ,

d

dt
�t�1�t�� = �g2�t� − 1�sin � cos � . �26�

Investigating the Lyapunov functions �k�t� of the solutions of
various Hamiltonian systems, we will demonstrate in the fol-
lowing example section that the time evolution of the
Lyapunov functions is indeed related to a regular or irregular
time evolution of the respective dynamical system.

IV. NUMERICAL EXAMPLES

A. Hénon-Heiles oscillator

In the first example, we investigate the well-studied
Hénon-Heiles oscillator �9–12�. This oscillator models the
motion within a two-dimensional parabolic potential that is
perturbed by a cubic potential term. With the perturbation
being proportional to C, its Hamiltonian can be written in
normalized form as

H�q,p� = 1
2 �px

2 + py
2 + x2 + y2� + C�x2y −

1

3
y3� . �27�

As the system does not explicitly depend on t, we may re-
strict ourselves for the regularity analysis to solving the
second-order system for t�1�t� from Eq. �26�. The equations
of motion and the particular form of the coefficient g2�t� that
characterizes the equation for �1�t� are given by

ẍ + x + 2Cxy = 0, ÿ + y + C�x2 − y2� = 0

g2�t� = 4 +
10

3
C

y�t��3x2�t� − y2�t��
x2�t� + y2�t�

.

With the potential of this system being of third order, the
singularity of g2�t� at �x�t� ,y�t��= �0,0� is removable. Setting
C=1 and fixing the system’s dimensionless energy to the
limiting value of h=1/6 for a bounded motion, we obtain for

FIG. 1. Left: y , py-Poincaré surface of section representation of an irregular trajectory in the Hénon-Heiles oscillator �27� with the
limiting energy h=1/6 for the initial condition �x0 , px,0 ,y0 , py,0�= �0,0.5367,−0.2,0� and C=1. Right: Lyapunov function �1�t� from Eq.
�26� for this trajectory.
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the initial condition �x0 , px,0 ,y0 , py,0�= �0,0.5367,−0.2,0� the
Poincaré surface of section displayed on the left-hand side of
Fig. 1. The points in this figure display the �y , py� coordi-
nates of the particle in the course of its time evolution when-
ever its x coordinate satisfies the condition x=0. The picture
shows that almost the entire available phase-space area is
covered in the course of the trajectory’s time evolution—
which indicates that this particular trajectory is irregular. As
each of these points can be considered by itself as an initial
condition, we conclude that the vast majority of initial con-
ditions that are associated with the energy h=1/6 give rise to
irregular orbits.

In contrast, the blank areas within the dotted region cor-
respond to the disjunct volume of phase space where the
motion is regular. A regular trajectory is displayed in the
picture on the left of Fig. 2 in the form of a real space
projection of the phase-space motion. It is obtained by
choosing the particle’s initial conditions to lie within the
blank islands of the Poincaré surface of section of Fig. 1. We
observe in the picture on the left of Fig. 2 that the particle
crosses the vertical line x=0 exactly four times in the course
of one oscillation period at different slopes py. These four

locations correspond to the four blank islands occurring in
the Poincaré section of Fig. 1. The occurrence of islands of
finite area in the phase-space plane of Fig. 1 indicates that a
regular motion is not only given for the strictly closed
“clover-leaf” motion but also for an oscillation of some finite
amplitude around this closed trajectory. A Poincaré surface
of section of such a trajectory, together with its Lyapunov
function �1�t�, is displayed in Fig. 3.

According to Theorem 2, the existence of a sharp
asymptotic value of �1�t� indicates the regularity of the re-
spective trajectory (x�t� ,y�t�), i.e.,

�1
i = �1

s = lim
t→	

�1�t� Û regular trajectory. �28�

The solutions �1�t� of Eq. �26� for the regular particle mo-
tions �x�t� ,y�t�� are displayed in the pictures on the right of
Figs. 2 and 3. For these particular cases, the solution func-
tions �1�t� approach zero, hence converge to limit values.
This is the expected result for regular trajectories.

In contrast, we observe in the picture on the right of Fig.
1 that the function �1�t� associated with the irregular particle
motion does not converge to a limit value. From Theorem 2,

FIG. 2. Left: real-space projection of a regular trajectory of the Hénon-Heiles oscillator �27� with the limiting energy h=1/6 as obtained
for the initial condition �x0 , px,0 ,y0 , py,0�= �0,0.3765,0.55,0� and C=1. Right: Lyapunov function �1�t� from Eq. �26� for this trajectory.

FIG. 3. Left: y , py-Poincaré surface-of-section representation of a regular trajectory near the boundary of the regular region with the
limiting energy h=1/6 as obtained for the initial condition �x0 , px,0 ,y0 , py,0�= �0,0.3420,0.60,0.02� and C=1. Right: Lyapunov function
�1�t� from Eq. �26� for this trajectory.
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we conclude that the underlying trajectory is irregular—
which is in agreement with the impression obtained from the
Poincaré section of Fig. 1.

Furthermore, we can show for a chaotic trajectory that the
detailed shape of the Lyapunov functions in the course of the
system’s time evolution allows us to identify time intervals
where the motion is temporarily quasiregular. In Fig. 4, we
display an excerpt of Fig. 1 for the time interval 75�103

� t�80.5�103. The right-hand-side plot of Fig. 4 shows
that—apart from local fluctuations—the �1 curve decreases
monotonically in that time interval. This behavior of �1 re-
sembles the regular cases displayed in Figs. 2 and 3. The
section points occurring during this particular time interval
are shown in the left-hand side of Fig. 4. We observe that
these points are not spread over the possible phase-space
region as one would expect for a chaotic motion with regard
to the Poincaré section of Fig. 1. Instead, all section points
are located in the vicinity of the four blank islands of Fig. 1.
This arrangement of section points corresponds to a “clover-
leaf”-like oscillation that is displayed in the left-hand-side
picture of Fig. 2. We thus find that the chaotic trajectory is
temporarily “trapped” into a quasiregular behavior.

A converse case is displayed in Fig. 5. The right-hand-
side plot shows another enlarged portion of the graph
of �1�t� from Fig. 1, namely the time interval 55�103� t

�60.5�103. In contrast to the behavior emerging in the case
of Fig. 4, �1 keeps on fluctuating rapidly in that particular
time interval and does not converge at times. The corre-
sponding Poincaré-section points are shown on the left-hand
side of Fig. 5. We observe that the section points are now
spread over the entire available phase space. Thus, in this
time interval, the system exhibits a purely chaotic behavior.
Summarizing, we conclude that the detailed shape of the
graph of �1�t� provides us with information on the “instan-
taneous chaoticity” of the underlying trajectory.

B. Nonlinear two-dimensional oscillator

We now investigate the chaos-order transitions of a model
oscillator consisting of a two-dimensional harmonic oscilla-
tor that is disturbed by a fourth-order potential term depend-
ing on a coupling coefficient C. The characteristics of the
trajectory as a function of the coupling coefficient C in this
two-dimensional Hamiltonian system was studied by Deng
and Hioe �13�. Its Hamiltonian is given in normalized form
by

H�q,p� = 1
2 �px

2 + py
2 + x2 + y2� + ��x4 + 2Cx2y2 + y4� .

�29�

The equations of motion following from Eq. �29� are

FIG. 4. Right: enlarged view of the Lyapunov function �1�t� from Fig. 1 for the time interval 75�103� t�80.5�103. Left: subset of the
y , py-Poincaré-section points of Fig. 1 that emerges during that particular time interval.

FIG. 5. Right: enlarged view of the Lyapunov function �1�t� from Fig. 1 for the time interval 55�103� t�60.5�103. Left: subset of the
y , py-Poincaré-section points of Fig. 1 that emerges during that particular time interval.
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ẍ + x + 4��x3 + Cxy2� = 0, ÿ + y + 4��y3 + Cx2y� = 0.

�30�

As the system �29� is autonomous, the coefficient g1�t� van-
ishes identically. For the Lyapunov stability analysis of the
energy-second-moment map �11�, we may therefore again
restrict ourselves to solving the second-order system �26�
and analyzing the single Lyapunov function �1�t�. For the
particular potential of Eq. �29�, the coefficient g2�t� is given
by

g2�t� = 4 + 12�
x4�t� + 2Cx2�t�y2�t� + y4�t�

x2�t� + y2�t�
. �31�

Again, the point (x�t� ,y�t�)= �0,0� is a removable singularity

of g2�t�. In our numerical calculations, we used a fixed scal-
ing parameter �=1. We compared the time evolution of the
Lyapunov functions �1�t� for different values of the coupling
constant C. Following Deng and Hioe �13�, we defined for
the trajectory’s initial condition x0=5, y0=10, px,0= py,0=0 in
all calculations.

For the coupling constants C=−0.20, C=−0.17,
C=−0.15, as shown in Fig. 6, the Lyapunov functions �26�
clearly approach limit values in the sense of Eq. �28�, which
indicates a regular motion each. The corresponding Poincaré
surfaces of section show that the respective trajectories cross
the plane y=0 only in the neighborhood of previous crossing
points in the �x , px�-phase-space plane. This depicts a quasi-
periodic motion, which furnishes—on the long term—one or
more closed curves in the Poincaré map.

FIG. 6. Poincaré surfaces of section �left� and Lyapunov functions �1�t� from Eq. �26� for different values of the coupling constant C of
the nonlinear 2D oscillator �29�.
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In contrast, for coupling constants of C=−0.21,
C=−0.19, C=−0.18, C=−0.16, limit values of the respective
Lyapunov functions �1�t� obviously do not exist. In complete

agreement with this, the Poincaré surface of sections depict-
ing the crossing points of the plane y=0 within the
�x , px�-phase-space plane show randomly scattered points.

FIG. 6. �Continued�.
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This reflects the fact that the motions are no longer quasip-
eriodic, hence that the respective trajectories are irregular.

C. Circular restricted three-body system

As a third example, we apply our regularity analysis to
the circular restricted three-body problem �14� of celestial
mechanics. This system describes the motion of a body of
negligible mass that is attracted by two heavy primary bod-
ies. The primaries are assumed to follow circular orbits
around their common center of mass and, secondly, not to be
influenced by the presence of the third body. Working with
normalized variables in the sideral �fixed� coordinate system,
the equation of motion of the third body contains only one
parameter � and is explicitly time dependent �14,15�. The
Hamiltonian of the third body is given by

H = 1
2 �px

2 + py
2 + pz

2� + V�x,y,z,t� , �32�

with the time-dependent potential

V�x,y,z,t� = −
�

�1
−

1 − �

�2
,

�1
2 = �x − �1 − ��cos t�2 + �y − �1 − ��sin t�2 + z2,

�2
2 = �x + � cos t�2 + �y + � sin t�2 + z2. �33�

The system parameter � is determined by the ratio of the
mass of one primary body to the system’s total mass. In the

following, we will investigate the orbits of a light third body
�e.g., a comet� in the Sun-Jupiter system with the mass pa-
rameter

� =
mJ

mJ + mS
� 0.000 953 7,

where mJ and mS are the masses of Jupiter and Sun, respec-
tively. The canonical equations of the third body follow as

ẋ = px, ẏ = py, ż = pz,

ṗx = − �
x − �1 − ��cos t

�1
3 − �1 − ��

x + � cos t

�2
3 ,

ṗy = − �
y − �1 − ��sin t

�1
3 − �1 − ��

y + � sin t

�2
3 ,

ṗz = − �
z

�1
3 − �1 − ��

z

�2
3 . �34�

Since the Hamiltonian from Eq. �32� is explicitly time de-
pendent, we must solve the third-order equation �8� to work
out the Lyapunov functions �19� in order to quantify the
irregularity of the third body’s motion. For the potential �33�,
the related coefficients g1�t� and g2�t� evaluate to

g1�t� =
4��1 − ��
x2 + y2 + z2 �x sin t − y cos t���1

−3 − �2
−3� ,

FIG. 7. Poincaré surfaces of section �left� and Lyapunov functions �1�t� from Eq. �19� for different initial conditions x�0� of the circular
restricted three-body problem of Eq. �34� at E=−1.515.
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g2�t� =
− 2

x2 + y2 + z2

���
�1

2 − �1 − ���x cos t + y sin t − �1 − ���
�1

3 �
� + �1 − ��

�2
2 + ��x cos t + y sin t + ��

�2
3 � . �35�

In order to prevent the occurrence of large intermediate val-
ues, the actual numerical calculation of �1�t�=−�2�t�−�3�t�
is performed on the basis of Eqs. �21� and �22� in place of the
equivalent Eq. �8�. Figure 7 shows the Poincaré surface of
section and the Lyapunov function �1�t� of Eq. �19� for dif-
ferent initial conditions for x�0�. Note that the corresponding
initial conditions are given in the synodic, i.e., rotating
coordinate system by y�0�=0, px�0�=vx�0�−y�0�=0,
py�0�=vy�0�+x�0�, where vy�0� can be obtained from the
value of the energy in the synodic system, i.e., E=−1.515 in
the example studied �cf. the analysis of Ref. �15��. As has
been shown in this paper, the initial value x�0�=−1.5 corre-
sponds to the so called 2:3 resonance island, where regular
motion of the comet Oterma occurs with an almost constant
frequency. In the related Poincaré surface of section this qua-
sicyclic motion manifests itself as a single spot of finite
width. If the initial value x�0� is chosen outside of this reso-
nance region, e.g., x�0�=−2.2, we observe a nonconverging
time evolution of the Lyapunov function �1�t�. This indicates
an irregular motion, which is in accordance with the corre-
sponding Poincaré surface in Fig. 7.

V. CONCLUSIONS

The method of deducing the degree of irregularity of
Hamiltonian systems from the energy-second-moment
map—rather than from a conventional stability matrix—was
successfully illustrated by means of three examples. The
energy-second-moment map was shown to be represented by
the solution matrix of a linear, homogeneous third-order
equation that is solvable on the top of the complete set of
canonical equations. In terms of the solutions of this third-
order equation, the Lyapunov functions of the energy-
second-moment map turned out to have simple analytical
representations. The existence of analytical representations
of the Lyapunov functions of the energy-second-moment
map simplifies significantly the irregularity analysis of
Hamiltonian systems. This is the main benefit of our ap-
proach and applies to all systems whose Hamiltonian can be
converted into the generic form H=p2 /2+V�q , t�.

The conventional stability matrix analysis is based on the
relative motion of infinitesimally separated trajectories. In
contrast, the energy-second-moment-map analysis deals with
the dependence of a single trajectory on its initial state,
which, in terms of the energy-second moment vector s, is
represented by a linear transformation. From this viewpoint,
our approach corresponds to the visual analysis that is pro-
vided by a Poincaré surface of section. The latter provides
the information on the system’s irregularity through the frac-

tal dimension of the set of intersections of a single trajectory
with the surface of section and likewise does not take into
account the relative motion of neighboring trajectories.
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APPENDIX: MAPLE WORKSHEET FOR THE SYMBOLIC
CALCULATION OF EQS. (19) FROM EQ. (9)

> with (linalg):
> # define matrix Xi(t)�Eq. (9)�
> Xiª matrix(3,3,[xi1(t),xi2(t),xi3(t),

diff( xi1(t),t),diff( xi2(t),t),
diff( xi3(t),t),diff( xi1(t),t$2),
diff( xi2(t),t$2),diff(xi3(t),t$2)]);

� ª�
�1�t� �2�t� �3�t�

d

dt
�1�t�

d

dt
�2�t�

d

dt
�3�t�

d2

dt2�1�t�
d2

dt2�2�t�
d2

dt2�3�t��
� # QR decomposition of Xi(t)�Eq. (15)�
� RªQRdecomp(Xi, Q=�q�):

� Rª simplify(R , 
det�Xi�=1�):
� # evaluate inverse of R(t)

� Rinvª inverse(R):

� #evaluate time derivative of R(t)

� Rdotª matrix(3,3,[diff(R[1,1],t),

diff(R[1,2],t),diff(R[1,3],t),

diff(R[2,1],t),diff(R[2,2],t),

diff(R[2,3],t),diff(R[3,1],t),

diff(R[3,2],t),diff(R[3,3],t)]):
� # evaluate B(t)�Eq. (16)�
� Bª evalm(Rdot &* Rinv):

� # test trace of B(t)

� Tr Bª simplify(B[1,1]+B[2,2]+B[3,3]);

Tr Bª0

� # evaluate lambda_2(t), lambda_3(t),

� # lambda_1(t) �Eq. (17)�
� lambda�2�ª int(B�1,1� , t� / t;

�2 ª
1

2t
ln��1�t�2 + � d

dt
�1�t��2

+ � d2

dt2�1�t��2�
� lambda�3�ª int(B�3,3� , t� / t;
� lambda�1�ª −lambda[2] −lambda[3].
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